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ALL GRAPHS
WITH PAIRED-DOMINATION NUMBER TWO
LESS THAN THEIR ORDER
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Abstract. Let G = (V,E) be a graph with no isolated vertices. A set S C V is a
paired-dominating set of G if every vertex not in S is adjacent with some vertex in .S and the
subgraph induced by S contains a perfect matching. The paired-domination number v, (G)
of G is defined to be the minimum cardinality of a paired-dominating set of G. Let G be
a graph of order n. In [Paired-domination in graphs, Networks 32 (1998), 199-206] Haynes
and Slater described graphs G with v,(G) = n and also graphs with ~,(G) = n — 1. In this
paper we show all graphs for which v,(G) =n — 2.
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1. INTRODUCTION

All graphs considered in this paper are finite, undirected, without loops, multiple
edges and isolated vertices. Let G = (V, E) be a graph with the vertex set V and
the edge set E. Then we use the convention V = V(G) and E = E(G). Let G and
G’ be two graphs . If V(G) C V(G') and E(G) C E(G’) then G is a subgraph of
G’ (and G’ is a supergraph of G), written as G C G’. The number of vertices of G
is called the order of G and is denoted by n(G). When there is no confusion we use
the abbreviation n(G) = n. Let C,, and P,, denote the cycle and the path of order n,
respectively. The open neighborhood of a vertex v € V in G is denoted Ng(v) = N(v)
and defined by N(v) = {u € V : vu € E} and the closed neighborhood Nv] of v is
Nv] = N(v) U {v}. For a set S of vertices the open neighborhood N(S) is defined
as the union of open neighborhoods N(v) of vertices v € S, the closed neighborhood
N[S] of S is N[S] = N(S)U S. The degree dg(v) = d(v) of a vertex v in G is the
number of edges incident to v in G; by our definition of a graph, this is equal to | N (v)].
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A leaf in a graph is a vertex of degree one. A subdivided star K7 ; is a star K; ;, where
each edge is subdivided exactly once.

In the present paper we continue the study of paired-domination. Problems related
to paired-domination in graphs appear in [1-5]. A set M of independent edges in a
graph G is called a matching in G. A perfect matching M in G is a matching in G such
that every vertex of G is incident to an edge of M. A set S C V' is a paired-dominating
set, denoted PDS, of a graph G if every vertex in V' — S is adjacent to a vertex in
S and the subgraph G[S] induced by S contains a perfect matching M. Therefore,
a paired-dominating set S is a dominating set S = {uy, vy, uz,v9,...,ug, vx} with
matching M = {ej,ea,...,ex}, where e; = u;v;, ¢ = 1,..., k. Then we say that u;
and v; are paired in S. Observe that in every graph without isolated vertices the
end-vertices of any maximal matching form a PDS. The paired-domination number of
G, denoted 7,(G), is the minimum cardinality of a PDS of G. We will call a set S a
~p(G)-set if S is a paired-dominating set of cardinality v,(G). The following statement
is an immediate consequence of the definition of PDS.

Observation 1.1 ([4]). If u is adjacent to a leaf of G, then w is in every PDS.

Haynes and Slater [4] show that for a connected graph G of order at least six and
with minimum degree §(G) > 2, two-thirds of its order is the bound for 7, (G).

Theorem 1.2 ([4]). If a connected graph G has n > 6 and 6(G) > 2, then
Yp(G) < 2n/3.

Henning in [5] characterizes the graphs that achieve equality in the bound of
Theorem 1.2.

In [4] the authors give the solutions of the graph-equations 7, (G) = n and 7, (G) =
n — 1, where G is a graph of order n.

Theorem 1.3 ([4]). A graph G with no isolated vertices has v,(G) = n if and only
if G is mKs.

Let F be the collection of graphs Cs, C5, and the subdivided stars K7 ;. Now, we
can formulate the following statements.

Theorem 1.4 ([4]). For a connected graph G with n > 3, v,(G) < n—1 with equality
if and only if G € F.

Corollary 1.5 ([4]). If G is a graph with v,(G) = n — 1, then G = H UrK, for
HeFandr > 0.

In the present paper we consider the graph-equation
(@) =n—2, (1.1)

where n > 4 is the order of a graph G.
Our aim in this paper is to find all graphs G satisfying (1.1). For this purpose we
need the following definition and statements.
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Definition 1.6. A subgraph G of a graph G’ is called a special subgraph of G', and G’
is a special supergraph of G, if either V(G) = V(G’) or the subgraph G'[V(G’) -V (G)]
has a perfect matching.

It is clear that if V(G) = V(G’) then the concepts “subgraph” and “special sub-
graph” are equivalent. Now we can formulate the following fact.

Fact 1.7. Let G be a special subgraph of G'.

a) If S is a PDS in G then S’ = SU(V(G') — V(G)) is a PDS in G'.
b) If v(G) = n — 1 then v,(G') < n' —r, where n = |V(G)|, n' = |[V(G")| and
0<r<n-2.

Proof. a) Assume that
S = {uy,v1,u2,v2,...,u,v;} and V(G') — V(G) = {wss1,Ve41,- -, Uk, Uk},

where u; and v; are paired in S (for i = 1,...,t) and in V(G') — V(G) (for i =
t+1,...,k). Hence M = {ej,es,..., e}, where e; = w;v;, for i = 1,... k, is a perfect
matching in G’[S’]. By definition of a PDS and by V(G) — S = V(G’) — S’ we obtain
the statement of a).

b) Let S be a vp-set in G, thus |V(G) — S| = r. It follows from a) that §' =
SU(V(G)—-V(Q)) is a PDS in G'. Moreover, we have the equality

S| =n" —|V(G") =S |=n"—|V(G) = S|=n"—r
Therefore we obtain 7,(G') < |5'| =n' —r. O

Now assume that G is a connected graph of order n > 4 satisfying (1.1). Let S =
{u1,v1,u2,v2, ..., ug, vi} be avy,(G)-set with a perfect matching M = {eq,ez,...,ex},
where e; = u;v; for i = 1,2,...,k, and V — S = {z,y}. By letting «(S) denote the
minimum cardinality of a subset of S wich dominates V' — S, i.e.

a(S) =min{|S'| : §' C S,V — S C N(5)}.

Let S; be any set of size «(S) such that S; C S and V — 5 C N(S;). For S, M and
S; we define a graph H as follows:

V(H)=V(G) and E(H)=MU{uw:ue€S;ve{zy}}

It is clear that H is a spanning forest of G; we denote it as G47(S, M, S;).

2. THE MAIN RESULT

The main purpose of this paper is to construct all graphs G of order n for which
7p(G) = n — 2. At first consider the family G of graphs in Fig. 1. We shall show that
only the graphs in family G are connected and satisfy condition (1.1).
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Ggg GQS

G4 Gozs Goag

Fig. 1. Graphs in family G

Theorem 2.1. Let G be a connected graph of order n > 4. Then v,(G) = n —2 if
and only if G € G.

Proof. Our aim is to construct all connected graphs G for which (1.1) holds. Let G
be a connected graph of order n > 4 satisfying (1.1). We shall prove that G € G.

Let us consider the following cases.
Case 1. There exists a v,(G)-set S such that a(S) = 1.
Case 1.1. k = 1. Then we have the graphs shown in Fig. 2. It is clear that the graphs
H; satisfy (1.1) and H; = G; for i = 1,2,3,4.

Vr . Z - ZIUI w E )
y x Y Xy x oy X
H; H; Hs H,

Fig. 2. The graphs for Case 1.1.

Figure 2 illustrates the graphs H;, where the shaded vertices form a v,-set. We
shall continue to use this convention in our proof.

At present for k > 2 we shall find all connected graphs G satisfying (1.1) and hav-
ing a v,(G)-set S with «(S) = 1. It is clear that in Case 1 any graph G4¢(S, M, S;) is
independent of the choice of S, M and S;, so we can write G45(S, M, S;) = Gs¢. The
spanning forest Gsy consists of k components GV, G2 .. G®) where GO = Kis
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with V(K13) = {x,y,u1,v1}, where u; is the central vertex, while GW = K, for
i=2,...,k (see Fig. 3). Now by adding suitable edges to Gs; we are able to recon-
struct G.

v O————0

Vq Uy

Y X
Gsf

Fig. 3. The spanning forest of G

Case 1.2. k = 2. Now we start with the graph Hs (Fig. 4). In our construction of the
Ve O———D U

Vs Uy

Y X

Fig. 4. The spanning forest Hs

desired connected graphs we add one or more edges to Hs. Thus, let us consider the
following cases regarding the number of these edges.

Case 1.2.1. One edge (Fig. 5). One can see that Hg = G5 satisfies (1.1) but H; does
not.

Va Lz Vs Uz

Vy Uy Vy Us

¥ X Y X
Hs H?

Fig. 5. The graphs obtained by adding one edge to Hs

Case 1.2.2. Two edges. For H; we have ~,(H7) =6 —4 = |V (H;)| — 4. Thus, by Fact
1.7 b) for any special supergraph G’ of H7 we obtain +,(G") < |V (G’)| — 4. Hence, we
deduce that it suffices to add one edge to Hg. Since adding the edges ujus or ujvsy
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leads to H7, we shall omit these edges in our construction. Now consider the graphs
of Fig. 6.

Vo us Vs Uz Va2 Uz
Wy L Vi Liq Vy Uy
Y X Y X ¥ X

Hj Hy Hio

"] Lz Vo us

vy Uy Vs Uy

Y X

His y Hi» x

Fig. 6. Adding a new edge to Hg

Certainly, v,(Hs) =n—4, vp,(H;) =n—2and H; = G,_3 for i =9,...,12. Using the
above argument for Hg we do not take vyus. Let us consider the following cases.
Case 1.2.3. Three edges. It follows from Fact 1.7 b) that it suffices to add one edge
to H; fori=9,...,12.

Case 1.2.3.1. Hg. Observe that H; = G;_3, i = 13,14, 15, satisfy (1.1). Moreover, the
graphs depicted in Fig. 7 are the unique graphs for which (1.1) holds in this case.
Indeed, the edge voy leads to a supergraph of Hg, and joining us to x we have Hys.

Ve Uz Vo Uz Vz Uz
Vy u; Vi Uy Vy L
X X ¥ X
}" y H‘f-f H15
His
Fig. 7. Hy +e

Case 1.2.3.2. Hig. Then we obtain a supergraph of H; by means of edge vy, a
supergraph of Hg by means of zy, usx, instead by adding usy we return to His.
Therefore, it remains to research the graph of Fig. 8. It obvious that (1.1) holds for
Hig = Gs.
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Vz us

Vy Uy

¥ X
HFG

Fig. 8. The graph obtained from Hio by adding an edge

Case 1.2.3.3. Hy1. Then it suffices to consider the graph of Fig. 9. Really, edges voz,
voy lead to a supergraph of Hg and usx, usy lead to Hy3. Observe that for Hy7 = G4
equality (1.1) is true.

Vz Us

Wy Uy

¥ X
H? 7

Fig. 9. Hi1 +e

Case 1.2.3.4. Hy5. Here we do not obtain any new graph satisfying (1.1). Indeed,
we obtain: a supergraph of H; (by adding v;x), a supergraph of Hg (by waz),
Hiyz (by usx), Hyis (by uzy) and Hig (by vay).

Case 1.2.4. Four edges.

Case 1.2.4.1. Hi3. Let G be a graph obtained by adding a new edge e to Hys. If
e = v1y then H; C G} if e = vy, vox, then Hg C G and for e = v1x, usx we have the
graph G15 € G (Fig. 10).

Vi V2

Uy uz
G?S

Fig. 10. His + ¢

Case 1.2.4.2. Hi4. Keeping the above convention we note: if e = zy then H; C G; if
e = VoY, U2z, usx then Hg C G.
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Case 1.2.4.3. Hy5. If e = voy then H; C G, if e = zy, v1y, usx then Hg C G if e = v1x
then G = Gy5. It is easy to see that (1.1) is true for Gis.

Case 1.2.4.4. Hig. In this case we conclude: if e = zy then H; C G} if e = vy, ugx
then Hg C G; if e = ugy then G = G15.

Case 1.2.4.5. Hi7. Then we obtain the following results: if e = vix,vay, usy then
H; C G, if e = vox then Hg C G} if e = usx then we have the graph Hig depicted in
Fig. 11. Tt is clear that Hig = G15.

Uz Va
Vy Uy
¥y X

HIB

Fig. 11. Hi7 + e, where e = uax

Case 1.2.5. Five edges.

Case 1.2.5.1. G15. Then it suffices to consider the following: if e = v1y then H; C G;
if e = v1x then Hg C G. Therefore, Case 1.2 is complete.

For case k > 3 we only consider graphs satisfying the condition G[S’] = G4¢[S'] =
K 3 for 8" = {z,y,u1,v1}. In other words, G contains the induced star K 3, where
V(K1,3) = {x,y,u1,v1} and u; is the central vertex.

Case 1.3. k = 3. Then we start with the basic graph of Fig. 12. To obtain connected
graphs we add two or more edges to Hig and investigate whether (1.1) holds for
the resulting graphs. At first we find a forbidden subgraph H C G i.e. such that
~p(H) = n — 4. We have already shown two forbidden special subgraphs H7, Hg, and
we now present the other one in Fig. 13. For a while we return to the general case
k > 3. The forbidden special subgraphs H; and Hsg determine a means of construction
of graphs G from G;.

Vi O—O us
Ve O—O wp

Vi Ly

Y X

Fig. 12. The spanning forest Gy = Hig
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Va uz
Vz Us
Vy Uy
Y X
H 20

Fig. 13. The forbidden special subgraph

Claim 1. Let G be a connected graph satisfying (1.1) and obtained from Gs5 = Hig.
Then vertex u; or v;, 1 = 2,...,k, can be adjacent to the vertices vy, x,y, only.

Now we add at least two edges to Hig9. We consider the following cases.
Case 1.3.1. Two edges. Then we obtain the graphs Hoy and Hao for which (1.1) holds
(Fig. 14).

Vi Uy V3 Uz

Vo U Vz Uz

Vi Uy Vy Uy

Y X ¥ X
HE'T Hgg

Fig. 14. Adding two edges to Hig

Case 1.3.2. Three edges. At present it suffices to add one edge in Hay, Hoo. This way
we obtain the graphs depicted in Figure 15.

Observe that (1.1) fails for Hoy since Hyg C Hay. Thus, Hps satisfies (1.1) but H;,
1 =24,25,26, do not.

Case 1.8.3. Four edges. By adding one edge to Ho3 we obtain the unique graph for
which (1.1) holds (see Fig. 16). One can verify that in the remaining options we have
special supergraphs of Hy, Hg, Hag, Has or Hog.

Case 1.3.4. Five edges. Each new edge in Hy; leads to a special supergraph of Hz,
Hg, Hog, Hos or Hog. But the following statement is obvious.

Claim 2. The graphs H7, Hg, Hog, Hos and Hog are forbidden special subgraphs for

(1.1).
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Vs Uy V3 Uz Vi Uz

Va us V2 Uz Ve Uz

Vy Uy Vy Uy Vi Uy

Yy X ¥ X Y X
Has Hzs Hzs

Fig. 15. Ho1 +e and Has + ¢

Vs Uz
Uz Vo
Vy Uy
¥ X
H??

Fig. 16. The graph obtained from Hs23s by adding one edge

We now study a generalization of the case k = 3. We keep our earlier assumption
regarding the induced star Kj 3 with vertex set {u1,v1,z, y}.

Case 1.4. k > 3. Then we give one property of graphs satisfying (1.1).

Claim 3. Let G be a connected graph for which (1.1) holds and k > 3. If G contains
the induced star Ki 3 with V(K1 3) = {x,y,u1,v1} then at least one vertex of K1 3 is
a leaf in G.

Proof. Consider some cases.

Case A. k = 3. It follows from our earlier investigations that Hsy, Hoo, Ho3 and
Hjy7 are the unique connected graphs satisfying (1.1) in this case. Thus, we have the
desired result.

Case B. k > 4. Claim 1 and Fact 1.7 b) imply that a special subgraph G[S] induced
by S = {z,y,u1,v1,uz,v2,us,v3} is connected and satisfies (1.1), i.e. it must be one
of the graphs H21, HQQ, H23, H27.

Case B.1. G[S] = Hy;. We show that z is a leaf in G. Suppose not and let x be
adjacent to v;, where ¢ > 4. Then we obtain the graph Hsg in Fig. 17, for which (1.1)
does not hold.
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Vi L
V3 Uz
Ve Us
Vy Uy
¥ X

H 28

Fig. 17. z is adjacent to v; for ¢ > 4

Case B.2. G|S| = Has.
Case B.2.1. Suppose that in G vertex v;, i > 4, is adjacent to x and y. Then for graph
Hsg depicted in Fig. 18 equality (1.1) is false since Hayg C Hag.

Fig. 18. v;, for ¢ > 4, is adjacent to x and y

Case B.2.2. Assume that in G vertices v; and u;, i > 4 are adjacent to x and y,
respectively (see Fig. 19). In this way we obtain graph Hso which does not satisfy
(1.1) since H26 Q Hgo.

Case B.2.3. Now, in G let vertices v; and uj, 4 < i < j, be adjacent to z and y,
respectively (Fig. 20). As can be seen, (1.1) fails for Hgq, furthermore u; is paired
with y, u; with v;, ug with v3 and v; with vs. It follows from the above consideration
that we omit the cases: G[S] = Has and G[S] = Har, since Ho1, Hoo are subgraphs of
Hss, Hoz. In all cases we obtain special subgraphs of G for which (1.1) fails, therefore
G does not satisfy (1.1), a contradiction. O
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Fig. 19. v; is adjacent to z and u, to y, where ¢ > 4

H.?l'

Fig. 20. v; is adjacent to z and u; to y for 4 <i < j

We are now in a position to construct the desired graphs for k£ > 3. Let G be a
connected graph satisfying the following conditions:

a) (1.1) holds,
b) k>3,
c) G contains the induced K 3 with V(K 3) = {x,y,u1,v1}.

According to Claims 1-3 we can reconstruct G based on Ggy. By Claim 3, at
least one vertex of K 3, say z, is a leaf in G. Hence, by Claim 1, a vertex u; or v;,
1 =2,...,k, can be adjacent to v, y, only. Observe that one vertex among u;, v;, for
i=2,...,k is a leaf. Indeed, if v;y and w;y (v;v; and u;v1) are edges of G then Hg is
a special subgraph of G, but if v;y, u;v; € E(G) then Has is a special subgraph of G
(Fig. 21). From the above investigations we obtain the desired graph in Fig. 22. One
can see that (1.1) holds for Hs; = G15. We emphasize that the numbers of edges yw;
or v1W;, YPj, V1Zm can be zero here.
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Vi Li;

Uy X
L

Fig. 21. Impossible edges in G

H.??

Fig. 22. The family Gi6

Note that the graphs Hsy, Hos, Hoz and Hor are particular instances of Hgso.
We next describe desired graphs G based on Hzs. We now discard the assumption
concerning the induced star K 3 i.e. edges joining x, y, v1 are allowable. At first we
add the edge yv1 to Hsz and obtain graph Hss = G17 which satisfies (1.1) (Fig. 23).
We now consider the following exhaustive cases (Fig. 24). It easy to see that (1.1) is
true for Hsy = G1g and Hss = G19 but is false for H;, i = 36, ..., 39.

Case 2. Each ~,(G)-set S satisfies a(S) = 2.

Case 2.1. There exists a set S containing vertices u,v that dominate {x, y} such that
w is paired with v in some perfect matching M of S. Without loss of generality we
may assume that u = uy, v = vy.

Case 2.1.1. k = 1. Then the unique graphs Hyg = Gog and Hyy = G satisfying (1.1)
are depicted in Fig. 25.

Now for a connected graph G with k > 2 the spanning forest Gs/(S, M, S;) = Gsf
for S; = {u,v} is the sum of components G, G?) ... G*) where GV) = P, and
GYW = K, for i = 2,...,k (Fig. 26).

Case 2.1.2. k = 2. Now we start with the spanning forest of Fig. 27. In our construction
of the desired connected graphs we add at least one edge to the graph H4o. Therefore,
consider the following cases.


http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

A\ MOST

All graphs with paired-domination number two less than their order

T

HS.?

Fig. 23. The family G17

Y
Uy
Ve
H3s
Y ¥y Y
Uy Uy
u; X X
Vi Vy vy
Haz Hig Hig
Fig. 24. The exhaustive cases
Vi sy vy Uy
¥ X v X
H4a H4?

Fig. 25. The case for k =1
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Vg O———O U

Wy Uy

¥ X
G

Fig. 26. The spanning forest of G

Ve O——O s

vy Ly

¥ X
Hd?

Fig. 27. The graph G5 for k = 2

Case 2.1.2.1. One edge (Fig. 28). Then we have Hy3 = Gaz and Hyy = Gog
satisfy (1.1).

vz Uz vz Us

Vi Uy Vi Uy

¥ X ¥ X
Hiz H.a

Fig. 28. Hyz + e

Case 2.1.2.2. Two edges. Now by adding one edge to Hys and Hyy we obtain some
graphs by exhaustion (Fig. 29). Observe (1.1) fails for Hys, Hye and holds for Hy7y =
Gog, Higs = Gos and Hyg = Gag. Moreover graphs H; for ¢ = 50, 51,52 are discussed
in Case 1.

Case 2.1.2.3. Three edges. Then it suffices to add one edge to H;, i = 47,48,49. One
resulting graph is the graph Hss depicted in Fig. 30, which does not satisfy (1.1). One
can verify that the remaining graphs in this case are supergraphs of Hys, Hyg or are
graphs discussed in Case 1.
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Vz Us Vz Uz Vz Ua Va Uz
Vy Ly Vi Uy Vs Uy Vi uy
¥ X ¥ X ¥ X ¥ X
Has Has Har Has
Va
Va Uz Vz Uz Vz Uy u;
Vi uy Wy Uy Vi Ly Ly
¥ X V X ¥ X X
Hag Hso Hs: ¥ Hs:

Fig. 29. Hsz +eand Has + €

Vz uz

L] Uy

Y X
H53

Fig. 30. H; + e for i = 47,48,49

Case 2.1.3. k > 3. At first we show some graphs for which (1.1) does not hold (Fig. 31).
For H;, i = 54,...,57, (1.1) is false; in Hsy the vertex u; is paired with us and vy
with us.

Now we start with the spanning forest depicted in Fig. 32.

Taking account of the forbidden special subgraphs H;, i = 54,...,57, we can
reconstruct G based on G¢. By the connectedness of G it is necessary to join vertices
of both the edges u;v;, ujv; with at least one vertex among uq,vi,#,y. Thus we
consider the following cases (without loss of generality we take the vertices u; and
u; of the above edges). If u;u; € E(G) then we have two options: ujuq € E(G) or
ujz € E(G). Instead, if w;z € E(G) then we have the following options: u;jz € E(G)
or uju; € E(G). Replace u1 by v1 and = by y we obtain analogous results. This way
we construct the desired graph G = Hsg for which (1.1) holds (Fig. 33). Note that
Hss = Go7. We end this case with adding new edges in Hyg. At first, if u;z € E(G) and
v;z € E(G), where 2 < i <k, z = uj,v1,2,y, then we return to Case 1. Therefore,
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let us consider all possible cases, which are depicted in Fig. 34. Then we obtain that
(1.1) is true for Hgg = Gag but is false for Hsg and Hg;.

Ve @———@ u; v, @—@u; Vi @@ Uy Vi @—@ Uy
i : i ; : : v u

Vi Uy V3 Uz V3 Us :
Vi U;

Vz us vz u; Vz uz i 2
V4 Uy Vi Uy Vi uy Vi us
Yy X ¥ X ¥ X Y X

Hsa Hss Hsg Hsz

Fig. 31. The forbidden graphs

Vi O——O
Vi O———O;
Vi O———OU;

Ly X
¥ Vs
Gsf

Fig. 32. The spanning forest for £ > 3, where 2 <i < j <k

Y Vs

Hﬁﬂ

Fig. 33. H58 = G27

Case 2.2. For each S and for all vertices u,v € S that dominate {z,y} the vertex u

is not paired with v in any perfect matching of S. In this case the spanning forest
Gs¢(S, M, S;) = Gy, for each M and S; = {u,v}, is depicted in Fig. 35.
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v
y 1 U4
Uy X

Fig. 34. Hsgs + e

Vi O——O Uy

Va2 Uz

Wy uy

¥ X
Gsf

Fig. 35. The spanning forest G; of a connected graph G

Now we search for connected graphs based on G and consider the following cases.
Case 2.2.1. k = 2. Then by adding one edge we obtain the three options of Fig. 36:
Hgo does not satisfy (1.1) while Hgs = G5 and Hgy = Gas.

vz U Va Uz Va uz

Vi Ly Vi Ly Vr uy

Y X ¥ X ¥ X
Hsz Hﬁ;‘i HB-!

Fig. 36. The case k = 2

Case 2.2.2. k = 3. Now consider the spanning forest depicted in Fig. 37.

By joining the vertices ui,v1,x to us, vs,y we could obtain H;, ¢ = 62,63, 64, or their
supergraphs. Hence the obtained graphs do not satisfy (1.1) or belong to Case 1 or
Case 2.1. Therefore, it suffices to consider edges joining the above vertices to ug or
vs (Fig. 38). Then H;, i = 65,...,69, do not satisfy (1.1) but Hyy belongs to the
family G1¢.
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VaO—Dus

Vz Us

Vi Uy

¥ X
Gsf

Fig. 37. The spanning forest for k = 3

Vi Us V3 Uz Vs Us
Vs us Va2 Uz Vz Uz
Vi Uy Wy Ly Wy Uy
¥ X Y X y X
H55 HSE H 67
Vs Uz Vs Uz Vi Us
vz Uz Va Uz Vz uz
V4 t Vi Us vy s
¥y X y X Y X
Hes Hgg Hz

Fig. 38. The case k =3

Case 2.2.8. k > 3. Then we obtain graphs for which (1.1) fails or graphs belonging
to Case 1.

Conversely, let G be any graph of the family G. It follows from the former inves-
tigations that (1.1) holds for G. O
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We end this paper with the following statement obtained by Theorems 1.3, 1.4,
2.1 and Corollary 1.5.

Corollary 2.2. If G is a graph of order n > 4, then v,(G) = n — 2 if and only if

1) exactly two of the components of G are isomorphic to graphs of the family F given
in Theorem 1.4 and every other component is Ko or

2) ezxactly one of the components of G is isomorphic to a graph of the family G given
in Theorem 2.1 and every other component is Ks.
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