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Abstract
For many years, satellite systems have seen widespread use in a variety of technical applications, as well as in 
operations related to setting-out and the exploitation of track infrastructure. Their main applications include an 
inventory of the trackage course and detecting changes in its position. In both of these tasks, the most important 
element that determines the quality of an analyses is the high accuracy of the determinations being carried out. 
Satellite surveying techniques are not always sufficiently accurate, and in such cases, it is necessary to employ 
other land surveying methods to process surveying data.
This article presents the authors’ considerations with regards to the possibility of applying one of the most 
common land surveying adjustment methods, the parametric method, to operations related to an inventory of 
tram infrastructure in Gdańsk. The results are based on surveys carried out during a surveying campaign in 
the autumn of 2018. The considerations presented in the article concern a small part of the research conducted 
under project No. POIR.04.01.01-00-0017/17 entitled “Development of an innovative method for determining 
the precise trajectory of a railborne vehicle” which is being implemented by a consortium of Gdansk University 
of Technology and Gdynia Maritime University.

Introduction

For many years, satellite systems have facil-
itated the daily lives of people and are one of the 
most important research tools used in the technical 
sciences. Nowadays, many typical technical oper-
ations cannot be carried out without using satellite 
surveying techniques, which offer user accuracy lev-
els that are higher than those in the 1970s. Research 
centers all over the world are also looking for oppor-
tunities to use satellite systems in non-standard 
ways in order to solve research problems, such as 

in maritime navigation. In earlier publications, the 
authors indicated the possibility of applying satel-
lite techniques to model the vessel traffic in navi-
gation and maneuvering simulators (Czaplewski 
& Zwolan, 2016). They also demonstrated the appli-
cation of satellite systems along with onshore radio 
stations for increasing the accuracy of determining 
a vessel’s position in areas under the operation of 
the VTS system (Czaplewski, Guze & Świerczyń-
ski, 2018). Many examples of atypical applications 
of satellite systems can also be found in publica-
tions by other authors (Felski, Naus & Wąż, 2016). 
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In aviation navigation, ensuring the highest possible 
level of aircraft safety has been a common research 
problem; therefore, most studies have focused on 
increasing the accuracy of determining an aircraft’s 
position during its flight (Grzegorzewski et al., 
2008). On the other hand, the issue of track position 
stability for inland railway navigation is of extreme 
importance. This is why the authors have attempted 
to address the issue of inventorying both railway and 
tram trackage for several years. A method was devel-
oped to diagnose the stability of railway track geom-
etry and analyze their quality using both dynamic 
and continuous recording and satellite techniques 
(Specht et al., 2014, 2019; Koc et al., 2019). How-
ever, increasingly often, the operation of satellite 
systems is limited, not only by natural obstacles but 
also by deliberate human actions aimed at eliminat-
ing satellite systems from daily life. Therefore, the 
countries that own these systems have for years been 
taking measures to make them immune to deliberate 
interference (Czaplewski, 2015). Moreover, research 
centers are working to increase the accuracy of sat-
ellite surveys and their wider use in mobile surveys, 
other than classical geodetic surveys. Therefore, 
as part of project No. POIR.04.01.01-00-0017/17, 
entitled “Development of an innovative method for 
determining a precise trajectory of a railborne vehi-
cle” which is being implemented by a consortium of 
Gdańsk University of Technology and Gdynia Mar-
itime University, the authors have adapted the meth-
ods of observation result adjustment that are used 
in land surveying. This article presents the possibil-
ity of adopting one of the most frequently applied 
adjustment methods, the parametric method, whose 
properties indicate that it can be easily applied in 
mobile surveys.

An adjustment task and its solution using 
the parametric method

The parametric method is the most commonly 
used observation adjustment method in land survey-
ing. It is very well described in numerous scientific 
publications in the field of land surveying and car-
tography (Findeisen, Szymanowski & Wierzbicki, 
1980; Wiśniewski, 2013; 2016). Due to its proper-
ties, it is often adapted to other scientific areas as 
well. Since the essence of the method is to search for 
increments to the expected values of the parameters 
being surveyed, the method is often used in navi-
gational tasks that involve searching for a shift in 
the coordinates of the observed position of a moving 
vessel in relation to its calculated position on a map 

(Świerczyński & Czaplewski, 2015) or enhanc-
ing the quality of the measurements being carried 
out (Czaplewski, Guze & Świerczyński, 2018; 
Czaplewski, Wąż & Zienkiewicz, 2019). This article 
proposes the application of the parametric method 
for land navigation with regards to the positioning of 
railborne vehicles. In order to illustrate the possibil-
ity of applying this method to determine the r-coor-
dinates of antennas on a measurement platform (XRi, 
YRi), for i = 1,…,k, the distances between receivers 
on the platform (dz) for z = 1,…,q, and the distances 
to the reference stations (dj) for j = 1,…,m were used. 
This allowed us to obtain n-observations (where 
n > 2). The coordinates (XSj, YSj) of the reference sta-
tions are known. Such a geometric layout enables 
the creation of linear and then matrix equations of 
corrections, in an analogue way as in (Wiśniewski, 
2016; Czaplewski, Wąż & Zienkiewicz, 2019):
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where:
 Tnvvv ,,, 21 V  

 
 – a vector of corrections to the 

distances measured,
 TRRR ii

YX ˆ,ˆˆ X  
 

 – a vector of adjusted coordinates 
of antennas on the measurement platform.

We assume that the vector of approximate coor-
dinates of antennas on the platform is known: 

                         . 

In the task being presented, the coordinates deter-
mined based on satellite surveys will be assumed as 
approximate coordinates. Then, bringing the func-
tion             to the linear form by developing it into 
a Taylor series limited to the first terms (Wiśniewski, 
2016) results in the following:
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Having considered the above assumptions, the 
system of correction equations can be presented in 
the following form:
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Let us assume that the mean errors m1, m2,…, mn 
of the mutually independent results of distance mea-
surement is d1, d2,…,dn. The diagonal measurement 
results in a cofactor matrix QD = Diag(m1

2, m2
2,…, 

mn
2) that will then serve as an approximation of 

the covariance matrix CD  =  Diag(σ1
2,  σ2

2,…,σn
2) 

(Wiśniewski, 2016):

	 12
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where: m0
2 – is an unknown coefficient of variance,
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	 (pn – the weight of n-th observation)	 (5)

Moreover, let
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be a criterion for estimation by the least-squares 
method. The process of determining an unknown 
vector of coordinates of the position of antennas on 
the platform can then be equated with the solution to 
a classical optimisation task using the least-squares 
method (Wiśniewski, 2013, 2016; Czaplewski, Wąż 
& Zienkiewicz, 2019):
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Its solution is (provided that |APA| ≠ 0):

	   PLAPAAxd TT
R

1ˆ 
  

 
	 (7)
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, the vector of approximate 

parameters XR
o is not random, therefore:
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By replacing the variance coefficient σ0
2 with 

its estimator    rnT  /ˆ 2
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, we obtain the 

estimator of the covariance matrix of the vector of 
adjusted coordinates RX̂  
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On the diagonal of the main matrix 
RX

C ˆ
ˆ  

 
, there are 

squares of mean errors of determined coordinates of 
antennas on the platform. Therefore, the mean error 
is:
	 iiX Ri

m ]ˆ[ ˆˆ XC  

 

	 (10)

Surveying campaign

In order to verify the adopted theoretical assump-
tions, the authors of the article conducted a sur-
veying campaign to record the coordinates of the 
position of satellite receiver antennas and other mea-
surement platform location parameters not described 
in this article. The recordings were carried out on 29 
November 2018 between 23:00 and 04:00 hours in 
the Gdańsk agglomeration area. The study used a set 
of railborne vehicles comprised of a Bombardier 
NGT6 tram (Figure 1) and two mobile measurement 
platforms (Figure 2).

Figure 1. Bombardier NGT6 Tram (Wikimedia, 2009)

The GNSS surveying receivers of two lead-
ing land surveying instrument manufacturers were 
mounted on the measurement platforms, and five 
receivers of the same manufacturer were mounted 
on each platform. Devices with very similar techni-
cal parameters were selected for the study (Table 1).

Moreover, in order to conduct other research not 
described in this article, an inclinometer, accelerator, 
and compass were mounted (Figure 2).

The study was conducted on a 3-km long tram 
loop whose course is shown in Figure 3. The survey-
ing set passed the section of trackage in Gdańsk used 
for the study several times, which was characterized 
by the presence of various degrees of development, 
which affects the accessibility of satellite systems. 
The average speed of the set used to carry out sur-
veys was 10 km/h.
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Figure 3. Planned measurement set passage (Google Maps, 
2019)

A schematic diagram of the constructed mea-
surement platforms is shown in Figure 4 in which 
receivers were distributed so that four of them were 
situated in the vertices of the square, and the fifth 
was placed at the diagonal intersection. The design 
of the mobile measurement platform enabled the 

construction of a square-shaped geometric survey-
ing structure with side lengths ranging from 155 cm 
to 170  cm. The precise placement of four GNSS 
receivers above the tracks and one receiver on the 
track axis was performed using a local reference sys-
tem that used an electronic tacheometer and a pris-
matic mirror placed on a specially-dedicated pin in 
levelling heads with an accuracy of approx. 1 mm.

Figure 4. A schematic diagram of the mobile measurement 
platform (1, ..., 5 – GNSS receiver antennas)

During the surveying campaign, the real-time 
positioning data was recorded at a frequency of 1 Hz 
for various configurations of the GNSS receivers 
which used, jointly or separately, the accessible sat-
ellite systems.

Table 1. Selected technical data of the receivers used in the study

Parameter Receivers on the first MMP Receivers on the second MMP
Signal 
Tracking

GPS: L1, L2, L2C, L5 
Glonass: L1, L2, L3 
BeiDou: B1, B2, B3 
Galileo: E1, E5a, E5b, Alt-BOC, E6 
QZSS: L1, L2, L5 
SBAS: WAAS, EGNOS, MSAS, GAGAN, L-band

GPS: L1, L2, L2C, L5 
Glonass: L1, L2, L3 
BeiDou: B1, B2 
Galileo: E1, E5a, E5b 
SBAS: QZSS, WAAS, EGNOS, GAGAN

Accuracy  
Real Time

Single baseline: Hz 8 mm + 1 ppm / V 15 mm + 1 ppm 
Network RTK: Hz 8 mm + 0.5 ppm / V 15 mm + 0.5 ppm

Single baseline: Hz 8 mm + 1 ppm / V 15 mm + 1 ppm 
Network RTK: Hz 8 mm + 0.5 ppm / V 15 mm + 0.5 ppm

Accuracy  
Post- 
-processing

Static (phase) with long observations:  
Hz 3 mm + 0.1 ppm / V 3.5 mm + 0.4 ppm 
Static and rapid static (phase):  
Hz 3 mm + 0.5 ppm / V 5 mm + 0.5 ppm

Static (phase) with long observations:  
Hz 3 mm + 0.1 ppm / V 3.5 mm + 0.4 ppm 
Static and rapid static (phase):  
Hz 3 mm + 0.5 ppm / V 5 mm + 0.5 ppm

                  

Figure 2. a) Mobile measurement platforms, b) GNSS receiver guides

a) b)
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Practical application of the parametric 
method

The adjustment process was carried out for all 
recordings performed during the surveying cam-
paign described in Chapter Surveying campaign. 
In order to demonstrate the possibility of applying 
the parametric method, 60 seconds of recording from 
one type of receiver placed on one measurement 
platform in one of the passages of the surveying set 
was used, which used the correction data from GPS 
+ GALILEO + GLONASS. Given the large survey-
ing sample, only partial results for one moment of 
recording (the same for all receivers) are presented 
below. During the adjustment process, three refer-
ence stations were used, whose coordinates are pro-
vided in Table 2.

The coordinates of antennas on the platform, 
determined using satellite techniques at 00:14:11 
from the start of the recording are listed in Table 3.

Before beginning to record, tacheometric surveys 
of the distance between antennas on the mobile mea-
surement platform were carried out, and the results 
are provided in Table 4.

Having considered the required calculations 
described in point 2 of this article, the following 
matrices were determined:
•	 a coefficient matrix for the following unknowns:
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•	 absolute term matrix (LR) and correction matrix 
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Table 2. The coordinates of reference station exposure, used 
in the calculations

Reference station Exposure coordinates

Gdańsk Station X = 6 026 976.255 
Y = 6 540 047.019

Kartuzy Station X = 6 021 824.454 
Y = 6 512 948.380

Reda Station X = 6 051 598.058 
Y = 6 523 080.688

Table 3. The coordinates of GNSS receiver antennas on the 
MMP at 00:14:11

GNSS  
receiver

Exposure  
coordinates

Antenna position  
determination error (m)

1 X = 6 031 099.8760 
Y = 6 540 722.5866 m1 = 0.016

2 X = 6 031 100.4735 
Y = 6 540 721.0952 m2 = 0.021

3 X = 6 031 098.3907 
Y = 6 540 721.9931 m3 = 0.017

4 X = 6 031 098.9649 
Y = 6 540 720.5122 m4 = 0.019

5 X = 6 031 099.4216 
Y = 6 540 722.5866 m5 = 0.019

Table 4. Distances between GNSS receiver antennas ob-
tained from tacheometric surveys

GNSS receivers Distance (m)

1–2 dt 1–2 = 1.600

3–4 dt 3–4 = 1.600

1–3 dt 1–3 = 1.600

2–4 dt 2–4 = 1.600

1–5 dt 1–5 = 1.131

5–4 dt 5–4 = 1.131
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Having considered the input data for calculations 
and after determining the weight matrix (P), the 
following estimators of the coordinates of antenna 
positions on the measurement platform were deter-
mined, and the results were rounded to the third dec-
imal place:
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Figure 5 shows the determined coordinates of the 

GNSS receiver antennas on the mobile measurement 

platform for a 60-second section of the surveying 
loop.

In order to assess the accuracy of the measure-
ments being carried out, a covariance matrix 
determined in accordance with equation (9) was 
used. At 00:14:11, the covariance matrix took the 
form (11).

Using equation (10), the mean error of the deter-
mined antenna point coordinates can be obtained 
using the following equation:
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mR4 = 0.003  m, and mR5 = 0.004  m can be deter-
mined. For the entire measurement section consid-
ered in this article, the mean errors fell within the 
range of mRi ∈ [0.0004, 0.0053] (m).
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Figure 5. Results of the adjustment of the coordinates of GNSS receiver antennas on a selected section of the tram loop in 
Gdańsk
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Figure 6 shows results of adjusting the coordi-
nates of the GNSS receiver position on the first MPP  
using the correction data from GPS+GLONASS+ 

GALILEO on the tram loop described in section 
Surveying campaign. 2313 measuring intervals were 
obtained for the 5 GNSS receivers (n = 11,565).

Figure 6. Adjustment positions of five GNSS antennas on the first MPP
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Figure 7. Distribution of average errors of the adjustment positions of antenna No. 5 on the tram loop (blue – using correction 
data from the GPS, red – using correction data from the GPS + GLONASS, green – using correction data from the GPS + 
GLONASS + GALILEO)
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Figure 7 shows the mean error distribution when 
determining the position of the middle antenna on 
platform No. 1 (Figure 4) over the entire test tram 
loop depending on the type of correction.

Conclusions

This article proposes a non-standard application 
of the parametric method for adjusting observations 
in classical land surveying to process satellite survey 
data in mobile surveying campaigns. The constant 
development of satellite techniques, supported by 
the data processing methods used in land surveying, 
introduces a new type of mobile surveys that can 
be used in many research areas and for the practical 
implementation of technical tasks that require highly 
accurate coordinate determination.

Analysis of the values of mean errors of antenna 
positions on the measurement platform (Table 3) and 
the mean error values obtained based on the cova-
riance matrix     , allowed it to be concluded that 
the accuracy of determinations was increased, which 
shows that the applied method met expectations. 
The method was as accurate as the collected mea-
surement data allowed. Depending on the place of 
registration, the data may be more or less accurate, 
which is confirmed by Figure 6. In the northern part 
of the test tram loop, there is a densely built-up area, 
while the southern and eastern areas are exposed.

Analyzing the error distributions in Figure 7 
allows it to be concluded that the most accurate data 
was obtained using the GPS + GLONASS correc-
tion data. Analyzing the use of measurement data as 
a function of the type of correction data will be the 
subject of future research.

In order to verify the validity of the adopted 
theoretical assumptions, we used the recordings 
obtained during the surveying campaign. The pos-
sibility of using the proposed adjustment method 
must be confirmed using data from other surveying 
campaigns, which will be the subject of research 
in the subsequent stages of project implementa-
tion. Moreover, the team will attempt to adapt other 
observation adjustment methods used in typical land 
surveying operations. The effects of the subsequent 
stages of work under this project will be the sub-
ject of subsequent publications to present the effects 
of research work obtained as part of project No. 
POIR.04.01.01-00-0017/17.

RX
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ˆ  

 

References

1.	Czaplewski, K. (2015) Global Positioning System: Politi-
cal Support, Directions of Development, and Expectations. 
TransNav: International Journal on Marine Navigation and 
Safety of Sea Transportation 9, 2, pp. 229–232.

2.	Czaplewski, K., Guze, S. & Świerczyński, S. (2018) The 
Impact of Radar Distance Measurement on Accuracy of  
Position Fixing in VTS Systems. Polish Maritime Research 
25, 3, pp. 5–13.

3.	Czaplewski, K., Wąż, M. & Zienkiewicz, M.H. (2019) 
A Novel Approach of Using Selected Unconventional Geo-
desic Methods of Estimation on VTS Areas. Marine Geode-
sy 42, 5, pp. 447–468.

4.	Czaplewski, K. & Zwolan, P. (2016) A Vessel’s Mathe-
matical Model and its Real Counterpart: A Comparative 
Methodology Based on a Real-world Study. Journal of Nav-
igation 69, 6, pp. 1379–1392.

5.	Felski, A., Naus, K. & Wąż, M. (2016) The problem of 
the instrument stabilization during hydrographic mea-
surements. Reports on Geodesy and Geoinformatics 100, 
pp. 55–65.

6.	Findeisen, W., Szymanowski, J. & Wierzbicki, A. (1980) 
Teoria i metody obliczeniowe optymalizacji. Warszawa, Po-
land: Wydawnictwo PWN.

7.	Google Maps (2019) [Online] Available from: https://www.
google.pl/maps/ [Accessed: October 10, 2019].

8.	Grzegorzewski, M., Ciecko, A., Oszczak, S. & Popie-
larczyk, D. (2008) Autonomous and EGNOS Positioning 
Accuracy Determination of Cessna Aircraft on the Edge of 
EGNOS Coverage, Proceedings of The 2008 National Tech-
nical Meeting of The Institute of Navigation, pp. 407–410, 
San Diego, CA.

9.	Koc, W., Specht, C., Chrostowski, P. & Szmagliński, 
J. (2019) Analysis of the Possibilities in Railways Shape  
Assessing Using GNSS Mobile Measurements. MATEC 
Web of Conferences 262(4):11004, doi:10.1051/matecconf/ 
201926211004.

10.	Specht, C., Koc, W., Chrostowski, P. & Szmagliński, J. 
(2019) Accuracy Assessment of Mobile Satellite Measure-
ments in Relation to the Geometrical Layout of Rail Tracks. 
Metrology and Measurement Systems 26, 2, pp. 309–321.

11.	Specht, C., Koc, W., Smolarek, L., Grządziela, A., 
Szmagliński, J. & Specht, M. (2014) Diagnostics of the 
Tram Track Shape with the use of the Global Positioning 
Satellite Systems (GPS/Glonass) Measurements with a 20 
Hz Frequency Sampling. Journal of Vibroengineering 16, 
6, pp. 3076–3085.

12.	Świerczyński, S. & Czaplewski, K. (2015) M-Estimation 
as a Tool Supporting a Vessel Traffic Controller in the VTS 
System. Polish Maritime Research 22, 3, pp. 3–13.

13.	Wikimedia (2009) [Online]. Available from: https://upload.
wikimedia.org/wikipedia/commons/2/29/Tramwaj_na_
Abrahama.jpg [Accessed: October 10, 2019].

14.	Wiśniewski, Z. (2013) Zaawansowane metody opracowania 
obserwacji geodezyjnych z przykładami. Olsztyn, Poland: 
Wydawnictwo Uniwersytetu Warmińsko-Mazurskiego.

15.	Wiśniewski, Z. (2016) Rachunek wyrównawczy w geodezji 
(z przykładami). Olsztyn, Poland: Wydawnictwo Uniwersy-
tetu Warmińsko-Mazurskiego.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl

