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Abstract: In this paper, bending analysis of rectangular functionally graded (FG) nanoplates under
a uniform transverse load has been considered based on the modified couple stress theory. Using
Hamilton’s principle, governing equations are derived based on a higher-order shear deformation
theory (HSDT). The set of coupled equations are solved using the dynamic relaxation (DR) method
combined with finite difference (FD) discretization technique for clamped and simply-supported
boundary conditions. Finally, the effects of aspect ratio, thickness-to-length ratio, transverse load,
boundary conditions, and length scale parameter are studied in detail. The results showed that by
rising the length scale-to-thickness ratio, the influence of the grading index on the deflection
decreased.
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1. Introduction

Owing to the magnificent mechanical, electrical, chemical, and thermal properties of the
nanostructures, they have obtained the attention of many researchers. One of the typical structures
of nano-systems is two-dimensional nanoplates with superior mechanical characteristics compared
to conventional engineering materials. Because of the unique properties of nanoplates, they have a
wide range of potential applications in different industries, and several solution methods such as
experimental, analytical, and numerical approaches are used to recognize the mechanical behavior
of these kinds of materials. Recently, many experiments have shown that the mechanical behavior of
materials in micro size and even smaller sizes are affected by the small dimensions [1, 2]. The size
dependency property of materials is an intrinsic parameter that appeared whilst the characteristic
length of the material (thickness, diameter, etc.) could be compared with the material length scale
parameter [1, 3]. This length scale parameter is a mechanical property but not constant that has been
determined like other mechanical properties of materials in an amplitude amount [1]. Classical
continuum mechanics is not able to describe size dependency behavior. In order to correct this
inability of classical continuum mechanics, the size-dependent continuum theories have been
presented within which modified couple stress theory [4] and strain gradient theory [5] as the first
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gradient model of Mindlin are interesting for the researchers owing to their simplicity and high
accuracy results. In the case of second Mindlin’s gradient model, there are interests among
researchers as well [6-8]. It is worth noting that the size-dependent theories have further constants
than classical ones in which only Lamé constants are used for isotropic materials. So that the modified
couple stress, first strain gradient and second strain gradient theories have 1 to three further constants
more rather than Lamé constants for isotropic materials [4, 5, 9, 10]. Up to now, the size-dependent
mechanical behavior of micro and nanobeams has been investigated by many researchers using the
modified couple stress theory. But, the mechanical behavior of micro and nanoplates are limited in
number based on this theory. Tsiatas [11] investigated the size-dependent mechanical behavior of
thin plates with arbitrary shapes using the Kirchhoff assumption. He showed that considering small
size effects increases the rigidity of microplates. Asghari [12] presented a size-dependent model for
nonlinear analysis of thin plates with arbitrary shapes based on the modified couple stress theory.
Jomehzadeh et al. [13] examined the effect of size on the natural frequencies of rectangular and
circular thin microplates with the modified couple stress theory in conjunction with the classical plate
hypothesis. They noticed that considering size effects leads to increasing natural frequencies of the
system. Akgoz and Civalek [14] investigated bending, buckling, and free vibrations of rectangular
microplates embedded on an elastic foundation using analytical solutions for simply-supported
boundary conditions. Ke et al. [15] utilized the modified couple stress theory for calculating natural
frequencies of thick plates based on first-order shear deformation theory (FSDT). They solved the
governing equations with the P-type Ritz method and found that the influence of size was drastically
increased whilst the thickness of the plate is equal with its material length scale parameter. Roque et
al. [16] also studied static bending of thick microplates using the modified couple stress theory in
conjunction with Mindlin plate theory. A finite element size-dependent model has been presented by
Zhang et al. [17] for static bending, buckling, and free vibration of thick microplates by considering
modified couple stress theory and Mindlin assumptions. The presented rectangular element was
covered by 4 nodes and 15 degrees of freedom at every node. Using the differential quadrature
method (DQM), Ke et al. [18] considered static bending, buckling, and free vibration of thick annular
microplates made of functionally graded materials (FGMs) by using modified couple stress theory
and Mindlin assumptions. Thai and Choi [19] presented size-dependent nonlinear and linear models
for static bending, buckling and free vibrations of rectangular microplates made of functionally
graded materials based on Kirchhoff and Mindlin’s hypothesizes by using modified couple stress
theory. They considered this model for plates with simply-supported boundary conditions. Similar
research also was carried out by Thai and Kim [20] with the difference that the Reddy hypothesis was
used. Malikan considered biaxial buckling of nanoplates [21, 22] and shear buckling of piezoelectric
nanoplates [23, 24] using modified couple stress theory. The results showed that the length scale
parameter in couple stress models led to increasing stiffness of the nanoplates in various boundary
conditions. Abo-bakr et al. [25] investigated a macro beam with FGM properties subject to an axial
loading. The analysis included optimization of the weight of the material based on the Pareto
optimality. A higher-order shear deformation beam hypothesis provided the equilibrium equations
to solution of which the DQM was employed. Abdelrahman et al. [26] performed a study on the static
deflections of a perforated microscale beam containing microscale influences using a couple stress
model. The study also incorporated both Euler-Bernoulli and Timoshenko approaches. Another
research done by Esen et al. [27] on the dynamics of small scale structures to which couple stress
theory was used. Abo-Bakr et al. [28] analyzed a FG nanobeam involving electro-mechanical effects
under pull-in instability. Different approaches were applied to capture small scale influences, such
as Gurtin-Murdoch surface elasticity and the modified couple stress theory.

Further literature in the field of the current topic is available which due to the sake of brevity
can be seen as [29-37].

In this research, based on modified couple stress theory bending of a rectangular functionally
graded nanoplate is investigated using dynamic relaxation method (DRM). The equations are
derived based on a higher-order shear deformation plate theory. The set of coupled equations are
solved for clamped and simply-supported boundary conditions. Finally, the effects of aspect ratio,
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thickness-to-length ratio, transverse load, boundary conditions, and length scale parameter are
studied in detail.
2. Formulation

The nanoplate is considered with length L, width Ly, and thickness h as shown in Fig. 1 in the
Cartesian coordinate system. The plate is subjected to the transverse static load (gx) and rested on the
elastic foundation.

Figure 1. Schematic diagram of a rectangular FG nanosheet under uniform transverse load.

The displacement field of higher-order shear deformation plate theory is defined as follows:

um%n=%mw—%%+ﬂ@%mw,
v(x,y,2) = vy (x,y) — 222 +f(Z)<0y(x y) (1)

w(x,y,z) = wy(x,y)
in which

f(z) = htan™?! (%z) -z,

s =G2®
9@) =f"(2) = o
2)
16
~73z
k(z) = f"(2) =

1+ G2y

In light of the strain-displacement relations in Lagrangian form:

e aul N ou;
v ax] 0x; 3)
By substituting Eq. (1) into Eq. (3) the strain field based on the displacements are as follows:

ou,  9%w,

B = Gk T o
4)
ov,  0%w, G (
Ty T aE Gy
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du, 0v, 6 Wy 0@, 6<py
Vo = 50t ox T “oxay +f()< ox

= 9(@) ¢,
VYyz = g(z)¢y

Different methods consider the issue of achieving suitable functions for modeling the
material properties of FGMs. In this study, the simple rule of the mixture has been employed to
express the elasticity modulus of the functionally graded material which is made by ceramics and
metals as follows:

Ez)=E,+E—-E)DV(2) ,
(2) (Be = En) V(2) )
where V(z) is the volume fraction which is defined by [38-47]
V@) = Gy ©
2 h’

In Egs. (5) and (6), E is Young’s modulus of metals, Ecdenotes Young’s modulus of ceramics
and n represents the grading index for the material. It is to be noted that the Poisson’s ratio is
supposed to be constant as v. The small scale effect has been considered by the modified couple
stress theory, which was developed by Yang et al. [48]. In this theory, strain energy is a function of
both strain tensor (the strain related to strain tensor) and curvature (relevant to couple stress tensor).
In fact, they defined strain energy as the following Hamiltonian formulas:

1
U = Ef(aijsij + mUXU)d V, (7)

where ¢ is the strain tensor, o is the stress tensor, y is the curvature symmetrical tensor and m is
the lateral section of couple stress tensor which are obtained in the following equations [21-24, 49]:

_ 6el L9 aeJ
Xij = Ox] 0x;
=3 (curl(u))i, (8)

m;j = leﬂXij

Upon physical view, large interactions between lattice’s atoms and large strain gradient of atoms
oblige the theoretical studies on nanoscale to a different constitutive formulation based on size-
dependent continuum models. Mathematically, these models are up to differential or integral forms.
From a macro scale point of view, interactions in a plane of material are short and mostly between
neighbor crystalline. Hence, strain non-localization implemented by couple stress theories can help
us to study large strain gradient of atoms. High contrast composite nanostructures such as FGMs
may be worthy of investigation in the case of size-dependency. Strain gradient phenomena occurs in
beam-lattice structures with homogeneity. The nano-beam/plate continua include large strain
gradient resists against mechanical deformations and intrinsic reaction of the structure will change
due to the strain gradient. Generally, modelling the nanoscale on the basis of the strain gradient leads
to accuracy in forecasting of mechanical deformation of micro/nanostructures.

With respect to Eq. (8), the length scale parameter (/) is the square of curvature module to shear
module ratio, mathematically, and as a physical definition indicates the effect of the coupled stress.
A sub-micro scale structure reacts entirely dissimilar with local structures which are usually at macro
scale. These different response leads to being the material size-dependent. Therefore, this kind of
material requires exclusive modelling to be investigated mechanically. With respect to the current
size-dependent theoretical models, we are confronting with additional small scale parameters that
are sometimes called as length scale parameters. There is one small scale factor in the couple stress
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theory that the values of it cannot be constant [50]. However, the values of this length scale parameter
are not provided for many materials yet. From physical point of view, it relates to the internal
property as well as external conditions of the structure. The value will differ by a change in the
boundary conditions. High costs of experimental analysis tend us to employ these vital parameters.
Exerting these scaled-values parameters results in anticipation of strength of scaled-down structures.
Some researchers already found some values for the length scale factor [51-54]. Normally,
experiments are necessity to identify values of these size parameter. However, the obtained values
will be in arrange for a material under a special analysis depending on the physical conditions of the
specimen. To this end, the values of laboratory works should be adopted with the values of theoretical
model by choosing an amplitude for the values. After that it can be found that the values of the
parameter are existed between two certain digits. Until now, no body has presented that this value
can be a material constant resemblance to Lame’ constants. Instead, the reasonable limit for the value
of this parameter could be the best choice.
According to the displacement field and Eq. (8), the following relations are expressed:

_ow,  g(2)
R T
dw, | g(2)
%= "Tx T v
oy = 1(L0 2t SO (%0, _ 00,
37 2\ox oy 2 \ox ody)
’wy  g(2) 09,
Xxx - a5

- oxdy 2 oOx’

_ 0°wy  g(2) 0y
Xyy = oxdy 2 dy’ )

_9@) (99, 30
Hzz 2 \dx ay)/)

_1(0%*w, 0%w, +g(z) 0o, 0o,
Yoy =7 dy%  0x2 4 \ox oay/)

1[/0%v, 0%u, 0%, 0%¢,
Xxz =7 [( axz Oxay) +f@) < axz Oxay) B k(z)%’]'
1[/0%v, 0%u, 0%, 0@y
<axay 0y? ) e <axay 9y? ) " k(Z)(px]

Xyz = Z
Furthermore, with regard to Eq. (7) the virtual strain energy relation can be expanded as:

oU = ff (Gxx6€xx + Uyy5€yy + ny5)/xy + 0,0V, + ayzé"yyz)dAdz

(10)
+ (mxx6)(xx + My Xy + My 000 + 2Myy Oy + 2y, 6 ), + ZmyZS)(yz)dAdz
By using Eq. (10), the governing equations of the nanoplate are obtained:
6u=0:
ONge 0Ny 1 0’Ry,  9°Ry,\ _ 0
dx dy 2\ 0xdy  dy? (11)
ov=0;
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Swo=0:
0?M,, _98*M,, 09°M,, 0°R,, 0°R,, 0%*(R,, —Ry) N _ o
0x? 0x0y dy? 0x? dy? 0x0y Qerr =%
S, =
0Py 0P, 1(0Sy, 0Sy, 0S,, 0°T,, 0°Ty,
_ z — —L,.)=0,
dx + Qxz o0x + dy dy +6x6y dy? vz

g, =0:

oP,, 0P, 1(3Sy 0S,, 0S,, 0°T, 0°T,,
—X g, —= - Ly, ) =0,
ax T dy vz ax T dy  Ox t o +6x6y+ .

In Eq. (11), the means of g is external forces which are defined by [55, 56]:

Qeff = 4 — keywyo, (12)

in which k, and g represent the elastic matrix and the transverse uniform static load,
respectively. Moreover, the stress and couple stress resultants are written as:

h
(N, Myj, Pij, Qi) = J;Z(l,Z,f(Z);g(Z))Uide,

(13)
(Rl]’Sl]'Tl}’Ll]) J (1 9), f(2), k(z))mudz
Eq. (13) can be expanded and splitted into some groups as follows:
1- Force and moment stress resultants:
du,  0vg 0*w,  0%w, B(px dp,
Nax <6x Vay) <6x2 +V6y +C 0x Vay ’
ouy 0vy *w,  0%w, o, 0,
N,, = A(v— B -
vy (V6x+6y) <v6x2+6y2 TV Ty )
1—v/0u, dv, 1—-v(dp, J¢,
N, =A——(= - - e
i 2 (6y+6x) 51 V)< ) e <6y+6x ’
ouy v, 02w, 9%w, dp, 0,
My =B(—+v—2)-D F -
x> (6x+vay) <6x2 +V6y2 + 0x +V6y ’ (14)
ou, 0v, 0*w, 9%w, 6<px dpy
M, =B(v—+—|—D F —_—
ry (V ox + ay) <V 0x? + dy? + Vox + dy /)
1—v/0u, Jdv, 1-v(dp, Jo,
M,, =B——(— - +F -
i 2 (6y+6x) ba v)( ) 2 <6y+6x '
vz = G(2)Agy,
vz = G(Z)A¢y;
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where G(z) and

cross-section area.

A respectively denote the shear modulus of the FG materials and

2- Additional force and moment stress resultants originated from the higher-order beam

theory:
ou, 0v, 0*w,  0%wy g, O0p,
Pp=C|=—+v—)—F H v /)
xx (6x v@y) <6x2 +v6y2 + 0x +v6y
ou, 0v, 2w, 0%w, 0o, 0,
Po=Cvel 4y ) vy Z %) 4 Ty
Yy (V ax T 6y> (v 0x?  dy? TVt dy /)
1—v/0u, O0v, 0%w, 1—v(dp, 0d¢
P, =C (—— —J—F1— +H +—=),
i 2 \dy ox a-v (6x6y 2 \dy ox
3- Couple stress resultants:
02wy, oy
Rox = 245 oxdy " ox’
aZWO a(px
R,, = —2A +B ,
ry "oxdy " Oy
%w, 0%w B
ny=An<a 20_620>_ na .
y x 2(0¢x__gz)
dx  0dy
R Ay (0%vy  9%uy +Cn %p, 0%¢y\ Kn
¥ 2\ 0x2  oxdy 2 \ 0x2  0xdy 2 #v
Ay (0%v,  0%uy N Co (0%, 0%¢, N Ko
2 2 \oxdy 0dy? 2 \0xdy 0dy? 2 #=

4- Additional couple stress resultants developed from the combination of the higher-

order beam theory, FGM str

ucture and the couple stress model:

0%w, 2
Sex = 2B -D,—%,
xx "oxdy " 0x
OZWO 6§0x
Syy = =28y oxdy " oy’
0y 09y
=p (=2 _—
Ses n<6x ay )
s _p 02w,  0%wy, D,
xy — ©n ayz 0x2 ) <a(px a(py);
0x dy
_ Cn 0%v, B 0%u, +ﬂ 0%, B 0% ¢, Kn1
2 2 \oxay 0dy? 2 \0xdy 0y? 2 P
_ Cn 0%v, B 0%u, +ﬂ 0%, B 0%, K
%2\ 0x?  09xdy 2 \ 9x2  9xdy 2 #v
L - Koy (0209 0%ug N F (%0, 0%\ Kny
o 2 \ox2 0xdy) 2\ 9x% 09xdy 2 ¥
Lo & 0%v, B 0%u, +& 0%, B 0%, +@
Y2 2 \0xdy 0dy2 2 \dxdy 0dy? 2 P
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The constants in Eq. (14) are defined by:

E(z
(A’BICFD’FFH)Z 2 () d
_h 1—v2

) )
(Ap, Bn, Cp, D, Hy, Ky, By Ko) = J-h(l' 9@, f(2),9(2)? f(2)* k(2), k(2)f (2), k(2)* )2(1 _f_ 1)/) dz
2z

By substituting Eq. (14) into Eq. (11), the equilibrium equations on the basis of the
displacement field are obtained as follows:

0%uy, 1—vad?u, 1+4+vadv ow, ik 1-va? 1+ v 02
0 n 0 N 0) _gpz W ic Px Px Py
dx? 2 0y? 2 0xdy dx d0x? 2 dy? 2 0xdy
A, [ 0%, 0*u, N 0*v,  0*uy
dx30y 0x?%0y? 0xdy® Oy*

&( 64(py _ 64(px 64(/)3/ az(px) + ﬁ(az(px _ azgoy) =0
2 )

9x3dy 0x20y? ' oxdy? oy* dy?  dxdy

0%y, N 1 —v a2y, N 1+vd2u, —BVZ%+ c 0%p, 1—-vd’p, 14+vadg,
dy? 2 0x? 2 0xdy dy dy? 2 0x? 2 0xdy
A, [ 9*v, N 0*u, 0%, N 0*ug
2 dx* = 0x3dy 0x%dy? 0dxdy?

LG Doy Oex ¢y 0P¢i )\ Kuf 00 079, o
2 dx*  0x3dy 0dx%0y? o0xdy3 2 oxdy = 0x? (16)

du, O0v, 6<p 0, do, 0o
B|72< 0 0) DV? Fr2 == A,V* BV|—=+—-)=0,
—+ 5 wo + ot ay + Qopr— wo + —

6y

6x2+ 2 6y2+ 2 0xdy dx dx? 2 dy? 2 0xdy
3w, Cn [ 0*v, o*u o*v, 0*u

—G(2)Ap, + 0"Wo Wo L on o o, o 07U
oxdy? x3 2 \0x30dy 0x?0y? 0xdy3? Oy*

2
<p 362<py 162<px Ky, (0%vy  0%u, N 0%, 0%¢,
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2 axay y2 2 T 0x30y 0dx2dy?  dxdy® ay* )|

C(azuo 1—vodiu, 1+v62v0> FVza +H(62<px 1—vad2e, 1+v62<py>
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(02170 1—vd?v, 1+v82u0>

N N o 0%p, 1-vd*p, 1+voie,
ay? 2 0x? 2 0dxdy

dy? 2 0x? + 2 0Oxdy
1 3w, 93w, 0%p, 30%, 10%p
— 6D Ap, = |By [~ ——2) + D A ¢ S
(#)Apy 2 [ n ( 0x20y  0y3 ) *+ On ( 0x?  20xdy 3 dy? )
+ Knl 62‘”0 azuo + az(py az(px Fn azq)y az(px an
2 \ 0x%2  9xdy 0x2 09xdy) 2\ 9x%2 0xdy 2 ¥
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2 \ 0x* 0x30y 0x20y? 0Oxdy?
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The boundary conditions for two cases of simply and clamped supports for all of the edges are
presented as the following relations:

e Simply-supported (S):

X=0,Ly : ug=vy =Wy =¢, =M, =0,
17
y=0,L, : ug=vg=wy =@, =M, =0 (17)

¢ Clamped (C):

x=0,Ly : Ug =V =Wy =@y =¢, =0,

yZO,LyZuOZ‘UO:WO:(px:q)y:O (18)

3. Numerical solution technique

The dynamic relaxation method (DRM) is an iterative process to solve simultaneously the
system of equations which its purpose, in general, is transferring a static system to a virtual dynamic
one in order to finally obtain a static solution. This technique can be described by mathematics or
physics theories. As a mathematical interpretation, this theory is derived according to Richardson's
second law. On the other hand, as a physical definition, the DRM can be shown with a steady-state
response of a synthesis dynamic system with virtual inertia. It is vivid that the nature of this method
is dynamic. Hence, the evaluation steps of the method can be improved with the help of structural
dynamic techniques. The repetitive relations of DRM can be obtained by various devices. The finite
difference method (FDM) is a very popular one to this end. In addition, a combination of FDM and
Newton’s second law can be used. Also, the finite element method (FEM) can be contributed to derive
DRM formulation. In such a case, from the beginning, the mass and damping forces are entered in
the element equations and the element formulation is based on these forces. This technique has been
used for analyzing sheet problems. Therefore, the simplest and popular method for iterative
techniques can be FDM.

From a mathematical point of view, to increase the speed of the solution, instead of using
Newton-Raphson and implicit solution and its difficulties, in fact, the problem is transferred from an
implicit one to an explicit one, namely a dynamic problem. Therefore, in the DR method, using this
idea, it converts a static problem KX =F to a virtual dynamic problem MA + CV + KX =F, and the
problem is basically static but virtually dynamic. Then the dynamic problem is solved and the
numerical results will be obtained. There is only one condition for results. It means, those numerical
results are correct by which the kinetic energy of the system converges to zero. Our convergence
criteria is 10e-12. The iterations will be converged, if the kinetic energy of the system closes to the
criteria. Lastly, we convert and transfer a static problem into a virtual dynamic problem and solve it
explicitly. Moreover, some methods can be used by which the results can be calculated sooner and
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faster, such as Gershgorin theory that makes the Matrices in the diagonal forms and by using such
diagonal matrices, the computer code can solve the problem faster.

The static state of governing equations can be written as follows [57]:
F(x*)=P (19)

in which F is the vector of internal discrete forces, x* is the real displacement vector of the
discrete system, and P is the vector of external discrete forces. If the real response of Eq. (19), x4, is
replaced with the approximate response x, the residual force R will be made based on instability of
the system:

R=P—F(X) 20)

A general flowchart associated to the overall procedure of dynamic relaxation technique is
outlined below [57-62]

Initialize all conditions (usually all variables are
zeroed) and set the time increment v fto unity and
number of iteration n to Ny,

!

Calculate mass and damping |,
matrices M and C

l

Calculate velocities using Eq. (23)

l

Integrate velocities to achieve displacements X" and
apply displacement boundary conditions

n=ntli

y

Check for solution convergence, i.e., the velocities
are acceptably small (<107°)

y

No No
Are the convergence Isn>n
criteria satisfied? i

Yes L Yes

Compute the strains, stresses and moment resultants
using Eqgs. (4), (14) and print out the results

Stop -

In the DRM, first of all, Eq. (20) is transferred to made dynamical space by adding virtual
damping and mass forces.

[Mpr{a}" + [Clpr{v}" = {R}" 1)

in which [M]jz and [C]3g are the virtual mass and damping matrices, {v}" and {a}" are the
vectors of speed and acceleration. 1 also introduces the number of repetitions or steps. Due to the
damping of the system, the response of transient state inclines to zero after a specific time, which this
time depends on the damping value. Therefore, it can be stated that if a dynamic system is subjected
to static load, by spending time the transient response will be zero and the static state solution is
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obtained. So, the appropriate selection of virtual damping factors can improve the convergence ratio
of the DRM.
By assuming diagonal mass matrix and using central FDM, Eq. (21) can be expressed as follows:

o — Mgl [MDR] (D - ) 4 [Col" DR] onl” ((13(43) 4 (- )) (22)

where 7 is the time increment.
Eq. (22) can be arranged on the basis of speed in step n+1/2 and by assuming [Cpg] = @ (cis

damping constant) in iterative relation, the speed rate in DRM is as follows:

{y}(”%) = A{u}(”‘%) + B{R}" (23)
where
_¢
A = _25
145 (24)

B =1+ 4) [Mpg] ™

Using Eq. (23) the following iterative equation can be written:
1
L0 = (g 4 )4, 25)

One of the unknown factors in the DRM is the mass matrix. The popular way to obtain the
diagonal elements of the mass matrix is the Gerschgorin approach [57]:

1
2@ Y 1KY, 26)

in which N denotes the degree of freedom of the system and K}; is the stiffness matrix defined
as follows:

[k]=a

(27)

in which P is the left part of the equilibrium equations. This approach, unlike the previous
methods, has a strong mathematics logic and the numerical analyses showed that the use of this
method reduces the time of calculations. Based on the DRM, a system in the lowest time will converge
to a steady response if its damping is equal to the critical value. According to [30], the best way for
determining the critical damping is:

. {(xn)T P(xn)}f’ (28)

(xn)T Mn xn

where x" is the vector of displacement in step #. In most studies, the time step is constant and
the common value is 1 or 1.1. Combining Eq. (19) with Eq. (28) leads to the following dynamic
relaxation algorithm:

1. The maximum of iterations, the residual error of internal forces, and strain energy of the
structure (er, nmax, ex) will be determined.
{v}™1/2 = 0, if the kinetic damping is used, the first kinetic energy will be set to zero.
{x}°, this will be calculated or guessed.
The mass matrix is created.
If viscous damping is used, the damping matrix is created.
The unbalance force ({R}") is calculated.
If ||} < eg, stop; otherwise the calculations will continue.

NS LD
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8. Computing {v}**'/2 from Eq. (23).

9. If TN, mi(v/" 1/ 2)2 < ey, stop; otherwise the calculations will continue.
10. Computing {x}**! from Eq. (25).

11. Applying the boundary conditions.

12. Substituting n=n+1 if n>nma, otherwise return to step 4.

The above algorithm shows clearly the advantages of DRM such as simplicity, the vector
operator, and also the unique process for both nonlinear and linear systems.

4. Results and discussion

4.1. Convergance rate

In order to consider the mesh sensitivity, in Figure 2 the dimensionless deflection has been
illustrated in terms of node numbers (mxn) for x and y axes of the rectangular plate, respectively. As
seen from Figure 2, the grid point on the basis of 23 nodes gives acceptable results.

9

8.5

75 \

Wmax/h
\l
V4

6.5 N

55

10 15 20 25 30 35
mxn

Figure 2. The variation of deflection on the basis of the nodes number.

4.2. Validation of results

To consider the accuracy and precision of the current formulation and results, the bending
results of the rectangular nanoplate which are reported by Refs. [63-68] based on different theories
and solution methods have been compared with the present responses in Tables 1 to 3 for various
loads and boundary conditions. It can be seen from Tables 1 to 3 that the obtained results of this paper
are in good agreement with the other reports of Refs. [63-68]. It is noticed that the star sign (*) in Tables
1-3 indicates the nondimensional form of parameters.

Table 1. Comparison of deflection between the current solution and those of Ref. [63, 64] for bending
of nanoplate with (E=25", L'=Ly-100, v=0.3, eoa=0, g=0.1").

Deflection (w)

B.Cs Present [63, 64]
CCCC 10 5.163 5.330
CCCC 20 1.053 1.133
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Table 2. Comparison of deflection between the current solution and those of Ref. [65] for bending of
nanoplate with (E=1.44 GPa, v =0.38, g=1 uN/ um? Lx=500, Ly=500).

Deflection (w)
Present [65]
SSSS 1.7 24.37e-5 22.1e-5
§SSS 1 3.65e-4  3.9e-4

B.Cs I/h

Table 3. Comparison of deflection obtained by the current work and those of Ref. [66-68] for (C:
Lx*=100, Ly'=100, E=2.1x10¢, v=0.316, q=3", S: Lx'=100, Ly=100, E'=2.1x10¢, v=0.25, q=1").

Deflection (w)
Present [66] [67] [68]
CCCC 1276 1123 1.17 1316
SSSS 1.051 0944 0942 1.028

B.Cs

4.3. Aspect ratio effects

Figures 3 and 4 represent the variations of nondimensional deflection of the rectangular
nanoplate in terms of aspect ratio and different thickness-to-length ratios for clamped and simply-
supported boundary conditions, respectively. As seen, with the increase of aspect ratio, the deflection
decreases substantially and the decreasing trend continued till a specific value. It can also be seen
that for the aspect ratio of Lx/Ly=> 2.5, the deflection values converged to a definite value for several
thickness-to-length ratios at clamped and simply-supported boundary conditions. In Figures 3 and
4, the value of the uniform transverse load is chosen 5MPa, the length of the nanoplate 500 nm, and
the grading index is selected to 1.

0.4 —
1\ gq=5MPa
03 \\ L,=500nm =++Xe++ h/Lx=0.025
. - 0= h/Lx=0.02
< \&
g 02 s ~
s )
Ho, =
...... =~
..... ~
...... ~
01 f~..__ el o~ <
\ . .o-.%... = - =
.............. =3
0
| — — 2.5
LX/LY

Figure 3. The variations of nondimensional deflection of the rectangular nanoplate in terms of aspect
ratio for simply-supported boundary condition and different thickness-to-length ratios.
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g N\ ~ -
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: N L .\ ~
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Figure 4. The variations of nondimensional deflection of the rectangular nanoplate in terms of aspect
ratio for clamped boundary condition and different thickness-to-length ratios.

Figures 5 and 6 consider the nondimensional deflection of the rectangular nanoplate in terms of
aspect ratio and different length scale-to-thickness ratio (I/h) for simply-supported and clamped
boundary conditions, respectively. As shown, with the increase of aspect ratio the deflections go
down for different length scale-to-thickness ratios and boundary conditions, and whenever I/h is
greater, this decreasing trend of deflections which originated from the increase of aspect ratios is
smaller. Furthermore, whenever [/l is lower, the deflection of the nanoplate is dramatically affected
by a change in dimensions. Also, as indicated in previous figures by increasing the length scale-to-
thickness ratio, the deflections decreased and this trend is more significant in simply-supported

boundary conditions compared to clamped ones. Similar to previous figures, the grading index is
assumed to be 1 in Figures 5 and 6.

0.4
SSSS
. '\ g=5MPa
\ L,=500nm — - Ih=02
E ] \ LX) CEX I/h:0-6
3 0.2 s i
3 ~ = G= |/h=1
= .
‘.. . \ .
o1 | Ko, ~N * 0 e
- o e ‘e, —,
S - o - e,
- _.;__._1)
0
= r 20 2.5
LX/Ly
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Figure 5. The variations of nondimensional deflection of the rectangular nanoplate based on the
aspect ratio and different length scale-to-thickness parameter (I/h) for simple boundary condition.
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L/L,

Figure 6. The variations of nondimensional deflection of the rectangular nanoplate based on the
aspect ratio and different length scale-to-thickness parameter (I/h) for clamped boundary condition.

Figures 7 and 8 depict the nondimensional deflections of the rectangular nanoplate in terms of
aspect ratios and several grading indices for simply-supported and clamped cases, respectively. It
can be observed that by varying the aspect ratio the effect of grading index on the results is
insignificant for both boundary conditions. As seen, with the increase of aspect ratio, the deflection
values decline substantially in clamped boundary condition and similar to clamped cases, rising the
aspect ratio causes a decline in deflection for simply-supported cases; however, the rate of this
behavior is so slight and falls to a specific value by growing the aspect ratio in simply-supported
nanoplates compared to clamped ones. In these diagrams, the length of the nanoplate is 500 nm.
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Figure 7. The variations of nondimensional deflection of the rectangular nanoplate based on the
aspect ratios and several grading index for simple boundary condition.
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Figure 8. The variations of nondimensional deflection of the rectangular nanoplate based on the
aspect ratios and several grading index for clamped boundary condition.

The variations of dimensionless deflection of the rectangular nanoplate are illustrated on the
basis of the aspect ratio and different transverse loads in Figures 9 and 10 for simple and clamp
boundary conditions, respectively. As seen, the rate of decrease in deflection goes up in greater values
of transverse loads. It is observed that at the aspect ratio of 2.5, the deflection curves for various loads
tend to a specific value for both clamped and simply-supported boundary conditions. In Figures 9
and 10, the length of the nanoplate is 500 nm and the grading index is considered being one.
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Figure 9. The variations of nondimensional deflection of the rectangular nanoplate in terms of aspect
ratios and different transverse loads for simple boundary condition.
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Figure 10. The variations of nondimensional deflection of the rectangular nanoplate in terms of aspect
ratios and different transverse loads for clamp boundary condition.

4.4. Grading index effects

Figures 11 and 12 illustrate the dimensionless deflection of the rectangular nanoplate on the
basis of the grading index and different length scale-to-thickness ratio (I/h) for clamped and simply-
supported boundary conditions, respectively. As seen, with the increase of grading index, the
deflection goes up for various ratios of I/h. However, by raising the ratio of I/h the influence of the


http://mostwiedzy.pl

A\ MOST

grading index on the deflection decreased and by varying the grading index, the deflection remains
approximately constant for higher values of I/h than 1. Moreover, for lower values of I/h, ratio the
influence of grading index on the results is much greater in clamped boundary conditions compared
to simply one. But, in greater values of this ratio, the variations of deflection are smaller in clamped
boundary conditions compared to simply-supported cases. As indicated in Figures 11 and 12, the

value of the load is chosen 5MPa, the length of the nanoplate is 500 nm and the grading index is
variable.

0.3
ceec
0.25 g=5MPa -
L,=L,=500nm -
. / )
. / ’
0.2 .
3 7 — - 1h=0.2
c>c<s . ~
§ L~ <eeXe++ 11h=0.6
0.15 et
0.1 f o iieeeeeenes Noeseososcesescecses M(sossssscccce cesessd
s-—————o——————O ————— <
0.05
1.0 15 2.0 25 3.0 35 4.0

Figure 11. The variations of nondimensional deflection of the rectangular nanoplate in terms of
grading index for several length scale-to-thickness ratio and clamped boundary condition.
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Figure 12. The variations of nondimensional deflection of the rectangular nanoplate in terms of
grading index for several length scale-to-thickness ratio and simply-supported boundary condition.
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4.5. Length-to-thickness ratio effects

Figures 13 and 14 show the nondimensional deflection of the rectangular nanoplate based on the
length scale-to-thickness ratio (I/h) and different thickness-to-length ratio (h/Lx) for clamped and
simply-supported boundary conditions, respectively. As shown, whenever h/L:goes up the deflection
of the nanoplate decreases. As observed, varying the thickness-to-length ratios do not have noticeable
effects on the deflections in clamped boundary conditions. But, unlike the clamped cases, the
thickness-to-length ratio has a significant effect on the results in simply-supported boundary
conditions. In addition, by increasing the length scale-to-thickness ratio, the deflections decrease for
both cases of clamped and simply-supports. However, the rate of this decrease is much greater in
clamped boundary conditions compared to simply-supported ones. Notably, the grading index of
the nanoplate has been considered as 1 in Figures 13 and 14.

0.4
SSSS
=5MPa
N g — . b=
03 .. LX:Lyzsoonm h/Lx=0.02
' N, ) ++¥e++ /Lx=0.0.025
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% .. ~N
oz | ~ .
; ....... ~
Koo e =~ .
~ o e C~ .
~ cea,
0.1 S~ Moo,
- \CL - Teeee.., *een,,
- e - © - - _
0
0.2 0.3 0.4 0.5 0.6 0.7 0.8

I/h

Figure 13. The variations of nondimensional deflection of the rectangular nanoplate based on length
scale-to-thickness ratio and different thickness-to-length ratio (/Lx) for simply-supported boundary
condition.
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Figure 14. The variations of nondimensional deflection of the rectangular nanoplate based on length
scale-to-thickness ratio and different thickness-to-length ratio (h/Lx) for clamped boundary condition.

4.6. Elastic foundation effects

The variations of the dimensionless deflection of the rectangular nanoplate based on the Winkler
coefficient and different length scale-to-thickness parameter is shown in Figures 15 and 16 for
clamped and simply-supported boundary conditions, respectively. As expected, with increasing the
values of Winkler elastic foundation the deflections decreased and by increasing the length scale-to-
thickness parameter the decreasing trend is so smoother. These deflections are smaller for the greater
I/h and the decreasing trend of them is also smoother. The effect of the elastic foundation on the
results is more significant in simply-supported boundary conditions compared to clamp ones.
Moreover, it is noticed that with the increase of I/h the influences of elastic foundation decreases. In
these diagrams, the value of the grading index is one.
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Figure 15. The variations of nondimensional deflection of the rectangular nanoplate based on the
Winkler foundation and different length scale-to-thickness parameter for clamped boundary

condition.
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Figure 16. The variations of nondimensional deflection of the rectangular nanoplate based on the
Winkler foundation and different length scale-to-thickness parameter for simple boundary condition.

5. Conclusion

In this paper, bending analysis of rectangular functionally graded nanoplates is studied using
the modified couple stress theory. The governing equations are derived based on the higher-order
shear deformation plate theory. The material properties of nanoplate are assumed to be varying along
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the thickness direction according to the simple rule of mixture. In order to solve the equations, the
dynamic relaxation method in combination with the finite difference (FD) discretization technique
was applied. The deflection of the nanoplate with simply-supported and clamped boundary
conditions was investigated for various dimensions, several material grading indexes, different

aspect ratios, and elastic foundations. Some significant results are as follows:

e By increasing the length scale-to-thickness ratio, the deflections decreased, and this trend is
more significant in simply-supported boundary conditions compared to clamp one.

e By increasing the length scale-to-thickness ratio, the deflections decreased for both cases of
clamped and simply-supports. However, the rate of this decrease is much greater in clamped
boundary conditions compared to simply-supported ones.

e By rising the length scale-to-thickness ratio the influence of the grading index on the
deflection decreased and by varying the grading index, the deflection remains approximately
constant for higher values of this ratio than 1.

e For lower values of length scale-to-thickness ratio, the influence of grading index on the
results is much greater in clamped boundary conditions compared to simply-supported ones.
But, in greater values of this ratio, the variations of deflection are smaller in clamped
boundary conditions compared to simply-supported ones.

e Unlike the clamped cases, the thickness-to-length ratio has a significant effect on the results
for simply-supported boundary conditions.
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