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1. Introduction

In [15], Conley introduced the theory of a homotopy index for invariant sets of a dynamical system in a locally compact
metric space. This invariant, subsequently called the Conley index, proved to be a useful tool in studies concerning the be-
havior of various dynamical systems. In [31], Mrozek considered a cohomological version of the Conley index for multivalued
flows defined on locally compact spaces. However, in many problems of nonlinear analysis one has to consider dynamical
systems in infinite dimensional spaces. In [20], the authors constructed a version of the Conley index for flows determined
by completely continuous perturbations of the special linear operators in infinite dimensional Hilbert spaces. Their method,
resembling the construction of the Leray-Schauder degree, may be applied to existence and multiplicity results in problems
having variational structure and involving strongly indefinite potentials.

In the present paper we introduce an infinite dimensional counterpart of the Mrozek index by the use of methods
similar to those introduced in [20] (see [17] and also [22,23]) and apply it to the study of the existence of periodic orbits of
Hamiltonian systems involving nonsmooth hamiltonians.

After this introduction the paper is organized as follows. First we introduce notation and establish some auxiliary results.
In the second section we shall briefly discuss results concerning applications. In the third section we study multivalued
flows and provide a construction of the cohomological Conley index for flows determined by the so-called L-vector fields.
The final section is devoted to the proof of the main result from Section 2.

Given a metric space (X,d),aset AC X and € > 0, let B;(A) :={xe€ X |d(x, A) :=infscad(x,a) < €}; cl A and int A stand
for the closure and the interior of A, respectively. If (E, || - ||) is a (real) Banach space, then E* stands for the (topological)
dual of E; by (-,-) we denote the duality pairing between E* and E, i.e., if § € E* and u € E, then (¢, u) :=&(u). If x, y € R",
neN, then x- y is the standard scalar product and |x| := (x - x)'/2 is the Euclidean norm in R".

If f:E— R is a locally Lipschitz function, x, u € E, then f°(x; u) denotes the Clarke generalized derivative of f at x in the
direction u and 9 f (x) C E* is the generalized gradient of f at x (see e.g. [11, Chapter 2.1] or [4, Chapter 6]). For any x € E,
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the set df(x) is nonempty, weak*-compact and convex; for any u € E, f°(x;u) = max{{&,u) | £ € 9f(x)}; the function
fex;-) : E— R is Lipschitz continuous, positively homogeneous and subadditive and, for any u € E, f°(;u):E— R is
usc (upper semicontinuous); consequently f°:E x E — R is usc. Hence the set-valued map E > x +— 9 f (x) C E* is upper
hemicontinuous (see [6, Chapter 3.2]) and upper demicontinuous, i.e., usc (in the sense of set-valued maps), provided E* is
endowed with the weak*-topology, in view of [6, Theorem 3.2.10] (see also [11, Proposition 2.1.5] and [21] for a general
terminology concerning set-valued maps).

Proposition 1.1. Given Banach spaces Eq C E;, suppose that the imbedding j : E1 — E; is compact. If f : E; — R is locally Lipschitz,
then g := f|g, : E1 — R is locally Lipschitz and the set-valued map E1 > x — 9g(x) C EJ is completely continuous with compact
convex values, i.e., it is usc and, for any bounded set B C IEq, the set dg(B) is relatively compact in E7 (in these statements E} is
considered with the norm-topology).

Proof. It is clear that g = f o j is locally Lipschitz and the values of dg are closed and convex. In order to prove the upper
semicontinuity and the compactness of values of dg it is sufficient to show that given sequences (xp) in Eq and (&) in E]
such that &; € 9g(x,) for all n > 1, if X, — xo € Eq, then there is a subsequence (&,,) such that limy_, o &, = &o € 3g(x0).

To this end observe that the set Y :=cl{j(xy)};2; C Ez is compact; hence the set 9 f(Y) is bounded in E; in view of
[6, Proposition 3.2.4]. The adjoint j*:E5 — [} is compact. Therefore the set j*(3 f(Y)) C Ej is relatively compact. For each
n>1,

En € 3g(n) = 3(f 0 H(xn) C j*(3f (i(xn)) C J*(3f(Y))

in view of [11, Theorem 2.3.10, Remark 2.3.11]. Hence, passing to a subsequence if necessary, we may suppose that
& — & € E]. In particular & — & (weakly*). The closeness of the graph of dg (in Eq x Ej with E] having the
weak*-topology—see [6, Proposition 3.2.5] or [11, Proposition 2.1.5]) implies that & € dg(xo).

To complete the proof we have to show that, given a bounded sequence (x,) in Eq, if & € dg(x,) for all n > 1, then (&,)
has a convergent subsequence. To this end note that, by the compactness of j, Y :=cl{j(x,)};2; C Ez is compact; hence
df(Y) is bounded in E3. The same proof as above shows that, for each n > 1, & € j*(3f(Y)). The relative compactness
of j*(3f(Y)) ends the proof. O

2. Hamiltonian systems

Let G:R x R?N > R, N > 1, be 27 -periodic with respect to the first variable and locally Lipschitz with respect to the
second one. We consider the Hamiltonian differential inclusion

ze JaG(t,z) (1)
where
0 —In
J=
In O
(Iy stands for the unit (N x N)-matrix) is the standard symplectic matrix and, for any t € R, dG(t, z) denotes the Clarke
generalized gradient of G(t,-) at z e R?N. We shall look for nontrivial 2 -periodic solutions to (1), i.e., 27 -periodic abso-
lutely continuous functions z: R — R2N such that, for a.a. (almost all) t € R, z(t) € JdG(t, z(t)) and z = 0. This and similar
problems has attracted a lot of attention, see the series of paper by Clarke, e.g. [12] and [18] where the principle of the
least and dual action has been employed.
In order to apply an indirect variational attitude to (1), which is going to be considered here, it is customary to study
the corresponding action functional on the fractional Sobolev space H!/2(S!,R?N) (here S!:=R/27Z is the circle param-

eterized over [0, 27r]) and to study its critical points. We briefly recall the setting (see [1, Chapter 3.2] or [33, Chapter 6]).
For any a € R, let %/ :=cosa- Iy +sina- J : R2N — RN We set

H=H"2(sT, RN = iu e L*(s',r?N) ‘ D Ikllugl® < oo}
keZ
where (u) c R2N is the sequence of the Fourier coefficients of u:
u(t) = Zek”uk.
keZ
It is clear that H is a real Hilbert space with the inner product
(u,v):=2mug-vo + 21 Z lklug - vk, u,veH
keZ*

(where Z* := 7\ {0}) and the norm || - || = +/{-,")H.-
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Remark 2.1. It is well known (see e.g. [1, Theorem 3.1.1]) that smooth functions form a dense subset in H and the embedding
H < LP(S',R?N) is compact for any p > 1; in particular there is Cp > 0 such that, for u e H, |Ju]lp < Cpllullm where || - ||,
stands for the standard norm in LP. Moreover the embedding H'(S!, R?N) — H is dense and compact.

Consider a map L : H — H given by
Lu(t) := Z(sgnk)ek”uk, ueH, (2)
keZ
i.e,, (Lu)g = (sgnk)uy for all k € Z (where sgn0:=0). For each u € H,
ILulify =27 ) [kllugl® < lulls
keZ

hence L is well defined, linear and bounded and (Lu, v = 27 ) . kug - vi for u, v € H. Therefore L is self-adjoint. Observe
that if u, v € H1(S', R?N) C H, then

27
(—Ji, V)2 = / —Ju(t) - v(t)dt =21 Zkuk v = (Lu, v)mg
0 keZ

since — Jiu(t) = Y oz kek uy, and, for any a,b € RN, (ekta, e™/b) >, = 27w 8ma - b.
In what follows, for k € Z, let
H(k) == {u e H|u(t) =e"Ix, tes'; xe RN}
The spaces H(k), k € Z, are mutually orthogonal; so are the spaces
Hy, :=H(—k) ® H(k), k=0,1,2,.... (3)
Finally let

n
H™ :=EPH(-k), H":=PHK and H':=EPH;. n=0,12....
k>1 k>1 k=0
Then H=H" @ Ho ® H, H=cl{J;2,; H" and dimg H" = (2n + 1)2N.
Observe that Hg = kerL and Lu = +u for u € H(4k) for k > 0. Hence L(Hy) = Hy if k>0 and if u =u~ +ug +ut
according to the above decomposition, then Lu =u* — u~. Note that L is a Fredholm operator of index 0.

Remark 2.2. Observe that the quadratic forms +(Lu, u)y, u € H, are strongly indefinite, i.e.,, unbounded from below and
from above on any subspace of finite codimension; hence their Morse indices must be infinite.

Let us now specify the assumptions concerning G : R x R?N — R. Let p > 1 and let g = % (q=o00 if p=1). We
suppose that:

(Gy) for all u e R2N, G(-,u) : R — R is measurable and 27 -periodic; G(-,0) = 0;
(Gy) there exists £ > 0 such that, for a.a. t € [0, 2] and all x, x' € R2N,

|G(t,x) — G(t,x)| < Llx—X],
or

(Gy) for aa. teR, G(t,-): RN — R is locally Lipschitz and there is & > 0 such that, for a.a. t € [0, 27r] and all x € R?N,

sup |yl <a(1+[xP7T).
yedG(t,x)

By (Gy), for any x,v € RN G°(-,x; v) is measurable (see [11, Lemma on p. 78]). Since, for any t € R and v € R2N,
GO(t,-; v) is usc, we see that if u : R — R?N is measurable, then so is G°(-, u(-); v). Therefore, in view of [5, Theorem 8.2.14],
the map 9G(-, u(-)) is measurable and, by the Kuratowski, Ryll-Nardzewski theorem, the set N(u) of all measurable selec-
tions of dG(-,u(-)) is nonempty. In view of (Gy) or (Gy), if u € LP(S'; R?N) and w € N(u), then w € L9(S'; R?N) and
wllg <c(1+ ||u||1’;71) for some constant ¢ > 0.

Moreover, by [11, Theorem 2.7.5], the functional ¥ : LP(S!, R2Y) — R given by

2
() ::—/G(t,u(t))dt, ueLP(sT, R,
0
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is well defined, locally Lipschitz and, for u € LP(S!, R%N), 8([(u) C N(u), ie, if £ € 8$(u) C [LP]*, then there is w €
L9(ST; R2NY such that w(t) € 3G (¢, u(t)) for a.a. t € St and, for v € LP(S1, R2N),

2

<§W=—/W®4MML

0

Therefore, in view of Proposition 1.1, (G1) and (G3) or (G3)" we have the following

Proposition 2.3. Let i := {/7 |r. Then, for u € H,

2

w(u):—/G(t,u(t)) dt, (4)

0

Y is locally Lipschitz, the map H > u — 9 (u) is completely continuous with compact convex values in H (we identify H* with H via
the Riesz theorem) and, given u € H and & € 9y (u), there is an L9-selection w : ST — R2N of 9G (-, u(-)) such that

27

@wm=—/w®mmm

0

for any v € H. Moreover, there is a constant ¢ > 0 such that, forany u € Hand & € 0y (u),
Ig e < c(1+ Tullf). (5)
In order to obtain the existence of solutions to (1) we shall study a functional @ : H — R given by
@ (u) ::%(Lu,um—i—mﬁ(u), u e H. (6)
It is evident that @ is locally Lipschitz and the quadratic part of @ is smooth. Hence, by [11, Theorem 2.3.3], for each u € H,

D (u) = Lu + 3y (u). (7)

We shall look for equilibria of 09, i.e., the critical points of &. This is justified by the following result.
Proposition 2.4. Suppose that z € H is a critical point of ®, i.e., 0 € 3P (z), then z € H' (S', R?N) and z is a solution to (1).

Proof. Clearly z € H < LP(S!,R?N). By Proposition 2.3, there is w e LI(S!,R2N) such that w(t) € 3G(t, z(t)) for a.a.
t €[0,2m] and, for each h € H,

2

<Lz,h)H=/w(t)~h(t)dt.

0

In particular this holds for any constant function h € H. Hence j02” Jw(t)dt =0. For t € [0, 2], let uy(t) := fot Jw(s)ds and
Ci= 5 [T (2(t) — uy (t)) dt. Finally let

u(t):=c+uq(), tel0,2r].

Then u(0) = u(27) (hence we may treat u as being defined by periodicity on the whole R and on S1), 02” u(t)dt =
f02” z(t)dt and 1(t) = Jw(t) for a.a. t € [0, 27]. It is clear that w € L2 and, therefore, u € H'(S', R2N). For any v € H',

(Lu, vig = (= Ju, V)2 = (W, V)2 = (Lz, V).

Hence Lu =Lz and u — z € ker L = H, i.e., u — z is a constant function. However f02n (u—2)dt=0; thusu=zand z= Jw
ae 0O

In what follows we shall study a Hamiltonian system of the form (1) where G is assumed to have an asymptotically linear
generalized gradient, that is—apart from (G1), (G2) or (G2)’—we assume that there are symmetric (2N x 2N)-matrices Ag
and A, such that:
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(G3) supyesc(e,uy 1Y — Aol =o(lul) as u — 0 uniformly with respect to t € [0, 27 ];
(G4) SUPyeyG(e,uy 1Y — Acolil = 0(Jul) as [u| — oo uniformly with respect to ¢ € [0, 2m]3

In view of Remark 2.2, even if G is smooth and & is twice differentiable, the Morse indices of +®&”(z) must be infinite.
However, it is possible to define a certain relative index which will always be finite. In order to proceed we need some
auxiliary concepts.

Given a symmetric (2N x 2N)-matrix A with real (constant) coefficients, consider the following Hamiltonian system

7= JAz (8)
The gradient of the energy functional ®4 on H, whose critical points correspond to solutions of (8), has the form
Voau)=Lu— A@), ueH, (9)

where, for any w € H, (A(u), w)g = fOZ" Au(t) - w(t)dt. In order to find an explicit formula for A on Hy, k > 0, observe
first that on Ho = R2N the map A may be identified with A; for k > 1, let us identify (u, v) € Hy, where u(t) = e Jx,
v(t)=ektly, x, y e RZN, with (x, y) € R*N and consider the following change of variables R*N 5 (x, y) — (a, b) € R*N where
a=x+y and b= J(y —X), i.e., u+ v corresponds to the function coskt -a + sinkt - b. Under these identifications L(x, u) =
(=x,y) and L(a,b) = (—Jb, Ja). Moreover A(a,b) = %(Aa, Ab). Therefore the restriction of V&4 to Hy, k > 1, may be
identified with a linear map given by the (4N x 4N)-matrix

1A -
TeA)=| * .
k(A) [] —,1{A]

Let M*(B) and M°(B) denote the number (with multiplicity) of positive (respectively negative) eigenvalues of a symmetric
(real) matrix B and the dimension of its kernel, respectively. Observe that the generalized Morse indices

i*(A) := M*(—=A) + > (M*(Ti(A)) - 2N),
k=1

and the generalized nullity

o0
i°(A) :=M°(—=A) + > MO(Ti(A)),
k=1
introduced by Amann and Zehnder (see [2,3] and e.g. [36]), are well-defined and finite. Indeed, a simple computation shows
that the matrix [3 _0] ] has the eigenvalue +1 with multiplicity 2N, so by a simple perturbation argument M*(Ty(A)) =
2N for all sufficiently large k > 1. Similarly M(T,(A)) =0 for all large k. Clearly, i~ (A) + i°(A) + it (A) = 2N, i°(A) =
dimKer V&4 < 2N and it is easy to see that i°(A) =0 if and only if o (JA) NiR =@ (see [8, p. 105]).
We have the following main result of this section.

Theorem 2.5. Consider the Hamiltonian system (1) with asymptotically linear G, i.e., satisfying assumptions (G1)-(G4). Assume
that i%(Ag) = i%(Ass) = 0 and it (Ag) # it (As) or i~ (Ag) # i~ (Aso). Then & has a critical point z # 0, i.e., the system (1) has a
nontrivial solution (in addition to the trivial one z = 0).

The proof, based on a variant of the Conley index theory presented below, will be given in the last section. The following
example illustrates the easy use of Theorem 2.5.

Example 2.6. Suppose « : R — [0, 1] is such that &|j0.1] =0, &|[2,+00) =1 and a(t) =t —1 for 1 <t < 2. Let n € C' (R?, R)
be bounded with the bounded V7, n(0) =0 and |Vn(x)| = o(|x|) as |x] — 0. Suppose that g:R x R?> — R is bounded,
measurable and 27 -periodic with respect to t € R and Lipschitz with respect to x € R2. Finally suppose that g(-, 0) =0. Let
G :R x R? — R be given by
1+oa(x
G(t, x) ::%(lnlx|2+n(x)g(t,x), teR, xeR?. (10)
Then, for |x| <1, G(t,x) = %on -X+ n(x)g(t,x) and, for |x| > 2, G(t,x) = TAcx - x+ n(x)g(t,x) where Ag := %12 and
Aso = %Iz. It is clear that G satisfies (G1) and (G») and, for any t € R,
3G (t. %) = { Aox+ g(t, x)Vn(x) + n(x)ag(t,x) for x| <1;
T AcoX 4+ g, X)V(X) + n(x)dg(t,x) for |x| > 2.

3 It is clear that if, for any u € RZN, G(-, u) is 2m-periodic and continuous, for any t € R, G(t, -) is locally Lipschitz and G satisfies (G4), then (G)’ holds
with p =2.
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Hence conditions (G3) and (G4) are satisfied, too. One easily verifies that i®(Ag) =i%(As) =0, i~ (Ag) =2 and i~ (As) = 4;

therefore Theorem 2.5 provides a nontrivial periodic solution to (1) with G given by (10). Instead of factors % and % in

definitions of Ap and A, one can take any positive numbers c1, ¢z such that ¢;/2 ¢ Z and c; — ¢, is sufficiently large.

Theorem 2.5 was proved by Amann and Zehnder in [2, Theorem 12.11], see also [3, Theorem 2], under the assumption
that G is C2 with respect to the z-variable, by means of a saddle point reduction and the minimax arguments based on the
generalized Morse theory (comp. [36, Theorem 7.2] and [13, Theorem IV.1.3]). For some other results in this direction (and
the extensive bibliography on the subject)—see [8,14,38].

3. Multivalued flows and the Conley index

In this section we present the construction of the Conley-type index for multivalued flows defined on non-necessarily
locally compact metric spaces.

Let X,Y be metric spaces. After [21] (see also [26]) we say that a set-valued map ¢ : X — Y is admissible if there exist
a metric space I', a proper surjection p: I’ — X (i.e., p is continuous and, for any compact K ¢ X, p~!(K) is compact) and
a continuous map q: I" — Y such that, for every x € X, the fiber p~1(x) is acyclic (i.e., H*(p~!(x)) = H*(P) where P is a
one-point space and H* stands for the Alexander-Spanier cohomology with integer coefficients) and ¢(x) = q(p~1(x)).

It is clear that an admissible map is usc with nonempty compact values. The class of admissible maps is rich, e.g. any
usc map ¢ : X — Y with compact acyclic (and, in particular, contractible or convex) values is admissible. Moreover the class
of admissible maps is closed under superposition. For more details concerning admissible maps—see [21] or [26].

Definition 3.1. Let X be a metric space. By a multivalued flow on X we mean an usc mapping ¢ : X x R — X with nonempty
and compact values such that, for every s,t € R and x, y € X,

(1) o, 0) = {x};

(ii) if st >0, then @(x,t + ) = @(@(x,t) x {s});
(iii) y € @(x,¢t) if and only if x € p(y, —t);
(iv) the map ¢(x,-) : R —o X is continuous.

The flow ¢ is said to be admissible, if there exists T > 0 such that the restriction of ¢ to X x [0, T] is an admissible mapping.
Let A be a metric space. By a parameterized family of (respectively admissible) multivalued flows we mean an usc map
1n:X xR x A— X such that, for any A € A, 1, :=n(-,-, A) is a multivalued (respectively admissible) flow.

Remark 3.2.

(a) Condition (iv) is formally absent in [31], but all relevant examples considered further on satisfy this hypothesis.

(b) Sometimes it is useful to admit the empty set as a value of ¢; in this case we speak about a partial multivalued flow.

(c) Observe that, in view of (ii) if ¢ is admissible, then, for any T > 0, the restriction of ¢ to X x [0, T] is admissible; in
fact, it is not difficult to prove that a flow ¢ is admissible if and only if the map ¢ is admissible.

Example and Definition 3.3. Let L : E — E be a bounded linear operator on a Banach space E. A set-valued map f :
U —E, UCE, of the form f(u)=Lu+ F(u) for u € E, where F: U — E is a completely continuous set-valued map with
compact convex values having sublinear growth, i.e., there is a constant C > 0 such that, for each u € E and y € F(u),
Iyl < CA + |ju]), is called an L-vector field.

Given an L-vector field f := L+ F : E — E, the standard fixed point argument (see e.g. [24, Theorem 5.2.2]) implies that,
for each x € E, there is a mild solution to the Cauchy problem

u' € f(u) ae. onR;

u(0) =x, (i

i.e.,, a continuous function u: R — E and a locally (Bochner) integrable function w : R — [E such that w(t) € F(u(t)) and
ut) =elx+ f(g e®9Lw(s)ds for all t € R. Since L generates the uniformly continuous Cg-group of operators, u is a mild
solution to (11) if and only if u is a strong solution, i.e., u(t) =x+ ]Ot(Lu(s) + w(s))ds on R (see [24, Proposition 5.2.1]
and [32]).

Let S(x) C C(R,E)* be the set of all solutions to (11), x € E. In view of results from [27] (see also [24, Theorem 5.3.1]
and [7]), for any x € E, S(x) is an Rs-set (i.e., the intersection of a decreasing sequence of compact contractible sets);
in particular S(x) is acyclic.

4 Where C(R,E) stands for the Fréchet space (i.e., locally convex metrizable and complete) of all continuous maps R — E with the topology of the
almost uniform convergence.
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Consider a map ¢ : E x R — E given by the formula
et ={u®) |ueS®}, xeE, teR. (12)

We claim that ¢ is an admissible multivalued flow on E (we say that ¢ is generated by f).

It is easy to see that conditions (i)-(iv) from Definition 3.1 are satisfied; so it remains to show that ¢ is an admissible
map. Let I' :={(x,u,t) e EXCR,E) x Rlue Sx)} andlet p: " - E xR, q: " — E be given by p(x,u,t) := (x,t) and
q(x,u,t) =u(t) for (x,u,t) € I'. For any (x,t) e E x R, p~1(x,t) = S(x) x {t}; hence p has acyclic fibers. Clearly maps p, q
are continuous and p is a surjection. Moreover, for any (x,t) € E x R, q(p~'(x,t)) = @(x,t). In order to show that p is
proper let (xn,t;) be a sequence in E x R, x, — Xg € E, t; — to € R and let u, € S(xy), i.e., (un,ts) € p~ (X, tn). We are
going to show that, up to a subsequence, u, — ug € S(xp) almost uniformly (a.u). For any n € N, there is a locally (Bochner)
integrable selection wy, of F(un(-)) such that u,(t) = etlx, +f0t 9Ly, (s)ds, t € R. Since the sequence z,(t) := etlx,, t € R,

a.u. converges to zp(t) :=etlxg, t € R, we have to show that (y,), where y,(t) = /0[ 9Ly (s)ds, t € R, has a subsequence

converging a.u. to some yo(t) := fot et=9Lywq(s)ds, t € R, where wo(t) € F(ug(t)) and ug(t) := zo(t) + yo(t) for all t € R.
The Gronwall inequality and the sublinear growth imply that (u,) is bounded in C(R, E); thus the sequence (wy) is
(locally) integrably bounded, i.e., there is a locally integrable c € L}OC(]R, R) such that ||wy(t)] < c(t) for a.a. t € R and
all n e N. Hence the sequence (y,) is equicontinuous. The complete continuity of F implies that fibers {y,(t)}, t € R,
are relatively compact. Hence, by the Ascoli-Arzela theorem, the sequence (y;) has an a.u. convergent subsequence. On
the other hand, again by the complete continuity of F, the sequence (wjy) has relatively compact fibers; thus—being (lo-
cally) integrably bounded—it has a subsequence weakly convergent in L}OC(R, E) in view of the Diestel theorem (see [16,
Corollary 3]). Passing to subsequences if necessary, we may assume that y, — yo in C(R,[E) and w, — wg (weakly) in
L}OC(R, E). Therefore, for all t € R, yo(t) = fée““”wo(s) ds. For each n € N, yj, is differentiable a.e. and, for a.a. t € R,
Yn(®) = Lyn(t) + wn(t) € Lyn(t) + F(un(t)). Hence y) converges weakly in Lll0C to Lyg + wg; moreover u, =z, + yn a.u.
converges to ug := zg + yo. By the so-called Convergence Theorem (see [6, Theorem 3.2.6]), we see that, for a.a. t € R,
Lyo(t) + wo(t) € Lyo(t) + F(zo(t) + yo(t)), i.e., w(t) € F(zo(t) + yo(t)) a.e. on R; this completes the proof of the claim.’
Observe that the constructed above map ¢ is an L-flow, i.e., it is an admissible flow of the form:

px,t)=elx+Uxt), xekE, teR, (13)

where U :E x R — E is completely continuous and admissible. Indeed, in our case

t
Ux,t) = {y =/e<f*S>Lw(s)ds ek ‘ we L (RH), w(-)eF(u())
0

t
a.e. on R where u(t) =e'lx + / el w(s) ds}. (14)
0

By a parameterized family of L-flows we mean a family of flows n:E xR x A —E (A is a metric space) of the form
nx,t,x) =etlx + Ux,t,1), xeE, teR and A € A, where U:E xR x A —E is an admissible completely continuous
set-valued map.

Remark 3.4.

(i) It is easy to see that if f :[Ex [0, 1]—E is a family of L-vector fields, i.e., is given by f(u,s) =Lu+F(u,s),u €k, se[0,1],
where F : E x [0,1] — E is completely continuous with compact convex values and sublinear growth (independent
of s € [0, 1]), then f generates the family n of L-flows defined, for xe H, t € R and s € [0, 1], by y € n(x,t,s) if and
only if y = us(t) where us is a solution to the problem u’ = f(u,s), u(0) =x.

(ii) If f=L+ F:E —E, where F is completely continuous with convex compact values but does not have the sublinear
growth, then there is an open set D C E x R such that E x {0} ¢ D and, for any x € E, there is a solution u: Jy — E to
(11) where 0 € Jx:={t e R | (x,t) € D}. The formula (12) defines thus a local L-flow ¢ : D — E.

Let ¢ : X x R —o X be a multivalued flow.
Definition 3.5. Let A CR. A map 0 : A — X is a A-trajectory of ¢ if, for every t,s€ A, o(t) e (0o (s),t —s). f xe NC X
and 0 € A, then the set of all A-trajectories in N originating in x (i.e., such that 0(0) =x and o (t) € N for t € A) is denoted

by Trn(@; A, X).

It is an easy exercise to show the following (see [9,34]).

5 The same argument works also in case L is assumed merely to be the generator of a strongly continuous Cp-semigroup of operators; in this case S(x)
stands for the set of mild solutions to (11).
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Lemma 3.6.

(i) Every trajectory of ¢ is a continuous mapping.
(ii) Let o1 : A1 — X, 02 : Ay — X be trajectories of ¢ which coincide on A1 N Ay. Then the mapping o : A1 U Ay — X defined by

a(t)—{m(t) forte Aq,
" loat) forte Ay,

is a trajectory of ¢.

Remark 3.7. Recall Example 3.3 and assume that ¢ : E x R — E is an L-flow defined by (12) or (13) and (14). It is easy to
see that if xeE, ue S(x),0e ACR and u(t) e NCE for t € A, then u € Try(¢; A, x).

We shall show that the converse statement is also true: if N is closed and o € Try(¢; R, x), then o € S(x). To this end it
is enough to show that the restriction o|; : I — E of o to any compact interval I C R, 0 € I, is a solution to (11) on I, i.e.,
there is a (Bochner) integrable function w : I — [E such that w(-) € F(o (t)) and o (t) =x+ fot(Lu(g) + w(&))dé fortel.

For simplicity, let I :=[0,1]. Fix n € N and, for 0 < k < 2", let t; := k27", Since o(t1) € ¢(x,t1), there is v{ € S(x)
such that o (t1) = v1(t). Let uy(t) := v1(t) for t € [0, t1]. Suppose that, for some 0 < k < 2", the function u, is defined on
[0, tx] and un(ty) = o (ty). Since o (tg+1) € (0 (ty), tkr1 — ti), there is v € S(o (tx)) such that o (tg11) = Viaq (ter1)- Let
Un(t) := Vi1 (t — ty) for t € [y, ty+1]. In this way we have defined inductively a function u, on I for any positive integer n.
It is easy to see that, for all n € N, u, is a solution to (11) on I, i.e., belongs to the compact subset in C(I, H) of all solution
to (11) on I. Therefore the sequence (u,) has a convergent subsequence; without loss of generality we may suppose that
u, — u where u is a solution to (11) on I. Since, for any n € N and 0 <k < 2", u,(k2™™) =0 (k2™™), we gather that o0 =u
on I.

Definition 3.8. Let N C X. We set
Inv(N, @) := {x € N | Try (¢; R, x) # 0}, IvE(N, @) 1= {x € N | Try (93 R, x) # 0},
A set K C X is invariant (respectively positively (negatively) invariant) with respect to ¢ if

Inv(K, ) =K (respectively Inv*(K,¢)= K).

There is also a stronger version of invariance (being equivalent to the above one in the singlevalued case). Namely
we say that K C X is strongly (positively, negatively) invariant if, for every x € K, ¢(x,R) C K (respectively ¢(x,RT) C K,
ox,R7) CK).

Note that given N C X, the set K :=Inv(N, ¢) is the maximal invariant with respect to ¢ subset of N.

The following result is a version of the generalized Barbashin theorem (comp. [10, Proposition 16]).

Proposition 3.9. Let N C X be closed and n: X x R x A — X be a parameterized family of multivalued flows. Then the graph of the
set-valued map A > A+ Inv(N, ;) C N is closed.

Proof. Take a sequence (An,X;) € A x N such that x; € Inv(N,n,,) and (An,xp) — (Ao, Xo). We shall show that xg €
Inv(N, n,,).

In view of Lemma 3.6(ii) it is enough to construct a trajectory op : [0, 1] — N of 1, such that o¢(0) = xo. For each n e N,
choose a trajectory 0, : R — N of n,, such that 0,(0) = x,; and consider a sequence yj := o, (1) € 1;,,(xn, 1). Since 7 is usc
and has compact values, there exists a subsequence yn, convergent to a point y € 1,,(Xo, 1). Set ag(1) :=y.

Repeating this procedure for the interval [0, %] we obtain a subsequence of the sequence (an,((%)) converging to a point
00(%) € N3, (X0, 3). The upper semicontinuity of 7 implies that 05(1) € 73, (00(3), 3)- Therefore we can define oy(t) for all
dyadic numbers t € U;io{z% | 0 < p <29} using the above procedure as an inductive step. Moreover, for all dyadic numbers
s=t, 00(s) € My (00(t), s —t) and op(s) € N as the limit of points from N.

Now let t € [0, 1] be arbitrary. Define a set

Kty= () n(oo).t =t 20) Nn(oo”).t —t", xo).

t'<t<t”

where t’,t” are dyadic numbers. The set K(t) is nonempty being an intersection of a family of closed sets with finite
intersection property in a compact set 1;,({x} x [0, 1]). Actually, in view of conditions (i) and (iv) from Definition 3.1, this
set is a singleton. Let og(t) be the unique member of K(t). One easily verifies that [0,1] >t + og(t) is a [0, 1]-trajectory
of 1y, (comp. [34]). O

We are going now to describe briefly the Conley index due to Mrozek [31]. Suppose that ¢ : X x R — X is a multivalued
flow on a locally compact space X.
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Definition 3.10. (See [31].) A compact set N C X is an isolating neighborhood for ¢ if Inv(N, ¢) C int N. We say that a set K
invariant with respect to ¢ is isolated if there is an isolating neighborhood N such that K =Inv(N, ¢).

Observe that, in view of Proposition 3.9, isolated invariant sets are compact.

Let N be an isolating neighborhood for ¢ and let x, y € N. For any t € R, by a t-connection from x to y in N we mean a
[0, t]-trajectory (or a [t, O]-trajectory in case t < 0) o of ¢ in N such that (0) =x and o (t) = y. The set of all t-connections
from x to y, t € R, is denoted by Conny(¢;t, x, y). In view of [34, Theorem 6.1], if y € ¢(x,t), then Conny(¢;t,x,y) # @.

We define a map ¢y : N x R — N by the formula

on(x,t)={y € X | Connn(p; t,x,y) #0}, x€X, teR.

It is easy to see that, for all x € X and t € R, on(x,t) C NN@(x,t) and @y is a partial multivalued flow on N (see [31,
Proposition 4.7]).

Definition 3.11. A pair (P1, P;) of subsets of N C X is an index pair for ¢ in N provided:

(i) Pq, P are compact and strongly positively invariant with respect to ¢y;
(ii) Inv=(N, @) C inty P1, InvT (N, @) C N \ Py;
(iii) cl(P1 \ Py) C intN.

The following two results are crucial for the construction of the Conley index (see [31, Theorems 4.1, 5.2]).
Theorem 3.12.

(i) If K is an isolated invariant set for the flow ¢ with an isolating neighborhood N, then for every neighborhood W of K, there exists
an index pair for ¢ in N such that cl(P1 \ P;) C W.

(ii) If the flow @ is admissible and K is an isolated invariant set, then the Alexander-Spanier cohomology (graded) group H*(P1, P3)
does not depend on the choice of an isolating neighborhood N and an index pair (P1, P2) of ¢ in N.

Theorem 3.12(ii) justifies the following concept (see [31, Definition 5.1]).

Definition 3.13. By the cohomological Conley index of an isolated invariant set K C X of an admissible flow ¢ we mean the
(graded) group

CH*(K, @) := H*(P1, P2),

where (P1, P) is an index pair for ¢ in an isolating neighborhood N of K.
This index has the following properties:
Theorem 3.14.

(i) If CH*(K, @) is nontrivial, then K # @.
(ii) (Continuation). Assume that n: X x R x [0, 1] — X is a family of admissible flows and let N C X be an isolating neighborhood
for all flows n¢, t € [0, 11.5 Then

CH*(Inv(N, 10), 10) = CH*(Inv(N, 1), 111).

(iii) (Additivity). Let Ky, Ky be disjoint isolated invariant sets for an admissible flow ¢. Then CH*(K; U K3, ¢) = CH*(K1, @) @
CH* (K2, ).

Proof. Part (i) is obvious. The property (ii) is exactly Corollary 6.2 in [31]. Part (iii) follows from the fact that Ki, K>
are compact, thus we can find disjoint isolating neighborhoods N1, N and N = Ny U N3 is an isolating neighborhood
of KUKy, O

Let us finally mention that multivalued flows generated by differential inclusions in finite-dimensional spaces were also
studied from a viewpoint of the Conley index theory in [19,29,30] by approximation techniques.

In what follows we shall construct a variant of the Conley index for L-flows defined on a (real) Hilbert space (H, (,-)).
Let L : H — H be a linear bounded operator with the spectrum denoted by o (L). Assume that:

(L1) H =2, Hy with all subspaces Hy, being mutually orthogonal and of finite dimension;

6 One easily sees that the parameter space can be any compact path connected space instead of [0,1].
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(L) L(Hp) C Hp where Hy is the invariant subspace of L corresponding to the part of spectrum og(L) :=iRNo (L) lying
on the imaginary axis;

(L3) L(Hy) = Hiy, for all k > 0;

(Lg) oo(L) is isolated in o (L), i.e., og(L) Ncl(o (L) \ op(L)) = @.

Let n:H x R x A — H be a parameterized family of L-flows, n(x,t, 1) =etlx+ U(x,t, 1) for xeH, t € R and A € A, and
let X Cc H.

Proposition 3.15. If X C H is closed and bounded, then the set-valued map A > A — Inv(X, ,) C X is usc and has compact (possibly
empty) values.

Proof. In view of Proposition 3.9, it is sufficient to show that, given a sequence (i,,X,) in A x X such that x; € Inv(X, n,,,)
and A, — Ag € A, (x;) has a convergent subsequence, i.e., the set S:={x,}3, is relatively compact. Suppose it is not so.

Denote by H_ (respectively H,) the closed L-invariant subspace corresponding to the part of the spectrum o (L)
of L with negative (respectively positive) real part. In view of the above assumptions, H splits into the direct sum H =
H_ @ Hy & Hy (see [25, Theorem 6.17]). Let Py : H — Hy and Po: H — Hp be the orthogonal projections. Since og(L) is
isolated in o (L), for each ¢ > 0, there is typ > 0 such that, for all xe H; and t > tg

[ex] = ollxI (15)
and, for xe H_ and t < —ty,
et x| = elixIl. (16)

Clearly S C clP_(S) x cl Po(S) x cl PL(S). The set cl Po(S) is compact as a closed bounded subset of a finite-dimensional
space Hl. Therefore either cl P_(S) or cl P4 (S) is noncompact. Assume that P, (S) is not relatively compact. Hence there
exists an £ > 0 such that P, (S) does not admit a finite £-net and we can choose a sequence (xp) C S such that z; :=
Py (xn;), i > 1, satisfy ||z — zj|| > & whenever i # j. Choose § > 0 and to > 0 such that X C Bs(0) and the inequality (15)
holds for o = 36—5 Fori>1, set u; := e‘Oani and take an arbitrary v; € U(Xy,, to, An;); then

ui + vi € elxy, + U (X, to, Any) = N (Xn;, to, An;) C X C B5(0).
Thus, for i # j,
3 < lui —ujll < flug +vill +1lvi — vl + lluj + vill <28 + [lvi — vjli
and, consequently,
lvi —vjll > 6.
But, for each i > 1, v; belongs to the set U?’L U(xj,to, Aj) being relatively compact in view of the complete continuity

of U. Thus (v;) has a convergent subsequence: a contradiction. O

Definition 3.16. By an isolating neighborhood for an L-flow ¢ : H x R — H, we mean a bounded and closed set X C H such
that Inv(X, ¢) C intX.

Corollary 3.17. Let 1) : H x R x A — H be a family of L-flows. If, for some Lo € A, X is an isolating neighborhood for n,,,, then itis an
isolating neighborhood for all A from an open neighborhood V of Ag in A.

Proof. By definition, Inv(X, 1,,) C int X. The upper semicontinuity of the map from Proposition 3.15 implies the existence
of a neighborhood V of Ay in A such that, for A € V,
Inv(X, n,) CintX. O
For the rest of this section recall Example 3.3 and suppose that f := L + F is an L-vector field that generates an L-flow
¢:HxR—H,ie, forxeE, teR,
yepxt) < y=u(
where u € S(x), i.e, u is a solution to the problem
v =Lu+F@), u()=x. (17)

In particular we have

7 Observe that the ambient space H is no longer locally compact; hence Definition 3.10 does not apply.


http://mostwiedzy.pl

A\ MOST

106 Z. Dzedzej, W. Kryszewski / ]. Math. Anal. Appl. 347 (2008) 96-112

Lemma 3.18. Let X C H be an isolating neighborhood for ¢. There is &g > 0 such that, for 0 < € < &p, X is an isolating neighborhood
for the flow generated by the L-vector field fc(x) := Lx + clconv F(D¢(x)), x € H, where D¢ (x) :={y e H | ||y — x|| < €}.

Proof. It is obvious that, for each ¢ > 0, f, is an L-vector field. Consider a map h: H x [0, 1] — H defined by the formula
h(x,s) = fs(x), x € H, s € [0,1]. It is easy to see that h is a family of L-flows. Moreover, X is an isolating neighborhood
for the flow generated by f = fo. In view of Corollary 3.17, we gather that X is an isolating neighborhood for the flow
generated by f; whenever t is small enough. O

Denote by P, : H — H the orthogonal projection of H onto H" := (P}_, Hj and consider two sequences of L-vector fields
fn:H" —-H" and hy, : H™*! x [0, 1] — H"*!, n € N, given by the formulae

fo@) =Lx+ Pa(F(x), xeH",
hn(x,5) = Lx + (1 = )P (F(X)) + sPpy1 (F(x)), xeH™!, se[0,1].

For each n, set-valued maps f; and h, are usc with compact convex values and have sublinear growth. Hence, for
every n, f, generates a multivalued flow ¢, : H" x R — H", and h, generates a family 1, : H**! x R x [0, 1] — H"*! of
flows.

Let X be an isolating neighborhood for ¢.

Lemma 3.19. There exists ng € N such that, for n > ng, X" := X NH" is an isolating neighborhood for ¢, and n,—1(-,-,s), s € [0, 1],
in the sense of Definition 3.10.

Proof. Define a family of L-vector fields h: H x [0, 1] — H by
h(x,s) = Lx+ (1 +n)(1 —ns) Poyq1 (F(x)) +n[(n + s — 1] Py (F(x))

for # <s< % and h(x,0) = f(x). In view of Remark 3.4(i), h generates a family n: H x R x [0, 1] — H of L-flows. By
Proposition 3.15, the graph S of the map [0, 1] > s — Inv(X, 1) is compact in [0,1] x X and S N ({0} x X) C {0} x intX.
Therefore, for some sp > 0, we have S N ([0, so] x X) C [0, so] x int X; in other words, for 0 < s < sp, Inv(X, 1) C int X. One

takes ng > 1/sg. O

For any n > ng, where ngp is given in Lemma 3.19, let K" :=Inv(X", ¢,); then K" is a compact invariant set with X"
as an isolating neighborhood; by Theorem 3.12(i), X" admits an index pair (Y", Z") and the Conley index CH*(K", ¢y) =
H*(Y™, Z") is well defined. Moreover, by Lemma 3.19, X"*! is an isolating neighborhood for the flow n,(-,-,s), s € [0, 1].
Clearly, for each n > 1, fy+1 =hu(-, 1) and, thus, gpr1 =na(,-, 1.

We shall show that the Conley indices CH*(K", ¢,) and CH*(K™1, ¢¥n+1), N = ng, are closely related. To this end, for
each n > ng, consider a family flows 6, : H™1 x R x [0, 1] — H"t! generated by the family of vector fields g(x,s) :=
Lx + Pu(F(Ppx + s(x — Ppx)), x € H™1 s €0, 1].

Lemma 3.20. For any n > ng, and s € [0, 1], X"t is an isolating neighborhood for the flow 6,(-,-, s) and Inv(X"*1, 6,(-,-,s)) =
K" x {0).

Proof. Let n > ng and s € [0, 1]. Recall that H**! = H" @ H,,; and that both spaces H", Hy,; are L-invariant; more-
over L: My, — Hpyq is an isomorphism. The nonlinear part of the field g,(-,s) takes values in H". If x = (x5, y) €
Inv(X™1,6,(-,-, s)), where y € Hpy1 and y # 0, then trajectory o € Tryn+1(0q(-,-,$); R, x) such that o(0) = x is un-
bounded in the direction of Hj, 1. However X"*! is bounded: a contradiction. On the other hand, for x € H", g,(x,s) =
Lx + Py (F(Py(x)) = fn(x) and the second assertion follows. O

For n € N, let H:¥ :=H, NH*. One can easily check that the pair (Y", Z"), where

Y':=Y"x D} xDy,. Z':=Z"xDf,;xD,  UY"xdD}  x Dy,

and
DE:={xeH ||xI<r}. aDF:={xeHE||x|=r},

is an index pair for 6,(-,-, 0) in the isolating neighborhood X"*! provided r > 0 is small enough.

Let us identify the circle with the quotient S! := [0, 1]/{0, 1} and recall that the suspension SX of a (pointed) space X is
defined by the smash product SX :=S! A X; for m e N, we define "X := S(S™1X) (comp. [37]).

Let v(n) :=dimH;" and note that the quotient Y"/Z" has the homotopy type of the suspension S”™ (Y"/Z™). Thus there
is a natural (graded) isomorphism

H*(Y"/Z", %) = H*(S*™ (Y"/Z"), %). (18)
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Proposition 3.21. There is an isomorphism

¢ HF (Y2 ) > HE(SY (Y2, %).

Proof. In view of Lemmas 3.19 and 3.20, for n > ng, the set X"*! is an isolating neighborhood for admissible flows 6,(:,-, s)
and 7, (-,-, S), s € [0, 1]. Moreover 6;(-,-, 1) = np(-,-, 0). Therefore, by the continuation property of the cohomological Conley
index (see Theorem 3.14(ii)), we obtain an isomorphism g : H*(Y™+1, znt+1) =~ H*(Y", ZM).

It is well known (see e.g. [35]) that, for any metric pair (Y, Z), there is an isomorphism « : H*((Y/Z), *) = H*(Y, Z).
Composing  for (Y"1, Z"+1) with p, k=1 for (Y", Z") and (18) we get the required isomorphism c*. O

There is also a natural (desuspension) isomorphism H*(SV™ (Y"/ZM), %) = H*~V(W(Y"/Z" ) (see [37]). Hence, for each
n>ng and q € Z, there is an isomorphism

Vi Hq+v(n)(yn+1’ Zn+l) — HY (Yn’ Z").

Define p : NU {0} - N U {0} by p(0) =0 and p(n) = Z?:_(} v(i) for n > 1. For a fixed q € Z and n > ng, consider the
sequences of isomorphisms

Yo Hq+p(n+1)(yn+17 Zn+1) N Hq+p(n)(yn’ Z")

as described above. It is clear that this sequence forms an inverse system of (graded) groups. Therefore the following
definition is justified.

Definition 3.22. By the cohomological L-index of the isolating neighborhood X of the L-flow ¢ we understand the graded group
CH*(X, ¢) = {CHY(X, ¢)}qez Where, for q € Z,

CHY(X, @) := lim {HITPM (", Z"), ).

n=ng

This definition is correct since it clearly does not depend on the choice of the sequence (Y", Z") and, as it was pointed
out in [22] (in a single-valued case), the group CHY(X, ¢) may be nontrivial both for negative and positive q € Z.

Example 3.23. Recall the linear systems (8) and (9). If i®(A) = 0, then V&, is a linear isomorphism and S := {0} is an
isolated invariant set for the flow ¢ generated by V&,. Since all other orbits of (8) are unbounded, it follows that, for any
r > 0, the closed ball D;(0) :={ze€ H | |z|| <r} is an isolating neighborhood for ¢. We shall show that CH*(D;(0), ¢) =
H*(S""™ ), i. e. the only nontrivial group CHY(D,(0), ¢) = Z for q = it (A). Let ko be such that M*(T,(A)) = 2N for all
k > ko. Then V@, : H* — H*o is a linear selfadjoint isomorphism and the classical Conley index (see [15]) for the flow
generated in this subspace is the homotopy type of a sphere S¢, where t = MT(—A) + Zi‘):] M™T(Tr(A)). Now go back to
Definition 3.22. In our case, for any i > 1, v(i) = 2N and p(ko) = 2Nko. Therefore for any q € Z the gth cohomology group
is CHY(D;(0), ) = HI+2Nko (St ). It is equal to Z if and only if g+ 2Nko =t. Hence q =t — 2Nko = it (A).

We now formulate basic properties for CH*(X, ¢). They are obvious consequences of respective properties provided in
Theorem 3.14 for a finite-dimensional situation.

Proposition 3.24. Let X be an isolating neighborhood for an L-flow ¢ generated by an L-vector field f. If CH*(X, ¢) # {0}, then
Inv(X, @) # @. In particular there is a bounded solution (lying in X) to problem (17).

Proof. Let h be a family of L-vector fields defined in the proof of Lemma 3.19 and let n be the family of L-flows generated
by h. Then f =h(-,0) and ¢ = no. Suppose that Inv(X, ¢) = (. Proposition 3.15 implies that there is so > 0 such that, for s €
[0, sol, Inv(X, ns) = @. Thus, for n > 1/s¢ (keeping the above notation), Inv(X", ¢,) = #; by Theorem 3.14(i), H*(Y", Z") =0
for an arbitrary index pair in X". The inverse limit of trivial groups is also trivial: a contradiction. The last statement is a
consequence of Remark 3.7. O

Proposition 3.25. Let A be a compact, connected and locally contractible metric space. Assume that 1 : H x R x A —o H is a family of
L-flows generated by a family of L-vector fields f : H x A — H. Let X be an isolating neighborhood for the flow 1, for some g € A.
Then there is a compact neighborhood C C A of Ao such that CH*(X, n,,) = CH*(X, ny) forall 1, 1 € C.

Proof. Corollary 3.17 implies the existence of a neighborhood C of Xy such that X is an isolating neighborhood for all 7,
for A € C. We can assume that C is compact and contractible, thus path connected. Repeating the argument from the proof
of Lemma 3.19 for the family f(-, u), i € C, of L-vector fields we get ng € N such that, for n > ng, the set X" is an isolating
neighborhood for the flows generated by the vector fields f,(w): H" —o H" where f;(u)(x) = Pp(f(x, 1)) for all u € C and
x € H,. Then we apply Theorem 3.14(ii). O
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Proposition 3.26. Let X, X be two isolating neighborhoods for an L-flow ¢ generated by an L-vector field f. Assume that X C X' and
Inv(X’, ¢) C int X. Then CH*(X, ¢) = CH*(X', ).

Proof. We keep the notation introduced directly before and in the proof of Lemma 3.19. There is ng such that, for
n>ng, X" and X} := X' NH" are isolating neighborhoods for ¢, on H". Suppose that CH*(X, ¢) # CH*(X’, ¢). Then,
in view of Theorem 3.12(ii), Inv(X}, @,) ¢ intX". It is easy to see that if x, € Inv(X},, ;) N (X, \ intX"), then x, €
Inv(X’, n(-,-, %)) N (X' \ int X). By Theorem 3.15, (x,, 1/n) has a subsequence convergent to (x,0). But then Proposition 3.9
implies that x € Inv(X’, ) \ int X: a contradiction. O

4. Periodic solutions to Hamiltonian systems

In this section we are going to prove Theorem 2.5. Recall Section 2 and observe that the operator L : H — H given by (2),
where H := H'/2(S1, R?V), together with the family {Hj}x>o given by (3), satisfy assumptions (L1)-(L4) from Section 3. In
what follows we shall study the flow generated by d® (see (6) and (7)), i.e., by the vector field of the form L + F where
F:=0y.

According to Corollary 2.3, estimate (5) holds for some p > 1. In view of Remark 3.4, if p > 2, then the flow generated
by 949, i.e., given by (12) (or by (13) and (14)) with F = 94, is defined on some open set D C H x R such that H x {0} ¢ D
and satisfies axioms from Definition 3.1. In other words ¢ : D — H is a local L-flow. All notions introduced in Section 3
concerning global L-flows may be defined for local ones and the L-index may be defined by the following simple trick. If X
is an isolated neighborhood for the local L-flow generated by d® and X C B,(0), where p > 0, then let us define d : H — R
by

1 for [Ix]l < p;
dx)=11+p— x|l forrho <|x]| <p+1;
0 for ||x]| = p+1.

Clearly the vector field F:H-—H, given by f(x) :=d(x)9y (x), x € H, is completely continuous with convex compact values
and sublinear growth. Therefore the L-vector field L + F generates a global L-flow ¢ which coincides with ¢ on X. Hence
X is an isolating neighborhood for ¢ and we can define CH*(X, ¢) := CH*(X, ¢). From this viewpoint the assumption
concerning p plays only a technical role and, without loss of generality, in what follows we may assume that 1< p < 2.
Therefore we have:

Proposition 4.1. The set-valued map @ = L + 9 is an L-vector field in H and it generates an L-flow ¢ : H x R — H.

If @ : H— R were a smooth functional, then @ would be a Lyapunov function for the flow generated by d¢ = V&. How-
ever when @ is only locally Lipschitz, it is rarely the case (except for special cases). Therefore we are going to introduce an
associated single-valued pseudo-gradient L-field of the form L 4+ V, where V is locally Lipschitz and completely continuous,
such that @ is a Lyapunov function for the flow generated by L + V. For this reason we need some more preparation.

For any compact convex set A C H, define

A|| ;== sup inf{(a, b)y.
1Al := sup inf a. bl
By the von Neumann mini-max equality, [|A|| = infpea SUpPgea (@, by > infyea [|b]|? > 0; hence [|Af| =0 if and only if 0 € A.
Let us define § : H — R by
8(x) := inf (|||0D — , H.
x) J?H(m @[+ lu —xllm), xe

For each u € Hi, the function H > x > &, (%) := [|0® (u)|| + ||lu — x|l is Lipschitz with constant 1; hence the lower envelope
8 = infycp 8y is continuous. It is clear that §(x) < éx(x) := [|0® (x)|| for any x € H.
Now let K(®):={zcH |0 dd(z)} be the set of critical points of ®.

Proposition 4.2. If X C H is bounded and cl X N K(®) = @, then infyex §(x) > 0.

Proof. Suppose that infx § =0, i.e., there are sequences x, € X and u, € H such that
|||8¢>(un)||| + |lup — Xpllm — 0 as n— oo.

Hence the sequence (uy) is bounded and [|0® (uy)|| — O, i.e., for each n > 1, there is y, € 3y (u,) such that Lu, + y, — 0.
The complete continuity of dv implies that (up to a subsequence) y, — y € H. Thus Lu, — —y. Since (u) is bounded and
L is a Fredholm operator, we infer that (up to a subsequence) u, — u and x;, — u. The upper semicontinuity of 9 implies
that u € K(®): contradiction because u e clX. O
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Theorem 4.3. For any ¢ > 0, there exists a locally Lipschitz L-field W : H \ K(®) — H of the form W(y) = Ly + V(y) where
V :H\ K(®) — H is completely continuous with sublinear growth such that, foreach y € Hand q € & (y),

1

(W(y).q)y > 78
Moreover V (y) € clconvdv (B¢ (y)) forevery y € H\ K(®).
Proof. For any u € H\ K(®), [|0® (u)|| > §(u) > 0. Hence there is v, € 9y (u) such that

1
inf (q,Lu+vy)g > =8§).

qedd (u) 2

Observe now that

inf (q,Lu+vy)g=—2°; —Lu —vy).
qed®(u)

The function
. 1
H>yr~ inf (q,Ly+vy)m— =5(y)
qedd(y) 2

is lower semicontinuous and takes a positive value for y = u. Hence, for ¢ > 0, there is an open neighborhood N, C B.(u)
of u such that, for all y € Ny,

1
inf JLy+v —5(y).
qeaq)(y)<q Y+ vu)m > 3 6]

Consider a locally finite partition of unity {As}ses consisting of locally Lipschitz functions with supports {supp s} refining
the cover {Ny}uyem k(@) of H\ K(®), ie, for any s € S, there is us € H such that suppAs C Ny,. For each s € S, let v := vy,
and define

V)= asvs, yeH\K(@).
seS

It is clear that V is well defined, locally Lipschitz and maps bounded sets in H \ K(®) into compact ones. Moreover, V has
sublinear growth since so does 9.

Let y e H\ K(®) and let Sy :={s e S| As;(y) #0}. If se Sy, then y € Ny, C B¢(us); hence u; € B¢(y) and vs € 99 (B¢ (¥)).
Therefore V (y) € clconvay (B:(y)) and

1
inf (q,L —5(y).
qé{l}g)(y)(q Y+ Vs)m > 3 )
Hence, for any q € 9 (y)
1
(0. Ly + Vg =D As)@ Ly +vs)u > S8(9).

seSy

Putting W(y):=Ly + V(y), y e H\ K(®) we complete the proof. O

Suppose that x € H\ K(®) and let n(x,-): Jx > H\ K(®) be the unique (local, i.e., defined on some open interval
Jx:= (7 (x),tT(x)), 0 € Jx) solution of the Cauchy problem

. ad
N, t) = EU(X’ H=W(nxt), nx0)=x. (19)

The function @ o n(x, -) is absolutely continuous and, for almost all ¢ € Iy,

nf  (g.nx.0)y= inf (g W(n,0))y >

i 8(n(x,0) > 0;
qedP (n(x,t)) qedP (n(x,1))

d
5(15 on(x,t) >

N =

in other words @ strictly increases along the trajectory n(x, -).

Theorem 4.4. Suppose that y belongs to the w-limit set w(x) of the point x € H \ K (&) with respect to the local dynamical system n
generated by W. Then y € K(®).

Proof is standard. Recall that, by definition y € w(x) if and only if y = lim;_,t+ 7(x,t). We show that @ is constant
on w(x). Indeed, let z € w(x). Hence there are sequences t, / tT(x), sp /' tT(x) such that n(x,t,) — y and n(x,sy) — z.
We may assume that --- < t;, < Sy < the1 < Spe1 < ---tT(%). Hence --- < @(n(x,ty)) < ®(M(X, $p)) < P(M(X, thi1)) <
@ (n(x, sp+1)) < ---. By continuity, @(y) = @(2).
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Suppose to the contrary that y ¢ K(@®), i.e,, 8(y) > 0, and consider the trajectory n(y,-): J, — H. It is easy to see that
{n(y,0) |t e Jy} Cw(x). But then (at least locally) @ increases along 7(y, -): a contradiction. O

In the rest of this section we shall establish the existence of critical points of @ via the study of invariant sets for 7.

Theorem 4.5. Let ¢ be the L-flow generated by the L-vector field d&. Assume that X is an isolating neighborhood for ¢ and
CH*(X, @) #0. Then K(®) N X # @.

Proof. Suppose to the contrary that K(®) N X =@ and let &g > 0 be as in Lemma 3.18 stated for our flow ¢. By
Propositions 3.18 and 3.25, CH*(X, ¢.) = CH*(X, ) # 0 for any 0 < ¢ < g9, where ¢, is a flow generated by the field
fe: =L+ clconvay (Dg(-)).
Fix 0 <& <&y and let A : H— [0, 1] be given by
d(x, K(®))

MO=9030 rdw k@)’ (€

Then Alx =1 and Alg) = 0. Take a map V : H \ K(®) — H given by Proposition 4.3 and let \7(x) =AX)V(x) for x
H\ K(®) and V(x) =0 for x € K(&). Then V : H — H is locally Lipschitz, completely continuous and has sublinear growth.
Let 7] be the L-flow generated by W=L+V.

Consider a family h: H x [0,1] — H of L-vector fields given by h(x,s) :=sf.(x) + (1 — S)W(x), se[0,1], x e H; it
generates the family of L-flows 6 : H x R x [0, 1] — H. It is clear that, for each s € [0, 1] and x € X, h(x, s) C f¢(x). Thus, for
all s € [0, 1], Inv(X, 65) C Inv(X, @¢); thus X is an isolating neighborhood for 6;. Therefore

CH*(X,7) = CH*(N, 6)) = CH*(N, 6;) = CH*(N, @) # 0.

By Proposition 3.24, the invariant part Inv(N, 77) is nonempty, i.e., there is x € Inv(X, 77) such that 7j(x,t) € X for all t € R.
Thus, for each t € Jy, n(x,t) C X where 7 is given by (19). Since Inv(X, 77) is compact, the w-limit set w(x) of x with respect
to 1 is nonempty and contained in X. By Theorem 4.4, y € K(®) N N: a contradiction. O

Now recall (6), (4) and assumptions (G3) and (Ga).

Proposition 4.6. If G satisfies conditions (G1)-(Gg), then

(i) | W) = @a, W] = o(lullfy) as lullm — 0, | W) — Pa,, W) =o(lullf) as l|ullx — oo;
(ii) supycsp ) 1Y — V@a,W)lln = ollullm) as [[ullm — 0 and supyeypw) |1V — VPay (W) llm = o(|lullm) as [[ufm — oo

Proof. Since G(-,0) =0, we see that ®(0) = ®4,(0) = P4, (0). Moreover 3P — VP, =y + Ag and 9P — VP, =
v + Axo. We shall proceed for an arbitrary p > 1.
For any t € [0,27], u € R2N and y € dG(t, u), in view of (Gy) or (G3)/,

ly — Aoul <€+ [ Aolllul (o |y — Agu| <ea(1+ulP~") + [ Aollul). (20)

Take any & > 0 and r > max{1, p — 1}. By (G3) and (20), there is c(¢) > 0 such that, for any t € [0,27], u € R*N and
Yy €9G(t, u),
ly — Aoul < elul +c(e)lul". (21)

Let u € H and y € 9y (u); then, by Corollary 2.3, there is w € L7 such that w(t) € dG(t, u(t)) on [0, 2] and, for all v € H,
(y,Vim=— 02” w(t) - v(t)dt. By (21), for t € [0, 27r], |w(t) — Aogu(t)| < elu(t)| + c(e)|u(t)|". Hence, for any v € H, by the
Holder inequality and Remark 2.1,

27 27
[{y + Ao(w), v)y| </}w(t)—Aou(t)||v(t)|dtg/(e\u(t)|+c(e)|u(t)\r)|v(t)\dt
0 0

< (ellullz +c@lullly) vl < Ca(Caellullm + Carc@) ullg) IV I1a-

Taking the supremum over |[v|m < 1, we see that sup,cspw) 1Y — V@a, W) ln = o(llullm) as [[ullm — O.

For any u € H, the function [0, 1] 3 s = &£(5) := @ (su) — Pa, (su) = ¥ (su)+ % fozn s2Aou(t)-u(t) dt is absolutely continuous
and, for almost all s € [0, 1],

d
—&(s) < sup {y+sAp(u),u),.
ds yeal//(su)< 0 >H
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Hence

< sup  sup ||y — V@a,(su) ||y llulle = o(llulf)
s€[0,1] yedd(su)

1
d
|® W) — Py ()] =61 < /‘gS(S)
0

as |lul| = 0.
Analogously, for any € > 0, there is c(¢) > 0 such that

|y — Asct] < €lu| + (&)
forany t €[0,27], u e R2N and y € 0G(t, u). Thus, for any u € H, y € 9y (u) and v € H, by Remark 2.1,
(¥ + Aso(), v)| < Cs(Créllullm + c(©) I vIlm:

this shows that supycspu) |¥ — V@a,, W lm = o(lluflm) as |[ullm — oco. Similarly as above we show the last part of the
assertion. O

Now we are ready for the

Proof of Theorem 2.5. Assume that i*(Ag) # iT(Ax) and observe that V@4, and Vd,_ are selfadjoint and have trivial
null-spaces since i%(Ag) = i®(As) = 0. Thus there is ¢ > 0 such that V@a,ull = cllull and [|[V@a_ull > cllu]| for all u € H.
By Proposition 4.6, there are 0 <r < R such that, for u € H and y € a@(u): if [Ju|| <r, then ||y — V@a,(W)[u <

e d if |u| > R, th Vo c
2HV¢A0HIIuII and if [Jul| > R, then |ly — V@4 W)llu < gy, Ul

Now suppose that the only critical point of @ is in x = 0. Applying Theorem 4.3 we define a single-valued L-vector field
W=L+V:H\{0} - H such that for u ¢ H, u #0, and & € 9&(u) we have (W(u), &)y > %S(U). Define a new L-vector

field W : H — H as follows:

Vda,u) if Jull < 5;
N (=2 1)o@ + A —Hww) if L <ull <
W = wau if r < ||ul| < R:
(lull = RV@a, ) + (A = ful + W @) if R<|ul| <R+ T;
Vo (1) if Jull > R+ 1.

Let ueH and y € 0® (u); if 0 < |Ju|| <r, then
1
(V& n, (W), y) = (VP p, (W), VO p, (W) + (VP a, (1), y — VP, () = ull> — VPl - lull - |y — VPa, )| > Ecznun
and, analogously, if ||u|| > R, then
1 2
(Voua, ), y) = € lull-

Therefore, for all u € H \ {0} and q € 0®(u), <\7\7(u), q) = min{%é(u), %c2||u||} > 0. Hence, by remarks after Theorem 4.3,

@ is a Lyapunov function for the flow n generated by W. Thus the conclusion of Theorem 4.5 holds. On the other hand
the closed balls D%(O), Dg42(0)) are isolating neighborhoods for 7. Clearly by Example 3.23, C H*(D% (0), n) has the only
nontrivial group in dimension i*(Ap). Similarly CH*(Dg42(0), ) has the only nontrivial group in dimension i™(Ax), since
by a homotopy argument it is equal to the index of the flow generated by a linear L-vector field V&4 .

In view of Proposition 3.26, we have Inv(Dg12(0),n) ¢ B%(O). Take x € Inv(Dg42(0), n) \ {0}. We have shown in Theo-
rem 4.4 that y € w(x) is a critical point of @. The same is clearly true for y € o(x). But since @ increases along the orbits
of n, either w(x) # {0} or a(x) # {0}. This contradiction completes the proof.

In the case when i~ (Ag) # i~ (Ax), a similar argument for —® works. O

Example 4.7. Consider G : R x R2 — R constructed similarly as in Example 2.6 but such that G(t,x, y) = %(x2 + )+
(%3 — 3xy?) cos(3t) if x> + y? <1 and t € R; hence G is smooth in a neighborhood of 0. Here Ag:= I and i®(Ag) = 2. In
[20, Example 5.1], it is shown that {0} is an isolated invariant set and CH3(X, ¢) = Z @ Z for a small isolating neighborhood
X of {0}. On the other hand, the continuation argument 3.25 implies that, for sufficiently large R, the ball Dg(0) is an
isolating neighborhood for ¢ and the only nontrivial group in CH*(Dg(0)) is in dimension 4. Thus, in spite of the fact that
the assumptions of Theorem 2.5 are not satisfied, the same argument as in the proof of Theorem 2.5 shows the existence
of a nontrivial periodic solution to the problem (1).

In the forthcoming paper we shall study more carefully the situation present in Example 4.7, i.e., asymptotically linear
locally Lipschitz hamiltonians under the resonance, i.e., without nondegeneracy assumption i%(Ag) =0, i®(As) =0, as well
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as non-autonomous asymptotically linear hamiltonians, i.e., such that (G3) and (G4) hold for some time-dependent symmet-
ric matrices Ag(t), Axo(t), t € R, with 2 -periodic entries. Problems of this type for smooth hamiltonians have been studied
in e.g. [14,28,38] by means of the generalized Morse theory.
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