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The light scattering process can be modeled mathematically using the Fredholm integral equation.
This equation is usually solved after its discretization and transformation into the system of alge-
braic equations. Volume integral equations can be also solved without discretization using the Monte
Carlo algorithm, but its application to the light scattering simulations has not been sufficiently stud-
ied. Here we present the implementation of this algorithm for one- and three-dimensional light
scattering computations and discuss its applicability in this field. We show that the Monte Carlo
algorithm can provide valid and accurate results but, due to its convergence properties, it might
be difficult to apply for problems with large volumes or refractive indices of scattering objects.
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1. Introduction

The numerical methods for simulating light scattering process can be divided into two
groups: the wave methods that operate directly on the Maxwell equation or the Helmholtz
equation and the radiative transfer methods that are based on the radiative transfer equa-
tion (RTE) treating lights propagation more like the incoherent energy transfer than the
propagation of the coherent wave. The first group contains such methods as the finite
-difference simulation [1], the method of moments (MoM) [2–4], the discrete dipole
approximation (DDA) [3–5], or the T-matrix method [6]. The best-known method from
the second group is probably the Monte Carlo (MC) algorithm for solving the radiative
transfer equation which has been successfully applied to many different problems con-
nected to the light scattering [7–13].

The MC solver for RTE allows to simulate the propagation of light in macroscopic
volumes of scattering media such as biological tissue. However, it does not allow for
direct treatment of the phenomena connected to the wave nature of the light such as
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interference or diffraction. Several propositions of modification of this approach ap-
peared [13–15] but still simulation of propagation of the coherent light beams in macro-
scopic volumes of scattering media is still an open problem.

The MC approach itself can be applied not only to the RTE but also for different
types of integral equations. For light scattering problems, the Helmholtz equation, which
describes the propagation of the electromagnetic wave, can also be transformed into
the integral equation [2–4, 16] and thus solved with the proper MC algorithm [17, 18].
The usage of such an approach was proposed by PEREIRA and SHERIF [19]. Also, in our
previous paper, we applied a similar technique to solve the system of linear equations
for discretized Rayleigh scattering simulations [20].

The interesting part of the algorithm described in [19] is that it directly solves the
underlying integral equation without any discretization. This makes it suitable for deal-
ing with very complex geometries for which the discretization process might be diffi-
cult or inaccurate. Also, the authors of [19] claim that the MC algorithm can be used
to simulate the scattering of the coherent light beams in large (comparing to the wave-
length) volumes of the scattering medium. However, to the best of our knowledge, the
further development of this method has not been presented by any research group. Also,
the paper [19] presents only an idea of the numerical method and not its implementation
for the light scattering problem. Therefore, the behavior and applicability of the MC al-
gorithm for light scattering simulations were not properly studied.

In this paper, we present an analysis of the convergence of the MC algorithm in case
of one- and three-dimensional light scattering simulations. We show that the conver-
gence issue is the crucial factor that prohibits the use of the MC algorithm for volumes
much larger than the wavelength of the light. We also present an idea to improve the
convergence properties of the algorithm by using the approach similar to precondi-
tioning systems of linear algebraic equations.

2. Description of Monte Carlo algorithm

2.1. Description of light scattering process 
with the Fredholm integral equation

The propagation of the light in an inhomogeneous medium can be described by an equa-
tion that can be derived directly from the Maxwell equations [21]:

(1)

where E(r) is the spatial distribution of the complex amplitude of the electric field, r is
the position vector, k0 is the wave number in a vacuum, ε (r) is the dielectric constant,
µ(r) is the magnetic permeability, n (r) is the refractive index of the propagating me-
dium, and 0 is the zero vector.

2E r  k0
2 n2 r E r   μ r  ln   E r   E r   ε r  ln  + + + 0=
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In particular, if  and  are negligibly small, we obtain the
well-known Helmholtz equation

(2)

where k (r) = k0n(r) is the wave number in the medium.
In the one-dimensional case for isotropic materials, Eq. (2) can be transformed into

an integral form [16, 21]

(3)

where E inc(x) is the incident electric field that fulfills the homogeneous Helmholtz
equation in a vacuum,  is the so-called scattering potential, and
G(x, x' ) = G(X ), where X = x – x', is the Green’s function [22]

(4)

In Eq. (3), the electric field vector from Eq. (2) was replaced by the scalar values
since for one-dimensional problems Eq. (2) for two orthogonal polarization states of
the light are decoupled and can be solved independently.

In the three-dimensional problem, the following integral equation can be derived [3–4]:

(5)

where V is the volume of the scattering object and  where R = r – r',
is the dyadic Green’s function given by 

(6)

where R = |R |,  is a dyadic defined by vector R, and  is an identity dyadic.
Equation (5) describes the electric field E(r) as the sum of two components: Einc(r)

and  Further, we will denote these quantities as the total
field, the incident field, and the scattered field, respectively.

2.2. Monte Carlo algorithm for solving 
the Fredholm integral equation

The integral form of the Helmholtz equation is a basis for such numerical methods as
the method of moments or the discrete dipole approximation [2–5]. In these methods,
the entire volume of the light scattering object is divided into small subvolumes. Then

 ε r  ln   μ r  ln 

2E r  k2 r E r + 0=

E x  E inc x  G x x' U x' E x' dx'
–
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it is assumed that both scattering potential and the electric field inside each subvolume
are constant and the underlying integral equation is discretized and transformed into
the system of linear algebraic equations. These equations can then be solved using var-
ious numerical algorithms.

Equation (3) or (5) can also be solved in a different way. There is a well-known
Monte Carlo algorithm for solving directly the Fredholm integral equation such as
Eq. (3) or (5) that does not require any discretization or assumption of the electric field
being piecewise constant [17–19]. We describe the MC algorithm by starting with ex-
panding the Eq. (5) into the Neumann series

(7)

Proposed MC algorithm requires the following input:
● Parameters of the scattering problem: k, Einc(r), U(r), and V.
● Maximal path length: Lmax.
● A number of iterations of the algorithm: Nit.

The algorithm consists of the following steps:
● Select positions for which E(r) needs to be evaluated:  
● For i in the range from 1 to j:

○
● Repeat Nit times:

○ Select initial position r0 by random sampling from the uniform probability
distribution over the entire volume of the scattering object.

○
○ Select path length L as a random integer from range from 0 to Lmax with every

value having the same probability of being selected.
○ For l in the range from 1 to L:

■ Select position rl  by random sampling from the uniform probability dis-
tribution over the entire volume of the scattering object.

■

○ For i in the range from 1 to j:

■

The main difference between the above MC algorithm and the classical approach
to solving the volume integral equation for light scattering problem (e.g. the DDA meth-
od) is the fact that the MC algorithm does not require discretization of the equation or
the scattering object itself (Fig. 1). This might be reflected in its accuracy and ability
to handle various complex geometries.

The extension of the above algorithm for the one-dimensional case is straightfor-
ward. One needs to replace quantities E and  by their scalar forms and use the length

E r  Einc r 
↔
G r r' U r' Einc r' d3r'

G r r' U r' G r' r'' U r'' Einc r'' d3r' d3r'' 

+

+ +

=
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of the scattering object instead of its volume. Also, note that there is an important dif-
ference in the MC algorithm described above and the algorithms described in [17–19].
In our algorithm, the path length is limited to the value Lmax while typically presented
algorithms do not directly limit the path length. This causes our implementation to pro-
vide the biased estimator of the electric field but allows us to study how the number
of terms in Neumann expansions influences the accuracy of the results.

The MC algorithm described in the previous section can be easily modified to cal-
culate the electric field distribution in the far-field zone. In the final step of the algo-
rithm, the term  should be replaced by its far-field approximation 

(8)

where s is the unit vector in the scattered wave propagation direction and R0 is the dis-
tance between the scattering particle and the observer.

Usually, in case of far-field distribution, it is more useful to operate on the normal-
ized amplitude of the scattered field that does not decrease with distance from the ob-
server. In such a case, the Green’s function from Eq. (8) needs to be multiplied by R0.

2.3. Convergence of the Neumann expansion 
for light scattering problems

In this section, we discuss the problem of convergence of the numerical method described
in Sections 2.1 and 2.2. Note that by convergence we do not mean the convergence of
the MC estimators  of the Neumann expansions but rather the convergence of the

Fig. 1. Difference between the classical approach to analyzing light scattering problem using volume in-
tegral equations (a) compared to the presented Monte Carlo algorithm (b). In a classical approach, the
integral equation is discretized by dividing the scattering object into small subvolumes and transformed
into the system of algebraic equations. In the presented Monte Carlo algorithm, the scattering object is
not discretized and the integral equation is solved by sampling its volume by the random processes.

a b

↔
G ri

e rl 

↔
G s rl 

iks rl– 
↔
I s s– exp

4πR0

------------------------------------------------------------------

Ẽj r 
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expansion itself, i.e. whether adding additional terms of the expansion leads to the de-
crease in the estimator bias.

It is known that the Neumann expansion of the Fredholm integral equation of the
second kind in the form 

(9)

where  n is the number of problem dimension, for given continuous kernel func-
tion K(r – r' ) and for given function b(r), is convergent if the spectral radius (i.e. the
largest module of all eigenvalues) of the integral operator  is defined as 

(10)

and is smaller than 1 [17].
Since it might be difficult to calculate the spectral radius of the operator  one

can use the stronger criterion [19] 

(11)

In case of the problem of one-dimensional light scattering from a thin layer, Eq. (11)
leads to the condition 

(12)

where L is the thickness of the layer, λ is the wavelength in a vacuum, and ns is the
refractive index of the layer.

In case of three-dimensional scattering, the integral from Eq. (11) is a dyadic that
makes the analysis less straightforward. For this reason, we studied the convergence
properties for the scalar three-dimensional Green’s function for a spherical particle,
which leads to the condition

(13)

or 

(14)

where R is the radius of the particle, λ is the wavelength in a vacuum, ns is the refractive
index of the sphere, r, θ, and φ are the spherical coordinates in the spherical coordinate
system.

The maximal values of L/λ, as well as of R/λ as a function of ns are plotted in Fig. 2.
For relatively small values of the refractive index ns, the maximal thickness of the thin
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scattering layer or maximum radius of the sphere, for which the algorithm is conver-
gent, drops below the wavelength of the light.

2.4. Improvement of the Monte Carlo method convergence

Results presented in Section 2.3 indicate that the convergence of the Neumann expan-
sion is the serious limitation of the presented numerical method. This raises the ques-
tion of whether the presented method can be improved in order to allow the analysis
of light scattering by larger volumes of the scattering medium.

In this section, we present how the procedure similar to preconditioning systems of
algebraic equations can be used to improve the convergence properties of the Neumann
expansion. The preconditioning problem concerns solving systems of equations in the
form of 

x = b + Gx (15)

where x is the vector of unknowns, b is the vector of inputs, and G is the matrix of
coefficients.

Equation (15) can be solved by putting x(0) = b and iterating according to the
scheme 

x(n + 1) = Gx(n) (16)

The values of x(n) converge to the solution of Eq. (15) if the spectral radius of the ma-
trix G is smaller than 1 [17, 23]. If this condition is not met, the system of equations (15)
can be transformed into the system 

x = b' + G' x (17)

8
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0
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Fig. 2. Convergence properties of the MC algorithm. The maximal length of the thin film layer (in the units
of light wavelength) for which the convergence criterion of the MC algorithm is met as a function of its
refractive index (a). The maximal radius of the spherical particle (in the units of light wavelength) for which
the convergence criterion of the MC algorithm is met as a function of its refractive index (b).
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which has the same solution as the system (15) but fulfills the convergence criterion.
This procedure is called the preconditioning of the linear system [23]. One of the sim-
plest preconditioning procedure is used by the Jacobi iteration scheme. It consists of
splitting the matrix G into its diagonal and non-diagonal parts:

G = D + E (18)

where matrix D is the diagonal part of the matrix G.
Inserting Eq. (18) into Eq. (15) leads to the new linear system 

x = (I – D)–1b + (I – D)–1Ex (19)

which may have better convergence properties.
Now we adopt this procedure to the one-dimensional integral from Eq. (3). We start

by splitting the integral in the right-hand side of the equation into two parts:

(20)

where

(21)

If w is small enough, values of E(x' ) in the entire region 
can be approximated by E(x). This leads to the equation

(22)

where

(23)

Finally one can obtain the preconditioned integral equation

(24)

which has the same form as Eq. (3) and thus can be solved using the Monte Carlo al-
gorithm.

A similar procedure can be applied to the three-dimensional case. The right-hand
side integral in Eq. (5) can be split into two parts:
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(25)

where V0 is the small spherical volume surrounding point r such that |r – r' | < w/2. We
further denote this volume as the preconditioning sphere. Again, after the assumption
that  over the entire preconditioning sphere, one can obtain the precon-
ditioned integral equation

(26)

where

(27)

for

(28)

and

(29)

For the derivation of Eq. (27), see papers [1, 14].

3. Numerical experiments

In order to analyze the properties of the MC algorithm, we performed two groups of
numerical experiments concerning one- and three-dimensional scattering problems.
For one-dimensional problems, we used the MC algorithm to compute total electric
field distribution for an infinite thin dielectric film illuminated perpendicularly by a pla-
nar electromagnetic wave. For three-dimensional problems we used the MC algorithm
to compute far-field distribution of the planar electromagnetic wave scattered by the
spherical particle. Since for both problems, the known analytical results exist, they can
serve as the verification method for the proposed MC algorithm.

3.1. Verification of Monte Carlo algorithm convergence 
in the 1D simulations

In order to verify the convergence properties of the MC algorithm in one-dimensional
computations, we simulated the scattering of the electromagnetic wave by a thin dielec-
tric film with varying refractive indices and thicknesses. The mean square difference
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between the electric field distribution computed with the MC method and the analytical
solutions were computed. Computations were performed for different values of the
maximal path length in the MC algorithm. If the algorithm converges, the mean square
difference should decrease with increased values of the maximal path length. For every

2

1

0

–1

–2

c d

2

1

0

–1

–2

–1 0 1 2

x/λ

a b

–1 0 1 2

x/λ

Fig. 3. Example of MC algorithm results for 1D simulations of light scattering by the thin film with re-
fractive index 1.1 and thickness equal to the light wavelength λ in a vacuum. The results show real part
of the complex amplitude of total field (a and c) and scattered field only (b and d) for the MC algorithm
with maximal path length equal to 3 (a and b) and 10 (c and d). The MC results (dots) are compared with
the analytical solution (solid lines).
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Fig. 4. Results of MC computations of the scattered field for 1D light scattering simulations. The com-
putations were performed for thin films with the refractive index equal to 1.05 (a) and 1.33 (b) with varying
film thickness and maximal path length in the MC algorithm. The error was defined as the root mean square
difference between the scattered field computed by the MC algorithm and the analytical solution divided
by the root mean square value of the analytical solution.
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simulation, 106 iterations of the MC algorithm were used. The example of electric field
distribution computed with the MC algorithm compared with the analytical solution
is presented in Fig. 3. The results of the computations are presented in Fig. 4.

3.2. Verification of the preconditioning method in case of 1D simulations

In order to verify the preconditioning method, the one-dimensional simulations were per-
formed for two films: i ) with refractive index 1.1 and thickness 1.8 of the light wave-
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Fig. 4. Continued.
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Fig. 5. Results of preconditioned MC computations of the scattered field for 1D light scattering simula-
tions. The computations were performed for two thin films: with the refractive index equal to 1.1 and the
thickness equal to 1.8λ (a) and with the refractive index equal to 1.2 and the thickness equal to 1.5λ (b).
The error was defined as the root means square difference between the scattered field computed by MC al-
gorithm and the analytical solution divided by the root mean square value of the analytical solution.

w = 0.30λ
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length and ii) with refractive index 1.2 and thickness 1.5 of the light wavelength. In
both cases, simulations were performed for varying maximal path lengths and widths
of the precondition window. The number of MC iterations was set to 107. Computation
results are presented in Fig. 5.

3.3. Verification of Monte Carlo algorithm convergence 
in the 3D simulations

In order to verify convergence of the MC algorithm for three-dimensional computa-
tions, far-field distribution of the intensity of a plane wave scattered by the spherical
dielectric particle was computed. Computations were performed for particles with var-
ious refractive indices and diameters. For every computation, the MC algorithm with
106 iterations and the diameter of the preconditioning sphere equal to 0.05 of light
wavelength were used. The normalized far-field distribution of the scattered wave was
computed in the so-called scattering plane, i.e. the plane containing wave vectors of
both incident and scattered waves for scattering angles varying from 0° to 180°. In-
tensities for two orthogonal states of polarization of the incident wave were analyzed
and results were averaged.
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Fig. 6. Examples of MC computation of normalized far-field intensity of the scattered wave. Charts pres-
ent square values of normalized electric field amplitude in the far-field zone computed for the spherical
particle with refractive index 1.1 and diameter equal to the wavelength of the light. The MC results (dots)
are compared with the analytical solution (solid lines). Maximal path length used by the MC algorithm
was set to 1 (a and b) and 3 (c and d). The diameter of the preconditioning sphere was set to 0.15λ. 
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The results were compared with the analytical solutions by computing the relative
difference for scattered wave intensities for scattering angle 0°, for scattering angle 180°
and mean square intensity for all range of scattering angles. Examples of distributions
of the scattered electromagnetic wave compared with the analytical solutions are pre-
sented in Fig. 6. Computations results are presented in Fig. 7.

3.4. Verification of the preconditioning method 
in case of 3D simulations

In order to verify the proposed preconditioning methods for the MC algorithm in case
of 3D simulation, the far-field distribution of the light scattered by a spherical particle
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Fig. 7. Convergence properties of the MC algorithm for 3D light scattering simulations. Charts present the
relative difference between the normalized intensity of the electric field scattered by the spherical particle
in the far-field zone between MC computations and analytical solution. Errors were computed for scat-
tering at angle 0° (a), 180° (b), and for a root mean square value for all range of scattering angles (c).
Various refractive indices n and diameters of the scattering sphere d, as well as various maximal path
lengths of the MC algorithm, were used.
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was computed. Computations were performed for three particles: i ) with refractive in-
dex 1.1 and diameter equal to 1λ, ii) with refractive index 1.1 and diameter equal to 1.5λ,
and iii ) with refractive index 1.3 and diameter equal to 1λ. All computations were per-
formed using the MC algorithm with 107 iterations. Maximal path length was varying
from 1 to 4. Computations were repeated for the diameter of the preconditioning sphere
equal to 0.05λ, 0.15λ, and 0.3λ. In each case, the angular distribution of the normalized
intensity of the electric field in the far-field was computed and compared with the an-
alytical solution. Average values for two orthogonal states of polarization were taken
for computations. The relative difference of the scattered wave intensity for scattering
at angle 0° and 180° were computed as well as the relative difference of the scattered
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Fig. 8. Comparison of MC computations for scattering angle equal to 0°. Charts present the relative
differences between the normalized intensity of the scattered wave in the far-field zone computed with
the MC algorithm and analytical solution. Computations were performed for three types of spherical par-
ticles: with refractive index 1.1 and diameter 1λ (a), with refractive index 1.1 and diameter 1.5λ (b), and
with refractive index 1.2 and diameter 1λ (c). The diameter of the preconditioning window w was varying
from 0.05λ to 0.3λ.
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wave intensity averaged for all range of scattering angles. The values for two states of
polarization of the incident wave were computed and averaged. The computation re-
sults are presented in Figs. 8–10.

4. Discussion

The presented results show that the convergence problem is crucial for applying the
presented MC algorithm for light scattering simulations. The method itself allows to
achieve very high accuracies of the results (below 1%) but only for the cases where
the maximal path lengths can be limited to the low values. This can be achieved only
for scattering objects with small refractive indices and dimensions comparable to the
wavelength of the light.
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Fig. 9. Comparison of MC computations for scattering angle equal to 180°. Charts present the relative
differences between the normalized intensity of the scattered wave in the far-field zone computed with
the MC algorithm and analytical solution. Computations were performed for three types of spherical par-
ticles: with refractive index 1.1 and diameter 1λ (a), with refractive index 1.1 and diameter 1.5λ (b), and
with refractive index 1.2 and diameter 1λ (c). The diameter of the preconditioning window w was varying
from 0.05λ to 0.3λ.
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Comparing the results presented in Section 3 with theoretical predictions of MC al-
gorithm convergence (Fig. 2) shows that the algorithm may be convergent even if the
criterion given by Eq. (10) is not fulfilled. This can be attributed either to the fact that
Eq. (10) provides a stronger criterion than limiting the spectral radius of an integral op-
erator or the fact that maximal path length in MC algorithm implementation was limited
to a small value. Equation (10) is still useful for providing rough estimation for the
limit of MC algorithm applicability.

The presented preconditioning method can improve the convergence of the MC al-
gorithm but only with moderate results. This is caused by the fact that the method is
based on the assumption that the electric field in a certain volume of the scattering ob-
ject is constant. This assumption is valid if the preconditioning volume is significantly
smaller than the wavelength of the light. On the other hand, limiting the size of the
preconditioning volume reduces its impact on the algorithm convergence.
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Fig. 10. Comparison of MC computations averaged for all scattering angles. Charts present relative differ-
ence between the normalized intensity of the scattered wave (averages for scattering angles from 0° to 180°)
in the far-field zone computed with the MC algorithm and analytical solution. Computations were per-
formed for three types of spherical particles: with refractive index 1.1 and diameter 1λ (a), with refractive
index 1.1 and diameter 1.5λ (b), and with refractive index 1.2 and diameter 1λ (c). The diameter of the
preconditioning window w was varying from 0.05λ to 0.3λ.
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The preconditioning method seems to provide more improvement for three-dimen-
sional computations that for the one-dimensional ones. This may be attributed to the
fact that the amplitude of the three-dimensional Green’s function decreases with the
distance between the two points and the preconditioning method excludes a part of the
integral operator where its amplitude is relatively strong. This limits the norm of in-
tegral operation more efficiently than for one-dimensional case where the amplitude
of Green’s function remains constant.

An interesting fact is that the MC algorithm in the three-dimensional case can provide
very accurate results even in case of a large preconditioning volume. For some com-
putations even for volumes with the diameter equal to 0.3 of the wavelength accuracies
better than 1% were obtained. On the one hand, the preconditioning is based on the
assumption of the electric field being constant inside the preconditioning sphere what
should limit the accuracy of the MC algorithm, but on the other hand, even with pre-
conditioning, the MC algorithm is still not based on the stiff discretization of the scat-
tering object since the preconditioning volume changes in every iteration.

It is much more difficult to obtain accurate results in case of backward scattering
where electric field intensity is smaller than in case of forward scattering. In case of the
scattering sphere with diameter 1λ and refractive index 1.1, the preconditioning method
allows to obtain accuracy below 1% for scattering angle equal to 180° but for larger
spheres or refractive indices, the obtained accuracies were much worse.

All the discussed problems show that even though the presented MC algorithm is
certainly valid and allows to obtain highly accurate results if implemented properly,
its class of applications is limited to small variations of refractive index and small vol-
umes of the scattering objects. It makes claims that the MC algorithm can be applied
to the macroscopic volumes of the scattering media such as biological tissues dubious.

The question remains whether this situation can be improved. Perhaps the devel-
opment of better preconditioning methods might lead to an increase of the MC algo-
rithm convergence and extends its range of applications.

It is also important to notice that the presented study does not concern the variance
of the MC algorithm, i.e. the relation between the accuracy and number of MC itera-
tions. For this reason, the large numbers of MC iterations were used to generate the
presented results. However, there are methods of improving the MC algorithm vari-
ance, e.g. the usage of the Reversible-Jump Markov Chain Monte Carlo algorithm sug-
gested in [19]. Therefore, the number of iterations used in this study should be possible
to reduce.

5. Conclusions

We implemented the MC algorithm for solving the volume integral equation describing
the light scattering process. We show that the algorithm is valid and can provide ac-
curate results. However, due to its convergence properties, its range of applications is
limited to the small variations of the refractive index and small volumes of the scat-
tering objects. We also showed the preconditioning method that allows us to improve
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the convergence of the MC algorithm but only with the moderate effect. Applying the
MC algorithm for light scattering simulations in large volumes of the scattering objects
requires the development of different approaches, e.g. by applying more sophisticated
preconditioning methods.
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