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Abstract. The paper presents an investigation of phosphorene under axial strain on the phonon 

density of states and vibrational modes. The studies were performed by means of density 

functional theory (DFT) within the linear combination of atomic orbitals (LCAO). The strained 

models were constructed using optimised supercell techniques. The vibrational mode spectra 

were estimated for strains applied for both the zigzag and armchair directions of phosphorene. 

This approach is an attractive candidate for the calculation the dynamical matrix of the system 

because its numerical complexity gradually increases together with the size of the analysed cell. 

The shift of peaks in the PDOS of black phosphorene is monotonic, and inversely proportional 

to the applied strain over the zigzag direction. This relation is valid for small strains (below 

10%) of peaks corresponding to modes B2g and Ag
2. For a strain applied over the armchair 

PDOS, the shifts are proportional to the strain. The peak shifts tend to become higher as the 

strain increases. This dependence is not monotonic, and is clearly more rapid for compressing 

strains. Moreover, the peaks shift slower for an armchair strain than for a zigzag strain, 

revealing its strong anisotropy. 
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Introduction 

In the past years, the rediscovering of materials which were known from a long time became a 

regular occurrence in nanotechnology. A good example of such a process is phosphorene. 

Phosphorus as a pure element is known from 1669, while black phosphorus, an allotrope form 

of bulk phosphorus, was synthesised in 1914 [1]. Despite the time that has passed since its 

discovery, these materials do not attract any special scientific attention until recently [2]. Their 

high toxicity, low band gap, and environmental instability [3] are without a doubt some of the 

reasons. The mentioned rediscovery is connected with the first synthesis of a few layers to a 

single layer of black phosphorus－Phosphorene [1,3,4]. 

Phosphorene, as a monatomic single layer crystal, is quite a unique material, but it excites the 

scientific community manly due to its properties [3,4]. Contrary to the first monatomic single 

layer material, Graphene, it is a semiconductor [5]. Similarly to other 2D materials such as 

graphene, molybdenum disulfide, and transition metal dichalcogenide (TMDC), its properties 

change when disassembled to single layer [1]. Unlike the other single layer semiconductors, 

such as MoS2 and WS2, the phosphorene band gap does not change its type when it is 

transformed from a bulk structure down to a single layer [1]. This is a crucial feature for future 

applications because few-layer structures are much easier to fabricate than single-layer ones.  

As was described, pure phosphorene is unstable under environmental conditions, however, this 

material remains quite new. For these reasons, ab-initio methods had, and still have, an 

important role in research on phosphorene [6–8]. As this material is primarily being considered 

for optoelectronic applications, its electron band structure has been extensively studied [9]. The 

results from the beginning have shown that phosphorene’s band structure is anisotropic. As a 

result, the effective carrier mass and its mobility differ between directions in phosphorene [10]. 

In the pure, relaxed material, the armchair direction is preferred for current flow because of the 

higher carrier mobility, however this kind of anisotropy could be challenging in technical 

applications. It was shown by first principles analysis that the direction of the preferred current 

flow can be modulated by arsenic doping [8]. Two-dimensional materials generally have a 

larger surface-to-volume ratio than bulk materials, and for this reason, the adsorption of 

adatoms on the surface is an effective way to change its properties.  

Phosphorene is not only a unique 2D crystal because of its monatomic build. Its unusual 

properties are rooted in its layer anisotropy [10–12]. Despite this material’s layers being 

monatomic, they have a different geometry in the armchair direction (puckers), and zigzag 
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direction (closely connected chains). Because of this structural geometry, many important 

mechanical properties are anisotropic. DFT ab-initio studies shows that the Young modulus, 

Poisson coefficient, and critical strain are angle-dependent [13]. Because of the anisotropy in 

the structure, and the bond energies, the phonon dispersion relations are also anisotropic [11]. 

As a result, the heat transport in phosphorene depends on the direction. The carrier transport 

properties are anisotropic in a similar way. Differences in charge mobility between directions 

where reported from the very beginning of phosphorene research [10]. A study of the 

dependences between the dispersion reaction in phosphorene can be find in [12]. 

Great attention has been paid to investigation of the strain properties of 2D materials, and 

phosphorene is no exception. Phosphorene has great durability for strain [14], which, in 

connection with its anisotropy, makes it a great candidate for strain engineering. It was reported 

that its electron band structure depends on the applied strain. Both the conduction and valence 

bands can change its shape in the specific Brillouin zone depending on stress tensor [15]. As an 

effect, the band gap changes its character from direct when phosphorene is unstrained to indirect 

under specific strains. The width of the band structure also changes with the applied strain [16]. 

This phenomenon creates the opportunity for some strain engineering features in phosphorene. 

Under both compressing and tensile strain, it is possible to transfer phosphorene from a 

semiconducting to a metallic state [17] for strains higher than 10%. Despite this, the application 

of a 6% strain could change the direction of the preferred conductance; rotating it by 90 degrees 

[10]. 

It is not only the electronic properties of phosphorene are affected by its unusual band structure 

behaviour. Its optical properties are also quite unique. Complex ab-initio research on the 

influence of light shows that strain can induce optical activity in this material [18]. 

The effective tool for in-situ measurements on 2D structures is Raman spectroscopy [19]. This 

kind of measurements became a standard method for measuring the properties of two-

dimensional crystals. It is sensitive even to small changes in structure, which is important 

because strain affects many important properties of phosphorene, so a method of estimating the 

strain tensor in its structure is required. 

The Raman spectra of strained phosphorene has been calculated many times using ab-initio 

approaches [20–22]. Some experimental works show that estimation of the strain tensor is 

possible under real conditions, using Raman spectroscopy [23]. 
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The other question can arise about how the number of layers of phosphorene structure affects 

its Raman spectrum. According to exiting experimental data [24,25], the changes in the position 

of the Raman peaks indicated by changing the number of structure layers from 1 to 5 are below 

3 cm-1 and the effect applies mainly to the peek A2
g.  Akhtar at al. [23] assigned corresponding 

Raman peaks of layered BP positioned at 360, 440, and 468 cm-1. Furthermore, the other work 

of Akhtar [25] summarise that larger number of BP layers (2L to 5L) results rather in the Raman 

bands intensity increase than in their shift vs frequency. 

Next, Lu et al. [24] reported thinning of phosphorene flakes by use of Ar-based plasma 

manifesting that thinning of few-layers phosphorene results in the A2
g mode shift from  

467.7 cm–1 (bulk BP) to 470 cm–1 (bilayer phosphorene). 

Raman spectrum ab-initio simulations are still challenging. The level of theory used in the 

calculations differs significantly between authors. In some works, the calculations were 

performed using the plane-wave DFT method [21,26]. Other material science codes like 

CRYSTAL allows using of LCAO approach only for frozen-phonon calculation [27]. 

Even a simple LDA (local density approximation) functional can be used to calculate the 

vibrational modes [21], but it will lack a description of the long-range interaction, and tends to 

overestimate the bond strength, so it fails to describe the degeneracy of some modes [27]. To 

solve this problem, it was proposed to use hybrid functionals which, contrary to GGA or LDA 

functionals, can describe long-range interaction [27].  

In the case of the LCAO method, the type of basis-set used in the calculation is crucial both for 

GGA or hybrid approximations. In work [28], the problem of basis-set optimization was raised. 

Due to the previously reported issues, the thoroughly optimized basis sets were applied in 

LCAO approach in this work. The details can be found in the supplementary information of the 

work [29]. 

In this work, a study of the usage of LCAO (linear combination of atomic orbitals) to estimate 

the PDOS (phonon density of states) and vibrational modes of phosphorene was presented. The 

vibrational properties of phosphorene were described in the literature [21,23,30] using ab-initio 

calculations, but mainly using the DFT plane-wave approach. To the best of our knowledge, 

there have been no attempts at a complex analysis of this process using DFT LCAO. In the 

paper, only axial strains are discussed. These strains are particularly crucial for the 

nanoengineering of phosphorene, because of its significantly different mechanical properties in 

different directions [31]. In this research, focus was put on strains being applied to the armchair 
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and zigzag axes. The DFT LCAO method was used as implemented in the ATK Quantumwise 

toolbox [32]. Applied approach is a promising candidate for calculation of the dynamic matrix 

of the system because the LCAO method in SIESTA implementation has linear scaling 

complexity O(N) [33]. This feature is particularly important because the standard method of 

computation performed in this work requires 2N times of electron density operations (N number 

of atoms in the system) to produce system dynamical matrix. Thus, the linear scaling 

complexity extending the maximal size of a cell could be used in these calculations. 

 

1. Experimental 

The model of the structure needed for the simulations was created using the Atomistix ToolKit 

Quantumwise (ATK, Synopsys, USA) [32]. The phosphorene structure used in the experiments 

was based on the black phosphorus structure, which is available in the ATK database. The 

structure geometry was optimised to remove any residual stresses which can arise in the 

structure in the transition from bulk to slab configuration. For force optimisation, the Broyden-

Fletcher-Goldfarb-Shanno (LBFGS) algorithm was used. The procedure continues until the 

maximal force per atom falls below the truncation level, which was set to 10-4 eV/A.  

For the calculation of the atomic interactions, the density functional theory (DFT) as 

implemented in the linear combination of atomic orbitals (LCAO) method [33] was applied. 

This method is included in the ATK package. The crucial feature of the LCAO approach is that 

its computational complexity depends linearly on the number of atoms in the system. The 

gradual increase in the complexity of the calculation is particularly important in dynamical 

matrix calculations. To solve the matrix equations of the LCAO method, self-consistent field 

(SCF) iterations were performed. During DFT calculation, the exchange-correlation of 

electrons was included using GGA method witch PBE (Perdew, Burke and Ernzerhof) 

functionals. Two types of calculations were conducted. To ensure that each calculation is 

converged, the tests were performed both for the k-points grid, and the energy of mesh cut-off. 

During geometry optimisation, the SG15 pseudopotential with medium basis set was utilised. 

The used basis set was developed basing on FHI-aims basis sets. The description of how these 

sets were created can be found in the appendixes of the article [29]. The SG15 is the norm-

conserving pseudopotential with multiple projectors, semi-core states, and non-linear core 

correction implemented natively in the ATK software. The description of the procedure of 

generation of this pseudopotentials is described in the article [34]. For these calculations,  
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the k-points where set to 9x9x1 (Monkhorst-Pack). The mesh cut-off energy was set to 60 Ha. 

To improve the description of the Van der Waals interaction, it was decided to use the 

GrimmeDFTD3 correction, as described in [35]. It enables us to achieve closer to experimental 

interlayer spacing after the optimisation.  

For the calculation of the dynamical matrix of the system, the different numerical parameters 

were utilized. The k-points were set to 31x21x1 (Monkhorst-Pack), and the mesh cut-off energy 

was set to 150 Ha.  

The tolerance was set to 10-4 Ha for both calculations. This value should be understood as the 

maximal difference between the Hamiltonian matrix elements in successive, self-consistent 

steps. 

A group of structures was made, which differed in their degree of defectiveness by strain. Strain 

is defined by the equation in (1). 

𝜀𝜀𝑥𝑥 = 𝑎𝑎𝑥𝑥−𝑎𝑎𝑥𝑥0
𝑎𝑎𝑥𝑥0

      (1) 

Where ax denotes the length of the cell along the x axis after applying strain in this direction, 

and ax0 denotes the unstrained length of the cell in this direction. 

The strains along the two specific directions of the phosphorene－armchair and zigzag－were 

studied. The strain values applied to the models were [-16, -12, -6, 0, 6, 12, 16] %. Each 

structure geometry, after the strain was applied, was optimized (see Figure 1). Because of the 

Poisson effect, the dimension perpendicular to the direction of the strain was set to be 

unconstraint. The implementation of LBFGS available in the ATK package allow the 

calculation to be performed under such conditions. During the optimisation process, the atoms’ 

fractional coordinates and the length of the cell dimension perpendicular to the strain axis where 

optimised. 

To calculate the Phonon density of states (PODS) for the studied nanostructure, the tetrahedron 

method [36] was applied. Integration of the reciprocal space, for the purpose of this method, 

was performed using the proper ATK calculator. 

The vibrational modes of the structure were calculated as the eigenvalues of the dynamical 

matrix. Results postprocessing, selection, and plotting were performed in the MATLAB 

program. 
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Figure 1. (A) A single layer phosphorene structure model with axes names and studied cell 

with marked bonds; (B) vibrational modes of a black phosphorus nanosheet where the arrows 

show the direction of movement of the atoms; (C and D) strained slabs in the zigzag and 

armchair directions +16%, -16%; (E) Dimensions of studied BP atomic structures. Attn. relaxed 

BP cell was shown as reference. 
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2. Results and Discussion 
 
2.1. Atomic structure model 

The model of the structure used in the calculations had 4 phosphorus atoms per layer. On each 

face of the cells, the periodic boundary conditions were applied. To prevent undesirable 

interaction with atom images, a 25 A void buffer was added at the top of the slab. The cell of a 

single layer structure along with strained slabs are displayed in Figure 1A.1 and 1A.1. After 

geometry optimisation, structures with the geometrical properties presented in Table 1 were 

achieved. 

Table 1. Basic geometric and mechanical properties of phosphorene cell model used in 

experiments compared with experimental and ab-initio values. 

 a 
[Å] 

b 
[Å] 

c 
[Å] 

σ 
armchair σ zigzag 

E 
armchair 

[GPa] 

E 
zigzag 
[GPa] 

Experimental [37]  3.31 5.4 4.34 - - - - 
Calculated [13] 3.30 - 4.62 0.175 0.703 23.0 92.3 

Calculated [14] 3.299 5.5 4.643 - - 34.4 164.9 
Calculated by 

authors 
3.31 5.38 4.11 0.1984 1.009 32.5 143.9 

 

According to the data presented in Table 1, the simulated geometry dimensions of the 

phosphorene structure do not differ much between each other as from the experimental results. 

The mechanical properties are much more challenging. There is a significant lack of reliable 

experimental data about the properties such as the Young Modulus, and Poisson’s ratio. On the 

other hand, there are many ab-initio studies for such properties [13,14,38]. According to 

existing data, phosphorene exhibits strong anisotropic and nonlinear mechanical properties, 

especially for high strains (over 20%). At approximately 20% strain, the Poisson ratio became 

negative according to theoretical calculations [39]. This feature can be observed only on the 

armchair direction because the zigzag critical strain is lower than 20%. Unfortunately, the 

achieved results vary between each other, as can be seen in Table 1. A remarkable, reported 

fact is that the Young modulus is different for small and for large strains [14]. 

2.2. Vibrational properties of the structure 

A single cell of phosphorene structure was considered in the paper. There are a total of 12 

vibrational modes possible in such a structure. Three belong to the acoustic branch, and nine to 

optical [11]. Six of them are reported to be Raman active [11,21,26]. In this study, the focus 
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was put on the three vibrational modes presented in Figure 1B. The corresponding Raman shifts 

of these modes are 360, 440, and 468 cm-1, respectively [23]. Other author performing Raman 

measurements on plasma-treated phosphorene set the energies of these modes on 363, 440 and 

470 cm-1, respectively [24]. The side sub-bands observed at higher strains could be attributed 

to the second-order symmetric Raman scattering modes identified by Favron at al. [40]. They 

are positioned close to the bulk A1
g and A2

g modes for layered BP and induced by intra-valley 

scattering along the armchair and zigzag directions. 

The estimated rate of shift for A1
g peak observed in the armchair direction reaches  

1.879 cm-1/% , which is corresponding to the 1.47 cm-1/GPa induced by the pressure in the 

Raman studies conducted by Akhtar at al. [23]. 

In the present work, the focus was put on the dependence of the phonon density of states 

(PDOS) on the strain applied to the structure. Figure 2 illustrates the series of single-layer black 

phosphorus PDOS depending on the applied strain. The positions of the modes presented in 

Figure 2 are marked and attributed to the specific vibration as listed in the legend.  

 
Figure 2. Distribution of PDOS and vibrational modes for strains along the zigzag axis, single 

layer structure. 

In the rest of the paper, notation consistent with [41] will be used, so if the vibration mode 

energy increases, this will be called blue shift, and if it decreases, red shift. 
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To show how the changes in the positions of the peaks depend on changes in the structure 

geometry caused by strain, another plot was created (Figure 3). Figure 3b shows the 

dependence of the positions of the PDOS peaks connected with the analysed vibrational modes 

on the applied strain in a similar way to Figure 2. The dependence of the bond length versus 

the applied strain is presented in Figure 3a as labelled in inset. The strain effect on the vibration 

mode energy change considers the behaviour of the bonded structure of BP. The vibrations 

associated with the B2g and Ag
2 modes were induced in the plane of structure. After the 

application of strain in the zigzag direction of the phosphorene structure, a significant portion 

of the strain is provided by the stretching of bonds 1 and 3 (see Figure 1A.1). Qualitatively, the 

relative change in length for both the 1 and 2 bonds is equal to 40% of the relative change in 

the length of the cell, which is visible in Figure 3a. In contrast, the similar parameter for bond 

number 2 is 8%. As a result, the energy of the bonds decreases, which lowers the force constant 

for atomic oscillation, and consequently decreases the energy of the oscillations, as can be 

observed in Figure 3b. 

 

Figure 3. The variations of bond length changes with strain applied in the zigzag direction (a) 

and dependence of selected peaks’ positions on the strain applied on the zigzag axis (b). 

Generally, the shift of peaks in the PDOS of black phosphorene under strain applied in the 

zigzag direction is monotonic for small strains of peaks corresponding to modes B2g and Ag
2. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


11 
 

In the framework of the presented simulations, all modes exhibited red shifts for the zigzag 

strains. The quantity values of these shift rates are presented in the Table 2.  

 

Table 2. The rates of shift for PDOS peaks. The rates were estimated for small strains  

from -5 to 5 %. 

Mode Armchair direction 
[cm-1/%] 

Zigzag direction 
[cm-1/%] 

A1g 1.879 -5.052 

B2g 3.424 -7.891 

A2g 1.503 -6.889 

 

For strains applied over the armchair direction, the blue shift is dominant, especially for 

negative strains. For positive strains, the rate became negatively red, but as pointed out in 

Table 2, the mean rate for small strains is blue.  

 
Figure 4. Distribution of PDOS and vibrational modes for strains along the armchair axis, 

single layer structure. 

This is generally consistent with the experimental data presented in [20]. The main difference 

refers to the A1
g mode. This mode is a breathing mode, as the atoms move perpendicular to the 

plane. In contrast, B2g and A2
g modes are shear modes, where the atoms move mainly in plane. 
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Thus, A1
g is much more sensitive to the presence of the other layers of the structure. The 

mentioned experimental results refer to few-layer phosphorene because of technical problems 

with single-layer phosphorene. This presence of additional layers of the structure is the reason 

for the changes in the behaviour of the A1
g  mode. 

The peaks’ shifts tend to become higher when the strain increases (see Figure 4). This 

dependence is not monotonic, and is clearly more rapid for compressing strain. Moreover, the 

peaks’ shifts lower more for armchair strain than for zigzag strain. This phenomenon is clearly 

connected with phosphorene anisotropy. Similarly, to what was done for the zigzag direction, 

the analyses of this case for bond length were conducted. Figure 4b presents the peaks’ shifts 

caused by applied strain and bound length changes. One can note that the direction of changes 

in bond length are reversed, which remains consistent with the previous considerations. For 

compressive and for small tensile strains, the changes in bonds 1 and 3 are dominant  

(see Figure 4a). At about 5% strain, their dynamics decrease by an order of magnitude. 

Qualitatively, the relative change in lengths for both bonds 1 and 2 equal 13% of the relative 

change in the length of the cell for strains under 5%, and above this limit, they decrease to  

a value of about 1%. Similarly, the change in bond number 2 increases at 6 % strain from 1% 

to 13 %. 

 
Figure 5. The variations of bond length changes with strain applied in the armchair direction 

(a) and dependence of selected peaks’ positions on the strain applied on the armchair axis (b). 
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Generally, the bond length changes are much smaller for armchair strains than for zigzag strain. 

The Young modulus is significantly higher along the zigzag direction than for the armchair 

direction (see Table 1), so this conclusion is consistent with the macroscopic effects occurring 

in phosphorene. 

The vibrational modes exhibit a similar reaction to the applied armchair strain. While the 

changes in the lengths of bonds 1 and 3 slow down at a strain of about 6%, the changes in Ag
1, 

B2g, and Ag
2 slow down too, by an order of magnitude. This case clearly shows that even for 

mode Ag
1, the most important portion of the energy is determined by the force constant of bonds 

1 and 3. 

 

3. Conclusions 

In presented work, the ab-initio simulation of the influence of strain on the PDOS and 

vibrational modes of phosphorene were investigated. The set of phosphorene vibrational modes 

was tuned by the applied strain. An analysis of changes in bond length was conducted, 

providing important information about the explanations of variation in the modes’ energy. The 

data revealed by the calculations allowed for the following conclusions: 

• The response of the phosphorene vibrational spectrum for a high strain (above 5%) is 

anisotropic. It was shown that the response to the external pressure applied in the zigzag 

direction is different from the response to the pressure applied in the armchair direction. 

This is consistent with previous experimental studies focused on Raman spectroscopy.  

• The rates of shift of modes B2
g and Ag

2 for minor strains are positive for the armchair 

direction and negative for zigzag. This is consistent with experimental results [20], and with 

simulations conducted using other methods [21,42]. The main difference concerns the Ag
1 

mode shift rate. This difference could be explained by this study being limited to single-

layer phosphorene, while the experimental results refers to few-layer structures [43]. 

• The behaviour of the vibrational spectrum of phosphorene can be explained by an analysis 

of covalent bond length changes. It was shown that blue shifts are connected with shortening 

of specific bonds while the red shifts are attributed to the extending of the length of these 

bonds. 

• A negative Poison ratio was manifested in phosphorene for large strains (above 20%), and 

on direction transverse to its planes. Thus, the negative values of the Poisson ratio reported 

in phosphorene [39,43] was not observed here. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


14 
 

A crucial point was to investigate the position of the important Raman active modes as a 

function of applied strain. The binding of the “light weight” LCAO algorithm with the Wigner-

Seitz scheme for the calculation of the dynamical matrix, allowed for an efficient cost of such 

a calculation to be achieved. This approach is suitable for studying the vibrational properties of 

much more complex structures, including defected phosphorene flakes and nanoribbons. 
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