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Abstract

The numerical-analytic method is applied to a class of nonlinear differential-algebraic
systems with maxima to find a solution assuming that functighg) satisfy the Lipschitz
conditions in matrix notation. This solution is given as a limit of corresponding sequences
including Seidel’s iterations too. Some existence results are also obtained for problems
with retardations.

0 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

A useful approach in studying of existence of solutions is Samoilenko’s
numerical-analytic method (for details, see [9,10]). The application of this
technique to differential problems with boundary conditions can be found, for
example, in papers [1,3,7,8,11]. In this paper we shall extend this method to
differential-algebraic boundary-value problems with maxima of the form

x'(t) = f(t, x(r), maxo, x(s), y(1), maxo,] y(s))

= fo(t,x,y), teJ=][0,T], D
y(t) = g(r, maxo,x(s), y(1)) = go(t, x,y), 1€,
Ax(0)+ Bx(T) =d. (2)
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Heref e C(J xR? x R? x R? x RY,RP), g € C(J x RP? x R?,RY), A € RP*?,
B e RP*P d e R? and
) = (o et ey ).

Existence of solutions for initial-value differential problems with maxima
is discussed, for example, in papers [2,4]; see also papers [5,6], where some
applications in nonlinear mechanics are given.

The numerical-analytic method combined with the comparison one is used
to formulate corresponding results under the assumption fhahd g satisfy
the Lipschitz conditions in matrix notation. The aim of the present paper is
to discuss the conditions under which the solution exists and it is the limit of
successive approximations and Seidel’s iterations too. Some error estimates are
given. This paper contains also some discussion for more general differential-
algebraic problems with retardations and corresponding results are given in the
last section of this paper.

2. Assumptions

Put
t T
Lf(x,y)() = (1— %) / fols,x. y)ds — %/fom,x, V) ds.
0 t

Indeed, £Lf(x,y)(0) = Lf(x,y)(T) = Opx1. According to the numerical-
analytic method, find the vectérsuch thate (1) = n + L f (x, y)(¢) + 8¢ satisfies
condition (2). Hence (1)—(2) give the following auxiliary problem

{x(t) =n+Lf(x,y)E)+:S)=F@, x,y;n), teJ,

_ 3)
y(t)_go(tvxvy)’ telJ

and
T
1
T/fo(s,x,y)ds =S5
0

with S(n) = %B*l[d — (A + B)n] assuming that déB) # 0. Note that,
F(O,x,y;n)=n, sox(0) =n.
Let us introduce the following

Assumption Hi. (1) There are matrice& ,x ., Lpxp, Mpxq, Npxq With non-
negative entries such that
|ft.x, X, 9, )= f(t,%,X,5,7)]
<Klx =X+ LIX = X|+ M|y — 5|+ N|Y — Y|
forallreJ, x,X,x,XeR", y,Y,7,Y eRY.
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(2) There are matriceB, »,, Q,xq With nonnegative entrie(Q) < 1 and

such that
|g(t,x,y) — g(t, %, §)| < Plx — x|+ Qly — J

forall r e J, x,x e R?, y,y € R4. Here | - | denotes the absolute value of
the vector, sdx| = (lx1,...,|x,DT or [yl = (Iy1l,..., y)T. Moreover,0(Q)

denotes the spectral radius of the matpix

Assumption Hy. For any nonnegative functione C(J x R”, Ri) there exists a

unique solution: € C(J, R’fr) of the comparison equation
u)=Ru)@)+h,n), tel,

where
t

(Qu) (1) = (1— %) /[Ku(s) + Dr{g):’;l]xu(r)]ds
0

T
t
= /[Ku(s) + DmaXu(r)]ds, reld
T [0,s]
t

with D=L+ (N + M)(I — Q)~1P.

Note that under AssumptioH; we have
|Lf @, y)(@) — LfE 5@

t
< (1— %) /!fo(s,x,y) — fo(s, %, y)| ds
0

T
+%/!fo(s,x,y>—fo(r,i,mds
t

t
< (1— %) /[K|x(s) — %(5)| +Lr[T8§.])4x(r) — %)
0

+ My(5) = 56| + N maxy(0) - 5(0)| | ds

t

T
+ /[K\x(s) 5|+ Lmaxx(r) —(7)|
J ,§

~N|

My () 5|+ N maxy(o) - 50| ds

= Qo(t, |x — %I, Iy — 7).

4

®)
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3. Lemmas

Forn=0,1,...let us define the sequencigs,, w,} by formulas

{uo(t):u(t), tel, ©)

up+1(t) = 20(t, up, wy), t€J,

{ wo(t) = (I — Q)7 P maxo,uo(s) +r1(m)], teJ, )
Wn41(1) = P mMaxo, 1 un(s) + Qun (1), reld,

whereu is a solution of (4) with

h(t,n) = Ra(n) +2t(1— %)(M—l— NI = Q)" i),

’

Ri(n) = rpeaﬂF(r, x0, y0; ) — xo(t)
r1() = maxgo(t, xo, y0) — yo(t)|.
ted

To obtain a solution of problem (3) we shall first establish some properties for
sequencegu,, w,}. They are given in the next two lemmas.

Lemma 1. Let Assumptiong/; and H2 be satisfied. Then,
un1(t) < un(t) <uo(t), Wn+1(1) < wp (1) < wo(t) (8)

for rt € J and n = 0,1,.... Moreover, the sequence@,}, {w,} converge
uniformly to zero functions, s@,(¢) — 0, w,(t) — 0onJ if n — co.

Proof. Note that the matrix/ — Q)~1 exists and its entries are nonnegative
because of the conditign(Q) < 1. PutLo = (M +N)(I — Q)~1, L1 = L+ LoP.
Then

u1(t) = 20(t, uo, wo)
t

= (1— %) / { Kuo(s) + Lamaxio(r) + Lors(n) | ds
T
+ % /{KMO(S) + L1 r[gil]xbto(f) + Lorl(n)} ds
t
= (2u)(t) + Zt(l — %)Lorl(n) <u(t),

w1(t) = P maxuo(s) + Qwo(t)
[0,7]

_ _ -1
= Pmaxuo(s) + QI — ©)~*| Pmaxuo(s) + ri(m]
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< Pmaxuo(s) + Q(1 — 0)~| P maxuo(s) +ri(m] + ri(n)

= (1 — ) Pmaxuo(s) +r1n) | = wo(0).

Using the monotonicity of2p, we obtain (8), by mathematical induction.
Henceu, — u, w, — w on J if n — oo, where (i, w) is a solution of the
system

u(t) = o(t,u, w), w(t):PrBa])(ﬁ(s)+QzD(t), tel.
Lt

Hencew(r) = (I — Q)P maxo,r1i(s), t € J. Itis simple to see that
S0o(t,u, w) = (Lu)(), tel,

sou is a solution of equatiofi(r) = (L2u)(¢), t € J. By AssumptionHz, i(r) =0
onJ, and thenw(z) = 0 onJ too. It ends the proof. O

Lemma 2. Assume thaf € C(J x R? x R? x R? x R?,R?), g € C(J x R? x
R?,R?), and A, Bpxp andd,x1 are given constant matrices. Assume that
det(B) # 0. Let Assumptiong?; and H» be satisfied. Then, fare J, n,k =
0,1,..., we have the estimates

— xo(t)| < uo(?), |yn(®) — yo(t)| < wo(?), ©
Xk (1) — xi ()] < uie(0), | Ynk (1) = ye(O)] < we (@),
wherexg € C1(J,R?), yo € C(J,R?) and
Xng1(t) = F(t, X, yns ), Yn+1(t) = got, Xn, yn)- (10)

Moreover,

Axp+1(0) + Bxy41(T)=d, n=0,1,....

Proof. Indeed,

Ri(m) <h(t,n) <uo(t), telJ,

<
<nm<[U =+ 1]rim) = U — )7 tr(n)
<wo(®), tel.

|x1(t) — xo(t)
|y1(t) — yo(?)

Assume that
|xi() —xo)| Suo(®),  |yk@®) —yo)| Swo(®), 1€l
for somek > 0. Then, by (5), we have

|xks2(t) — x0(0)| < |F(t, x¢, ye; m) — F (£, x0, yo; )| + R1(n)
< R0(t, uo, wo) + R1(n) = uo(®), ted,
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|[Vk+1() — yo(®)| < |go(t, Xk, yi) — go(t, x0. yo)| +r1(n)
<P r[raa]Xuo(S) + Quo(t) +r1(n)
N3

— Pmaxuo(s) + O(I — Q)*l[P maxuo(s) + rl(n)]
[0,7] [0,7]
+r1(n)
= (I = O)7 [ P mauo(s) + r1() | = wo(n).
[0,1]
Hence, by mathematical induction, we have
xa(0) = x0(D)| <o) and |ya (1) — yo(®)| < wo(t)
forte J,n=0,1,.... Basing on the above, let us assume that
Ponie () = x| Sur®),  |yarr® = O] Swr @), 1€l
for all » and somé > 0. Then, again by (5), we see that

Xk (8) = X2 (O] = | F (@, Xnpies Yusks m) — F (&, xe, yis )|
gQO(t,Mk,U)k):Mk+]_(t), ter

|Vntk+1() = Y1 ()| = 80, Xntk, Yatk) — 02, Xk, i)
<P r[Tc}a]Xuk(S) + Qwi(t) = wi41(1), 1€ J.
N
Hence, by mathematical induction, the estimates (9) hold. It is quite simple to

verify that x, ;1 satisfies integral condition (2) for amy=0,1,.... It ends the
proof. O

4. Existence results
Combining Lemmas 1 and 2 we have

Theorem 1. Assume thaf € C(J x R? x R? x R? x R7,RP), g € C(J x RP x
R?,R?), and A, Bpxp andd,x1 are given constant matrices. Assume that
det(B) # 0. Let Assumptiong/; and H» be satisfied. Then, for everye R”,
there exists a unique solutia®, y) of problem(3) wherex, (r) — x(¢), y,(t) —
y(t) onJ asn — oo and we have the estimates

[xn (1) =X Sun®),  |ya@) = 30| < wn(0)

forre J,andn=0,1,....
Moreover,(x, y) is the solution of problenil)—(2) iff

T
1
T / fo(s, x,y)ds = S(n).
0
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Remark 1. Note that Assumptioit/> holds if we assume that

T
p(W)<1l forWw = E(K + D).
To get this condition we apply the Banach fixed point theorem. Denote the
right-hand side of Eq. (4) b. Then, foru, i € C(J,RY) we have
|Du(t) — Di(1)|

t
< (1— %) /[K\u(s) —i(5)| + Dmau(r) - ﬁ(z)\]ds
0

T
+ o /[K|u(s) —ii(5)| + Dmau(r) ()| ds
t

< 2z(1— %)(K + Dymaxu(n) — ()| < W maxu(t) — ()]

Hence, operatoP is a contraction mapping, so Eq. (4) has a unique solution.
In place of iterations (10), it is sometimes convenient to use Seidel’s method
described by
{in+l(t) =F(, Xn, Yns 1), or { Yn+1(t) = go(t, Xn, yn),
Yn+1(t) = go(t, Xn+1, Yn), Xn+1(t) = F(t, %n, Ynt1: M)
forte J,andn=0,1,....
Forr e Jandn =0,1, ..., let us define the sequences:

(11)

uo(r) = uo(t), wo(?) = wo(r),

un+1(1) = 20(t, n, Wy),

Wy+1(1) = P MaXo | in+1(s) + Qwn (1),

uo(t) = uo(t), wo(?) = wo(r),

Wy41(1) = P Maxo, i itn(s) + Qwn (1),

Un41(1) = $20(2, Un, Wp1).

Now, by mathematical induction, we are able to show the following result

Lemma 3. Let Assumption&/1 and H> hold. Then
un () <un(t), wy (1) < wy (1), teJ, n=0,1,...,
ﬁn(t)gun(t)5 'I)n(t)gwn(t), te‘]’ n:O’ 17"'7

andu,(t) —» 0, w, () — 0, u,(t) — 0, w,(r) —> 0onJ if n — oo.

The simple consequence of Lemma 3 is the following
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Theorem 2. Assume that all assumptions of Theorkrre satisfied. Leko(r) =
Xo(t) = xo(t), yo(t) = Yo(t) = yo(t), t € J. Then,x,(¢) — x(1), yu(t) — y(1),
Xn(@®) = X(), Y, (t) > y(t) onJ asn — oo.

Moreover, we have the estimates

% (1) = XO] <iin(0),  |Fa®) = 3O < 0a (D),
% () =X ()| iin(0),  |Falt) = (@) <D (1)

forre J,andn=0,1,....

Note that iterations (10) and (11) converg€foy) under the same conditions
but basing on Lemma 3 we see that the error estimates for (11) are better in
comparing with the corresponding estimates for (10). This notice is important
since{xy, yn}, {Xx, yn} and{x,, y,) are approximated solutions of problem (3).

Theorem 3. Assume that all assumptions of Theorkare satisfied. Then

|AG, 51 0) — A, yui M| < 2(un, ),

|AG, 51 0) — A, i M| < 2, Wn),

|AR, 51 0) — AGin, i M| < 2 (g, W),

| Ao, Yns 1) — AGn, Fns )| < 2, ) + 2, W),
|AGon, yni 1) — AGn, Ins )| < 2, wa) + 2(itn, Wn),
| AGn, Fns 1) — AGin, s )| <

:l

Q lp, W) + .Q(Ltn, Wy)

forreJ,n=0,1,..., where

A(x,y;m) = / fols,x,y)ds — TB™Y[d — (A + B)n),

T
Qu, w)= /[Ku(s) + Lmaxu(t) + Mw(s) + N man(t)] ds
) [0,s] [0,7]

5. Differential-algebraic systemswith retar dations

Leta, B,y,8,ueC(J,J). Fort € J, let us consider the following problem

x'(1) = f(t, x(«()), maxo g1 x(s), y(¥ (1)), maxo,sm y(s))
= ft.x.y), (12)
y(t) = g(r, maxo, uw X (s), y(1)) = g1(t, x, )
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with condition (2), wheref € C(J x R? x R? x R? x RY,RP), g € C(J x R? x
R7,R7). Let de{B) # 0. According to the numerical-analytic method find the
vectors$ such that

x(t)=n+Pz(t) + 5t
t T

. t t
with  Pz(r) = (1— ?) /z(s)ds -7 /z(s)ds
0 t

satisfies condition (2). Then, this and (12) give the following auxiliary problem

20 = f (1.1 4+ P(@®) +a (@) S(n). mavo san[n + P=(s) +sSn).

¥ (v (®), maxo s y(S)) = F(t,2,y; m), (13)

y (1) = g(t, maxo o[+ Pz(s) +sS(m)], y()) = G(t, z, y; n)

and
T

/Z(s) ds=TS8().

0

Assumption Hs. For any nonnegative functiod € C(J x R?, Rﬁ’r) there exists
a unique solutior € C(J, Ri) of the comparison equation

V()= (1V)(0) + H(1,n)

with
(21V)) =K A(a(t),V)+ L max A(s, V)
[0.6(1)]
+MUI—0Q)"tP max A(s, V)
[0, iy (1))]
+N({ — Q)P max max A(r,V)
[0.6(1)][0.1¢(5)]
t T
t t
A, V)= <1— ?) / V(s)ds+ T / V(s)ds.
0 t
Put

At u,w) = KA(a(t),u) + L max A(s,u) + Mw(y (1))
[0.8(1)]

+ N max w(s).
[0,8(1)]

Fort e J,andn=0,1,..., let us define the sequencis,}, {W,} by relations
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{ Uo(r) =V (), (14)
Un+1(t) = /I(t, Una Wn)a
Wo(1) = (I — Q)P maxo, () Als, Uo) +r2(n)], (15)
W1 () = P maxo,u ) As, Up) + QWi (1),

whereV is defined as in AssumptioHz with

H(t,n) =M+ N)UI — Q)" tra(m) + Ra(n),
ra(n) = %’49(” Zo, Yo: n) — Yo(1)

Ro(n) = rpez3>4f(t, Zo, Yo: n) — Zo(1)|.

bl

Lemma 4. Let Assumptiong/; and H3 be satisfied. Then the sequen¢®s},
{wW,} satisfy the relations

Uny1(t) < Upn(t) < Uo(t), Wag1(t) < W, (t) < Wo(r) (16)
forteJ,n=0,1,.... MoreoverU,, W, converge uniformly to zero functions if
n — 0.

Proof. Note that
U1(1) = A(t, Uo, Wo) = (20U0)(t) + (M + N)(I — Q)" r2(n) < Uo(1),
Wi(t) =P max A(s, Up) + O(I — Q)*l[P max A(s, Uo) + rz(n)]
[O,u(®)] [O,u(@®)]

<[U =00~ 07+ 00~ [P max AG.Uo)+ra(n)]

— (] —-—0)1! —
=1~ Q)| P max Ats. Uo) +r20) | = Wo(o).

By mathematical induction, it is simple to show that (16) holds. Hdlce> U,
W, — Won/J if n - oco. Indeed, the paifU, W) is a solution of the system

Ut)=A@t, U, W), W(r):P[gn%A(s, U)+ OW(1), tel.
Lt

It givesU (r) = (£21U)(1),t € J becausdV (t) = (I — Q) 1P maxo, .1 Als, U).
Hence, by Assumptiof/3, we see tha/ = 0 onJ, and thenW =0 on J too. It
ends the proof. O

Lemmab. Assume thaf € C(J x R? x R? x R? x R?,R?), g € C(J x R? x
R?,RY), o, B,y,8, 0 € C(J, J). Moreover,A,.,, Bpxp, andd,1 are given
constant matrices. Assume thde¢tB) # 0. Let Assumptiongd; and H3 be
satisfied. Then

|Z,(1) — Zo(0)| < Uo(1), { Y, (1) — Yo(t)| < Wo(0),

17
| Zngic (1) = Zi(0)| < Uk (1), | Yok (1) = Ye ()| < Wi (0) an
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forte Jandn=0,1,..., where

Zuy1()=F @, Zy, Yus 1), Yn+l(t):g(t’ Zu, Yusm)
with Zg e C(J,RP), Yo e C(J,R?).

Proof. Note that

|Z1(1) = Zo(0)| < Ra2(n) < H (2, ) < Uo(D),
[Y1(t) — Yo()| < r2(m) < [T — QT — Q) ™H + QU — 0)H]ra(n)
= — Q) ra(n) < Wo(0).
If we assume thatZ;(r) — Zo(®)| < Uo(t), |Yr(t) — Yo(t)| < Wo(2), t € J for
somek > 1, then we see that
|Zks1(0) = Zo(0)|
< |F. Zi. Yis m) — F(t, Zo, Yo: m)| + Ra(n)
< KQ(a(r), Ug) + L max A(s, Uo)
[0,8(1)]
+MU—0)"tP max A(s, Ug)
[0,14(y (1))]

+ N —0)"tP max max A(z, Up)
[0,6()]10,u(s)]

+ (M + N)Y(I = Q)" 'ra(n) + Ra(n)
= (£20U0)(1) + H(t, ) = Uo(2),
|Yir1(1) — Yo(1)|
<|G(t, Zi, Yis m) — G(t, Zo, Yo; n)| + r2(n)

<P max A(s,Uo) + QU — Q)| P max A(s, Uo) +r20n) | +ra(n)
[0, ()] Q)

=[( - 0~ )™+ 0 — Y[ P max AGs, Uo) +ra(n)]
[0,u(®)]
= Wo(?).
Hence, by mathematical induction, we have the assertion of this lemma. It ends
the proof. O

Lemma 5 follows

Theorem 4. Assume that all assumptions of Lemdrae satisfied. Then, for every
n € RP, the pair{Z,, Y,} converges to the unique solutio#, Y) of problem(13),
s0Z,(t) = Z(), Y,(t) = Y (1) on J if n — oo, and fors € J we have the error
estimates

|Za(t) = Z()| < Un (1), Y () = Y ()| < Wi (1), n=0,1,....
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Moreover, (X, Y) with X(r) = n + [y Z(s)ds, t € J is the solution of prob-
lem (12) with condition(2) iff

T

/Z(s) ds =TS().

0
Remark 2. Note that Assumptiori/z holds if we assume that(W) < 1, where

t
W =2max Ka(t) 1—& + L max s 1—i
ted T 10,8(1)] T

+MUI—-0)"'P max s(l— i)
[0,y (1))] T

T
+ N —Q)"tP max max r(l— —> )
[0,6(1)]0,u(s)] T

The matrix W can be obtained in the same way as in Remark 1. Note that
conditionp (W) < 1 can be replaced hy(W) < 1, where

W =2K maJXa(t)[l— %t)] + g[L +(M+N)(I - Q) 'P].
te

Indeed,o(W) < 1 andp(W) < 1 hold if we assume thgtW| < 1, where]| - ||
denotes any norm of a matrix.

Similarly as before to find a solutio(Z, Y) of problem (13) we can apply
Seidel's method to use iterations:

{ Zn+1(t) = f(t’ Zl’lv fln; n)v { Yl’l+l(t) = g(ta Zl’lv -n; n)v
Yn+l(t) = g(t7 Zni1, Yo, 77)7 Zn+1(t) = .7:(1‘, Zy, Yni1; 77)
forreJ,n=0,1,....
Forte J,n=0,1,..., we put
Uo(t) = Uo(1),
Un+1(t) = A(t, Uy, Wn)a
Wo(t) = Wo(1),
Wit1(t) = P maXo,u) A, Uny1) + OW, (1),
Wo(t) = Wo(1),
Wit1(t) = P maXo, ) A, Up) + OW, (1),
Uo (1) = Uo(D),
Un+l(t) = A(t5 Un’ Wn+1)'
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Note that underAssumptlorIil and H3 we haveU,,(t) Un (1), U,(t) <U,®1),
Wi (1) < Wi(t), Wu(t) < Wu(r) on J andU, — 0, U, — 0, W,, - 0, W,, - 0
on J too.
Using the method of mathematical induction we are able to prove the following

Theorem 5. Let all assumptions of Lemm@be satisfied. LeZo(r) = Zo(t) =

Zo(1), Yo(t) = Yo(t) = Yo(?), t € J. Then the results of Theoreshold and

Zn(t) = Z(t), Zn(t) = Z(@1), Yo (t) = Y (1), Yo (t) = Y (1) On J if n — oo.
Moreover we have the error estimates

| Z,(t) = Z(0)] < Un (), V() — Y (1)
| Za(t) = Z(1)| < Ty (1), |V, (1) = Y (2)
forreJ,n=0,1,....

| < War)
| <Wa0)
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