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Abstract

This paper concerns differential equations with boundary conditions. Given are sufficient conditions under which such problems
with deviated arguments have a unique solution in a corresponding sector. To obtain existence results we apply a monotone iterative
method.
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1. Introduction

In this paper, we deal with the following problem

x'(t) = f(t,x(B(t, x(1)) = F(x,x)(t), teJ, )
x(0) = Ax(T) + k,
where
F(x, y)(t) = f(t, x(B(t, y()))) 2
andJ =[0,T], feC(JU xR, R),BeC(J xR,R),A, keR.
If A = 1 and £k = 0, then we have the periodic boundary condition, if . = —1 and k = 0, then we have the

antiperiodic boundary condition, and if A = 0, we have an initial condition as special cases of the boundary condition
in (1).

To obtain existence results for differential problems someone may use the monotone iterative method, for details
see for example [1]. There is a vast literature devoted to the applications of this method to differential equations with
initial and boundary conditions. It can be applied to differential problems with deviated arguments, see for example
the papers [2-8]. We also apply this technique to problem (1). It is important to indicate that (1) is different from
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corresponding problems investigated in the papers published earlier. Note that in problem (1) a deviated argument 8
depends on the unknown solution x. It is the first paper when the monotone iterative method is applied to problems of

type (1).

The plan of this paper is as follows. Section 2 concerns the case when a parameter A > 0, while in Section 3 we
discuss problem (1) when A < 0. In both sections, we formulate sufficient conditions when problem (1) has a unique
solution in a corresponding sector. In Section 2, an example is added to illustrate imposed assumptions. A problem
more general then (1) is discussed in Section 4.

2. Cased >0

Take yo, zo € C'(J, R) such that yo(r) < zo(r),t € J. Let
=A@, u) : yot) =u < zo(t), 1 € J}.
A pair u, v € C'(J, R) is called a lower—upper solution of problem (1) for A > 0 if

W' () < Flv,v)(t), tel, u(0) < au(T) +k,
V()= Fu,u)(), tel, v(0) > xv(T) + k.

Let us define two sequences {y,, z,} by relations:

{y;+1(r) = Fnz)(), 1€, yug1(0) = Ayn(T) +k, 3)

21 () = F(yn, yu) (@), €, 2n+1(0) = Az, (T) + k

forn =0, 1, .... Functions yg, zg will be defined later.
Apair X,Y € C'(J,R) is called a quasi-solution of (1) if

X'()=FY,Y)®), teld,  X©O)=rX(T)+k,
Y()=FX,X)®), ted,  Y©0)=rY(T)+k.

A pair p,y € C'(J,R) is called the minimal and maximal quasi-solution of problem (1) if for any U,V €
C!(J, R) quasi-solution of (1) we have p(t) < U(t), V(t) < y(t) on J.
Theorem 1. Assume that

Hp)) feClU xR, R),BeCJ xR,R), and f is nonincreasing with respect to the last variable,

(Hy) a pair yo, zp € CY(J,R)isa lower—upper solution of problem (1) for A > 0, and yo(t) < zo(t) on J.
(H3) B: 2 — J, B(t,u) is nondecreasing with respect to u for yo(t) < u < zo(t),t € J,

(H4) y0, zo are nondecreasing on J and f(t,u) > Ofort € J,yo <u < z9.

Then problem (1) has the minimal and maximal quasi-solution in the sector
[0, z0ls = {u € C'(J,R) : yo(t) < u(®) < z0(0). 1 € J}.

Proof. Note that yo(t) < y1(¢),z1(t) < zo(t) on J. Put p = y; — z;. Then p(0) < 0, and p/(¢t) = F(z0, z0)(t) —
F(yo0, y0)(t) < 0 because

Yo(B(t, yo(1))) < yo(B(t, z0(1))) < zo(B(Z, z0(1))).
It shows that

yo@®) <= y1(®) < z1(0) <zo(t), teJ.
Moreover, in view of assumptions (H3z), (H4), we have

yi(t) = F(z0,20)(t) — F(z1, 21)(t) + F(z1, 21)(t) < F(z1, 21)(2),
21 (1) = F(yo, y0)(t) — F(y1, yD(®) + F(y1, y) () = F(y1, y)(#)

because yg, zo are nondecreasing and

20(B(t, z0(1))) = z1(B(t, 21(2))), Yo(B(1, yo(1))) = y1(B(r, y1(2))).
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By induction, we can show that

yo@) < yi(®) < S y(t) S zp() < -+ <21 (1) < 20(1)

forte Jandn =0,1,....

By the Arzeli theorem, y, — y, z, — z, where the pair y,z € C 1 (J, R) is a quasi-solution of problem (1) and
yo(t) < y() < z(t) < zo(t),t € J.Now, we need to show that the pair y, z is the minimal and maximal quasi-solution
of (1) in the sector [y zol«. Let u, v € [yo, zol« be any quasi-solution of problem (1). Put p = y; —u,q = v — z1.
Then p(0) <0, ¢(0) <0, and

p'(t) = F(20,20)(t) — F(u,u)(t) <0,
q'(t) = F(v,v)(t) — F(y0, y0)(t) <0

because

z0(B(t, z0(1))) = zo(B(t, u(1))) = u(B(z, u(1))).
Yo(B(1, yo(1))) < yo(B(t, v(1))) < v(B(z, v(1))),

Hence y1(¢) < u(t), v(t) < z1(t),t € J. By induction, we can prove that y,(¢) < u(t) and v(¢) < z,(t),t € J,n =
0,1,....If n - oo, then we have the assertion of Theorem 1. W

It is easy to show the following.

Remark 1. Let all assumptions of Theorem 1 hold. If u is any solution of (1) such that yo(¢) < u(t) < zo(t),t € J,
then

@) Su@) <z,(t), teJ, n=0,1,...
and y(t) < u(t) < z(t),t € J, where y, z are from Theorem 1.

Now, we want to formulate sufficient conditions under which problem (1) has a unique solution. First we give the
following.

Lemma 1. Assume that 8 € C(2,J),K,L € C(J,Ry), Ry =[0,00), p € Cl(J, R) and

p'@) < K@)p(®) + LO)pBt, w®), 1€, p0) =ap(T), A€[0,1) 4)
Sfor yo(t) < w(t) < zo(t), t € J. In addition assume that for L*(t) = K (t) + L(t) we have

T
,\+f L¥(t)dr < 1. &)
0
Then p(t) <0,t € J.

Proof. Suppose that the assertion p(t) < 0, ¢ € J is not true. Then, we can find #y € J such that p(#g) > 0. Put

p(t;) = max p(t) > 0.

teJ
Integrating the differential inequality in (4) we obtain
T
p0) = p©) +pn) [ L', e, ©)
0
Then
T
pO) =Ap(T) =2 [P(O) + P(tl)f L*(S)dS} .
0

This gives

A T
0) < ——p L*(s)ds.
p<>_1_kp<1>/0 (5)ds
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This and (6) for t = #; yield

T
p(t1) [1 1% ! k/ L*(s)ds] <0.
- 0

It contradicts the assumption that p(¢;) > 0. This shows that p(#) < 0 on J and the proof is complete. N

Theorem 2. Let all assumptions of Theorem 1 hold. In addition assume that
(Hs) there exists functions L, M € C(J, Ry), such that

f,u)— ft,u) < L@)(u —u),

B, v) — B(t,v) < M(t)(v —v)

if yo(t) <u <u < zo(2), yo(t) <v <v <zo(t), 1 € J,
(Hg) condition (5) holds for L*(t) = L(t)M(t)N (t) + L(t), where f(t, w) is bounded by N (t) fort € J, yp < w <
Z0-

Then problem (1) has, in the sector [yg, z0l«, a unique solution.

Proof. From Theorem 1 we know that y, z € [yo, zol«, and y(#) < z(#),t € J. We need to show that y = z. Put
q=2z—1Yy,50 p(0) =Ap(T) and
P'(t) = F(y, »)(1) = F(z,2)(t) < L(O[2(B(t, 2(1)) — y(B(t, y(1))]
LOIpB(, 2(1))) + y(B(t, 2(1))) — y(B(, y(1)))]
K@)p@) +L@)pB(,2(1)) for K(t) = L)M@)N(1).

This and Lemma 1 show that z(¢) < y(¢),t € J.Itmeansthaty =z. W

IA

Example. We consider the following boundary value problem

x/(t) — yle—)fzx(atx(t))’ teJ=10,1], o
x(0) = x()+k, X1=>0,
where 0 < § < %,0 <y1 <1,y > 0. Here 8(¢, u) = tu.

Take yo(t) = 0,z0(t) = t+1,t € Jand 0 < k < 20+ k < 1. We see that 0 < B(t,u) < t for
yo(t) <u < zo(t),t € J. Note that

F(z0,20)(t) = y1e 20T S 0 = yi(r),  Ayo(1) +k =k > 0 = yo(0),
F(y0, y0)(t) = y1 < 1 =z4(0), rzo(1) +k =21 +k <1 =2z0(0)

It proves that the pair (yo, zo) is a lower—upper solution of problem (7).
Moreover, L(t) = y1y2, M(t) = §t, N(t) = y1. In addition assume that

1
A+ (1—1-5)/18) < 1. ()

Then problem (7) has, in the sector [yo, zol«, @ unique solution, by Theorem 2. For example, if we take y; = § =
1.2 = 1, the condition (8) holds for A < £&.

Now we consider the case when function 8 is nonincreasing with respect to the second variable. We have
Theorem 3. Assume that assumptions (Hy), (H)), (H}), (H}), (H), (Hg) are satisfied where
(H)) A= 0,u0, wo € C'(J,R), up(t) < wo(t),t € J and

uy(r) < F(wo, uo)(t), t€J, up(0) < Auo(T) + k,
wo (1) = F(uo, wo)(t), t€J, wo(0) > Awo(T) + k,

(H’3) ,b_’ 0 = J, B(t, u) is nonincreasing with respect to u for t € J,up < u < wg,t € J, where
2 ={u):upt) <u=<wo),t e}


http://mostwiedzy.pl

A\ MOST

T. Jankowski / Computers and Mathematics with Applications 54 (2007) 357-363 361
(HQ) ug, wo are nondecreasing on J and f(t,u) > 0fort € J,ug <u < wy,
(H’S) there exist functions L, M € C(J, Ry), such that
f@u)— f@u) < L@@ —u),
B, v) — B(t,v) < M(1)(v —v)
ifuo(t) <u <u <wo(t), up(t) <v=<=v <wo(),r€J.
Then, problem (1) has, in the sector [uo, wolx, a unique solution.

Proof. Let us define the sequences {u,, w,} be relations

U1 (1) = F(wn, un) (1), 1€, un+1(0) = Aun(T) + k,
Wyt (1) = Fun, wa) (1), 1€, Wy 41(0) = Aw, (T) +k

for n = 0,1,.... The proof of this theorem is similar to the proof of Theorems 1 and 2, and therefore it is
omitted. W
3. Cased <0

A pair u, v € C'(J, R) is called a lower—upper solution of problem (1) for A < 0 if
{u’(t) < F@,v)@), telJ, u(0) < 2v(T) +k,
V() > Fu,u)@), telJ, v(0) > Au(T) + k.
Theorem 4. Let all assumptions of Theorems 1 and 2 be satisfied with (H}) instead of (Hy), where
(H/z/) a pair yg, 20 € Cl(J,R)isa lower—upper solution of problem (1) for A < 0, and yo(t) < zo(t) on J.
Then the assertion of Theorem 2 holds.
Proof. Forn =0, 1, ..., let us define the sequences {y,, z,} by relations

{y;+1(t) =F@nz)®), t€J,  yus1(0) = aza(T) + k,
2o ) = Fn,y)®), t€J,  2y11(0) = Ay (T) + k.

Repeating the proof of Theorems 1 and 2, we have the assertion of Theorem4. W
Theorem 5. Let all assumptions of Theorem 3 be satisfied with (H"'3) instead of (H),
(Hy) A <0,up, wo € C1(J,R), uo(t) < wo(t),t € J, and

uo(t) < F(wo, uo)(t), t€J, ug(0) < Awo(T) + k,
wo(t) = F(ug, wo)(t), t€J, wo(0) > Aug(T) + k.

Then the assertion of Theorem 3 hold.
In the proof use the sequences {u,,, w,} defined by relations.

u;,_H(I) = F(wp, up)(t), te€J, up+1(0) = 2w, (T) + k,
Wy 1 (1) = Fup, w) (1), t€J, Wn+1(0) = Aun (T) + k

forn=0,1,....
4. General case

Now we consider the problem

x'(@) = f@t, x(B(t, x@))), x(y (1, x(1))) = F(x,x,x,x)(), €, ©)
x(0) = Ax(T) + k,
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where

Flx,y,u, w)(t) = f&, x(B(t, y(©))), uly (t, w(?)))) (10)
and J =[0,T], f e CUxRxR,R),B,yeC{J xR,R), A, keR.
Theorem 6. Assume that
(A])) feCUXxRxR,R),B,yeC xR,R), and f is nonincreasing with respect to the last two variables,
(A2) A >0, and yy, z0 € Ccl'(J,R) satisfy the system

{Y6(t) < F(z0, z0, 20, YO) (1), t € J, y0(0) < Ayo(T) + &,
20(1) = F(y0, y0. 0, 20)(t), 1€ J, 20(0) = Azo(T) + k

and yo(t) < zo(t),t € J,

(A3) B,y : 2 — J,B(t,u) is nondecreasing, and y (t, u) is nonincreasing, with respect to u for yo(t) < u <
z0(t), 1 € J,

(A1) Yo, zo are nondecreasing on J, f(t,u,v) >0fort € J,yo <u <z9,y0 <v <270, € J.
(As) There exist functions L1, Lo, M1, My € C(J, Ry), such that

f@,u,v)y— f@t, u,v) <Li@)@—u)+ L) (v —v),
Bt, v) — B(t,v) < M1 (t)(v — v)
yt,w) =y, w) < Ma(t)(w — w)

if yo(t) <u < i <zo(t), yot) v <0 <z0(t), yo(t) Sw < w < zo(t), ¢ € J.
(Ag) Condition (5) holds for L*(t) = N(@)[L1(t)M1(t)+ Lo(t)My(t)]+ L1(t)+ Lo(2), where f(t, u.w) is bounded
by N(@)forte J,yo <u<z9,y0<v =<2

Then problem (Hy) has, in the sector [yo, zol«, a unique solution.
In the proof, use the sequences {y,, z,} defined by:

y,/,+1(f) = F(2n, 20, 20, Y)(@), tE€J, Yn+1(0) = Ay, (T) + k,
Z;,_H(t) =FOu Yns Yn> ) (@), teJ, Zn41(0) = Az, (T) + k

forn=0,1,....
Theorem 7. Let all assumptions of Theorem 6 be satisfied with assumption (Al) instead of (Az), where

(A}) A <0, and yo,zo € CY(J, R) satisfy the system

yo(t) < F(z0, 20,20, YO) (1), t € J, Y0(0) < Azo(T) +k,
20(1) = F(y0, y0. 0, 20)(t), 1€ J, 20(0) > Ayo(T) +k

and yo(t) < zo(t),t € J.
Then the assertion of Theorem 6 holds.

Now, the sequences {y,, z,} are defined by:

Y;/H.](t) = F(2n, 20, 20, Y)(@), tE€J, Yn+1(0) = Az, (T) + k,
Z;,_H(t) =FQOn» Yns Yn> ) (@), te€J, Zn+1(0) = Ay (T) + k

forn=0,1,....

Remark 2. There is no problem to formulate corresponding existence results for problems having more arguments of
type B and y.
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