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ABSTRACT The main contribution of this paper is a numerical ship motion model of NTNU’s research
vessel Gunnerus, capturing the surge, sway, roll, and yaw dynamics when sailing in uniform and steady
currents. The model utilizes a crossflow drag formulation for the transverse viscous loads, and it includes
a nonlinear formulation for the propulsion and steering loads provided by two azipod thrusters. A wide
range of experimental data obtained from sea trials are used for model calibration and validation. The
model is intended for development of Decision Support Systems (DSS) that provide the helmsman with
recommendations for safe maneuvers. As a demonstration, the model is used to generate input to a previously
proposed DSS solution, which uses offline simulations to create a database of the critical navigation area
for different encounter scenarios. Additionally, we propose a DSS solution that uses online simulations to
predict the future ship trajectory under guidance of a virtual autopilot. The virtual autopilot is designed using
a novel hybrid control barrier function formulation to predict the need of evasive maneuvers for collision
avoidance.

INDEX TERMS Hydrodynamic modeling, maneuvering model, maritime autonomous surface ships,
decision support systems.

I. INTRODUCTION
A. BACKGROUND
The modern approach to design and operation of sociotech-
nical systems rely heavily on information technology and
digitalization. Notable ongoing developments in the ship-
ping industry is the rising level of autonomy of ships [1],
and the introduction of digital twin solutions [2]. As the
maritime transportation sector progresses towards Maritime
Autonomous Surface Ships (MASS), there are expected
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benefits related to cost, safety, and sustainability. Vital to
the development of MASS solutions is access to numeri-
cal simulation models that accurately predict ship motion
responses over a wide range of operating conditions. There-
fore, in this paper, we propose a 4 degree-of-freedom (4DOF)
motion model of an azipod-actuated ship, where the model is
valid at maneuvering speeds. Maneuvering models of ships
that also include a high-fidelity representation of azipod
thruster loads has so far not received much attention in lit-
erature. Models with podded propulsion units are presented
for a large ship in [3], and [4], and for a small unmanned
surface vessel (USV) in [5]. The latter model is used for
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the development of a collision avoidance algorithm for
USVs in [6].

As the use of azipod thrusters become more widespread,
the demand for relevant studies is expected to increase. Since
the first fully-operational MASS are likely to be limited
in dimensions, our study focuses on a small but modern
research vessel. Besides the development and validation of
the numerical model, two applications of the motion model
rooted in collision avoidance of aMASS are presented, with a
view towards potential future application in onboardDecision
Support Systems (DSS).

The work presented herein is part of the ENDURE research
project on detection, prediction, and solutions for safe opera-
tions of maritime autonomous surface ships. A natural step
towards increased ship autonomy is the use of intelligent
onboard DSS serving the officer on watch. For this reason,
a main focus of the ENDURE project is the development of
DSS solutions that utilize online or offline numerical sim-
ulations of the ship motion to provide the officer on watch
with safety-critical information. The Norwegian research
vessel R/V Gunnerus (RVG) [8], [9] is used as a case study
in ENDURE, along with the Polish research vessel Hory-
zont II [10]. RVG, depicted in Figure 1, is owned and operated
by the Norwegian University of Science and Technology
(NTNU) in Trondheim, Norway. She is equipped with two
500kW azipod thrusters at the stern, providing propulsion
and turning capabilities during sailing. Originally, RVG had a
length overall of 31.25 meters, but in 2019 she was elongated
by adding a five meter section midship. The main parameters
of RVG post-elongation are provided in Table 1; see also [11].
A three degree-of-freedom maneuvering model of RVG prior
to elongation is provided in [12], and [13].

FIGURE 1. Illustration of RVG, courtesy of [7].

B. REVIEW OF MANEUVERING THEORY
Traditional maneuvering models capture the horizontal plane
motions, and possibly also the roll motions, associated
with turning maneuvers of ships. Maneuvering models may
include the influence of uniform and steady currents, wind
loads, and wave-drift loads, but do typically not include first-
order wave-induced motions. We refer to [14], [15], and [16]
for introductory reading on maneuvering theory.

TABLE 1. Main parameters of RVG.

For ships moving at low or moderate Froude numbers,
the fluid inertial loads associated with low-frequent motion
are sufficiently represented by constant added mass matrices.
The viscous loads, on the other hand, are considerably more
challenging to model. This is particularly true for the trans-
verse viscous loads, which are important for the ship response
during hard turns [17].

Before continuing, let ur and vr be the fluid-relative veloc-
ities in surge and sway, respectively. For slender ships mov-
ing at small relative inflow angles, i.e., |ur | ≫ |vr |, the
hull may be modeled as a low-aspect-ratio lifting surface
[15, Section 10.3.1]. This provides a good physical represen-
tation of the viscous loads encountered during steady sailing
in low current velocities, but cannot be expected to be a good
representation of the viscous loads during hard turns.

At large inflow angles, i.e., |vr | > |ur |, the crossflow drag
principle is a suitable choice for the viscous loads in sway
and yaw [15, Section 10.6.1]. In the crossflow drag method,
the hull is divided into several sections, and the transverse
drag load at each section is calculated from the local relative
fluid velocity. An advantage of the crossflow approach is that
coupling between sway and yaw motion is readily accounted
for.

The underlying assumption of the crossflow principle is not
valid under normal sailing conditions. An extension of the
crossflow drag model to larger forward speeds, referred to as
2D+t theory, is presented in [15, Section 10.6.2]. In the 2D+t
theory, the development of flow along the hull is accounted
for by replacing the steady-state drag coefficients of the
crossflow drag model with time-dependent drag coefficients.
The authors of [17] compare crossflow drag and 2D+t for-
mulations towards experimental data. While the 2D+t model
provided the best overall fit towards the experiments, the
crossflow drag model with modified drag coefficients yielded
acceptable performance both at the initial stages of a turn, and
during steady state turning.

C. CONTRIBUTIONS
The main contribution of this paper is a numerical ship
motion model of RVG, consisting of two submodels;
a 4DOFmanueuveringmodel and a nonlinear actuator model.
An illustration of the model architecture is provided in
Figure 2. The maneuvering model is a physics-based model
capturing the horizontal plane motion (surge, sway, and yaw),
together with the roll motion induced by turning maneuvers.
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FIGURE 2. Architecture of the proposed ship motion model.

A crossflow drag formulation is used for the transverse vis-
cous loads, whereas surge resistance is modeled using a
quadratic drag formulation. The roll moments associated with
turning are calculated based on the transverse loads, using
the moment arm about the longitudinal axis for each of the
respective load components. A similar approach for capturing
roll motion was used in [18].

The actuator loads provided by the two azipod thrusters are
calculated based on the propeller revolutions, azimuth angle,
and relative fluid flow. Additionally, a first order model of
the actuator dynamics is included, using the desired propeller
revolutions and azimuth angles as inputs. The actuator model
parameters are calibrated towards a functional mockup unit
(FMU) model provided by the thruster supplier Kongsberg
Maritime [11].

To calibrate the model, a set of sea trials were performed
in the Trondheim fjord, consisting of turning circle tests
and zig-zag tests performed at multiple forward speeds and
azimuth angle executions. A simulation study reveals that the
proposed model, including the actuator model, predicts the
ship motion with reasonable accuracy over a wide range of
operating conditions.

To illustrate potential uses of the numerical ship motion
model, we study two conceptual solutions for DSS. The
first solution, termed Critical Collision Avoidance Dynamic
Critical Area, or CADCA for short, was originally proposed
in [19], and [20]. The CADCA concept uses offline simu-
lations to create a database of the critical navigation area
for different encounter situations. The second solution is an
online method, and uses a virtual autopilot with collision
avoidance capabilities to predict and propose a safe ship
trajectory. A novel hybrid control barrier function (CBF)
formulation is used as basis for the virtual autopilot, building
upon some of the authors previous work [21], [22], [23].

D. OVERVIEW OF PAPER
The main content of the paper is structured into model
description, validation, and application as follows:

• Model description: The 4DOFmaneuvering model and
the actuator model are presented in sections II and III,
respectively. Section III also presents the calibration of

the actuator model towards the numerical model pro-
vided by the thruster supplier.

• Model validation: In Section IV, the shipmotionmodel
is calibrated and validated towards experimental results.

• Model application: Two examples of model appli-
cations are provided: The CADCA DSS solution is
reviewed in Section V, whereas a CBF-based DSS con-
cept is presented in Section VI.

A summary and discussion of the main results is provided
in Section VII, whereas concluding remarks are provided in
Section VIII.

II. 4DOF MANEUVERING MODEL
This section presents the 4DOF maneuvering model. The
model is based on nonlinear maneuvering theory for the
horizontal plane motion, whereas a small-angle assumption
is employed for roll. The fluid loads associated with steady
(time-invariant) and uniform (in space) currents are included.
We select a pragmatic model structure of low complexity with
basis in physical principles.

TABLE 2. Maneuvering model parameters.

A. MODEL PARAMETERS
For convenience, all model parameters are provided in
Table 2. Reasonable model parameters are selected based on
engineering judgement, and then further refined by calibra-
tion towards experimental data. The model mass corresponds
to a moderate ship loading condition. Strictly speaking, the
model draft of 2.7m does not correspond to themodel loading
condition of 530 t. This is of no significance, since the model
length, breadth, and draft are merely used to calculate ref-
erence areas for the viscous loads, with the drag coefficients
scaled towards the selected reference areas rather than the true
projected areas. Further justification of the model parameters
are provided as they are introduced.
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B. NOTATION AND PRELIMINARIES
We consider a body-fixed right-handed coordinate system
with x-axis pointing forward, z-axis pointing down, and refer-
ence origin at the center of gravity. An illustration of the iner-
tial and body-fixed reference frames are provided in Figure 3.
Consistent with hydrodynamic literature, see e.g. [14], we use
index 1 for surge (longitudinal motion), 2 for sway (lateral
motion), 4 for roll (rotation about longitudinal axis), and 6 for
yaw (rotation about vertical axis).

FIGURE 3. Inertial and body-fixed reference frames of the 4DOF
manuevering model. Modified from [24].

In×n and 0n×n are the n×n identity matrix and zero matrix,
respectively. We use the compact notation diag(x1, . . . , xn)
to denote a diagonal n × n matrix with x1, . . . , xn along
the diagonal. Lastly, atan2(y, x) is the standard four-quadrant
arctangent operation.

C. KINEMATICS
Let η = [X Y φ ψ]T be the ship pose in the earth-fixed
inertial reference frame, where (X ,Y ) is the horizontal plane
position, φ is the roll angle, and ψ is the yaw angle (also
referred to as ship heading). Let ν := [u v p r]T be the
body-fixed velocities, where u is the surge velocity, v is the
sway velocity, p is the roll velocity, and r is the roll velocity.
Define the planar rotation matrix R(ψ) and 4DOF kinematic
transformation matrix T (ψ) as

R(ψ) : =

[
cos(ψ) − sin(ψ)
sin(ψ) cos(ψ)

]
, (1)

T (ψ) : =

[
R(ψ) 02×2
02×2 I2×2

]
, (2)

respectively. Assuming φ ≈ 0, the kinematic equation relat-
ing ship pose with body-fixed velocities is given by

η̇ = T (ψ)ν. (3)

D. CURRENT KINEMATICS
A uniform and steady current is described by the flow
speed Uc, and the earth-fixed flow direction βc. The inertial
frame current velocity is then given by

νnc := Uc
[
cos(βc) sin(βc) 0 0

]T
, (4)

whereas the body-fixed current velocity becomes

νc := T (ψ)T νnc . (5)

Using ν̇nc = 0, the time-derivative of νc is obtained as

ν̇c :=
d T (ψ)T

dt
νnc = r

[
(SR(ψ))T 02×2
02×2 I2×2

]
νnc , (6)

where S is the 90-degree rotation matrix given by

S :=

[
0 −1
1 0

]
. (7)

E. EQUATION OF MOTION
Let

νr := ν − νc (8)

denote the fluid relative velocity in body-fixed coordinates.
The equation of motion of the ship is stated as

Mrbν̇ +Maν̇r + crb(ν) + ca(νr ) + d(νr ) + Kη = τ, (9)

where Mrb and Ma are the rigid body and added mass matri-
ces, respectively, crb(ν) and ca(νr ) are the rigid body and
added mass Coriolis and centripetal loads, respectively, d(νr )
is the hydrodynamic damping loads, K is a linear stiffness
matrix, and τ collects the actuator loads. Eq. (9) can be solved
using either ν or νr as the state. Choosing ν we obtain

ν̇ = (Mrb +Ma)−1 (10)

× (τ − crb(ν) − ca(νr ) − d(νr ) − Kη +Maν̇c),

where ν̇c is given by (6).

F. RESTORING LOADS
Restoring loads act in roll only. In general, for a ship at
forward speed, the restoring loads include hydrostatic and
hydrodynamic effects, gravity effects, and free surface effects
of fluid tanks. We neglect hydrodynamic effects, and assume
linear stiffness, i.e.,

K := diag(0, 0, k44, 0), k44 = mg(GM − GMfsc), (11)

where g = 9.81 m/s2 is the acceleration of gravity, GM is
the transverse metacentric height representative of the model
loading condition, and GMfsc is a correction term accounting
for free surface effects. RVG is equippedwith an anti-roll tank
responsible for the main contribution to GMfsc.
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G. RIGID BODY INERTIA LOADS
For a ship with port-starboard symmetry, and reference origin
at COG, the rigid body mass matrix becomes

Mrb := diag(1, 1, r244, r
2
66)m. (12)

Here, m is the ship mass, whereas r44 and r66 are the inertia
radii in roll and yaw, respectively. In lieu of accurate data,
reasonable values for r44 and r66 are estimated from the
overall ship dimensions. Neglecting Coriolis loads due to roll
motion, the rigid body Coriolis loads are taken as

crb(ν) :=
[
−mvr mur 0 0

]T
. (13)

H. FLUID INERTIA LOADS
In reality, the fluid inertia loads depend on the past motion
of the ship, known as fluid-memory effects. Consistent with
maneuvering theory, we represent the fluid inertia loads
using constant added mass. As an initial estimate, frequency-
and velocity-dependent added mass values were obtained
using strip theory software. For maneuvering purposes, the
added mass of the horizontal DOFs is often selected as the
low-frequency asymptotic value at the service speed, whereas
for roll motion and associated coupling terms the added mass
corresponding to the roll natural period is likely to best cap-
ture the transient response during a turn. However, selecting
the added mass according to the aforementioned rules failed
to predict the ship motions recorded during sea trials. For this
reason, the added mass values are instead estimated from the
hull geometry using engineering judgement. The added mass
matrix is assumed symmetric and on the form

Ma :=


a11 0 0 0
0 a22 a24 a26
0 a24 a44 0
0 a26 0 a66

 . (14)

The surge and sway added mass are taken as a11 := Ca,11m
and a22 := Ca,22m, respectively, where Ca,11 and Ca,22
are nondimensional added mass coefficients. The center of
pressure of the fluid inertia forces are assumed acting at a
reference point (xa, 0, za) in the body-fixed coordinate sys-
tem, with za taken as the vertical center of buoyancy, and
xa located aft of midship, where the latter is justified by the
twin skeg hull form of RVG. We further assume that the radii
of inertia of the added mass about the added mass reference
point corresponds to the rigid body inertia about COG. Under
the aforementioned assumptions, the remaining added mass
parameters are given by

a44 := a22(r244 + z2a), a66 := a22(r266 + x2a ),

a24 := −a22za, a26 := a22xa. (15)

The fluid Coriolis and centripetal loads are taken as

ca(νr ) :=


−a22vrr − a26r2

a11urr
−a11zaurr

(a22 − a11)urvr + a26r2

 , (16)

where the contributions from roll motion are omitted,
as before. Note that the roll term −a11zaurr corresponds
to the fluid Coriolis force in sway multiplied by a moment
arm za. For 6DOFmaneuvering models, the Coriolis moment
in roll includes a term −a15urr , where a15 is the surge-pitch
added mass. Since a15 ≈ a11za, the two terms are consistent.
We recognize the yaw moment term (a22 − a11)urvr as the
Munk moment. Since a22 ≫ a11 for traditional ship geome-
tries, the Munk moment is destabilizing, and important for
the maneuvering capabilities of the ship.

I. HYDRODYNAMIC DAMPING LOADS
The hydrodynamic damping loads are modelled as

d(νr ) := Dlνr + dnl(νr ), (17)

where Dl is a linear damping matrix, and

dnl(νr ) :=
[
dnl,1(νr ) dnl,2(νr ) dnl,4(νr ) dnl,6(νr )

]T (18)

represents the nonlinear loads.

1) SURGE RESISTANCE
The surge resistance is modelled by a quadratic drag
formulation,

dnl,1(νr ) = 0.5ρCx(νr )Ax |ur |ur , (19)

where Ax := BmTm is the reference area, ρ := 1.025 t/m3 is
the fluid density, and Cx(νr ) is the flow-dependent drag coef-
ficient. To better match the speed loss observed during turns
in sea trials, Cx(νr ) is selected as

Cx(νr ) := Cx,0 + Cx,1|atan2(vr , ur )|, (20)

where Cx,0 is the base drag, and Cx,1 > 0 gives an increase in
the drag load proportional to the absolute value of the relative
drift angle atan2(vr , ur ).

2) CROSSFLOW DRAG MODEL
The viscous loads in sway and yaw, as well as the sway-
induced roll moment, is calculated using a crossflow drag
model. Let Cy be the transverse drag coefficient, assumed
constant along the hull and normalized by the design draft
Tm, and let

vl(x, νr ) = vr + xr − zvp (21)

be the local transverse fluid relative velocity. Here, zv is the
vertical reference coordinate for the viscous fluid loads. The
drag loads in sway and yaw are obtained by integrating along
the hull,

dnl,2(νr ) :=

∫ xb

xs
0.5ρCyTm|vl(x, νr )|vl(x, νr )dx, (22)

dnl,6(νr ) :=

∫ xb

xs
0.5ρCyTm|vl(x, νr )|vl(x, νr )xdx, (23)
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where xs and xb are the longitudinal coordinates of the stern
and bow, respectively. Assuming dnl,2(νr ) acts at the refer-
ence elevation zv, we obtain the roll moment about the origin
as

dnl,4(νr ) := −dnl,2(νr )zv. (24)

This captures the sway-induced viscous roll moment during
turning. Additionally, since the roll-induced sway velocity is
included in the calculation of vl(x, νr ), it includes a dissipa-
tive moment in roll. This is perhaps unphysical, since the flow
may not have time to develop for oscillatory roll motions.
However, the overall roll damping level is calibrated using the
linear damping. The cross flow drag model is implemented
with xb := −Lpp/2, xs := Lpp/2, and numerically integrating
over 15 sections of equal length. To replicate the roll response
of the sea trials, zv is taken as the elevation of the keel.

3) LINEAR DAMPING
An outcome of the model calibration is additional linear
damping in sway and roll, i.e.,

Dl :=


0 0 0 0
0 d22 d24 0
0 d42 d44 0
0 0 0 0

 . (25)

The roll-sway coupling terms are taken as d42 := d24 :=

−zvd22, which assumes that the sway linear damping force
acts at the same elevation as the viscous forces. A physi-
cal explanation for the additional sway damping needed to
match the sea trials is yet to be identified. The linear roll
damping is related to a critical damping ratio ζ44 (assum-
ing uncoupled roll motion) by specifying d44 as d44 :=

2ζ44
√
k44(mr244 + a44). The main source of the linear roll

damping is assumed to be the bilge keels and the anti-roll
tank.

III. ACTUATOR MODEL
Kongsberg Maritime has provided an FMU model of the
azimuth thrusters, available at the Open Simulation Plat-
form [25]. Due to a desire for a standalone numerical model
that does not rely on external software, a simplified actuator
model is calibrated towards the FMU results. The simplified
actuator model assumes that the propulsion and steering loads
can be represented by a naive calculation of the thrust force
that depends only on propeller revolutions, in combination
with drag and lift loads acting on a virtual foil. The virtual
drag and lift loads account for the change in thrust force
magnitude and direction due to fluid inflow, in addition to
the true drag and lift loads on the propeller body.

A. MODEL STRUCTURE
In the following, we consider a single azipod thruster located
at (xt , yt , zt ) in body-fixed coordinates, with the transverse
position yt = ±2.7 depending on the thruster. The actuator

FIGURE 4. Illustration of actuator force model.

loads are calculated using the azimuth angle α, propeller rev-
olutions ω, and the relative fluid flow νr as inputs. For nota-
tional simplicity, most functions below are provided without
their arguments. An illustration of the actuator load model is
provided in Figure 4. The thrust force Ft is assumed quadratic
in propeller revolutions ω, i.e.,

Ft := Ctω2, (26)

where Ct is the thrust force coefficient. Disregarding the
influence of roll, the fluid relative surge and sway velocities
at the thruster location are given by

ut := ur − ytr, vt := vr + xtr, (27)

respectively. The flow orientation β in the body-fixed refer-
ence frame, and total fluid flow velocity V becomes

β := atan2(vt , ut ), V :=

√
u2t + v2t , (28)

respectively. The fluid angle of attack φ, relative to the
thruster orientation α, is then obtained as

φ := α − β. (29)

We calculate the (virtual) drag Fd and lift Fl as

Fd = 0.5ρApCd (φ)V 2, Fl = 0.5ρApCl(φ)V 2, (30)

where Ap is a reference area. The lift coefficient Cl(φ) and
drag coefficient Cd (φ) are taken as

Cl(φ) : = 0.5 Cl,1 sin(2φ), Cd (φ) := Cd,0 + Cd,1|φ|.

(31)

respectively. Here, Cd,0 is the base drag coefficient, whereas
Cd,1 and Cl,1 account for the variations in the drag and lift
coefficients as a function of φ. Note that, for small φ, the lift
coefficient Cl(φ) is linear in φ with slope Cl,1.

By definition, Fd and Fl act inline with and perpendicular
to the relative fluid velocity, respectively, whereas the thrust
force Ft is assumed acting in the propeller direction. Decom-
posing Ft , Fd , and Fl into the body-fixed reference frame,
we obtain the actuator loads as

τ : =
[
τ1 τ2 τ4 τ6

]T
,

τ1 : = Ft cos(α) − Fd cos(β) − Fl sin(β),

τ2 : = Ft sin(α) − Fd sin(β) + Fl cos(β),

τ4 : = −ztτ2,

τ6 : = xtτ2 − ytτ1. (32)
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The total actuator loads are obtained by repeating the
calculation steps (26)-(32) for both thrusters, and summing
these up.

B. FIRST ORDER ACTUATOR DYNAMICS
The actuator dynamics are given by a rate-limited first order
model,

α̇ = − sat
(
α − αd

tα
, α̇max

)
, (33a)

ω̇ = − sat
(
ω − ωd

tω
, ω̇max

)
, (33b)

where subscript d denote the desired actuator state, tα and
tω are time constants, and α̇max and ω̇max are the rate
limits. The saturation function is defined as sat(s, a) :=

sign(s) min(|s|, a).

TABLE 3. Actuator model parameters.

C. ACTUATOR MODEL CALIBRATION
The thrusters are located near the stern, at a distance 2.7m
port and starboard of centerline. Actuator model param-
eters are provided in Table 3. The longitudinal and lat-
eral thruster coordinates are taken as the position of the
azimuth axis, whereas the vertical coordinate is tuned to
replicate the roll motion of the sea trial results. In lieu
of data, the time constants and rate limits are selected
using engineering judgement. The remaining parameters are
calibrated towards the FMU dataset, over a wide range
of flow conditions, azimuth angles, and propeller revolu-
tions. A sample comparison for selected data points is pro-
vided in Figure 5. Note, in particular, that the calibra-
tion data and the model presented herein predict the same
slope and zero-crossing of the sway force as a function
of azimuth angle. The largest discrepancy is observed in
the surge force for the maximum propeller revolutions of
ω = 220 RPM. Overall, the ‘‘thrust+virtual foil’’ model
structure qualitatively captures the variations in actuator loads
due to change in azimuth angle, propeller revolutions, and
fluid flow.

FIGURE 5. Actuator loads versus azimuth angle, for selected flow
condition ut = 5 m/s, vt = 1 m/s, and varying propeller revolutions. The
gradient of F1 is discontinuous for α = β = atan2(vt , ut ) ≈ 11.31 deg.

IV. MODEL CALIBRATION AND VALIDATION
A set of maneuvering tests were performed on a very calm
day, the 27th October 2022, in the Trondheim fjord, pro-
viding the sea trials dataset used for model calibration and
validation. An overview of the performed tests is obtained by
examining figures 7 and 6.

A. METHODOLOGY
The commanded propeller revolutions and azimuth angles
obtained from the sea trials dataset are applied as the desired
propeller revolutions and azimuth angles in numerical simu-
lations; see Figure 7. A subset of the sea trials, more specif-
ically the time period marked as 1500s to 3200s, is selected
as a focus period for the model calibration. During this time
period, RVG was operated with 170RPM, corresponding to
normal cruising speed, and moderate azimuth angles of ±

10 degrees. The remainder of the dataset is used mainly for
validation. A constant current of 0.15m/s towards East is
applied in the numerical simulations. This corresponds to
an estimate of the average current conditions encountered
during sea trials. To ensure alignment between real-life and
simulated ship headings, the model pose is reset at uneven
intervals.

B. RESULTS
A comparison of the sea trial trajectory and the numerically
simulated trajectory is shown in Figure 6. Significant dis-
crepancy in the trajectories is expected due to cumulative
(drift) errors during time integration, as well as unmodelled
environmental disturbances.

Time series of surge and sway velocities are provided in
Figure 8. Good correspondence is observed both for the speed
loss during turning, and the fluctuations in surge velocity due
to currents. For large propeller revolutions, ω > 200 RPM,
the numerical model overestimates the surge velocity. The sea
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M. Marley et al.: Four Degree-of-Freedom Hydrodynamic Maneuvering Model of a Small Azipod-Actuated Ship

FIGURE 6. Trajectories from sea trials and simulations, for the full dataset
duration (top), and for the focus period 1500s to 3000s (bottom). The
model pose is reset to the sea trials data at uneven intervals, resulting in
discontinuities in the simulated trajectories.

trial sway velocity has a mean offset that does not correlate
with ship heading, and thus is not easily explained by envi-
ronmental loads. Possible explanations are bias in the mea-
surements, or a small drift velocity caused by actuator bias.
The perturbations about the mean sway velocity compare rea-
sonably well, with a slight tendency of the numerical model
to overestimate turning-induced drift velocities. Comparison
of heading rates and roll angles is shown in Figure 9. For the
sea trials data there is a small mean offset in the roll angle.
Both the time scale of the dynamic transients, as well as the
signal amplitudes, show good correspondence.

As stated previously, model calibration is performed with
a focus on the time period from 1500 to 3200s. Yet, the
model predicts the ship motion with reasonably accuracy
over the full set of operating conditions considered during
sea trials. Justified by its basis in physical principles, the
4DOFmaneuvering model is expected to have a large validity
range, perhaps even extending beyond the sea trials dataset.
However, the actuator model cannot be expected valid beyond
the calibration data, limiting the overall validity range of the
ship motion model.

V. DSS USING THE CADCA CONCEPT
To illustrate the practical usability of the ship motion model,
a set of simulated trajectories are used to a create a CADCA
(Collision Avoidance Dynamic Critical Area) database. The
CADCA database provides the minimal required maneuver-
ing areas of the ship with respect to both static and dynamic
obstacles, taking the restrictions on allowable heel angles into
account. A detailed description of the concept, including its
research assumptions, calculation procedure, limitations, and
the vast set of simulation results for various ship models,
is given in [19], and [20].

A. THE CADCA CONCEPT
The CADCA concept indicates the last distance between
the active ownship (executing a single action) and a passive
target ship (maintaining its course and speed), at which the
evasive maneuver should be executed to avoid a collision.

This distance calledMDTC (MinimumDistance to Collision)
is calculated for a given set of operational and environmental
conditions, including azimuth angle (or rudder) execution,
initial forward speed, course alteration, and wave conditions
(still-water conditions are assumed for the results presented
herein). As the CADCA is calculated using simulated trajec-
tories on a 4DOF model, it allows for consideration of ship
motions and maneuverability during the collision-avoidance
process. Through this, it may take into account not only the
geometrical characteristic of close-quarter situations, but also
provides access to the ship stability indicators during the
process of planning evasive maneuvers [26]. Such a complex
approach may be beneficial in the context of MASS, where
leading safety or risk indicators will be used to predict various
aspects of ship operation [27], including ship stability and
encounter parameters [28]. If safety or risk indicators are
expected to be violated, an autonomous vessel may take an
action or warn human operators at a remote Shore Control
Center (SCC) [29].

B. EXEMPLARY RESULTS
Figure 10 depicts the CADCAs determined for exemplary
encounter scenarios, with ownship trajectories provided by
the model presented herein. The critical areas are presented
for RVG versus a stationary obstacle enlarged by a 500 m
safety zone that typically surrounds offshore installations,
and RVG versus Horyzont II as target ship. The target ship
domain is given by the decentralized elliptical domain with
dimensions as given in [30], which is inspired by Coldwell’s
ship domain [31].

The CADCAs presented in Figure 10 A are determined
for different settings of azimuth (rudder) angle when RVG
proceeds at 8.5 kts and executes a turn to the starboard side
by 60 degrees. In Figure 10 B, RVG at 12 kts encounters
the target underway (ship domain) having a forward speed
of 8.5 kts. In this simulation scenario, RVG turns to the
port side by deflecting the azipod by 10 degrees while the
course alterations for each evasive maneuver differ. The ship
encounters in which the single maximum MDTCs were cal-
culated for both aforementioned scenarios (for data series
marked in brown) are presented with ship trajectories, over-
laid CADCAs, and keymaneuvering parameters in Figure 11.

VI. DSS USING A VIRTUAL AUTOPILOT
We propose a DSS concept that uses online predictions of the
future ship trajectory under the guidance of a virtual autopilot.
The predicted ship trajectory serves as a proposed trajectory
for the officer on watch. By simulating on the high-fidelity
model, we ensure that the proposed trajectory is feasible.
The proposed DSS assumes, as a worst case scenario, that
each identified target ship will sail on constant course and
speed based on the most recent AIS information. As time
moves on, the updated AIS information is repeatedly applied
to recalculate the predicted trajectories, thus accounting for
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FIGURE 7. Sea trial azimuth angle and propeller revolutions (blue), and commanded azimuth angle and propeller
revolutions in the numerical simulations (orange.).

FIGURE 8. Surge velocities (top) and sway (bottom) from sea trials (blue) and simulation (orange).

changes in target ship maneuvers, such as give-way course
changes.

A. PRELIMINARIES
In this section, we use a more rigorous mathematical notation
than the previous sections of the paper, consistent with [22],
and [23]. N is the set of integers, R is the set of real numbers,
R≥0 is the set of nonnegative numbers, and Rn is the n-
dimensional Euclidean space. The Euclidean norm of a vector
x ∈ Rn is denoted |x|. For two column vectors x1 ∈ Rn1 , x2 ∈

Rn2 , we occasionally use the compact notation (x1, x2) :=

[xT1 xT2 ]
T

∈ Rn1+n2 . We denote by S1
:= {x ∈ R2

: xT x =

1} the unit circle. For a scalar function B : Rn
× Q → R we

use the Lie derivative notation,

Lf B(x, q) :=
∂B(x, q)
∂x

f (x), (34)

to denote the directional derivative of B, with respect to its
first argument, along a vector field f : Rn

→ Rn.

B. GUIDANCE CONTROL DESIGN
We design a guidance control algorithm that takes the ship
position, surge speed, and heading angle as inputs, and

outputs the desired heading rate. A hybrid CBF design is
used for collision avoidance, with target ships assumed to
maintain a constant velocity given by the latest AIS infor-
mation. The algorithm builds upon our previous work on
hybrid feedback control applied to obstacle avoidance for
underactuated ships [21], safe maneuvering control using
nonhybrid CBFs [23], and hybrid CBFs applied to obstacle
avoidance of nonholonomic vehicles [22]. We refer to [32]
for introduction to CBF theory.

The obstacle avoidance designs in [21], [22], and [23] con-
siders only static circular obstacles. While dynamic obstacles
are readily accommodated by CBF theory, on should note that
only the velocity components along the straight line between
the ownship and the target ship is taken into account. As such,
CBFs lack any predictive behavior or sophisticated problem-
solving ability. A CBF design for fully actuated ships that
complies with collision regulations at sea (COLREGs) is
proposed in [33], using a dynamic half-plane separation
approach, where the dividing line of the two half-planes rotate
as the ships pass.

We propose a hybrid CBF formulation that uses a logic
variable to select between overlapping CBF-like functions,
each defining a half-plane constraints with fixed orientation.
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M. Marley et al.: Four Degree-of-Freedom Hydrodynamic Maneuvering Model of a Small Azipod-Actuated Ship

FIGURE 9. Heading rate (top) and roll angle (bottom) from sea trials (blue) and simulation (orange).

FIGURE 10. The CADCAs determined using the RVG ship motion model for different azimuth angles and encounters
with a stationary obstacle (part A), as well as for different course alterations (part B) in encounters with the target
underway.

The resulting hybrid CBF defines a polygon ship domain,
with polygon shape selected such that the ship performs
predictable and deliberate evasive maneuvers when encoun-
tering target ships. The algorithm is currently at a conceptual
level, and relies on proper designation of the collection of
half-plane constraints depending on the encounter scenario.
A systematic procedure for selecting the half-plane con-
straints is considered future work and beyond the scope of
this paper.

1) CONTROL DESIGN MODEL
The guidance control law is implemented on a kinematic level
with the ship kinematics represented by a unicycle model
moving at constant forward speed, and using the desired
heading rate rd ∈ R as a control input. The unicycle represen-
tation implicitly assumes sway velocity v ≡ 0, and omits the
influence of speed loss during turning. For consistenty with
earlier work we adopt the unit circle representation of orien-
tation [34]. Let p := (X ,Y ) ∈ R2, z := (cos(ψ), sin(ψ)) ∈ S
and u ∈ R≥0 be the position, heading, and forward speed of
the ownship, respectively. We consider a single target ship
with position po ∈ R2, moving at a constant forward speed
uo ∈ Rpos at constant course zo ∈ Sone. where subscript o
denotes obstacle. The control design model, including target

ship dynamics, are formulated as the affine control system

ẋ =

 ṗ
ṗo
ż

 =

 zu
zouo
02×1

 +

02×1
02×1
Sz

 rd =: f (x) + g(x)rd ,

(35)

with state x := (p, po, z) ∈ R2
× R2

× Sone ⊂ R6, and input
rd ∈ R.

C. CBF DESIGN
Let Q ⊂ N be a finite set, let q ∈ Q be a logic variable, and
define the scalar function B1 : R6

× Q → R as

B1(x, q) := dq − τTq (p− po). (36)

For each fixed q, the zero sublevel set

{x ∈ R6
: B1(x, q) ≤ 0} (37)

represents a half-plane constraint with distance parameter
dq > 0, and unit normal vector τq ∈ Sone, referred to as
the orientation. The set in (37) is commonly referred to as the
safe set in CBF literature. We assume the distance parameters
are selected such that |p − po| > minq∈Q dq implies that
the ships are not in contact, including a robustness margin.
The collection of half-plane constraints form a Target Ship
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M. Marley et al.: Four Degree-of-Freedom Hydrodynamic Maneuvering Model of a Small Azipod-Actuated Ship

FIGURE 11. The ship trajectories corresponding to the cases in which the single maximum MDTCs were determined
in the analyzed scenarios (for data series marked in brown) with overlaid CADCAs.

Critical Area (TSCA) given by

TSCA(po) := {p ∈ R2
: B1(x, q) > 0 ∀q ∈ Q}, (38)

where the parameter set {(dq, τq) : q ∈ Q} is selected
such that TSCA(po) forms a closed convex polygon. Col-
lision avoidance is then achieved by steering the own-
ship such that it stays clear of TSCA(po), i.e., by enforc-
ing p(t) /∈ TSCA(po(t)) for all t ≥ 0. Since p ∈

TSCA(po) H⇒ B1(x, q) > 0, this is equivalent to
maintaining B1(x(t), q(t)) ≤ 0 for all t ≥ 0.
The key idea behindCBFs is to enforce safety by restricting

the evolution of B1 along the system (35). However, since
LgB1(x, q) = 0, we have no direct control over Ḃ1 =

Lf B1(x, q). Instead, we backstep the CBF by defining a sec-
ond function B2 : R6

× Q → R as [35], and [36]

B2(x, q) := Lf B1(x, q) + γ1B1(x, q), (39)

where γ1 > 0 is a tuning parameter. B2 is used to identify an
input set

UB(x, q) : = {rd ∈ R : Ḃ2(x, q, rd ) ≤ −γ2B2(x, q)},

Ḃ2(x, q, rd ) : = Lf B2(x, q) + LgB2(x, q)rd , (40)

with tuning parameter γ2 > 0. For each (x, q) ∈ R6
× Q,

UB(x, q) is the set of inputs such that the evolution ofB2 along
(35) satisfies Ḃ2 ≤ −γ2B2.

1) SAFEGUARDING CONTROL LAW
The state-dependent input constraint (40) may be synthesized
with any nominal control law by always selecting the safe
input that is closest to the nominal input, i.e., by defining the
safeguarding control law

rd,safe(x, q) := arg min
rd∈UB(x,q)

|rd − rd,nom(x)|. (41)

where rd,nom : R6
→ R is a nominal control law. For the

DSS we select the nominal control law [34]

rd,nom(z) :=
−k1z̃2√
1 − λ2z̃21

, z̃ :=
[
zd Szd

]T z, (42)

k1 > 0, 0 < λ < 1, which regulates the ship heading to a
constant desired heading zd := (cos(ψd ), sin(ψd )) ∈ Sone.

2) SWITCHING LOGIC
For each fixed q, the closed-loop system (35),(41)-(42)moves
within the set {x : B1(x, q) ≤ 0}. What remains is to design a
logic for proper switching of the active safety constraint. Let
q+ denote the value of q after a switch.We propose a dynamic
update law for q based on bounded increase of B1 and strict
decrease of B2. In particular, we require that, whenever q
toggles, the inequalities

B1(x, q+) ≤ max{0,B1(x, q)}, (43a)

B2(x, q+) ≤ B2(x, q) − δ, (43b)

are satisfied, with hysteresis width δ > 0. Note that the
requirement of strict decrease of B2 prevents chattering, since
it excludes the possibility of consecutive switches between
two values of q. Define

H1(x, q) : = {h ∈ Q : B1(x, h) ≤ max{0,B1(x, q)}},

H2(x, q) : = {h ∈ Q : B2(x, h) ≤ B2(x, q) − δ},

H (x, q) : = H1(x, q) ∩ H2(x, q), (44)

which identifies the subset of q such that (43) is satisfied. The
switching logic is then formally stated as

if H (x, q) ̸= ∅ :

q+
∈ G(x, q) : = arg min

h∈H (x,q)
B2(x, h). (45)

In the rare case that G(x, q) is not unique, q+ is selected at
random.
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D. IMPLEMENTATION AS DSS CONCEPT
The guidance control algorithm formed by the safeguarding
control law (41)-(42), in combination with the switching
logic (44)-(45), is used as a virtual autopilot for predicting
the future ship motion. Simulations are performed on the
4DOF ship motion model, with the desired azimuth angle
applied as

αd = −k2(r − rd,safe(x, q)) + k3rd,safe(x, q), (46)

where k2 > 0 is a feedback gain, and k3 > 0 is a velocity
feedforward gain. When run on a standard laptop (Dell Lati-
tude 7400 with an Intel Core i7-8665U 1.9 GHz processor),
a 10 minute simulation takes less than 1 second CPU time,
meaning the predicted trajectories may be updated every few
seconds. Following each simulation, key information may be
reported to the helmsman, such as predicted time to evasive
maneuver, required azimuth angle execution, and peak roll
angle.

To illustrate the proposed DSS concept, we consider two
scenarios. In the first scenario, see Figure 12, a target ship is
approaching from port. According to COLREGs, the ownship
shall stand its course, whereas the target ship shall give way.
The shape of TSCA(po) is selected to enforce a portside turn
for the ownship if the target ship does not obey COLREGs.
Here, we note that a full turning circle toward starboardwould
be the typical evasive maneuver when the target ship does
not obey COLREGs. However, in close-quarter situations
a portside turn solution, as presented in Figure 11 B, may
be applied under exceptional circumstances. In the second
scenario, see Figure 13, the ownship and target ship are on
head-on collision course. The shape of TSCA(po) is selected
to enforce a starboard turn, giving the target ship sufficient
space to pass port without altering its course.

For both scenarios, the target ship alters it course as time
evolves. Snapshots of the encounter situations are shown at
30 s intervals. The time to evasive maneuver (TTEM) is
predicted using the latest (simulated) AIS data for target ship
course and speed. For each snapshot, the ownship position
p(t) and target ship position po(t) at the present time t are
shown as blue and orange ships, respectively. The corre-
sponding past trajectories and predicted future trajectories
are shown as solid and dashed curves, respectively. The
black ship, red ship, and red polygon indicate the predicted
p(t + TTEM), po(t + TTEM), and TSCA(po(t + TTEM)),
respectively, at time t +TTEM. The red dotted line indicates
the active half-plane constraint at the start of the evasive
maneuver. Since the ownship is not allowed to cross the
active half-plane constraint, a turn is forced. Later the active
constraint switches, enabling the ownship to pass behind the
target ship. Observe that the evasive maneuvers are initiated
before the ownship reaches the boundary of the predicted
target ship critical area, giving the ownship ample time for
evasive action. This is an inherent property of the CBF-based
guidance control design, which restricts the allowed conver-
gence rate between p and TSCA(po).

FIGURE 12. Illustration of the crossing encounter scenario. At time
t = 90 s, the target ship has altered its course, and no evasive action is
required from ownship. In this situation, the virtual autopilot proposes a
portside turn if the give-way vessel does not adhere to COLREGs, whereas
the safest maneuver would typically be a full circle to starboard. The
figure serves to illustrate the proposed DSS solution, while further
development of the virtual autopilot is necessary before deployment.

FIGURE 13. Illustration of the head-on encounter scenario. At time
t = 120s, the helmsman is assumed to have initiated an evasive
maneuver as recommended by the virtual autopilot.

VII. SUMMARY AND DISCUSSION
A. SHIP MOTION MODEL
A 4DOF maneuvering model of RVG based on well-known
maneuvering theory was presented in Section II, whereas a
nonlinear actuator model was presented in Section III. The
maneuvering model includes fluid loads associated with uni-
form and steady currents, and uses a crossflow drag formula-
tion for the transverse viscous loads. The actuator model was
calibrated towards an FMU model provided by the thruster
supplier, and used a virtual drag and lift formulation to cap-
ture the impact of fluid inflow on the actuator loads.

In Section IV the combined ship motion model was cali-
brated and validated towards sea trials, showing good agree-
ment with numerical simulations and experimental data.
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The model calibration focused on a time period when RVG
was operated at cruising speed with moderate actuator com-
mands. Yet, the model was able to replicate the recorded
ship motions with reasonably accuracy for the full set of
operating conditions considered during sea trials. Justified
by its basis in physical principles, the 4DOF maneuvering
model is expected to have a large validity range, perhaps even
extending beyond the sea trials data set. However, the actuator
model cannot be expected valid beyond the calibration data,
limiting the overall validity range of the ship motion model.

B. ONLINE DSS SOLUTIONS
As an illustration of possible applications of the ship motion
model, two conceptual DSS solutions were investigated.
The CADCA DSS solution of Section V used the predicted
ship trajectories under pre-defined actuator commands to
determine the critical navigation area for selected encounter
scenarios.

In Section VI, a novel guidance control design was
developed, using CBFs for collision avoidance capabilites.
It was then proposed to use the guidance controller as
a virtual autopilot for the ship motion model, in order
to predict the future ship trajectory during operation. The
CBF-based DSS solution is currently at a conceptual level,
and maturing of the virtual autopilot is required. In partic-
ular, further development is needed to ensure satisfactory
COLREG-compliance.

Despite the good agreement between model and sea trials
trajectories, there is inherent uncertainty in the ship motions
predicted by the numerical model. Moreover, the ship motion
model does not include wind and wave disturbances, whereas
estimates of current conditions may not be available during
operation. For the aforementioned reasons, a suitable safety
margin towards model uncertainty should be included in both
DSS solutions before deployment.

VIII. CONCLUDING REMARKS
The aim of this study was to contribute towards the develop-
ment of MASS solutions. To this end, a pragmatic numerical
ship motion model of RVG was presented, consisting of two
submodels; a 4DOF manuevering model, and an actuator
model. Validation towards a sea trials dataset revealed that
the model predicts the ship motions with reasonably accuracy
over a large range of forward speeds and turning maneuvers.
A major significance of the research lies in the combination
of a maneuvering model and an actuator model, where both
models are of high fidelity. Future work may include an
improvement of the actuator model, which may also trigger a
refinement of the maneuvering model parameters. Augment-
ing the model with wind and wave loads will further enhance
the value of the model as a tool for DSS development and
testing. The obtained agreement between the simulated and
sea trials trajectories justifies the use of the model in onboard
DSS. For the CBF-based DSS concept of Section VI, a sys-
tematic procedure for selecting the target ship critical area for
different encounter situations is required before deployment.

A promising solution, currently under investigation, is using
the CADCA database to determine suitable target ship critical
area.
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