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in this form represents an important step towards the applications of the Hylleraas method
in the accurate calculations of atomic and molecular systems with more than a few electrons.
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Chapter 1

Introduction

1.1 Thesis statement

In this thesis we show that all integrals called four-electron singly-linked Hylleraas of form

d3rq d3ry d3rs d3ry
ny no.n3 naa b .c d. e [ 1.1
exp(—w1ri —warg—wsrs—wars ) ritry2 3 et rlortar v rs,r (1.1)
//// n dn dr Ax ( L S A S OV PYS VYL ST YU PR

with {w1,ws, ws,ws} € RT A =1 <{a,b,c,d,e, f,n1,n2,n3,n4} € Z with at most three odd pa-
rameters among {a, b, ¢, d, e, f} can be obtained as the closed-form analytic expressions involving
dilogarithms and elementary functions.

1.2 Motivation

1.2.1 Accurate calculations of the atomic systems

Recent advances in laser spectroscopy have made it possible to the determination of atomic energy

L across the periodic table [1].

levels with accuracies routinely in the range of 0.01-0.0001 cm™
Meanwhile current theoretical methods, with the exception of the few lightest atomic systems up
to five or six electrons, typically do not yield results more accurate than 1 cm™! [2]. Therefore,
new theoretical developments in highly accurate methods are essential for the computational
prediction of spectra and properties of the atomic systems with more than a few electrons, in
order to support and efficiently guide experimental investigations. The most accurate solutions
of the Schrodinger equation for atomic and small molecular systems are usually obtained using
the variational method based on the quantum mechanical variational principle as it provides
both the upper bound on the true energy eigenvalue and reliable methods to improve the energy
and estimate the convergence (and consequently accuracy) of the calculations [3]. The method

can be summarised as the minimisation of the following functional

_ (W(a)| H|¥(a))

SO = ey 12

where ¢ [U(a)] > Ey estimates of the lowest eigenvalue of the Hamiltonian H and approaches
the exact ground state energy (Fy) of the system described by the Hamiltonian from above
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as the trial function ¥(«) approaches the eigenfunction ¥y of the ground state by varying the
parameter (or set of parameters) «. Traditionally, the trial function takes the form of a linear
combination ¥ = Y. ¢;9)(v), which leads to the formulation of the problem in terms of a gen-
eralized eigenvalue problem, resulting in method that is commonly called the Ritz method [4].
The Ritz method also allows to easily find also the approximate energies of the excited states as
the subsequent larger eigenvalues of the eigenproblem. In order to use the variational method, a
suitable set of basis functions ¥(«) must be chosen. The choice of basis functions is necessarily
a compromise between the several factors such as the properties of the trial function must fulfill,
the required asymptotic behaviour of the wave function (that variational function converges to),
the difficulty and computational cost of obtaining matrix elements, the complexity of the math-
ematical expressions involved, the availability of existing optimised sets of basis functions and
codes to use them, and their suitability for efficient variational optimisation.

The most important and widely used class of basis functions used in variational calculations
are linear combinations of the products of the orbital functions [5]. Such functions consist of
(usually antisymmetrized) products of one-electron functions [6] of the form

p(r) = Ri(r)Y;" (0, ), (1.3)

where 7,60, ¢ are spherical coordinates, R;(r) is the radial function (that can take various forms)
and Y,*(6, ¢) is the angular function, specifically the spherical harmonic, whilel = 0,1,2,3,...,m =
—I,—Il+1,...,141,1 is the angular momentum and its projection on the z axis. Such a formulation,
especially when orbitals are chosen to be orthonormal, allows for extremely efficient evaluation
of the matrix elements as well as the formulation of self-consistent field methods, which can be
followed by the inclusion of the extensions to this method that describe electron correlation.
While it is possible to use various types of orbital functions, including the numerical orbitals
on the grid [7, 8], there are two most commonly used functional forms of the orbitals. For the
Slater [9] orbitals, the radial function is

Ry(r) = N(l,a)r! exp(—ar), (1.4)
where N (I, a) is normalization factor. In turn, for the Gaussian [10] orbitals radial functions are
Ry(r) = M(l,a)r! exp(—ar?) (1.5)

where M (l,a) is the normalisation factor this time. While the Slater orbitals are more physi-
cally motivated and were discovered 20 years earlier, the Gaussian orbitals that are the most
universal and widely used in quantum physics and chemistry nowadays due to extremely efficient
algorithms for calculating matrix elements, especially for molecular systems [11]. However, they
suffer from the two drawbacks. The first is that since they have a quadratic dependence of the
nucleus-electron distance r in the exponent, they decay too quickly for the large values of r
(which is immediately obvious when Gaussian orbital is compared against the analytic solution
for the hydrogen atom). Secondly, the exact many-electron function that the variational method
converges to has to have few known analytical properties at the coalescence of the particles.
These conditions are so called Kato cusp conditions after their discoverer [12] and have the form
lim (W) = pijQiQy¢ (rij = 0), (1.6)
av

T‘i]'*)O

4
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where av denotes the averaging over the sphere, ();,Q; are the charges of the particles and
i; is their reduced mass. The Kato cusp condition describes the behaviour of the exact wave
function at the coalescence of two particles and additional conditions are known for three particles
[13]. The Gaussian orbitals do not fulfil these conditions for neither electron-nucleus nor for
electron-electron coalescence. In turn, Slater-type orbitals fulfil the nucleus-electron coalescence
condition, but not for electron-electron condition. As a matter of fact all orbital functions fail
to fulfil this condition. Nevertheless, while they do converge to the true energy limit in the
limit of the infinite number of basis functions this insufficiency results in the slow convergence of
methods based on the orbital expansions with respect to the maximum angular momentum [,,4;
included in the basis. While the theoretical analysis suggests that the convergence of the orbital
functions is proportional to 14 [14], convergence proportional to I3, arises from the practical
computations [15,16]. This poses a significant problem when high accuracy of the variational
energy or when the accurate wave function is required. The schematic illustration of this problem
is presented on the Fig 1. This behaviour, while explained theoretically in greater detail later

Convergence of energy with the maximum angular momentum of basis elements

Energy error [Ha]

107"
102 Orbital based methods

\

\

\
AN Chemical accuracy ~1 kcal/mol
107
10
10° ™. i -
~ Spectroscopic accuracy ~1 cm
“
107 e
Methods with ry; factor <

107 T
T Modern spectroscopic accuracy (~10)~2 cm™"
10°°

Se—

Maximum angular momentum of the basis
2 4 6 8 10 12 14

Figure 1.1: Schematic representation of the convergence of energy with maximum angular mo-
mentum for orbital and explicitly correlated functions. For the explicitly correlated function I8
convergence is assumed following the analysis of Kutzelnigg [14], while for orbitals [,,,3, is as-

sumed because it is the most widely used formula for extrapolation to the complete basis [15,16].

by Bartlett [17] (and independently by Fock [13]) was first discovered via numerical experiments
by Hylleraas [18]. While calculating ionisation energy of the helium atom, he noticed the slow
convergence of the variational method using orbital functions. He later, discovered that the
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convergence could be significantly improved if the distance between the electrons was introduced
into the variational wave function [19]. This improvement allowed to find complete agreement
(within 0.01 eV) with the most accurate spectroscopic measurements at the time and quickly
opened up a research avenue that led to the accurate calculation of the hydrogen molecule by
James and Coolidge [20] and continues to this day, among the others, in the present thesis.
Although the idea of introducing interelectronic distances into the trial function was presented
earlier by Slater [21] based on a theoretical analysis of the behaviour of the wave function near
the Coulomb singularities, he didn’t pursue a precise numerical calculation of the ionisation
energy of helium. The methods with interelectronic distances explicitly included into the wave
functions are named correlated methods [22]. While they have been traditionally used only
in highly accurate calculations of few-electron systems [23], recent progress in development of
R12/F12 methods [24] has allowed explicitly correlated methods to be applied to large and
complex molecular systems [25]. The success of the R12/F12 methods in large systems hasn’t
fully materialised in the calculations of the atomic [26] and diatomic systems [27] with the
intermediate sizes beyond a few electrons, where the large-scale orbital-based calculations still
rival the accuracy of the R12/F12 methods [28,29]. In turn, in the classical, high-accuracy
explicitly correlated methods calculations of system with few electrons the two most widely used
approaches are [22] the Hylleraas method and its variants and explicitly correlated Gaussian
functions. Calculations using these types of functions are currently computationally tractable
in systems with no more than six electrons. In my opinion, this means that there is a gap
between the extermely accurate methods available for up to six electrons and general methods
that are applicable to heavier atoms and large molecular systems. In order to analyse what are
the limitations of the many-electron extensions of the existing high-accuracy explicitly correlated
variational methods that have been applied beyond the two-electron systems let us consider these
methods.

1.2.2 Most accurate explicitly correlated methods

First, we start with the explicitly correlated Gaussian (ECG) functions, as introduced by Boys
[30] and Singer [31], which have been extensively described in the recent review [32]. Their
general many electron form of a single linear combination of the ECG function is

H exp(—airfj) exp(—br?), (1.7)
1=i<j

where n is the number of electrons, the indices numbering the electrons are 7, j, while r; is the
distance from the nucleus to the ith electron, the r;; = |r; —r;| is the distance between the ith
and jth electron and {a,b} € R" are variational parameters. The main reason for the success
of the ECGs is the fact that it is possible to evaluate matrix elements over these functions
extremely efficiently using Gaussian Product Theorem, which states that the product of two
Gaussian functions centered at A and B can be expressed as [10]

—ab(AB)?
s

) (1.8)

exp(—ar%) exp(—br%) = exp(—sr%) exp(
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where s = a +b, AB = A — B and C = (aA +bB)s ! is the new centre to which the
the Gaussian is shifted. Repeated application of this relation and its generalisation allows to
calculate all integrals over ECGs analytically. Since the evaluation of the ECG integrals does not
pose large difficulty the problem with extension to larger number of electrons must lie elsewhere.
There are two significant problems with extending function of type (1.7) to many electrons.
The first is that since the function of electrons needs to be antisymmetric this function needs
to be antisymmetrized generating n! terms, since all interelectronic distances are present in
the function. Secondly, per each linear combination given by equation (1.7) there is a set of
n(n+ 1)/2 nonlinear variational parameters. Consequently, the number of nonlinear parameters
to optimise for each term in the linear combination of the trial function grows quickly with the
number of electrons leading to difficult many-variable optimisation problem. The solution to this
problem is possible via restriction of function (1.7) to only single exp(—air?j) leading to functions
called Gaussian Type Geminals [33] (GTG). This approach has been studied and applied in
the computations involving larger systems, such as neon atom [34] and water molecule [35]
in the past, but the accuracy and efficiency of GTG methods were surpassed by the newer
R12/F12 methods [24]. Nevertheless, versatility of the ECG functions have been widely used
in calculations of few-electron systems and are nowadays essential in obtaining highest-possible
accuracy in systems few particles where for atomic systems with more than three electrons they
dominate both in terms of accuracy and performance [32]. Furthermore, ECGs have been used
to perturbatively calculate the relativistic and QED corrections, include nonadiabatic effects
in few-electron atomic and molecular systems, and have recently been employed to solve the
Dirac-Coulomb equation, including the no-pair Breit interaction [36]. If not for the factorial
scaling with the number of the electrons and steeply growing number of nonlinear parameters
in the ECG functions, they would be excellent candidates for highly-accurate method for the
systems with more than few electrons. Unfortunately do not see how these two difficulties can
be surmounted.

Next, we note that there exists a class of explicitly correlated exponential (ECE) functions
(sometimes called explicitly correlated Slater functions) that are analogous to ECG with the
functional form of the single term in linear combination that is

H exp(—a;rij) exp(—br;) (1.9)
1=i<j

with symbols having the same meaning as in the definition of ECG functions (equation (1.7)).
For two-electron systems such functions are sometimes named Slater type geminals. While these
functions have supreme variational convergence properties, the product theorem that would be
similarly useful for their evaluation as the one for ECG (given in eq. (1.8)) is not known.
Therefore, the integrals with this functions are complicated to evaluate beyond two electrons
and such functions are widely used only in the two-electron systems [37-43]. While the analytic
formulas for three-electron integrals do exist [44,45] (and was extended to include complex
variational parameters [46]), and we briefly discuss them in section 2.3.1 of this thesis, their
evaluation is very involved and it is difficult to control the numerical accuracy and consequently
ECE are scarcely utilised in the three-particle atomic systems, with only one study of the three-
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electron lithium atom [47] that we are aware of. The advantage of ECEs is that the recoil
corrections and higher-order QED effects can be efficiently calculated in this basis [48], but so
far the calculation of such corrections to the energy levels have realised only in the helium-like
systems.

Finally, we turn to the Hylleraas-type functions. The single term of the linear combination
in the Hylleraas wave function has the following form for many-electron atoms

n
H exp(—wiri)ryri; (1.10)
1=i<j

where, again, n is a number of electrons, ¢, j are the electron indices, r; and r;; are nucleus-electron
and electron-electron distances, this time raised to the powers —1 < {n;,m;;} respectively and
w; € RT are variational parameters. As this function fulfills both Kato cusp conditions and has
correct decay for large r; it is an excellent candidate for basis function and it indeed exhibits
exponential convergence to the true energy of the system. Since this form of the function includes
all possible distances between the electrons, the calculation of the matrix elements required by the
variational method involves integration over coordinates of all electrons. Such integrals cannot
be factored to lower dimensional integrals as in the case of the orbitals and the relation similar to
the Gaussian Product Theorem is not known for the Hylleraas integrals. Therefore, the integrals
quickly become extremely formidable with the increasing number of electrons. As a matter of
fact, reliable integration methods for fully correlated Hylleraas function exists only for up to three
electrons (the details of the integration methods avaiable for Hylleraas functions are discussed in
the next section and in Chapter 2). Beyond that number of electrons, the simplifications of this
function are necessary. Hylleraas functions were extensively used in highly-accurate calculations
for two- [49-51] and three-electron systems [47,52] and remains the most accurate method of
calculation for the latter. We also note, that Hylleraas basis was successfully used to calculate

relativistic [53], QED and recoil corrections [54,55].
Such simplifications can be preformed by limiting the number of the interelectronic distances
in the Hylleraas functions. The limitation may be restricted only to odd powers of r;;, since the

even powers can be decomposed into the functions of nucleus-electron distances via the relation
2
]
formula for the cosine of the difference of two angles. Therefore, if function (1.10) is restricted

r2 =12 + 7"]2- — 2r;rj cos(f;;) and cos(6;;) may be further transformed, for example using the
to the single odd power of r;; is called singly-linked Hylleraas function. Analogously, if there
are two odd factor of inter-electronic distances such function is called doubly-linked function.
Consequently n-tuple linked functions could be constructed up to reconstruction of the original
Hylleraas function. After plugging singly-linked Hylleraas function into the expression for the
variational energy functional (1.2) it is immediately clear that the integrals of the singly-linked
Hylleraas functions involve up to three odd r;;’s, since the first one is from the bra, the second
one from the ket and the third one is in Coulomb operator of the Hamiltonian. Therefore, we
will restrict our focus to the singly-linked Hylleraas method as it appears to be a reasonable
compromise between the properties fulfilled by the trial function and difficulty of integration.
The results from the Hylleraas methods are mostly limited to two- [49,50] and three-electron
atomic systems [56-58] with only several studies on the four-electron systems in the singly-
[59-61] and doubly-linked [62,63] Hylleraas basis. While the latter studies did not yield results
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with leading accuracy it is worth noting, that very small basis sets were used. This indicates,
that the bottleneck lied in the evaluation of the matrix elements (since otherwise size of the
eigenproblem is the bottleneck of the calculations) and therefore computation of the integrals of
the singly- and doubly-linked Hylleraas functions. This observation is an important motivation
for the work undertaken in this thesis.

It is worth pointing out that there exists another method of simplifying Hylleraas func-
tion. It was independently proposed by Sims and Hagstrom [64] under the name of Hylleraas-
Configuration Interaction (Hy-CI) and by Woznicki [65] who named method Superposition of
Correlated Configurations (SSC). In this method the wave function takes general form of a CI
expansion

U=>" Cp (1.11)
k

with

) ot I @km] , (1.12)

where the power v, of interelectronic distance is equal to either 0 or 1, A is the antisymmetrizing
operator, O(Lz) is the angular momentum projector operator and xj is an appropriate linearly
independent spin function and ¢y, are the one-electron orbitals or linear combinations of them.
The orbitals can in principle be either Slater or Gaussian type orbitals and while the original
development used the Slater functions, variants with Gaussian orbitals were also developed.
This method is in essence very similar to the singly-linked Hylleraas method. The similarity
becomes clear if one uses Legendre polynomial expansion to expand the terms cos(6;;) in the
even powers of rfj =72+ 7’]2 — 2rirj cos(6;;) resulting in products of spherical harmonics which
may be summed using addition theorem. Analogously to the Hylleraas methods it is possible
to define doubly-linked Hylleraas-CI methods and higher-linked analogues. Similarly to singly-
linked Hylleraas method the resulting integrals have at most three inter-electronic distances.
The resulting integrals are however quite different in for these methods, since in the case of
Hy-CI/SSC methods the presence of the spherical harmonics requires careful angular integration
and leads to natural partition of the integration procedure to the angular and radial integration.
Extensive descriptions of the methods to evaluate Hylleraas-CI integrals with Slater orbitals were
given by Sims [66—68], Belen-Ruiz [69-72] and Harris [73-75].

The possibility of extension of the Hylleraas-CI/SSC method to systems with more than four
electrons is clear after the inspection of the function as it comes down to having more terms in the
product in equation (1.12) and was realised by Clary and Handy for neon atom. Furthermore,
many-electron Hylleraas-CI wave function can be immediately partitioned to four-electron part
and the remaining one-electron functions. This allows for straightforward integration by factoring
and evaluating the integral over the correlated and the orbital part separately. In order to
illustrate the procedure let us perform it for the single six-electron integral of the Hylleraas-CI
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function with the correlation factor of form 1"121"231"2_41. The integration proceeds as follows

T12T
/ d®ry d®ry dPry dPry dPrs d3r6%‘P(rl)‘P(TQ)QO(r3)<P(r4)‘P(r5)<P(r6)
(1.13)

r1oT
:/d3r1 d?’rgd3r3d3r4%@(rl)go(rg)go(rg)cp(m)/d3r5g0(r5)/d3r6go(r6).

Therefore, after all possible integrals with three r;;’s are solved, the integration of many-electron
problem does not pose further difficulty in Hy-CI/SSC method (at least for the moderate numbers
of electrons).

A lot of research on the Hy-CI/SSC methods was done by several groups resulting in many
accurate results for two- [51, 76, 77] three- [78-82] and four-electron [83-87] atomic systems.
While the calculations of the energy of the five-electron boron atom using Hy-CI/SSC method
were made [88], obtained results had significantly lower accuracy than those obtained with ECGs
at the time [89]. The 1976 study of Clary and Handy [90] reports application of the Hy-CI
method for system as large as neon atom. Although the accuracy of calculations was severely
hindered by computational power available at the time, the feat of using explicitly correlated
function (without the approximations used in R12/F12 methods) for system with ten electron
remains unparalleled until this day. The Hylleraas-CI was the first [91] and the most extensively
used explicitly correlated method employed to solve Dirac-Colomb equation [92-95] (and until
very recently [36] the only one). A detailed, recent review of the Hylleraas-CI/SSC method is
available [96]. It is also worth mentioning that Exponentially-correlated Hylleraas-CI method,
which adds exponential (Slater) correlation factor into the Hylleraas-CI function, is being recently
developed, but so far the applications are limited to two-electron systems [97-99]. The largest
drawback of the Hylleraas-CI method appears to be that, to the best of our knowledge, QED
and recoil corrections were never calculated using this method, while the relativistic corrections
were obtained only for the helium atom in by directly solving the Dirac-Coulomb equation.

1.2.3 Singly-linked Hylleraas method beyond four electrons

The extendability of the singly-linked Hylleraas function to many electrons while maintaining the
simple integrals is not so clear at first. Since many r;;’s with even powers may be present under
the integral it cannot be immediately factored to integral products as is the case for Hylleraas-
CI/SSC function. However, one may immediately notice, that decomposition of the even powers
of r;;’s that do not share both of the indices with the interelectronic distances with the odd
powers leads to the linear combinations of products of four-electron singly-linked integrals and
one-electron integrals. Let us illustrate this with an example integral, similar to the one shown
for the Hy-CI function, and for simplicity we take five electrons and only single square power of
inter-electronic distances that does not share both indices, namely ro5. The integral is as follows

12T
[ e @ty e @B ) e e(rpri)els) (114)
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may be rearranged to the following form

2723 2 2 2 /9 2
/d3r1 d3r2 d3r3 d3r4 d31‘5 H'I"13T147’34(7‘2 =+ 7"5 — 21’2 . I‘5)

712723
=/d3r1 d’ry d’rs d’ry - 7’%37’%47’347‘%#(7“1)@(Tz)w(rs)w(m/dgrsw(rs)

(1.15)
T12T
+ [ @ a2 o) er)elae) [ Ersrdets)

r12723
riariarfap(r)e(r2) @ (rs)p(ra)(rs)rs - rs

-2 / d3r1 d3r2 d3r3 d3r4 d3r5

T24

by simply using the law of cosines r?j = 7"12 + rjz — 2ryr; cos B12 and the fact that in the Euclidean
space dot product may be written as r;rj cos(6;;) = r; - r;, multiplying the terms and factoring
the integral. While the uncoupling may seem unsuccessful because of the last integral with the

scalar product is not separated. However, let us point out that

T12T
/ d’ry d®ry d’rg d’ry d’rs 1:2423 risriaraae(r1)e(r2)(rs)e(ra)o(rs)ra - 15
(1.16)

12723
= /d3r1 d?ry d3r3 d’ry ot r%3r%4r§4<p(r1)4,0(7“2)(,0(7"3)@(7“4)/d3r5g0(r5)r2 ‘15 =0

since (the rearrangement of the order of integration in the line above is to emphasise which
electron needs to be integrated over fist; in this case — the one that does not share an index with
any r;; raised to the odd power)

/ Pryp(rs)rs 15 = / Prsp(rs)rars cos(6as)
21T

=1y /OO drrg’go(r5) (cos(@z) /7r d6s sin(fs) cos(fs) dos
° O 0 (1.17)

™
+ sin(6s) cos(qbg)/ dos sin(95)2/ des cos(¢s)
oﬂ 027T
+sin(92)sin(¢2)/ dos sin(05)2/ dos sin(¢5)) =0,
0 0
where we us formula for the cosine between the two vectors in the spherical coordinates cos(a5) =
sin(fs) sin(65) cos(da — ¢s5) + cos(f2) cos(f5) and the formula for the difference of the cosine,
cos(pa — ¢5) = sin(¢p2) sin(¢s) + cos(¢2) cos(¢s). The first integral in (1.17) vanishes after the
integration over 05 and the integral over ¢ is zero for the two remaining terms of the sum. There-
fore, we have shown that the integral (1.14) has been decomposed into the linear combination of
the product of the four-electron singly-linked Hylleraas integral and products of the one electron
functions. Of course, the angular integration would be more involved with more 7;; terms to the
even powers present under the integral, but since the functions (r;) are spherically symmetric,
such scalar products can always be expanded and the angular integration of the scalar products
can always be performed in the coordinates of the electrons that are not present in the r;;’s
with the odd powers. We believe that this opens up a way to extend the singly-linked Hylleraas
methods to systems with more than four electrons, if the efficient methods of evaluating four-
electron singly-linked Hylleraas integrals can be found. Therefore we pursue development of such
integration method.

11
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1.2.4 Summary of the motivation

To sum up, we pursue analytic evaluation of the singly-linked four-electron integrals for two main
reasons. Firstly, we believe that current methods for evaluation of these integrals are lacking,
which results in unrealised potential of the singly-linked Hylleraas method in the calculations
of the four-electron atomic systems. Secondly, we believe that singly-linked Hylleraas method
offers a promising avenue to develop an accurate computational method that will be applicable
to light atomic systems with more than few electrons. However, in order to test that claims,
efficient method to obtain matrix elements with four electrons must exist first. In addition to
that scientific curiosity and formidable challenge of analytic evaluation of explicitly correlated
integrals also motivated us to pursue topic presented in this thesis. Therefore, we proceed to
evaluation of singly-linked four-electron integrals.

1.3 Existing research on the evaluation of the Hylleraas integrals

1.3.1 Methods for evaluation of the integrals of the Hylleraas-type functions

In general, the methods of evaluation of electronic integrals with the explicitly-correlated func-
tions can be divided to several types direct numerical integration, expansions into sums, di-
rect analytic evaluation that leads to closed-form formulas. All of these methods of evalua-
tion face the following challenges. First, the correlated functions of many electrons are usually
high-dimensional (compared to traditional three- or six-dimensional integration of one- and two-
electron functions), with non-trivial spatial dependence in both angular and radial dimensions.
The standard techniques such as separation to radial and angular integration are much more
difficult to apply in case of the explicitly correlated functions. Furthermore, the integrals in-
volved in the evaluation of the matrix elements for the variational methods include (integrable)
Culombic singularities — expressions like 1/r;,1/7;; — that make the convergence of numerical
integration around the singular points slow, unless some method (usually involving some form of
regularization) is applied to alleviate this issue. Finally, the problem of evaluating integrals with
several-electronic distances is made more difficult by the requirement of having many correct
digits, since the values of evaluated integrals are used in eigenproblems to find accurate energies
and properties of the considered atomic systems. When high-accuracy energies are required, use
of extended-precision arithmetic (such as quadruple precision) is often necessary and evaluated
values of the integrals should be accurate up to this precision. Although the methods of inte-
gration of explicitly correlated Hylleraas functions have been developed for nearly hundred years
(starting from the seminal work of Hylleraas [19]) so far only two- and three-electron integrals
have been solved in satisfactory manner.

The first, most obvious class of methods that deals with integration of correlated functions
is the one that involves direct numerical evaluation of the integrals by quadratures. Despite
the amazing progress in available computation power in recent decades, available computational
facilities are still insufficient for direct attack on the problem like numerical integration of the
high-dimensional function on the grid with sufficient accuracy and speed for accurate atomic
calculations. This mostly stems from the curse of dimensionality — in order to evaluate N-

12
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dimensional integral, the number of grid points scales as A", where h is the number of grid
points in one dimension. Although various schemes that adapt numerical integration methods to
the multi-dimensional problems are available, the purely numerical integration methods remain
largely unsuccessful for systems beyond two-electrons. Such approach was pursued in work of
Guevara, Harris and Turbiner [100] where they have used numerical integration to pursue expo-
nentially correlated functions for lithium atom. Since they used simple, few-parameter “ultra-
compact” trial functions that yield reasonable overall accuracy instead of large basis expansion to
get maximum accuracy their function was limited to only six terms. This basis resulted in three
correct digits of energy, which wile impressive for such short function, is absolutely insufficient
for accurate calculations of the atomic and small molecular systems. Even though the clever use
of the coordinate transformation has allowed them to reduce the numerical integration to six
dimensions and using state-of-the-art parallelized numerical integration algorithms, the authors
concluded, that "Because of the complicated profiles of the integrands, the numerical calcula-
tions are very difficult and if not done with great care can lead to a serious loss of accuracy.
By comparing numerical and analytical evaluations of some of the simpler matrix elements, it
was verified that the numerical methods were reliable at least to six significant digits.". We
believe that this excellent study shows what kind of challenge the explicitly correlated functions
pose to multi-dimensional numerical integration. Therefore, it is of no surprise that we are not
aware of any methods that use numerical quadratures to evaluate four-electron singly-linked
Hylleraas integrals. We note, that while direct numerical integration of the multi-dimensional
functions appears to be hopeless task, the use of one- and two- dimensional numerical inte-
gration is widespread in explicitly correlated methods. When the many-dimensional integrals
can be analytically transformed to the one- [101] or two-dimensional [102] integrals. In such
case, the use of numerical integration, particularly when adapted quadratures are available [103],
can be extremely beneficial both in terms of numerical accuracy and computational cost [104]
and even allow for the evaluation of some expressions for which other integration methods are
unknown [105].

The second, most classical group of methods to calculate explicitly correlated integrals in-
volve expansions into the (sometimes infinite) but convergent sums. An excellent review of this
approach (along with some others) was given by King [106] and therefore we will describe only
the silent details and developments that happened after this review was published. The most
widely used expansion is the well-known (and used across all areas of physics) Laplace expansion

1 > rl<
1] -0 rs
where 7« = min {r;,r;} and r~ = max{r;,r;}. Its most widely used generalisation is the Sack
expansion [107]
oo
ng = Z th (’I“i7 Tj) Ph (COS Gij) 5 (1.19)
11 =0
where Ry, (r1,72) is a Sack radial function, but for example expansion for the linear ;; term [108]

appeared only four years after the seminal works of Hylleraas. These kinds of expansions allow
to decouple the angular and radial integration via expressing r7; as series. Angular integration
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is typically performed using expansion of Legendre polynomials and standard techniques for
coupling of the spherical harmonics. In turn, radial integrals are typically expressed in terms
of sums of auxiliary integrals that are integrals over the radial coordinates. While for the two-
electron integrals these series are finite, the situation is more complicated in case of the three-
electron Hylleraas integrals. The most daunting situation happens, when all three r;; terms are
raised to the odd powers. In this case, the resulting series are convergent but infinite. While this
has limited the accuracy of the computations using Hylleraas functions for a long time, since the
trial functions were constructed in a way to avoid this difficulty [109 111]. This difficulties were
later surmounted using convergence acceleration techniques [112,113] and asymptotic expansion
method [114] and have allowed for extremely accurate calculations. The extension of these
techniques to four-electron Hylleraas integrals have resulted in only a partial success. While
a lot has been written on the four-electron integrals occurring in the Hylleraas-CI method [66—
75](which are in principle a subset of Hylleraas integrals), the general four electrons have resulted
in moderate amount of attention [115-121]. We note, that some preliminary work was done for
selected limited of five-electron Hylleraas integrals [122,123]

The third class of methods to evaluate Hylleraas integrals involve direct analytic evaluation in
order to obtain closed-form analytic expressions. The techniques involve wide spectrum methods
for analytic integration of the multi-dimensional integrals such as Fourier transforms, transfor-
mations of the coordinates, integration using the residue theorem among the other methods of
mathematical physics. Since we extensively rely on this type approach through this thesis, we
describe it for the Hylleraas integrals in the next chapter. We go into the great detail starting
from simple one-electron integrals and finishing at the four-electron singly-linked Hylleraas in-
tegrals. Another technique worth mentioning here is the one introduced by Pachucki, Puchalski
and Remiddi [124]. It originates form the techniques used for evaluation of Feynman integrals
and allows to generate a scheme of multi-dimensional recurrence relations to calculate Hylleraas
integrals, starting from a set of the master integrals. While we use this technique to obtain the
analytic expressions in the present thesis and describe it in the next chapter, we would like to
point out, that the master integrals can be evaluated numerically and the recurrence relations
can be applied to calculate all the remaining integrals in a purely numerical manner.

1.3.2 Analytic evaluation of four-electron singly-linked Hylleraas integrals

Now, we focus on the existing results concerning directly the topic of our thesis — the analytic
evaluation of the four-electron singly-linked Hylleraas integrals. Not a lot of work was done
using this approach. Padhy [125] has used Fourier representation of the four-electron exponential
integrals to obtain closed-form analytic formulas for the four singly-linked Hylleraas integrals,
that in our notation (see eq. (1.1)) have the following values of the parameters: {ni,ns,ns,na} =
—1in all integrals and {a = 1,b=1,c= -1}, {a=1,d=-1,f =1}, {a=1,d=1,f = -1}
and {a = 1,b = —1,f = 1} with the remaining parameters not included in braces are equal
to zero. King has published two papers concerned with the analytic evaluation of some singly-
linked Hylleraas integrals [121,126]. In the first paper, the classical approach based on the Sack
expansion was used to obtain analytic expressions for four-electron integrals with up to four odd
powers of 75, but with the limitation some of the powers of {ri,re,r3,74} are equal to zero
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when there are four odd powers of r;;’s. In the second paper, King has generalized his approach
to explicitly correlated exponential functions and gave results slightly more general than those
of Padhy. For us, the most interesting are limiting cases where exponential factors are taken
to zero which correspond to Hylleraas-type functions. We note, that while King had evaluated
Hylleraas integral with (r179r12713723724) ¢ in [121] neither of the works considers integrals with

odd rigr23713 and simultaneously at least one even ri4, 724, 734.
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Chapter 2

Methods

2.1 Introduction

In this chapter we describe a method we developed to obtain closed-form analytic formulas! for
one center singly-linked Hylleraas integrals. While methods allowing to calculate some of the
singly-linked Hylleraas integrals exist in the literature, we are not aware of any method that
allows to efficiently obtain all such integrals as closed-form analytic expressions.

The presentation of the developed method is as follows. First, we introduce one- two- and
three-electron Hylleraas integrals necessary to bootstrap four-electron calculations as well as
describe methods we use to obtain them in closed form. After that, we proceed to discuss
the four-electron integrals in general. Next, we discuss newly developed recurrence relations
for four-electron Hylleraas integrals. Then, we proceed to discuss our developed methods to
obtain singly-linked Hylleraas integrals as closed-form analytic formulas. The Figure 2.1 serves
as general guide for the method. Each of the blocks corresponds to the section that describes a
part of the calculations. Finally, we show how to obtain all the remaining singly-linked Hylleraas
integrals via permutations, using symmetry of the four-electron integrals.

2.1.1 Notation and minor remarks

In our thesis we use notation that is a compromise between the standard notation used in litera-
ture and in general in the field of calculation of the electronic integrals, readability, compactness
and elegance. We use Roman letters from the start of the alphabet (a,b,c,d,e, f) to denote
the powers of the distances between the pairs of electrons sorted by increasing indices, namely
712,713,714, 1723, 724, T34. Powers of distances of electrons ry, 79,73, 74 from the origin of the co-
ordinate system are denoted as nj,ng,ns,ng. The wi, ws, w3, wy are positive real variational
parameters. We also often use shorthand notation 7;,7;; and w; with implicit 4,5 = 1,2,3,4 in
case of four-electron integrals and 4,5 = 1,2,3 in case of the three-electron ones. By d’r; we

'Here, by closed-form analytic formulas we understand mathematical expressions that may involve special
functions, but contain no infinite sums, products or continued fractions, limits, and derivatives or integrals to
be performed numerically. This makes such expressions readily available for efficient evaluation with arbitrary
precision.
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indicate integration over all spatial coordinates of the ith electron over the whole space (from
—00 to +00 in Cartesian coordinates).

We divide all integrals by factor (47)™, where n is the number of electrons that are integrated
over their whole respective spaces. Since the functions we consider do not directly contain
spherical harmonics (though they are indirectly "present" in Hylleraas-type functions via the
even powers of r,-j)Z, the integration over angular coordinates of each electron results in 47. This
cancels with the (47)™ factor by which we divide all the integrals.

2.2 One and two electron integrals

2.2.1 One-electron integrals with exponential functions

One-electron integrals are the most elementary integrals in atomic calculations. Closed-form
formulas are straightforward to obtain for atomic systems, since the spherical symmetry allows
for the separation of the radial and angular integration. The general formula for the exponential
one-electron integrals is

d?r

[ee]
- . i+ 2)!
L(i;0) = | — exp(—ar)r' = /dTexp(—ow")?"lJr2 = (i+2)
0

PYEE I

- (2.1)

with the parameters limited to o > 0 and i > —2. The extension of these parameters beyond
this range is possible (and necessary, for example, in the case where effective QED operators are
calculated), but is beyond the scope of this thesis.

2.2.2 Two-electron integrals of Hylleraas and exponential-type functions

The case of two-electron integrals is slightly more complicated, but easily manageable using some
handy methods for evaluation of spherically-symmetric double volume integrals. This makes the
two-electron systems a benchmark test for development of the electronic structure methods that
are candidates for few-, as well as many-electron atomic systems.

Integrals of the two-electron functions of the Hylleraas type have the following form

IL(l,m,n;a, B) = // Er; d’ry exp(—ary—Bry)ri e, (2.2)
4t 4w
where o, 8 > 0 and [, m,n > —1. We will proceed with their evaluation by considering integrals
of more general form and evaluate integrals of type (2.2) as their special case.
The more general as well as symmetric integrals are the two-electron exponential integrals.
They have the following form

d3r1 d31‘2 -1, m—1_n—1
F(l,m,n;a3577): dr  4m exp(farlfﬁr27’77'12)rl 2 T2 (23)

?The expression for the square of the distance between the pair of electrons r7; = 77 + 17 — 2r;r; cos(f;;) can
be directly related to spherical harmonics using expansion of cos(f;;) into Legendre polynomials and Spherical
Harmonics Addition Theorem.
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with a, 8,7 > 0 and [, m,n > 0. These integrals have a very symmetric form and an advantageous
property, that the integrals with increased powers of r1, 72,712 can obtained from one integral
(so-called master integral) via the differentiation over the parameters «, 3,

l m n
L(l,m,n;, B,7) = (—;@) (—%) <—§7) 1(0,0,0;c, 3,7). (2.4)

Method of calculation of closed-form expressions for the two-electron integrals

The remaining task is to calculate I'(0,0,0; «, 8,7) and now we proceed with that evaluation.
This integral can be calculated in rather straightforward way using clever change of coordinates
[127-129]. The coordinates are obtained by starting from spherical system of coordinates and
expressing double volume element in terms of 71,792,719 and angles. The d3rs is transformed
using the fact, that coordinate system of vector ro can be rotated, so that the polar axis of
vector ro is colinear with the vector ry, and the triangle is formed from the sides 71,72, 712, such
that polar angle of ro coincides with angle between r; and 7o (denoted as 612) and azimuthal
angle of ry corresponds to rotation over the polar axis of r1 (denoted as x). After this rotation
the volume element of ry becomes d3ry = r% dro sin(612) df12 dx. Next, we use the law of cosines

ry =717 413 — 2r17g cos(f12) (2.5)

by applying the total derivative to both sides of the equation (with 71,72 fixed)

27“12 d’l“12 = 27“1’/“2 Sin(elg) d912 (2.6)
we obtain
. T12
3 = —, 2
5111(912) d912 - ( 7)

The upper and lower integration limits become \/r% + r% =171 +ry and \/T% — 7"% =|ry — 7ol
respectively (since 71 A rg > 0 = maxri2 = r1 + ro and minrjs = |r; — ro|) leading to

r1+r2

1 > 00
I'0,0,0;0,8,7) = 5 </ dry eXP(—OéTl)/ dry exp(—ﬁm)/ driz exp(—7712)
0 1 r

2—T1

(2.8)

o0 [e'e] r1+7r2
+ / drs exp(—ﬁrg)/ dr exp(—arl)/ drio exp(—w“lg))
0 T2 r

1—72

(2.8)

that can be straightforwardly evaluated yielding

1
(a+B)a+7)(B+7)

Formulas for the remaining integrals with {l,m,n} > 0 are obtained by applying formula (2.4).

I'(0,0,0; 0, 8,7) = (2.9)
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The only remaining type of the two-electron integral (that is needed to calculate the three-
electron integrals we are interested in) is when one of the parameters {l,m,n} is equal to -1.
These are so-called extended integrals and they are used as boundary terms in evaluation of
three-electron integrals. The master integral for extended integrals I'(—1,0,0;«, 3,7) can be
obtained by following the same procedure as in equation (2.8) (with ' under the integral), or
by noticing that it can be obtained using direct integration of the equation (2.9) to yield

[(~1,0,0;a,8,7) = / dar'(0,0,0;, 8,7)
(e}
. (2.10)

o0
= / da = .
o (atB)aty)(B+y) B -7
Remaining types of the extended integrals can be obtained by differentiation (similarly to equa-
tion (2.4)) and from the symmetry via the permutations of the parameters. These integrals
complete the set of formulas of the two-electron integrals that are required to analytically eval-
uate three- (and consequently four-) electron integrals of Hylleraas type.

2.3 Three-electron integrals

The problem of the correlated three-electron integrals is an order of magnitude more complicated
than for integrals involving two electrons. With the addition of a third electron the integrals
over their all coordinates are, in general nine-dimensional (3 dimensions per electron) integrals

d3I'1 d3r2 d3r3
/// dir dnr dn f(rl,I'Q,I‘g). (2.11)

Consequently, if one wishes to construct a spherically-symmetric function with interelectronic

of general form

coordinates, there are six distances between the particles — three from nucleus to electron and
three between the electrons:

f(r1,ro,r3) = f(r1,72, 73,712,713, 723). (2.12)
These two facts severely complicate three-electron integrals compared against two-electron ones.
However, large progress has been made in the evaluation of these integrals, and for the case of

Hylleraas-type functions this problem is essentially solved for integrals required in non-relativistic
[124], relativistic [130] and lowest-order QED calculations [131].

2.3.1 Fromm-Hill integral

Surprisingly, the first major breakthrough in analytic evaluation of three-electron integrals of
Hylleraas type came in 1987 tour de force paper authored by Fromm and Hill [44] where even
more general integral, namely of exponential type, was directly evaluated analytically by using
Fourier integral representation of r~! exp(—ar) and ingenious application of contour integration.
The Fromm-Hill integral has the following form

3. 13y 43
_ d’ry d°rg d°r3 exp(—w1r1 —ware—wsrs—uiar12—U13713—U23723)
I(wy, w2, w3, w12, u13, uz3) = )
A7 4w 4w T17T2Tr37Tr12713723
(2.13)
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with {w1,ws, w3, w12, u13,ues} € RT. We will not present its analytic form after integration,
as it is rather unwieldy. It involves combinations of dilogarithms with complex arguments that
involve the square root of a homogeneous sixth-degree polynomial in parameters w;,u;; and
requires careful branch tracking for numerical evaluation.

Analytic evaluation of the Fromm-Hill integral has allowed to obtain expressions for even
more general function, that has arbitrary powers of r; and r;;

3 3 3
d I']_ d I'2 d rsrnlflrngfl,rngfl
4 4w An 1 2 3
7’L12—1 n13—1 7’L23—1

XT3 T13° To3 exp(—wiT —wara—wW3r3—u12r12—U13r13—U23723)

J(nlan27n37n12;n13an23§wlaw2;w3>u127u137u23) = /// (2 14)

available via differentiation similarly to the two-electron case

o \™ 0 \™ o \"
J(”lvn27n37n127n137n23;w17w27w37u127u137u23) = <_> <_) <_>

8 ni2 8 ni1s a no3
T Oute YN - I .
X ( 8u12) < 6u13> < 3u23) (w1, wa, w3, ur2, U3, U23)

The result was difficult in practical realisation via the computer program that could be used in

(2.15)

large-scale calculations of atomic systems. Next, there appeared a new result by Remiddi [132]
in 1991 where he independently gave analytic formulas for simpler case of I(w1,ws,ws,0,0,0),
namely the most fundamental three-electron integral of Hylleraas type (along with several other
integrals). Significant simplification of Fromm-Hill formulas was given in 1997 by Harris [45]. He
managed to turn integral I(wy,ws, w3, u12,u13, u23) to a form involving Clausen function, that
does not require branch tracking. He also reconciled results of Fromm-Hill and Remiddi and has
shown that it is possible to obtain Remiddi’s result as a special case of Fromm-Hill integral (with
U5 = 0.

2.3.2 Three-electron integrals of Hylleraas-type functions

If we use Hylleraas-type functions to represent wavefunction for three-electron atomic system,
the integrals have the following form

3 3 3

. _ drldrzdr?’ a b _.c ,.ni .n2 ns3
f(a,b,c,nq,mn2,n3; w1, w2, w3) = In An An exp(—w1T1 —warg—w3r3)risrisrasry vy rs?,
(2.16)

where —1 < {a,b,c,n1,n2,n3} € Z are powers of distances electron-electron distances and the
nucleus-electron distances and {wq, wa, w3} € R are nonlinear parameters. These integrals have
the following symmetry

f(a,b, c, n17n2an3;wlaw27w3) = f(b,a,c, n27n17n37w23w17w3) (2 17)
= f(C, b7a7n3an1;w3aw27w1) = f(a,c,b,n1,n3,n2;w1,w3,w2).
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2.3.3 Three-electron Hylleraas-type master integral

The most fundamental integral is the one with all powers equal to —1 (it also corresponds to
special case of the Fromm-Hill integral with all u;; = 0)

f(_]'v _17 _1; _17 _]-7 _17 wlvw27w3) = I(wl,wg,’lU3, 0,07 0) =
/// d3ry d®ry d3r3 exp(—wiry — wore — w3rs) (2.18)

47 4w 4w T1271372371797T3 '

The derivation of the resulting expression by Remiddi also involves Fourier representation of
r~Lexp(—ar) but uses sophisticated choice of variable transformations, quadratic forms, deriva-
tives, asymptotic expansions and factor cancellations that yield the final result

f(_17 _17 _17 _17 _17 —1;’(1}1, ’LUQ,’U)3)
-1
- {1n< s ) ln(l + w‘°’> +Lig<w3) +L12(1 _ “’3>
2 w1 wo w3 w1 + we w1 + wo w1 + wa w1 + wa
+1n<w2) ln(l + w2> + Lip (“’2) +Li2(1 _ “”)
ws + w w1 + ws w1 + ws w1 + ws

s Ym0 ) —“’1) FLig(1— )L
wo + w3 w1 + wo wo + ws wo + w3
where Liy is the dilogarithm function defined as

Liy(z) = —/OZ a3 =W (2.20)

u

(2.19)

Increased powers of 7;’s can again be straightforwardly obtained via differentiation over respective
parameters

f(_17 _17 _1an17n2an3; w1, w2, wg)

(aw> (aw> (aw) Lol ol L s ).

However, increased powers of r;;’s are not available this way for Hylleraas-type functions. Al-
though they can be (and have been) obtained via application of the same techniques Remiddi
used for the direct evaluation of the integral f(—1,—1,—1,—1, —1, —1;w;, ws, ws) the procedure
is rather cumbersome and unpractical especially for the higher powers of r;;s, since both the
resulting and the intermediate expression lengths increases significantly.

2.3.4 Recurrence relations for three-electron Hylleraas-type integrals

Resolution of this difficulty was found by Pachucki, Puchalski and Remiddi [124] (PPR) in
2004. They have managed to derive closed-form recurrence relations, that allow to express
three-electron Hylleraas-type integrals with increased powers of 7;; via the integrals with lower
powers and some two-electron integrals. This powerful technique paved a way for analytic (and
consequently numerical) evaluation of integrals of the Hylleraas-type functions with arbitrary
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powers of r;;’s. The recurrence relations were obtained by applying the technique of integration
by part identities [133,134] commonly used in analytical calculations of Feynman diagrams.
Since the full derivation of these identities is rather lengthy and the details were given in [124]
we give only the most salient details of the derivation. First, the following nine identities in the

momentum representation are given

. 0 _ _
OEidg(z,j):///d3k1d3k2d3k3£(kj(k%+u%) (k3 + uj) "2

(2.22)
X (K + ) ™™ (kG + w) Tk + wd) T (k) + wd) ™),
where 7,5 € 1,2,3. Expanding the r.h.s of all the identities in equation (2.22) results in nine

equations involving the functions of the following form

G(ml, ma,ms3s, My, mMs, mﬁ)

d®ky d3kod®k
- /// Sgs (K )T RS )T (R )T (2:23)

x (kg +wi) ™™ (ks + w3) ™" (k) + w) ™.

Next, since we are interested in relations of the integrals of the Hylleraas-type functions, we set
m1 = mo = mg = 1 and differentiate over ui, uo, us at u; = uo = ug = 0. We introduce functions
hs defined as

hs(ni,na, n3, ma, ms, me)

om

2.24
= (—1)™ B (2.24)

o

. o
(1" o

(=1)" o G(1,1,1,my, ms, ms),

u3z=0

u1=0 uo=0
which are in turn connected to the three-electron Hylleraas-type integrals via the relation

f(a,b,c,n1,n2,n3; w1, wa, w3)

8 ni a ng a n3 (225)
) () () i

and the following Fourier representation

exp(—wr) 1 / 3. AmelkT
= k 2.26
and (in distributional sense)
1 .
83 (r) = = / d*kdmelkT, (2.27)
(2m)

The recursion relations are obtained by solving the nine identities from relations (2.22) in a
way that yields expressions that allow to increase powers a, b, ¢ and ny,ng, n3. Such expressions
correspond to hs(ni + 2,na,ng, mg, ms, mg), hz(ni,na,ng,my + 1, ms, mg) and respective for-
mulas for increased mno,n3 and ms, mg. Since there are nine equations for six unknowns there
is some freedom in exact form of the solutions. PPR chose solution in a way that decouples
recursions to the ones that increase powers of r;;’s and separate set for increasing r;’s leading
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to expressions for f(a + 2,b,¢,—1,—1,-1), f(a,b+ 2,¢,—1,-1,-1), f(a,b,c+2,—1,-1,—1)
as well as f(a,b,c,n1+,n9,n3), f(a,b,c,n1,na + 1,n3), and f(a,b,c,n1,n9,ng + 1) respectively
(with dependence of f on wi,ws, ws was omitted). For more details of the derivation we refer
the reader to original source and proceed to applications of the results obtained by PPR.

Since powers of r;’s can be increased via the differentiation over w;’s we use only recursions
that increase powers or r;;. Therefore, as we are interested in analytic evaluation of the three-
electron integrals we present only the recursion that increases powers of r;;

f(avbv c+ 27 _17 _17 _1)

I+cf 1 [bb-1)
— i —2.c+2,-1,—-1,-1
2 {w%{ c+1 fla:b=2,c+2,-1,-1,-1)

1
+(a+2b+c+2)f(a,b,e,—1,-1,-1) + ?f(a,b,c—l—Q,*,—l,—l)
c

b(;_'tll)f(a_‘_ 2b—2,¢,—1,-1,-1) + aij_lf(a—l— 2,b,¢,—1,—1,%)
B cjflf(a’*’c—'_z_l’_l’_l) _ CLi’_’1f(a+2,*,c,—1,—1,—1)
ﬂjg %f(abe,chQ,—l,fl,fl)
+2a+b+c+2)f(a,be,~1,-1,-1) +C+%f(a,b7c+2’—1v*’—1) (2.28)
+%f(aﬂ,bm,c,fl,q,q)+H%f(a,b+2’ca*1f1’*)
_ C(jflf(*,b,c—I—Q,—l,—l,—l)— billf(*’bJrz’C’—l’_L_l)

w3 [e(e—1)

B w%wg b+1

f(a,b+2,c—2,—1,71,71)

1
+(a+b+2c+2)f(a,b,c,—1,-1,-1) + ——f(a,2 + b, ¢, %, —1,—1)

b+1
c(c—1) 1
2,b,c—2,-1,—-1,-1) + —— 2,b,¢c,—1,%,—1
a+1 Jt‘(CL+ ) 7C ) ) ) )+a/+1f(a+ K 7C7 7*7 )
Se dc
— b+2,%x,—-1,-1,-1) — 2,b,%,—1,-1,—-1
b—'—lf(a’ + 7*7 ) ) ) a+1f(a+ ) 7*7 ) ) )]}7

where the symbol §,, denotes the Kronecker delta d,, ¢ and the x in the argument denotes the
integral f with respective r;; or r; replaced with Dirac delta multiplied by 4w

f(*a b7 ¢, Ny, N2, TL3)

Ery dr, & (2.29)
:/// 4;'1 4;'2 4;3 eXp(iwlrl7w2r2*w37'3)47T53(7’23)rgl7”527“71117";27’;3

and
f(aa ba C, %, N9, TL3)

d3ry d3ry d3 (2.30)
/// 4: 471;2 4;3 exp(—w1ry — Wary — w33 )regry 15,483 (1) ry2 el
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The above integrals with Dirac delta result in two-electron integrals that belong to classes
discussed in the section about two-electron integrals. Respective recursions that increase b and
¢ are straightforwardly found by applying symmetry relations given in equation (2.17). Since
larger n1,ng2,ng can be found via differentiations over wi, we,ws the only remaining task is to
find the three-electron integrals necessary to use the recursion for increasing a, b, c. The formula
for the first integral f(—1,—1,—1,—1,—1,—1; w1, w2, w3) was given in equation (2.19). Since re-
cursion given in equation (2.28) changes the powers of r;; by two, the remaining necessary three-
electron integrals to use it are f(0,0,0, —1, —1, —1; w1, we, w3),f(0,0, -1, —1, =1, —1; w1, wa, ws),
and f(0,—1,—1,—1,—1,—1;wy,wq,ws). All of the remaining necessary integrals are straight-
forward to obtain by using symmetry of the three-electron Hylleraas-type integrals as given in
equation (2.17).

2.3.5 Remaining three-electron Hylleraas-type master integrals

The remaining master integrals for the recursions for the three-electron integrals can be directly
calculated by using the same technique as in the equation (??) by transforming the coordinates
of ry to ro3 (alternatively rq could be changed instead)

Br; dra d3r exp(—wir1 —wars—ws:
F0.—1,—1,—1, =1, —1; w1, wp, ws) = /// r1 d°ry d°r3 exp(—wyry —were—wsrs)

4 Am 4w 713723717273
== // d’ry &3 exp(—wir —wsrs) / drg exp(—wara)r2 /T1+T3 dr23L
2 4 Arw 7137173 Jo Irs—ra| ToT3 (2.31)
1 d3ry d3r3 exp(—wiri—wsr3) (2 2exp(—r3wz) '
- m // A7 4w 137173 (7’3 - 7'3)
1 d3ry d®r3 [exp(—wiri—wsrs)  exp(—wiry — (wg + ws3)r3)
- wig // 4 4w ( 7’17’%7’13 B r1r§r13 )

leading to a combination of the two-electron integrals that can be evaluated via the equation
(2.10) to yield

f(07 717 715 717 717 713 ’lUl,UJQ,'lU,?,) = (F(Ov 71a 07 wy, w3, 0) - F(Ov 717 07 wy, w2 + w370))

1 (m(wl;%) i 1<>>

Sl =

- .2 2 2
w; wy wy

1 wg(wl + w9 +U}3)
———n .
wiwy  (wy + ws) (w2 + ws)

(2.32)

The two remaining basic integrals are straightforwardly evaluated as either products of one- and
two-electron (equations (2.1) and (2.9) respectively)

d3ry dry d3 T — W —
£(0,0,—1,—-1,—-1, —1; wy, wo, w3) /// ri d°ry d°rg exp(—wir1—wer2—wsrs)
dm 4w Ar 793717273

_ // d3ry d®r3 exp(—wors—ws3rs) / d3ry exp(—wy) (2.33)

4 4w 7937973 4 r1
1

wows (wg + ws)w

=1(0,0,0; wg, w3, 0) 1 (—1;w;) =
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or only one-electron

d3 d3 d3 o o o
f(0>07—1,—1,—17—1;w17w2,w3)=/// r1dra & rg explownm—tars—wsry)

47 4w 4w r1roTs
- / d3ry exp(—w1) / d3ry exp(—ws) / dBry exp(—ws)
= iy ™ 47 T A7 rs
1
= Il(—l;w1)11(—1;w2)11(—1;wg) =
Wiwaws
(2.34)

integrals. Together with symmetry relations given in equation (2.17) this completes the full set
of formulas necessary to calculate all considered three-electron integrals of Hylleraas-type using

recurrence relations given in eq (2.28) and differentiation over w;.

2.3.6 Extended three-electron Hylleraas-type integrals

The typical range of parameters for three-electron Hylleraas-type integral, as given in equation
(2.16) is restricted to integers {a,b,c,n1,n9,n3} > —1. However, when one wants to consider
relativistic corrections, using for example, expectation values for Breit-Pauli Hamiltonian [135]
it is necessary with parameters beyond the standard range of parameters. In such extended
integrals one of the parameters takes the value of —2 leading to the integrals with either T;Q (if
it is one of the parameters a, b, ¢) or r;Q (in case of n1,m2,n3). While in this thesis we solve the
four-electron Hylleraas-type integrals that occur in the non-relativistic calculations, some of the
extended three-electron integrals are required in order to calculate the four-electron ones in our
method.

The extended three-electron Hylleraas-type integrals that we require in our calculations are
the ones with ny = —2 (and their permutations), leading to integral of interest of form

d31‘1 d3I‘2 d3I‘3
b —2,.n2,.n3
f(ayb,C,—2,7127”3;101,w2,w3)Z/// dn dr dn exp(—wiri—wary—wsr3)riorizrizry “ry’rs’
(2.35)

with regular bounds of parameters. Calculation of such integrals is more involved than the
regular Hylleraas-type integrals and although it was solved in [130], the technique developed
there uses numerical integration and therefore is adapted for numerical calculations. Since we
need analytic formulas we will solve the integral (2.35) analytically.

The simplest way to obtain analytic formulas for the extended integral given in equation
(2.35) is to simply integrate it over the parameter, using the fact, that since the differentiation
over the parameters w; works also for integrals with 72 we have

0
((9’(1}1 f(CL, b,c,—2,n2,n3;w1,w2,w3) = 7f(a7ba C,*I,TLQ,TLg;wth,’wg). (236)
Therefore3
o0
f(a) bv ¢, _27 N2, N3; Wy, W2, ’(1)3) = / dwlf(aa b7 &) _17 N2, N3; Wy, W2, 11)3). (237)
wy
3Since for n € NT Aw € RT we have (—%) exp(—wr)r" = exp(—wr)r"™! and lim exp(—wr)r™ ™ — 0.

w—r 00

25


http://mostwiedzy.pl

Downloaded from mostwiedzy.pl

A\ MOST

Although the direct analytic integration using formula (2.37) would be troublesome (but possible)
in the case of the three odd parameters a, b and ¢, such situation never occurs in the four-electron
Hylleraas-type integrals of our interest. Therefore, the integration can be performed analytically
resulting in formulas with elementary functions only.

2.4 Four-electron integrals

Extension of the three-electron exponentially-correlated integrals to four electrons has the fol-

lowing form

K(a,b,c,d,e, f,n1,n2,n3, N4; Wi, Wa, W3, Wy, U12, U13, U14, U3, U4, U34) =

//// d®r; d3ry d3r3 d3ry exp(—w1T1 —warg—wsr3—w4ry) (2.38)

—-n1,,—n2,,—n3,,—n4, . —a, —b —c —d _—e —f
AmAm AT ATy S T T s T T

X exp(—u12712— 13713 —U14714—U23T23—U24T24—U347'34 ),
while the four-electron Hylleraas-type integrals are

gla,b,c,d, e, f,ni,n2,n3,n4; w1, w2, w3, wy)

B //// d3r; d®ry d3rs d3ry exp(— w11 —Warg—wWsr3—wyry) (2.39)

4 4 4 4 —ni,,—n2,,—n3,—n4
7 T m 7 7'1 7"2 7"3 7"4

T T T e

with (similarly to the three-electron case) {w1, ws, w3, ws} € RT being the nonlinear parameters
and —1 < {a,b,c,d,e, f,n1,n9,n3,n4} € Z are powers of the electron-electron distances and the
nucleus-electron distances.

These integrals are symmetric with respect to the exchange of the indices of electrons. There
are 4! = 24 such permutations. Furthermore, similarly to the two- and three-electron Hylleraas
functions it is possible to differentiate over the parameters wi, ws, w3, w4 in order to increase
powers of r1,r9, 13,14 getting

g(a,b,c,d, e, f,n1,n2,n3,n4; w1, w2, w3, Wy)

o \™ 0 \™ o \™ o \™
= <_au)1> <_(9U]2> <_8U}3) <_8w4> g(a,b,c,d,e,f,—l,—1,—1,—1;w1,w2,w3,w4)

(2.40)

The analytic formulas for the master integrals (with all powers or r; and r;; equal to —1)
are not known, neither for the exponentially-correlated, nor for the Hylleraas-type functions.
Therefore, at the present moment it is not possible to directly generalise approach used for
three-electron integrals. As a result it is necessary to restrict the parameters in order to obtain
a set of integrals that are possible to solve analytically.

2.4.1 Recurrence relations for four-electron Hylleraas integrals

In order to calculate singly-linked Hylleraas-type integrals we use the technique inspired by PPR
approach to develop a set of the recurrence relations that will allow to obtain analytic formulas
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for the singly-linked Hylleraas integrals. We develop and use integration-by-parts identities,
but in the space (instead of momentum) representation. We emphasise, that the recurrence
relations presented here apply for general four-electron Hylleraas integrals and are not limited

to singly-linked type only.

Integration by parts identities

We use the sixteen following identities*

—id(i, ) = d3ry d®ry d3r3 d3ry Vi or exp(— w11 —Warg—wsr3—wyry) (241
e, —f

4 4 4 4 J_—ni_—no _—n3 —na,.—a, —b —c —d —
Toamo Amo am Ty Tg T3 Ty T 713714793 724 T34

with {i,j} € {1,2,3,4} to obtain the recurrence relations for Hylleraas-type integrals g. The
detailed derivation of the recurrence relations are presented in Appendix A in section A.1.2.
Here, we present only the final results that are directly applied in calculations. Out of the
sixteen recurrences we use the three that increase indices a, b, c¢. This is possible, because we
take the integrals given in equation (2.47) as the starting point and develop the strategy to
obtain non-zero indices a, b, ¢ for a given set of {d, e, f,n1,n2,n3,n4}.

Formulas for recurrence relations

The three recurrences developed to obtain analytic formulas for the singly-linked Hylleraas inte-

grals are®

gla+2,b,c,dye, f,—1,-1,—-1,-1) = g(a,b,c,d,e, f,—1,1,—1,—1)

+ —{(3a+b+c+6) (a,b,c,d,e, f,0,—1,—-1,—1)

2w
+a(gla—2,b,c,de, f,0,1,-1 —1) = g(a —2,b,¢,d,e, f,2,—1,—1,-1))
+b(g(a,b—2,¢,d,e, f,0,—1, 1) gla,b—2,c,d,e, f,2,—1,—1,—1) (2.42a)
—2g(a,b—2,¢,d+2,e, f,0,—1,-1,— 1)+2g(a+2b—2cdef, -1,-1,-1))
+c(g(a,b,072,d,e,f, ,—1,—-1,1) — g(a,b,c — 2,d,e, f,2,— ,71,71)

—2g(a,b,c —2,d,e+2,f,0,—1,—1,—1) + 2g(a + 2,b,c — 2,d,6,f,0,—1,—1,—1))},

gla,b+2,¢,dye, f,—1,-1,—-1,-1) = g(a,b,¢,d,e, f,—1,—-1,1,-1)

1
+ — {(a +3b+c+6)g(a,b,c,d,e, f,0,—1,—1,—1)
2w1

+ a’(g(a - 2,b,C, d7eafa0a 17 _1’ _1) - (CL - Q,b,C, d7eafa25 _1a _17 _1)

—2g(a—2,b,¢,d+2,¢, f,0,~1,~1,-1) + 2g(a — 2,b+ 2,¢,d, e, f,0,—1,—1,-1))  (2:42b)
b(g(a,be,c,d,e,f, ) 171371) g(a b*2,C,d,6,f,2,71,71,*1))
C(g(a7b7c_2adaeafa ) -1 _171) g(a bvc_Qadaeafa2a_1a_17_1)

)

_2g(a'?b7c_27d7€7f+270a_17 a 1 +29(a‘5b+27c_27d767.f707_17_17_1)):|7

4The identities are proven in section A.1.1 of Appendix A.
5The recurrence relations are derived in section A.1.2 of Appendix A.
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g(a7bvc+ 27d767f7 _17 _17 _]-7 _1) = g(avbu c, dveva _]-7 _17 _]-7 ]-)
1
+— [(a +b+3c+6)g(a,b,c,de, f,0,—1,—1,—1)
2w
+a‘(g(a - 27bacv d,€7f70, 17_17 _1) _g(a - 27b707 dve7f727 _]-7 _17_1)
- 29((1 - 27ba ) dae + 23 faO, 713 717 71) + 29(0’ - 2,b76+ 2adaeafao, 713 717 71)) (242(})
+b(g(a”b_ 2,C7d,€7f70, _171’ _1) _g(a”b_ 2ac7d7€7f72a _17_17_1)
—2g(a,b—2,c,d,e, f+2,0,-1,—1,—1) +2g(a,b—2,c+ 2,d,e, f,0,—1,—1,-1))
(

+c(g(a,b,c—2,d,e, f,0,—1,-1,1) — g(a,b,c — 2,d, e, f,2, -1, —17—1))}.

These three equations allow to increase the indices a, b and ¢ by two, similarly as the
recurrences for the three-electron integrals. However, there are significant differences between
the three electron recurrence given in equation (2.28) and the derived four-electron recurrences
given in equations (2.42a), (2.42b) and (2.42c).

Comparison with three-electron recurrences

Firstly, contrarily to the three electron case, in the four-electron case we didn’t manage to
separate indices corresponding to powers of distances between the two electrons from powers
corresponding to distances between the electrons and nucleus. Therefore, the recurrences for
four-electron integrals cannot be separated to the two set of recursions yielding a method that
increases powers of 7;; for arbitrary powers of r;. The second important difference between
the three- and four-electron recurrences is that the four-electron recurrences do not terminate
for powers below —1. In the three-electron case the integrals with powers lowered by two are
multiplied by factor that equals to zero, for example the term:

b(b— 1)

b=0vb=1=
c+1

fla,b—2,c+2,—-1,-1,-1) =0 (2.43)

in equation (2.28) guarantees that the recursions terminate for both odd and even powers of b
(and similarly for a and c).

Derived four-electron recurrences terminate only for {a,b,c} = 0. This is immediately obvi-
ous, since equations (2.42) contain terms only such as

b=0=
b[g(a,b - 2,07 daeafa()? _17 13 _1) - g(a,b - 2,03 daeafa2, _]-a _17 _1>_ (244)

2g(a,b—2,¢c,d+2,e, f,0,—1,-1,—1) 4+ 2g(a + 2,b — 2,¢,d,e, f,0,—1,—1,—1)| =0,

and these terms are not multiplied by b—1 which would guarantee that the recurrences terminate
for odd powers of b (again, the same argument is valid for @ and ¢). This prompts the development
of the alternative technique to calculate the odd powers.
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2.4.2 Four-electron singly-linked Hylleraas integrals

Because of the lack of both the master integrals as well as the sufficiently general recurrences for
general four-electron Hylleraas integrals, we restrict our interest to the so-called integrals over
the four-electron singly-linked Hylleraas functions. These functions have the form

h(a,b,c,d,e, f,n1,n2,n3, n4; w1, W2, W3, W4) (2.45)

Ny, M3 M4 b d f
= exp(—wi T —warg—war3—wars)ry ry 2 rytry i riarisri rssrsra,,

with {wy,ws, w3, ws} € RT A1 < {a,b,c,d,e, f,n1,n2,n3,n4} € Z and {a,b,c,d,e, f} further
restricted to have only one odd parameter (with the rest of them being even). In turn, when such

function is taken as the basis function in variational calculations of non-relativistic Schrodinger
equation it results in matrix elements that have the form of the integrals of the following type

(a,b,c,d, e, f,n1,n9,n3, ng; W1, Wa, w3, Wy)

d3r; d3ry d3r5 d3
//// TC T2 r4h(6l, b,c,d,e, f,n1,ng,n3, n4; w1, wa, w3, Wy)
A7 4m 4w Aw

d’ry drp d’rs dPry exp(—w1r] —wary—wsrs—wyry)r e tredryird 7o o€ rf
= 171 — W2l —W3Tr3— W4Ty
In dn 4n A 1 T2 T3 Ty T127137147237247345
(2.46)

with {w1, we, w3, ws} € RTA-1 < {a,b,c,d, e, f,n1,n2,n3,n4} € Z and {a,b,c,d, e, f} restricted
to at most three odd and consequently at least three even values. From now we will call these
integrals the singly-linked Hylleraas type integrals. The name comes from the fact, that only
such integrals arise as matrix elements of the non-relativistic Hamiltonian of atomic system when
at most single odd power of r;; factor is allowed in each basis function®.

The only difference between the singly-linked Hylleraas integrals (2.46) and the general Hyller-
aas integral (2.39) is in the restriction of the parameter space to at most three odd parameters.
Therefore singly-linked Hylleraas functions and integrals are subset of the generic Hylleraas func-
tions and integrals. We emphasise, that consequently all of the relations and methods we derived
are generic and apply to generic four-electron Hylleraas-type integrals. So far, we have found
our developed methods to suffice in obtaining analytic formulas only for the subset restricted to
the singly-linked Hylleraas integrals.

Because of the symmetry properties of the four-electron Hylleraas integrals from now we
consider singly-linked Hylleraas-type integrals that have at most one odd factor in the first three
indices (a,b,c) and only the index a can be odd. Consequently, for the considered class of
integrals, if a is odd there are at most two odd number among indices fourth to six (d, e, f),
and three if a is even. This can be done without any loss of generality, since all the remaining
singly-linked Hylleraas integrals can be obtained from such integrals via symmetry operations
as explained in section 2.4.8. Therefore, in this thesis we develop efficient method to obtain
analytic formulas (involving dilogarithmic functions, since they are already present in three-
electron subsets of four-electron integrals) for all singly-linked Hylleraas integrals. The general
scheme of the method is presented in figure 2.1.

SThere at most three odd factors in the resulting integral, since one comes from the bra of the matrix element,
second from the ket and the third one from the Coulomb operator which has form r;jl.
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|START|

2.2.1 [2.3] ‘¢

li(ny ; wy) f(d, e, f, ny, N3, Nu Wy, W3, Wy) |

(3.43] ¢

g(0, 0, 0, d, e, f, Ny, Ny, N3, NG Wy, Wy, W3, Wy) |

v

YES = No
a even
? i
2.4.4 [2.45
use reccurences for a+2, b+2, c+2 to calculate use diff. eqn for a=-1 to calculate
g(a:even, b:even, cieven, d, e, f, ny, ny, N3, Ny) g(-1, b:even, c:even, d, e, f, ny, ny, N3, ny)

4_

¢ 2.4.6
STOP use diff. eqn for a=1 to calculate

g(1, bieven, cieven, d, e, f, ny, ny, N3, ny)

4_

2.4.7

use reccurences for a+2 to calculate
g(a:odd, b:even, ceven, d, e, f, n;, n,, nz, ny)

I<_

STOP

Figure 2.1: Flowchart of the method developed to analytically calculate singly-linked Hylleraas
integrals. Number at the top left corner of each block corresponds to the section of this chapter,
which describes the given part of the procedure.
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2.4.3 Four-electron integrals reducible to simpler integrals

There exists simplest class of singly-linked Hylleraas integrals, that can be expressed either as the
three-electron integrals multiplied by integration over the fourth electron or as the products of
two-electron integrals (there are also integrals that factor further, to the one-electron integrals).
These two types of such integrals are for example

9(07 0707d7 €, f7 ni,nN2, N3, N4, W1, U}Q,’U)g,w;l)

_ d3rq dry d®rg d’ry ng, n3, na.d e [ _
= - exp(—wiry)ry? exXp(—wWory—W3rs—wara)ry 1y rytrosrs,ra, =

4 A7 4w 4w

Li(ni;wi) f(d, e, f,n2,n3, ng; wa, w3, wy)
(2.47)

and

a 0 O 0 0 f’nlan23n37n47w17w27w33w4)

d31‘1 d31‘2 d31‘3 d31‘4
n n n3,n.
// exp(—wir —wara)ryry?ry o i exp(—wgrg—w4r4)7"33r44r£4 =

47 Amw
P(ni+1,no+1a+ w1, we,0)'(ng + 1,ng + 1, f + 1; w3, w4, 0).
(2.48)

The first equation (2.47) is used as a starting point to calculate more complicated four-electron
integrals. The integrals with two non-overlapping indices r;; are separable into the products of
two-electron integrals (such as the one given in equation (2.48) and its permutations with respect
to electron indices). Since our method of calculation of the singly-linked Hylleraas integral general
and allows to independently calculate such integrals, we use formula (2.48) and other integrals
of this kind to validate the correctness developed method.

2.4.4 Application of recurrence relations for even «,b, ¢

In the case of even a, b, ¢, application of the four-electron recurrence relations is rather straight-
forward as all the necessary master integrals are the three-electron integrals multiplied by one-
electron integral. As an example we will show how to use recurrences to obtain formulas allowing
to calculate first few integrals. First, we use equation (2.42a) to start from ¢(0,0,0,d, e, f,—1, —1,
in order to get

9(2? 07 07 da €, f7 _17 _17 _17 _1) = 9(07 07 07 d7 €, f) _17 17 _17 _1)
6 (2.49)
+ 79(07 07 07 d7 €, f7 07 _]-7 _]-7 _1)7
2’LU1
where ¢(0,0,0,d,e, f,—1,1,—1,—1) and ¢(0,0,0,d,e, f,0,—1,—1,—1) are straightforwardly ob-
tained via the differentiation of ¢(0,0,0,d, e, f,—1,—1,—1, —1) over the respective parameters w;
as per equation (2.40). Integrals g(0,2,0,d,e, f,—1,—1,—1,—1) and ¢(0,0, 2,d, e, f,—1,—1, -1,
are obtained in the same way as equation (2.49) using equations (2.42b) and (2.42c) respectively.
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Next, we proceed to use equation (2.42b) with a = 2,b = 0, ¢ = 0 which yields
g<2’ 2) 07d7 €, f7 _17 _1a _17 _1) = 9(2707()’ d7 €, fa _17 -1 17 _1)

T [89(2,0,07(1,@7120,—17—1,—1)

1
le

(2.50)
+ 2(9(0707 07d767 f707 1a _17 _1) - g(070a 0) daea f7 27 _17 _1a _1)

—2g(0,0,0,d + 2, e, f,0,—1,—1,—1) +2¢(0,0 + 2,0,d e, f,0, —1, —1, —1))}.

All necessary integrals on the right-hand side of the equation above are either already calculated
or straightforwardly computed via the differentiation over w;. Equation (2.42c) with a = 2 can
be used in the same way to get ¢(2,0,2,d,e, f,—1,—1,—1,—1), while equation (2.42c¢) with b = 2
can be used to get ¢(0,2,2,d,e, f,—1,—1,—1,—1).

Then, we can calculate integral ¢(2,2,2,d,e, f,—1,—1,—1,—1) by, for example’, applying
formula (2.42c) with a = 2,b = 2, ¢ = 0 getting

9(272a25d7€a f7 _1a _17 _17 _1) = g<2’2507d767f7 _15 _1a _17 1)

n {109(272,0,d7e, £.0,-1,-1,-1)

1
2wy
+2(9(0,2,0,d,e, f,0,1,—1,-1) — g(0,2,0,d,e, f,2,-1,—1,-1)
—2g(0,2,0,d,e + 2, f,0,—1,—1,-1) + 2¢(0,2,2,d, e, f,0,—1,—1,-1))
+2(9(2,0,0,d,e, f,0,-1,1,—-1) — ¢(2,0,0,d,¢, f,2,—1,—1,—1)

-1 )

729(2,0703daeaf+2303713 ) 1 +2g(27072adaeaf30,71371771))]'

(2.51)

Again, all required integrals on the right-hand side of equation (2.51) are readily computed.

The procedure of applying equations (2.42a), (2.42b) and (2.42c) to increase a,b and ¢ by
2 can be continued to arbitrarily large even values. The only requirement is that all possible
combinations of even a,b and c are calculated before the sum a + b+ ¢ is increased by two. This
ensures that all expressions on the right-hand side of the recurrences given in (2.42) are available
or can be computed via the differentiation over the parameters w;.

2.4.5 Differential equation for ¢« = —1 and even b, ¢

Since the nature of the obtained four-electron recurrences (given in equations (2.42)) requires
integrals with indices a,b and c lowered by 2 and 4, to calculate any odd power a of r15 we
need to calculate two specific cases @ = —1 and a = 1 to start the recurrences for the given
set of {d,e, f}. In order to do so, we developed a technique based on the integration of Poisson
equation with the specifically chosen class of functions. It is used to obtain identities that allow
us to find the two aforementioned specific cases of four-electron Hylleraas integrals. We call
these identities Laplacian identities as they are result of applying Laplacian on the particular
Hylleraas-type functions. Since the full derivation of these identities is rather involved, here

7 Alternatively, it can be obtained by applying equation (2.42b) with a = 2,b = 0,¢ = 2 or equation (2.42a)
with a =0,b=2,c= 2.
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we present only the final result, while the full derivation is available in the section A.2 of the
Appendix A.
The first Laplacian identity (involving a = —1) for four-electron Hylleraas integrals is

w12g(713 b7 ¢, da €, fa 07 713 717 71) - w1(2 + b + C)g(fla ba & da €, fv 71, 713 717 71)

(2.52)
- _T—l(_lv ba c, d7 €, f7 _17 _1’ _17 _1)

where the four-electron Hylleraas integral g(...) is defined as in equation (2.39) while

r_1(=1,b,c,d e, f,—1,—1,—1, —1; w1, wa, w3, wy)
=(0b+c+1)(bg(-1,b—2,¢,d,e, f,0,—1,—1,—-1) + cg(—1,b,c — 2,d,e, f,0,—1,—1,—1))
—beg(—1,b—2,c—2,d,e, f +2,0,—1,—1,-1)
+ wq (bg(—l,b —-2,¢de, f,—1,-1,1,-1) = bg(—1,b - 2,¢,d,e, f,1,—1,—-1,—1)
+cg(—1,b,c—2,d,e, f,—1,-1,—1,1) —cg(—1,b,c — 2,d,e, f,1,—-1,—1, 71))
+fb+d,c+e f,—2,—1,—1; w1 + wa, ws, wy)

(2.53)

denotes the the inhomogeneous term that is assumed to be composed of the known functions of
wy, we, ws, wy and its exact form depends on the values of the parameters b, ¢, d, e, f. Using the
fact (coming from the presence of e~"1" term in the integral g), that

0
P g(a,b,C,d,G,f,*l,*l,*1,71) :*Q(G,b,C,d,@,f,O,*1,*1,71), (254)
w1
and introducing more compact notation where g(a,...) = g(a,b,c,d,e, f,—1,—1,—1,—1), we

arrive at the differential equation

0

oL m w2 bt e)g(=1, ) = (=L, (2.55)

_w%
This equation has to be solved for g(—1,...). The solution of the equation (2.55) is

1 C
g(—1,..) = W/wl;+ r_1(=1,...) dwy, (2.56)
1

and the constant of integration is fixed in such a way, that there are no terms of order wf%bfc

in g(—1,...). The detailed discussion of a method to obtain this solution and the boundary
conditions is given in section A.3 of the Appendix A.

Iterative procedure of finding r_; to find g(—1,...)

Although at first it may seem, that getting the solution of integral g(—1,...) using presented
method is impossible, because of presence of the g(—1,...) integrals in the inhomogeneous term
r—1(—1,...) (as defined in equation (2.53)), it can be obtained using the iterative procedure with
right order of calculation of the integrals. By doing this in a way, that ensures the inhomogeneous
term always consists of already integrated terms, it simply becomes a known function of w; and
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the equation can be straightforwardly solved. The procedure is relatively simple as it only
requires, that the integrals are calculated starting from lowest possible values of the parameters
b =0 and ¢ = 0. Then, these values are increased by two (with the condition that both b and ¢
are increased independently). Cases such as b = 2,¢ = 4 can be straightforwardly obtained from
b =4, c =2 by permuting the indices 2 and 3 of the electrons, but we prefer to calculate both of
these cases independently. Next, we illustrate this procedure for first few values of b and c.

First, we start with simplest case, namely when both b = 0 and ¢ = 0 (for a given set of
{d,e, f}). It leads to very simple expression

T—l(_la Oa 07d7 ¢, f7 _17 _17 _17 _1) = _f(d’ ¢, f7 _27 _la —1,1,U1 + wa, w3, ’LU4) (257)

as we just set b = ¢ = 0 in equation (2.53). The f(b+d,c+e, f,—2,—1,—1;w; + wa, w3, wy)
is an extended three-electron integral and its evaluation was discussed in section 2.3.6. Thus,
after the integration of this three-electron integral over d3rs, d®r3, d3ry, the inhomogeneous term
becomes an explicit function of w;. Next, by plugging this explicit function into the formula
(2.56) (and ensuring that boundary conditions as given in section A.3.2 in the Appendix A are
fulfilled) we finally obtain the value of integral g(—1,0,0,d,e, f,—1,—1,—1,—1).

Next, we proceed to set b = 2,¢ = 0 and, again, use equation (2.53) to get

r_1(—1,2,0,d,e, f,—1,—1,—1,—1)
= —69(—~1,0,0,d,e, f,0,—1,~1,~1) + 2w1g(-1,0,0,d,e, f, =1, -1,1,~1) (2.58)
—2¢(-1,0,0,d,e, f,1,-1,—-1,-1) + f(2+ d,e, f, =2, -1, —1; w1 + w2, w3, wy).
The f(2+d,e, f,—2,—1, —1; w1 + wa, w3, wy) is, again, an extended three-electron integral, and
the integral g(—1,0,0,d,e, f,—1,—1,—1,—1) is redily obtained by plugging the term obtained
from the eq. (2.57) to the solution of the equation (2.55) given by the formula (2.56). There are
two more terms with increased powers n; that remain to be found. They are straightforwardly
obtained from the term g(—1,0,0,d,e, f,—1,—1,—1,—1) via differentiation over w; parameters
as given in the equation (2.40). This way we get g(—1,2,0,d,e, f,—1,—1,—1,—1) and conse-
quently ¢g(—1,2,0,d,e, f,n1,n2,n3,n4) (with arbitrary values of ni,ng,ns3,n4), since it can be
immediately obtained via differentiation over the respective parameters wi, ws, w3, wy. Integrals
9(—1,0,2,d, e, f,n1,n9,n3,n4) are obtained in the similar way.
For b = 2, ¢ = 2 case, the expression (2.53) becomes
r_1(—1,2,2,d,e, f,—1,—1,—1,-1)
=5(29(-1,0,2,d,e, f,0,—1,—1,—-1) + 2¢9(—1,2,0,d,e, f,0,—1,—1,—1))
—4g(=1,0,0,d, e, f +2,0,—1,—1,—1)
i (29(=1,0,2,d, e, f,—1,—1,1,—1) — 29(=1,0,2,d,e, f, 1,—1,—1, 1)
+2¢(-1,2,0,d,e, f,—1,—1,-1,1) — 2¢9(—1,2,0,d,e, f,1,—1, -1, —1))
+f2+d,2+e, f,—2,—1,—1;w1 + wa, ws, wy).

(2.59)

As previously all terms on the right-hand side of the equation (2.59) are already evaluated
previously using equations (2.57), (2.58), and differentiation over parameters (as per equation
(2.40)) to increase n; and solved via the formula (2.56).
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From this point the procedure follows analogously for r_i(—1,4,2,d,e, f,—1,—1,—1,—1)
and g(—1,4,2,d,e, f,—1,—1,—-1,-1), r—1(—1,2,4,d,e, f,—1,—1,—1,—1) in order to calculate
g(—=1,2,4,d,e, f,—1,—1,—1,—1), followed by using r_1(—1,4,4,d,e, f,—1,—1,—1, —1) to obtain
g(—1,4,4,d,e, f,—1,—1,—1,—1) et cetera. Consequently, repeated application of this procedure
yields formula for any® integral of type g(—1,b,¢,d, e, f, —1,—1,—1,—1) with even b and c.

2.4.6 Differential equation for ¢ = 1 and even b, c

Similarly to the case of a = —1 we use method of applying Laplacian (described in detail in
section A.2 of Appendix A) to obtain the second Laplacian expression

w12g(1, b7 ¢, da €, fa 0, _]-a _17 _1) - w1(2 +b+ c)g(l,b, &) d,ea f7 _17 _17 _17 _1)

(2.60)
= _T1(17 ba ¢, d7 €, f7 _15 _1a _17 _1)

that leads to the identical form of the differential equation as with with a = —1 (see eq. (2.55))

namely

_“”28%1 (1,..) —wi(2+b+c)g(1,...) = —r(1,...). (2.61)

with only the (slight) difference in the inhomogeneous term

r1(1,b,¢,de, f,—1, =1, =1, —1;wy, wa, w3, wy)

=({b+c+1)(bg(1l,b—2,¢,d,e, f,0,—1,—1,—1) + cg(1,b,¢c — 2,d,e, f,0,—1,—-1,—1))
—beg(1,b—2,¢—2,d,e, f +2,0,—-1,—1,-1)

+wi(bg(1,b—2,¢,de, f,—1,-1,1,—1) —bg(1,b — 2,c,d,e, f,1,—1,—1,-1)
+cg(1,b,c—2,d,e, f,—1,—-1,-1,1) = cg(1,b,c — 2,d, e, f,1,-1,—1,—1))
—29(-1,b,¢,d,e, f,—1,—1,—1,-1).

(2.62)

This differential equation is, again, solved (as described in section A.3 of Appendix A) to yield
1 b+c
g(].,) = W wq 7'1(17...) dwl. (263)
1

The main difference with the integrals with a = —1 is that g(—1,...) is a part of the inhomo-
geneous term 71(1,...) (in place of the extended three-electron integral present for the former
case). Thus, it must be solved first, in order to solve for g(1,...). The last term in the right-hand
side of the equation (2.62) requires the integral g(—1,b,¢,d, e, f,—1,—1,—1,—1) to be already
calculated. Therefore, in order to calculate the integral with a = 1 for each set of values of
{b,c,d,e, f} the integral with a = —1 must be solved first.

8In the case of the singly-linked Hylleraas integrals we are interested in, there would be at most only two odd
values among the parameters {d, e, f}. This makes the integration given in the equation (2.63) simple, as it is
over only elementary functions. In the case of the three odd parameters the integration becomes significantly
more difficult, since the integrand consists of non-elementary dilogarithmic functions (defined in equation (2.20))
which are more difficult to integrate.
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The rest of the iterative procedure is identical with the one described in the previous section
2.4.5. Application of this procedure allows us to find any” integral with a = 1, even b > 0 and
even ¢ > 0, and (in principle) arbitrary {d,e, f} > —1.

2.4.7 Application of recurrence relation for odd ¢ > 1 and even b, ¢

When the four-electron Hylleraas-type integrals with a = —1 as well as a = 1 are solved for a
given set of values of {b,¢,d, e, f,—1,—1,—1,—1} it is finally possible to use recurrence relation
to increase a by two to obtain closed-form formulas for the integrals with arbitrary odd values
of a > 1, even b, ¢ and any values of {d, e, f}.

The procedure is rather straightforward since it only requires repeated application of recur-
rence relation (2.42a) and differentiation over parameters w; while all necessary integrals are
already obtained using methods described in the previous sections.

In order to illustrate what are required integrals and how they can be calculated using pre-
sented methods here we present application of the recurrence relation to obtain a = 3 for non
negative even b, ¢ and arbitrary {d,e, f} > —1.

The equation (2.42a) with a = 1 takes form

9(37 ba & da €, fv _1, _13 _17 _1) = g(l, bv ¢, d,e, f, _]-a 1, _13 _1)

1
+o— [(3 +b+c+6)g(1,b,¢,de, f,0,-1,-1,-1)
2’[1)1
+ 1(9(_17 b, &) da €, fa Oa ]-, _13 _1) - g(_]-a ba ¢, d> €, f, 27 _1) _]-a _1))
+ b(g(17 b— 27 G, d767 fa 07 _15 17 _1) -9 17 b— 27Ca da ¢, fa 27 _la _17 _1) (264)

—29(1,b—2,¢,d+2,e, f,0,—1,-1,—1
+ c(g(l,b,c— 27d767f707_17_17 1) )
—2g(1,b,c—2,d,e+2,f,0,—1,—1,—1) + 2g(1,b,c — 2,d, e, f,0, 1, —1, —1))}.

(
)+29(1,b—2,¢,d,e, f,0,-1,-1,—1))
(1,b,c—2,d,e, f,2,-1,—1,—1)
)
It is immediately evident that all integrals appearing on the right-hand side of the equation (2.64)
can be calculated using methods from sections 2.4.5 and 2.4.6 and using the differentiation over
parameters w; to increase n; (as given in the equation (2.40)). The differentiation can also be
used to increase last four indices of g(3,b,¢,d,e, f,—1,—1,—1,—1), so more general integrals of
form ¢(3,b,¢,d, e, f,n1,n2,n3,n4) are straightforwardly obtained.

From this point, the repeated application of (2.42a) can be used to increase a further, up
to the arbitrarily high odd values. This way, we complete the method of obtaining closed-form
analytic formulas for singly-linked Hylleraas integrals with odd a > —1, even non negative b, ¢

and arbitrary d,e, f > —1. The final remaining task is to show how to get remaining integrals,
such as the ones with odd b, even a, c and arbitrary d, e, f.

9Again, with the disclaimer that the integrand with three odd parameters d,e, f makes integration (2.63)
significantly more difficult than the case of one or two odd parameters.
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2.4.8 Remaining singly-linked Hylleraas integrals obtained via symmetry

Although in principle the same methods that were presented in previous sections, namely using
recurrence relations or Laplacian identities followed by solution of differential equations and
applying recurrences, could be used to obtain the remaining integrals, there exists a much simpler
way to do so. The task of obtaining the remaining integrals, namely the ones where either b
is odd and a,c are even or ¢ is odd and a,b are even is straightforward if we use symmetry
properties of four-electron Hylleraas integrals. For example we can permute electrons 2 and 3
which results in the permutation of electron indices {1 — 1,2 — 3,3 — 2,4 — 4} directly to the
definition of the Hylleraas integral eq. (2.39) to obtain

g(a7 b7 C, d7€7 f,n1,n2,n3,’fl4; w1, w2, w37w4)

B //// d3r; d®ry d3rs d3ry exp(— w1 —Warg—wsr3—wyry)

—ni,,—ng —n3, —n4, —a, —b —c —d _—e —f
dm Am Am Am Ty Tg Ty Ty T 13714793 724 T34 (2.65)

. W d3I'1 d3I'2 d3I'3 d3I'4 eXp(—’LU1’I“1—’LU3’I“3—’LU2’I“2—’LU47“4)

A7 Anm 4w 4w ,oni,—n2,—ng,—na,.—a,—b . —c, —d, —e —f
Ty T3 Ty Ty T3 T12T14 732734 T4

=g(b,a,c,d, f,e,n1,n3,n2, N4; W1, W2, W3, Wy).

Similarly, electrons 3 and 4 can be changed, resulting in the following permutation of the electron
indices {1 — 1,4 — 2,3 — 3,2 — 4} to yield

g(a,b,c,d, e, f,n1,n9,ng, ng; wi, wa, ws, wy) = g(e, b, a, f,e,d,ni,ng,n3, no; wy, wa, W3, Wy).
(2.66)
This way, the integrals with odd b or ¢ can be calculated using formulas for integrals with odd
a. For example, using formula (2.65) we can easily get

9(27 1,4,1,0,-1,1,2,3,4; w1, wa, w37w4) = g(lv 2,4,1,-1,0,1,3,2, 4wy, ’wg,’LU3,’LU4). (267)

Finally, we note that in the numerical evaluation of four-electron singly-linked Hylleraas
integrals it is far more efficient to permute values of the nonlinear parameters wi, wg, w3, w4 in
such a way, that formulas with odd a and even b, ¢ are used for numerical evaluation, rather
than to explicitly implement formulas for cases with odd b and c¢. This significantly reduces the
number of equations that has to be implemented in the code. Furthermore, additional reduction
of the number of the formulas for the integrals is possible for even a, b, ¢ via the assumption that
a > b > c and subsequent use of suitable permutations for the remaining cases.
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Chapter 3

Results

3.1 Simplification of the analytic formulas

While method developed in the previous chapter allows us to obtain all closed-form analytic
formulas for the singly-linked Hylleraas integrals, direct application of the method results in
quick growth of the expression size. Naive application of the recurrences leads to sizable formulas
after only few iterations. Such long formulas are unfavourable in the numerical implementations.
In order to circumvent expression growth we have developed strategy to simplify and shorten the
expressions using mathematical transformations. The expression growth starts already with the
three-electron Hylleraas integrals, which serve as input for the four-electron integrals, so first we
show how to put them in the maximally compact form. Next, we progress to the singly-linked
four-electron Hylleraas integrals.

In order to keep the expressions for integrals within the reasonable length, we introduce the
following function

l(w1,ws, w3) =
1
{m(““>1no+w3>+Lm<w3>+Lm<1“B>
2 wy + wo w1 + wo wy + wo wy + wo
3.1
b —2 Y m(1+—2 )L ——2 ) yLip(1- 2 (3.1)
ws + w1 w1 + w3 w1 + w3 w1 + w3

Fin( — V(14— ) i —— ) s (1 ) L
w2 + w3 w1 + w2 w2 + w3 w2 + w3

It contains the dilogarithmic functions along with some logarithm expressions. Using it allows
us to compactly express, for example, the three-electron integral defined in equation (2.19) as
[(w, wa, w3)
f(—17_17_17 —17_17_1;w17w27w3) - - (3'2)
wi1wWwa2wWs

Using (w1, wa,ws) to write the formulas for the integrals has three advantages. It separates
out the part of the expression that has the special function, it allows to separate out and com-
pactly write the derivatives of I(wy, wa,ws), and it permits computation of I(wy, ws, w3) and its
derivatives as a separate procedure in the numerical implementation.
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3.1.1 Illustration of the expression growth

In order to show the problem of expression growth we will start with the simple example.

Simple application of the three-electron recurrence relation as given in the equation (2.28),
modified using the symmetry of the three-electron Hylleraas integrals to increase the first index
by two

f(_]-7 _17 ]-7 _]-7 _]-7 —1;’11)1,’[1)27103)

_ l(w1,w2,w3) l(’LU1,w2,w3) _ wll (’LU1,’LU2,1U3) _ 1
n wiwiws wywows wiw3 wiw3 (w1 + ws)
1 log (wg)  log(wy +wq) log(ws) log(wi + ws)
) 7t 2,2 5.5 T 2,2 2,,2
wi (w1 +w2) ws  wiwiws wiwsws wiwiws wiWswWs (3.3)

_log(wi)  log(wy+wy) log(ws) log(ws+ws) log(wi)
_ log (ws) " log (w1 + w3) n log (w2 + w3)

wiw] wiw} wiwi

The only simplification for this case involves collecting terms with function [ and logarithms
resulting in slightly more compact expression

) 1 1, 1 -1 —1;w1,w2,w3)

-1
1 1
( + 3 )l(whwz,wz’,)

2,2 2 st (5 5+ 5 )log
 wiw? (w1 +ws) w2 (wy + wa) wl wiws  wiws wi

1 1 w1 + ws 1 1 w1 + w2
- — log + - — log .
wiwd  wiwiw] wy wiwd  wiwiwi w3

The difference becomes much more pronounced for simply calculated

f(_17 07 ]-7 _]-7 _]-7 —1;11}1,’[02,103)

1 3 1
" 2udud (ws +ws) | 2wnwd (wn + wa) wd | 2wiws (wy + ws) 203
1 1 1

202 (wy + ws) 2wl * 2wiw3 (wy + ws) 2 * 2wow§ (wo + ws) 2

3log (wa) 3log(wz) 3log(wi+w2) 3log(ws + ws)

2wiwiw3 a 2wiw a 2wiwiw?3 a 2wiwiw3

3.5
+310g(w1+w2+w3)_310g(%) (33
2wiwiw? 2wiwiw?

wa (w1 +wa+ws)
2log (m) 3log (w1 +ws) | 3log (wy + ws)
ww + 2w 2w
1%3 2%3 2%3
wa (w1 +wa+ws)
B 3log (U)l + wo + U)3) " 3log ((w1+w2)(w2+w3))

2,4 2,4 )
2wiws 2wiws
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which after performing partial fraction decomposition with respect to wj, collecting the loga-
rithms and using their properties results in very compact expression

f(_]-v Oa ]-, _1a _]-7 _]-; w1, w2, w3)

(w1+wa+ws)
S 1 _ 2log (pelutprtu) ) (3.6)
’u}%w%wg w% (wl + w2)2 w?z) w%w?}

Therefore, we have developed a systematic way to simplify integral expressions. The simplifi-
cation is performed for each integral and the optimised expression is used as an input in the
recurrences and Laplacian expressions.

3.1.2 Three-electron Hylleraas integrals simplification

The resulting formulas for the three-electron Hylleraas integrals can be grouped into the four
main categories. This separation depends on the number of odd and even parameters among the
a, b, c in the integral f(a,b,c,—1,—1,—1;wy,we,ws). This follows from the fact, that different
kind of master integral corresponds to each of this situation. The most complicated one occurs
when there are three odd parameters, simpler one with the two and one odd parameter, and the
simplest one is the case of three even parameters.

In general there are three kinds of expressions to simplify: the ones with the function
I(wy,wa,ws), the logarithms and the rational functions of wi,ws, ws. In order to simplify the
rational functions, we first perform partial fraction decomposition three times one after another.
Once over wi, then wy and finally ws. Next, we perform partial fraction decomposition over
each of them once again and choose expression with the shortest length. We have found this
procedure to efficiently reduce the length of the rational expressions. In case of the expressions
with the function I(wj,ws,ws) the only operation we perform is to collect together the factors
that multiply the function [ and its derivatives. In case of the logarithms we try to collect as
many factors w; (where ¢ = 1,2, 3) under the single logarithm and collect all factors multiplying
these collected logarithms. We have found that this procedure allows for significant cancellations
among these factors.

Application of these aforementioned techniques is applied depending on what number of
powers of r;; are odd. In case of the three odd powers, all techniques are applied, in case of two
odd powers the techniques for reducing logarithms and partial fraction decomposition. Finally
when there is only one or there are none even powers we use only partial fractions decomposition.
In case of the derivatives applied simplification techniques are practically identical to the case
of f(a,b,¢c,—1,—1,—1;wq,ws,ws) with the only difference lying in the fact that with three odd
powers of r;; there are extra terms coming from the derivatives of the function /.

In order to illustrate efficiency of these simplification techniques, below we attach Table 3.1
that presents the expression length, counted as the number of the terms in the sum, of the several
three-electron Hylleraas integrals. For example, the length of the formula (3.3) is 17, while for
its simplified counterpart given in the equation (3.4) it is 11. For equations (3.5) and (3.6) it is
17 and 3 respectively.
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Table 3.1: The length of the expressions for the selected three-electron Hylleraas integrals before
and after the reduction of the expression length. Columns Integral, Naive, Simplified, and Ratio
contain the type of the integral, the number of the terms in the naive application of the recurrence
formulas and differentiation, the number of the terms after the simplification and ratio of the
non-simplified to the simplified expression.

Integral Naive | Simplified | Ratio
fa,1,-1,-1,-1,-1) 59 33 1.8
fa,1,1,-1,-1,-1) 124 54 2.3
f2,-1,-1,-1,-1,-1) 18 8 2.2
f(2,0,—-1,-1,-1,-1) 19 4 4.8
f(2,2,-1,-1,-1,-1) 65 11 5.9
f3,1,-1,-1,-1,-1) 147 69 2.1
f(2,2,2,-1,-1,-1) 205 71 293
f(4,2,0,—-1,-1,-1) 202 6| 33.7
£3,3,3,-1,-1,-1) 832 239 3.5
f4,4,4,-1,-1,-1 989 19 | 521
f,-1,-1,0,-1,-1) 37 13 2.8
f(1,1,-1,0,—-1,-1) 95 36 2.6
f(1,1,1,0,-1,-1) 197 60 3.3
fa,-1,-1,1,-1,-1) 69 20 3.5
fa,1,-1,1,-1,-1) 171 55 3.1
fa,1,1,1,-1,-1) 378 94 4.0
fa,-1,-1,2,-1,-1) 159 25 6.4
f,1,-1,2,-1,-1) 314 66 4.8
f(1,1,1,2,-1,-1) 696 112 6.2
f(1,-1,-1,0,0,-1) 28 20 1.4
f(1,1,-1,0,0,—1) 88 50 1.8
f(1,1,1,0,0,-1) 180 89 2.0
f,-1,-1,0,1,-1) 35 27 1.3
f(,1,-1,0,1,-1) 110 66 1.7
f(1,1,1,0,1,-1) 214 113 1.9
f(a,-1,-1,1,0,-1) 35 29 1.2
f(1,1,-1,1,0,-1) 109 64 1.7
f(1,1,1,1,0,-1) 222 113 2.0
fa,-1,-1,1,1,-1) 47 38 1.2
fa,1,-1,1,1,-1) 137 88 1.6
f,1,1,1,1,-1) 265 155 1.7
f(1,-1,-1,2,0,-1) 42 36 1.2
f(1,1,-1,2,0,-1) 130 80 1.6
f(1,1,1,2,0,—1) 264 143 1.8
fa,-1,-1,2,1,-1) 57 47 1.2
f,1,-1,2,1,-1) 164 103 1.6
f(1,1,1,2,1,-1) 316 183 1.7
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3.1.3 Four-electron Hylleraas integrals simplification

For the four-electron Hylleraas the situation with expression length is similar to the three-electron
integrals. First, all input three-electron integrals are taken simplified. Then, we perform partial
fraction decomposition and collect logarithms, function ! and its derivatives. The procedure,
especially partial fraction decomposition can be quite time consuming, but since the resulting
expressions are shorter it makes the calculation of the higher powers of r;; significantly faster
and results in more compact final expression.

Table 3.2: The length of the expressions for the selected four-electron Hylleraas integrals before
and after the reduction of the expression length. Columns Integral, Naive, Simplified, and Ratio
contain the type of the integral, the number of the terms in the naive application of the recurrence
formulas and differentiation, the number of the terms after the simplification and ratio of the
non-simplified to the simplified expression.

Integral Naive | Simplified | Ratio
g(-1,0,0,0,1,1,-1,-1, -1, -1) 30 17 2.2
g(-1,0,0,0,3,-1,-1, -1, -1, -1) 36 20 1.7
g(-1,2,0,0,0,0,-1,-1, -1, -1) 8 41 00
g(-1,4,0,0,0,0,-1,-1, -1, -1) 18 6 0.0
g(-1,2,2,0,0,0,-1,-1, -1, -1) 35 14 0.0
g(-1,2,0,-1,0,-1, -1, -1, -1, -1) 247 20 0.0
g(-1,2,0,-1,-1,0, -1, -1, -1, -1) 491 51 0.0

3.2 Explicit formulas for the first few four-electron Hylleraas in-
tegrals

In general there are three main types of singly-linked Hylleraas integrals. The first type, we will
call "triangle" integral involves three linked odd powers of r;;. This means that two indices of the
three electron are present in each r;; with odd power. The example of this type of the integrals
we will present are integrals with odd 723,724 and r34 and consequently even ri9,713,714. The
second distinct type of the singly-linked Hylleraas integrals involves a single electron index that
is repeated in all odd powers of distances between the electrons. An example of such integrals
would be integral with odd powers r12, 793,724 and even remaining powers. This type of integral
is called "star" integral, since there is single electron (electron 2 in the given example) that
"connects" to the rest of the electron with the odd powers of 7;;. The last, third type is a singly-
linked Hylleraas integral called "chain" integral. It consists of expressions where each electron
index is repeated at most twice. Example of such integral would be the one with odd ri2, 723
and ro4. The name comes from the fact that each electron is sequentially "chained" to the next
one via odd power of 7;;. These are possible types of singly-linked Hylleraas integrals with three
odd powers of interelectronic distances. Integrals with less that three odd powers are easily
represented as products of three-, two- and one-electron integrals and are much simpler so they
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do not have separate names. Finally it is worth emphasizing, that for singly-linked Hylleraas
integrals there exist only these three classes of integrals for any number of electrons. This is
a consequence of the simple simple geometric fact, that the aforementioned types are the only
possible connected line segments independently on how many edges are present.

(B) ©

Figure 3.1: Classification of the four-electron singly-linked Hylleraas integrals. Dots with the
electrons schematically represented by dots with numbers, dashed lines representing the even and
solid lines odd powers of the distances between the electrons with small letters (a-e) corresponding
to parameters in the definition of singly-lined. Each of the three cases of triangle (A), star (B),
and chain (C) integral corresponds to a different integral topology and cannot be obtained by
permuting different cases.

Since as mentioned in section 2.4.8 it is possible to obtain remaining singly-linked Hylleraas
integrals via permutations here we only present the analytic formulas for some example integrals
of the types mentioned in the previous paragraph. Furthermore, we restrict ourselves to lowest
powers of r;; as the expressions become increasingly long with for larger powers.

3.2.1 Triangle integrals

In order to keep the expression for triangle integrals within reasonable length, we introduce the
following compact notation for the derivatives of the function [

O\ /o [/ o\ -
= 2 i — 1(i,5,k)
<8w2) (8103) (811}4) l(wa, w3, wg) =1 (wag, w3, wy) . (3.7)

The simplest triangle integral with even powers of the remaining r;;’s is

g<270a0, _1a _13 _1, _1a _13 _1’ _1)

5 + 2 I (wa,w )
= w w
wiwowswy  wiwiwzwy 208 T (3.8)

20000 (w, wy, wa) 1200 (wy, wg, wy)

w%w%w3w4 w%w2w3w4
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with the next two being

g(4a 0707 _15 _1a _17 _15 _1a _17 _1)

71 32 24
= whw + 1 3 =+ 2.5 l (w27w37w4)
1 W2W3W4 Wy WyW3 W4 WiWyW3W4
32 24
+ | - — 1100 (1 w3, w
( wiwiwzwy w%w%w3w4) (w2, w3, w4) (3.9)
16 12
+ < 1 t 53 >Z(ZOQ)(UQ7UB,UM)
W W2wW3wW4 Wi WyW3W4
4l(3’0’0) ('ZUQ, w3, ’LU4) + 1(4’0’0) (U)Q, w3, w4)
w%w§w3w4 w%wgw3w4
and
9(27 27 07 _17 _17 _17 _17 _17 _17 _1)
2 2 ( 2wsq 71
wiw? (wy +ws) w?  wiwiw? (wa + wy) wiwiw;  wlwzwiws
16 2 14 4 I )
— wa, W3, W
w%wng;wg wi‘wgwi’wg w‘llw3w4w§’ w%w%’u&;w% 2 3
2 2 w9 + W3 2
+><uﬂu1 2 2 -1 3 2>log< > +’( 19 2>
Wawzwy — wiwswj Wy W WaW3WY
2 1 Wy + Wy n 2 2 1 w3 + Wy
_ o _ _ oo [ 174
wiwiws & ws wiwiw?  wiwiwd & wa (3.10)
18 4 9
+ <_ 42 232 )1(0,1,0) (w2, w3, wa) + (4
W{W2W3W4 Wy Wy W3W4 W{W2W3W4
2 14 4
*;g;g)lalzm(ﬂaauw,uu)*< 13 ~— 3 35 3 )l(L&m(U&7w3ﬂﬂd
WiWHyW3 Wy W{WHW3W4 WyWHW3z Wy

2

11,0 1,2,0

A1) (1w, w3, wy) 3 21120 (wy, w3, wy) ( 7
2,02 2,2

wiwiwiws wiwiwswy

4
W W2W3W4

2,1,0 2,2,0
2 (2,0,0) 210 (wy, ws, wy) | 1320 (wy, w3, wy)
2 3 P25 (wa, w3, wa) — 2 2 2 '
W W2W3W4 WiW2W3W4 WIW2aW3 W4
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3.2.2 Star integrals

The first, most fundamental integral of star type is given by
g (_1707 07 _17 _1,07 _17 _1a _17 _1)
w 1 wa (w1 + w2 + w
(252+ 2 2)1og( 2o e 3)>
wiwzwy w1w3w4 (w1 + wa) (wa + w3)
w wa (w1 +wo + w
(e e
wiwiw]  wiwdw, (w1 + wa) (w2 + wy) (3.11)

lo (w1+w2) (w1 +wa+wz+wy)
& \ (w1 Fwz+ws) (w1 fws+ws)

_|__

wiwiw?
wo 1 1 1 wo (w1 + wo + w3 + w4)
tl\— %2 3 "2 3. " 3 7 | 108 )
wiwiw;  wiwjwy wiwswj (w1 + wa) (wa + w3 + wy)

while the next one is

g (1703 07 _]-a _1707 _17 _1a _17 _1)
3 1 1 1

o2 2,02 242 2 0200202 222
wiwawswy  wiws (w2 +w3)wy  wiwswy (w2 +wy)  wiwsw; (we + w3 + wy)

2ws9 2 2 | () (w1 =+ wo + ’wg)
T\ T2 2T 7t 555 )log
wiwjw;  wjwsw;  wiwiwy (w1 + ws) (wa + ws3)
2ws9 2 2 > < () (w1 —+ wo + w4) )
log (

+ +
wi‘wgwi wi‘w%w;; w%w%wi w1 + we) (wg + wy)

+< 2 B 2 >log<w1+w2+w3+w4)
wiwiw? (we + w3 +wy)  wiwgwiw? (w2 + w3) (wa + wy)
( 2wy 2 2 2 ) < wo (w1 + wa + w3 + wy)
(w1 + ’wg) (wQ + w3 + U)4)
(3.12)

— — + —
4,2, 2 4,2 2,.2,2 4 2
wiW3wy Wi W3Wy wiwW3wWy (w2 + w3 + w4) wWiW3wy

Integral with increased e is

g(_]-v Oa 07 _]-a ]-707 _17 _]-7 _]-7 _1)
1 1 1 1

- +
2 2.2 2 2 2.3 2
wiwgwiwg  w? w1 + wo) w3w4 w1w3 (wo +w3)wy  wiws (wi + wo + w3) wy

AT way (w1 + wa + ws)
+ w2w2w4 + w w
Tw3wy 1 3w4 ’w1+w2 w2+w3)
2ws wy (w1 + wz + wy) (3.13)
t\-2 21T log
wiwiwi  wiwiwd (w1 + w2) (w2 + wa)

210 (w14w2) (w1 +wa+wz+wy)
g (w1+w24w3) (w1 +w2+wy)

wiwiw]
2ws9 2 2 wa (w1 + weo + w3 + U)4)
L Nt s S Wit s e S 7 |10
wiwjwy  wiwjw;  wiwswy (w1 + ws) (wg + wsg + wy)
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while the increased d results in

g(_17 Oa 07 17 _1707 _15 _1a _17 _1)
1

w1w2w3w4 (we + w4 wy (w1 + wa) w3w4 (w1 + wg + wy)

P (
2wy ws (w1 + w2 + ws3)

+( 5 13T ) g(
wiwWswy w1w3w4 (w1 + wa) (w2 + ws3)

2ws wo w1 + ’UJQ + U)4)
w2w4w2 w w w. g
13y 1Wa 4

(w1 + ws) (wa + wy)
(w1+w2) (w1 +wa+wsz+wy)
2log ((w1+w2+w3 (w1+w2+w4))

wywiw?
2wo 2 2 1 w9y (w1 + wo + w3 + w4)
t\ 513 T3 i1 " 3.3 3 )08 ‘
wiwsw;  wiwsws — wWjwWiw; (w1 4+ w2) (wa + w3 + wy)

To show the star integral with the increased b we present

g(_17 2; 07 _13 _17 Oa _17 _]-v _13 _1)

4 + 2 8ws 4 1
- 4 2 2 2 2,2 2 2,2
wiws  wiwiwi wiwiwi wiwiwi wi(w +ws)wiw
1 n 2 8wo 20
) 2 2,4 3,4 B 3,,3
wiws (w2 + w3) wy  wiwsws wiwsws  3wjwiwa
1 n 1
wiwiw} (w1 + we +ws)  wiwdwi (wy + w3 + wy)
4w§ 6wo 6wo 14
+ _3 T i3 133513 3 5+
wiwiw?  wiwiw?  wiwjw? wiwsw?

2 2 4 wy (w1 + w2 + w3)
33 3t 535+ 13 | log
wiwiw;  wiwjw;  wwswy (w1 + ws) (wa + ws)

_ 4w§ _ 4w% 6ws 6ws _ 4wy _ 4wy n
Swiwjwi  wiwiws,  whwivd  wiwiw?  wiwi  3wiwi
6 6 2 4 w9 (w1 + wo + w4)
7 i s i i s 73| lo
wiwswy  wiwsws  wiwsw;  wiwswy (w1 + wa) (wa + wy)
( 12w3 12w3 24wo 12ws 12ws9
1,4 1 2 1 1,2 2 1,4
WIW3Wy w1w§w4 w1w§w4 wijwzw;  wiws
4wy 14 6 12 w1 + wo + w3z + wq
+ =7 1,2 1 5+ 751
wiw;g  wiwjwg  wiwsw;  wiws (we + w3) (wa + wy)
(w1+w2) (w1 +we+ws+wy)
2log ((w1+w2+w3)(w1+w2+w4) 16w} 16w3 12w2
3wwiw? 3wiwiw?  wiwiwy  wiwiw?
24’[1)2 8’LU2 6’LU2 1GU/2 16’(04 8
4,.3 4,22 2 4 2 4 4 4,2

wiwiwy,  wiwiw?  wiwiw  wiwi  3wiwi  wiwiw

= - +
wiwijws  Swiwsw?  wiwiw?  wiws w1 + ws) (we + wsg + wy)
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3.2.3 Chain integrals
The most fundamental chain integral is

g (_1, 07 Oa _17 Oa _17 _1, _]-a _17 _1)
1og< wa (w1 +wa+ws) ) 1og< wo (w1 +wa+wstws) )

(w1 Fwa2)(w2Fws) (w1 +w2)(w2+ws+wa)
wiwsw? wiw? (w3 + wy) (3.16)
w3 (wa+ws+ws) w3 (w1 +wa2+ws+wy)
B 10g ((w2+w3)(w3+w4)) 10g ((w1+UJ2+7U3)(w3+w4))
wiwow? w? (wy + wa) w3

The index increase leads to

g (1707 07 _]-7 07 _]-v _]-7 _]-7 _]-v _]-)

1 1 2
= + + (o
wiw3 (we + w3) wi  wiwdw? (wy + w3 + wy) ( wiwzw?

w3 (wa+ws+wy)
) ( wo (w1 + w2 + w3) B 2log ((wz+£3)(£3+£4))
(

w1 + wz) (w2 + ws) wiwiw] (3.17)

w3 (w1 +watwsz+wy)
~ 2 log ((w1+w2+w3)(w3+w4)) 2
w‘llw

)
Wi WEwWa

+
wi”wg (w1 + w2) wi i (ws + wy) wi”wng (w1 + w2)
2 ) wo (w1 + wg + w3 + wy)
+w4w2(w + ws) 8 (w1 + w2) (w2 + ws + wa)
1wy (w1 2 1 2) (w2 3 4
and
g (_17 Oa 07 17 Oa _17 _15 _1a _17 _1)
1 1 1 1
= — + —
Su)%wgw%wz 3w% (w1 + wa) w%wi Sw%w%wgwi 3w% (wy + w2)2 wng
1 1 1
Bz (ws-+we® 30t (o +wp)uf (e +wn)? — Bufufuf oy tws)
wa (w1 +wa+w3) w3 (w2 +wz+wy) ’
1 B 2log ((w1+w2)(w2+w3)> B 2log ((w2+w3)(w3+w4))
3w? (wy + wo)® w2 (w3 + wy) 3wiwiw? wlwiw?
w3 (w1 +watw3z+wy) wa (w1 +watw3z+wy)
2log ((w1+w2+w3)(w3+w4)> 2log ((w1+w2)(w2+w3+w4))
3w? (wy + wy)? w? 3wiw? (w3 + wy)?
as well as
g (_17 Oa 0) _1a Oa 17 _17 _1a _17 _1)
1 1
=— +
wiw3 (we +ws)w?  wiw? (w1 + wa + w3) w?
2 2 w2 (W1 + we + w3
T (R R S P ( ) (3.19)
wiwjws  wiwiws (w1 + w2) (w2 + ws)
w3 (w2 +w3+ws) w3 (w1 +wa+wsz+ws) wa (w1 +wa+wsz+ws)
. 2log ((w2+w3)(w3+W4)> 2log ((w1+w2+w3)(w3+w4)) 2log ((w1+w2)(w2+w3+w4))
wiwgw} w? (w1 + wa) wi wiw} (ws + wy)
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With b = 2 the chain integral has form

9(~1,2,0,-1,0,—1,-1,—1,—1, 1)
4 1 1 4
Bwiwiwi 3wt (wi+w2)wiwi 3w} (wy + wy)?wawi 3w (w1 +wr) wawi
1 4 1

wiwg (wg +wz) wi  3wiw? (w3 + ws)® 3w (wy + wa) w2 (w3 + wy)?
1

3w (wy + wy)? w (ws +wy) 3wy (w1 +w2) wi (w3 + wa)

N 1 n ( 4w3 6
w%wi (UJ3 + w4)2 (w2 + w3 + w4) A11 gwi w%w3wz (3'20)
B 2 >log<UJ2(’w1+w2+’LU3))+< 14
wiwiw? (w1 + wa) (we + w3) Swiw? (wy + wa)
8 2 o (wg(w1+w2+w3+w4))
(w1 + wa + w3) (w3 + wy)

3wdw? (wy +ws)?  3wiw? (wy + ws)?

4w3 6
- 3 4,2
3wiwi (wy +wa)”  wiwy (w3 +wa)

. 2 )3>log<(w2(w1+w2+w3+w4) )

wiw? (ws + wy w + wa) (w2 + w3 + wy)

while for e = 2 we get

g (_]-a 07 07 _]-, 27 _17 _]-7 _17 _17 _1)
8 4wy + 4 1
3wy (w1 + w2)3 wi  3w3 (wy + w2)3 wi  we (wy + w2)3 w wiw? (wy + ws) w3
1 1

w? (wy + w2)2 (w1 +wa +ws)wd  3wiws (wy + wa) w3 (w3 + w4)2

4 4
3wy (wy + wo)? wi (w3 +wy) 3wy (wy + wy)? wi (w3 + wy)

1 2

3w (wy + wa)® w2 (w3 + wy)’

wa (w1 +wa4ws3)
_ ldlog (m) 4w 2 6 ) ( w3 (w2 + w3 + wa) )
3 (

+
3wiwzwi 3w} wa + w3) (w3 + ws)

+

wyws (w1 + w2)2 w3 (w3 + wy)

4w3 2 6 1 ws (w1 + wa + w3 + wy)
Tl 33 5171 3 3,2 2 08
3wi (w1 +we)’wy  wy (w1 +w2)’wi Wy (w1 + we) wy (w1 4+ wa + ws3) (w3 + wa)

14w§ 12ws3 8 wa (w1 + wa + ws + wy)
T\ 3ot 371 53 3t 55 5 | log :
3wiwy (ws + wa) wiw; (w3 + wa) wiw; (w3 + wa) (w1 + w2) (w2 + w3 + wy)
(3.21)
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3.3 Comparison with the existing results

3.3.1 Comparison of analytical formulas

First, we compare our formulas against those most recently derived by King [126]. We report
that our formulas agree (after rescaling by (47)*) with formulas (24), (30), (42), (54) of King.
However, despite the agreement between (42) of King and our equation (3.16) we did not manage
to reproduce the value in equation (43). We suppose that there is some kind of mistake in this
value. Next, we look at the earlier work of King [121], where we confirm agreement of our
results with his formulas (37), (40) (which is equal to (42) form [126] and our equation (3.16)).

Interestingly we confirm (41) from [121] which is in disagreement with his latter value of (43)
form [126].

3.3.2 Numerical values of integrals

Next, we compare our values with the ones available from King [126]. First, we note that there
is a misprint in King’s Table 1 where the value of p should be equal to —1, not 1. When taking
this (and rescaling of our integrals by (47)%) into account, our results agree with King’s values
for all 41 digits given in Table 1 and Table 2 of [126]. As an example, we show in Table 3.3 our
results of the integral ¢(1,0,0, 1,0, —1,n1, ng, 0, 0; w1, wa, w3, w4).

Table 3.3: Present numerical values for selected values of the singly-linked Hylleraas integral g
witha=1,0=0,c=0,d=1,e=0,f =—-1,n3 =0,n4 = 0.

ny ng wi Wo w3 W4 Value of integral g(1, 0, 0, 1, 0, -1, ny,ng,0, 0; wy, wa, w3, wy)

-1 -1 1.0 1.0 1.0 1.0 3.4553924355488356174760578385009478547888 x10°
-1 -1 11 1.1 1.1 1.1 1.2110939689740175952300900736535233573747 x10°
-1 -1 110 1.85 2.37 291 2.2399251764521981887632798244478194342854 x 102
0 0 1.0 1.0 1.0 1.0 2.4131839593234774164104657085980726616233 x 105
0 0 1.1 11 1.1 1.1 6.9901343476796004567999755497809669560957 x 103
0 0 1.10 1.85 237 291 8.0393101779695602061205053725304366496571 x 102

Next, we have checked the values from earlier work of King [121], where we have 40 digit
agreement between values from table Table 1 and Table 2 therein and using our formulas.
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Chapter 4

Conclusions

4.1 Summary

We have been able to successfully derive general method to obtain all singly-linked Hylleraas
integrals in terms of closed-form analytic formulas. In order to develop the method of their
calculation new theoretical tools have been developed: recurrences for the four-electron Hylleraas
functions, Laplacian identities that have allowed us to obtain integrals necessary to start the
derived recurrences, and the method that has allowed to solve the Laplacian identities using the
three-electron Hylleraas integrals. A program to compute closed-form analytical expressions for
both the three- and the four-electron integrals has been developed. Since the expression length
becomes significant, procedures to simplify and keep the formulas as compact as possible have
been developed. Excellent agreement, reaching forty significant digits, was obtained with the
existing results for the four-electron Hylleraas in was confirmed, including both the numerical
and analytical verification.

We believe, that this contribution is a first step towards the construction of the accurate
method for evaluating of the properties and energy levels of the light atomic systems beyond
a few electrons. We plan to apply obtained results in order to develop an efficient method
for numerical evaluation of the analytic formulas. While existing formulas provide accurate
benchmark for other implementations, the practical numerical program must inevitably deal
with finite-precision arithmetics. Therefore, it remains to be seen whether the method we have
developed will be widely adopted in the calculations of atomic systems.

In summary, we claim, that we have fulfilled the thesis statement presented at the beginning of
this thesis and developed a method to obtain closed-form analytic expressions for all singly-linked
Hylleraas integrals. While the lengthy expressions for higher powers of the distances between
the electrons in the integrals cause the method to slow down, it in principle works for arbitrary
values of these powers. Furthermore, since the calculation of the derivatives is a relatively simple
procedure, a mixed symbolic-numerical approach can be adopted for this case.
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4.2 Possible extensions of the present work

4.2.1 Large scale calculations of the energy levels of the four-electron systems

The first and most natural extension of the present work is of course the preparation of a
program to evaluate matrix elements in singly-linked Hylleraas basis that utilises the developed
formulas. While care must be taken in order to avoid loss of numerical accuracy, the analytical
expressions allow for extensive tests and manipulations in order to transform them into a more
robust method. The highly accurate calculation in a large basis would be the ultimate tests of
the strength and correctness of the obtained results. While the properties of the four-electron
atoms are calculated quite extensively, methods that yield highly-accurate wave functions allow
to improve the accuracy of second-order properties that strongly depend on the quality of the
wave function.

4.2.2 Doubly-and fully-linked Hylleraas method for four electron systems

Another worthwhile direction of extending the present work would be to try to generalise the
method to the Hylleraas integrals with functions involving more than the odd powers of dis-
tances between the electron. On the other hand, the present accuracy of the explicitly correlated
Gaussians seem to be sufficient in four-electron systems appear to be sufficient for any practical
purposes. Therefore such pursuit would have mostly purely intellectual value, since the perspec-
tives to extend the doubly-linked method beyond the systems with more than four electrons seem
limited.

4.2.3 Extensions of the developed integration techniques towards more elec-
trons

While the method to deal with singly-linked Hylleraas functions with more electrons has been
sketched in section 1.2.3 of the appendix, the practical implementation of a such method has
many challenges. Efficient algorithm that scales well with the number of the electrons in the
system must be developed if the method is extended beyond the few electrons. Furthermore, the
antisymmetrization of a wave function becomes a formidable challenge when explicitly correlated
functions are used. Promising direction to deal with this problem has been shown by Nakashima
[136].

4.2.4 Beyond non-relativistic energy

Yet another line of work is to extend the current method of integral evaluation to include inte-
grals that is necessary in calculations beyond solving the non-relativistic Schrodinger equation.
Such calculations include computations of the relativistic and QED effects, recoil corrections,
dipole and quadrupole moments, upper bound to energy and many others. For these types of
calculations additional matrix elements must be calculated, some of which are not expressed as
integrals considered in this thesis. For the inclusion of the relativistic effects it seems, that the
approach taken with the Hylleraas functions in lithium [130] should be possible to apply to the
singly-linked Hylleraas four-electron integrals.
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Appendix A

Mathematical details and derivations

A.1 Derivation of the recurrence relations

A.1.1 Integration by parts identities in coordinate space representation

Integration by parts (IBP) identities is a technique, developed for computing Feynman integrals
in quantum field theory [133,134], that allows to derive useful relations between certain kinds
of multi-dimensional integrals, and subsequently form a differential equation satisfied by master
integrals. In our work, we use IBPs to derive the recurrence relations for the increasing powers
of 7;; in many-electron integrals with the Hylleraas-type functions. The coordinate space IBP
relations derived here can be generalised to the Hylleraas type integrals with arbitrary number
of electrons.

Vanishing integral of the divergence of electron’s position vector with Hylleraas-type
spherically-symmetric two-electron function

We show below, that for —1 < {I,n,m} € Z A {a, 3} € R the following integral is equal to zero
// d®ry d®ryV - ro exp(—ary—fro)ririirt, = 0. (A.1)
Using the divergence theorem we transform the triple integral over d®ry to the surface integral

over the boundary of the infinite sphere (with ¥; as the outward pointing unit vector on the
spherical surface)

/ dry d3raVy - 1o exp(—ozm—ﬁrg)rllr;”rﬁ
= /d3r2 exp(—pre)ry'ry - lim #dgf‘l exp(farl)rllrﬁ
71—>00

expanding 77, using cosine law and factoring r; outside the square root we get

2 /2
/d3r2 exp(—pBra)rire - lim # d%#y exp(—ary)rt™ (1 + % +22 cos(ﬁu)) . (A.3)
r1—>00 7"1 1
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In the surface integral, we integrate only over the angles, so the limit can be taken under the
surface integral which results in

2 /2
# d?#y lim exp(—ar )it (1 + T—g +22 cos(012)> =0, (A.4)
r

71—00 1 1

as the limit under the integral goes to 0 (since cos(f12) is in range [—1,1] and at the infinity
exponential function vanishes faster than any polynomial of r1). Therefore the relation (A.1) is
proven.

General result for bound many-electron functions

The analogous result holds for a larger number of electrons and other combinations of the indices
of V; and r;, including ¢ = j (which can be shown in the similar way as above). The only
difference in the case of more electrons is in the additional powers of r; coming from more 7,
factors, which does not change the final result.

Therefore, the general result which can be written in the following way
// dr; dPrj dPry .. Vi vig(ris i T Tigs Tiks Tk, - - 2) = 0, (A5)

which holds for any scalar, many-electron, square-integrable function ¢ that is sufficiently smooth
(specifically Lipschitz continuous') and vanishes at the infinity. Commonly used atomic Slater-
and Gaussian-type functions, whether they include (sufficiently well-behaved) explicit correlation
factors or not, fulfill these conditions. Furthermore, this relation can be rather straightforwardly
extended to two- and many-centre problems after slight modification. Additionally, it’s possible
to find more analogous relations by finding second Green’s identity analogue to the equation
(A.5).

A.1.2 Derivation of the four-electron recurrence relations

We now proceed to derive the recurrence relations for the case of our interest, namely the four-
electron Hylleraas-type integrals. We write equation (A.5) with four-electron Hylleraas-type
functions. This leads to set of sixteen identities that have the following form

0=1id(4,j) = //// d3ry d®ry d3rary ey V; - rjexp(—riw) — rows — r3w3 — r4ws) (A.6)

ny, no.n3 naa b ¢ d e . f
X Ty T g Ty T1271,371,472,372,473 4

!Function f: R™ — R is (globally) Lipschitz continuous if for every two points x,y € R™ : x # y there exists a
constant L > 0 such that |f(z) — f(y)| < L|z —y|.
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Next, we focus on applying nabla to the expression under the integral.

ni_ns. n3. n4 b d f
Vi - <I"1 exp(—riwy — rowy — rywz — 7“411)4)7“117“227“337"4 7"1 271, 37"1 479, 375 4T3 4)

no N3 N4 b d f
= (V1 ri)exp(—riw1 — rows — r3ws — rawa)ry ro ry® it ey ory 577 475 575 475 4

ny,.n2,.n3 n b d f
+r- (V1 exp(—r1w1 — rawg — 3wz — rawg)ry Ty Tyt rytry ory sy 479 375 473 4)

ng . N3, N4 b d
= (Vi) (eXP( TIWy — rowg — r3w3 — rawg)ry Tyt redrytry ory vy 4rh 375 4T£4)
ng . N3 N4 b d
+ry- {(Vl exp(—riwy — rowy — r3w3 — rawy)) ritrytrydrtry oT] 37"1 AT 375 47“£4 (A7)
n ns..n b d
(Vir!) exp(—riwy — rows — r3ws — r4w4)r22r33r44r1 et 3r1 AT9.375, 4r§4

ni,.n2,.n3 na b d f
2) exp(—riwy — rows — raws — r4w4)ry Ty ryd i 37"1 475 37"2 AT34

b ng, N3, MmN d f
<V1r173> exp(—riwi — rowy — r3ws — r4w4)r11r22r33r44r1 o 4TS 37’2 4T3 4

c ng, N3, Mn b .d f
Vir{ 4) exp(—riwy — rows — r3ws — rqwy)ry’t 7"227"337’447"1 oT1 375, 375 4T3 4]

>

Let us remind the definition of function h (as defined first in the equation (2.45))

h(a, b7 C, da €, f7 ni,n2,n3,n4; Wi, W2, W3, w4> =

(A.8)
1,.12,.13,.14 b d f
exp(—riwy — rowy — 3wz — raws)ryry ryirytry 271 37"1 4T 37"2 4T3 4
Then, we apply rules of vector calculus? to obtain equation (A.7) in form

Vi1 -rih(a,b,c,d,e, f,n1,n2,n3, n4; w1, W2, w3, Wy) =

ng, N3, N b ¢ .d e
3exp(—riwy — rowy — r3w3 — rawa)ry Ty eyt rytr] or] ari 4rh 37"2’47{744—
—1 _no_mn3 mng b d f
ry - [—rywy exp(—riwy — rows — r3ws — rawg)ryt T rytrydrtry PLst 31"1 a5 31"2 4AT34
_ . _ o —2 no_n3, ng b d f (A 9)
+ring exp(—riwy — rowy — 13wz — rawg)ryt T rytrgdrtry 271 37“1 4T 372 473 4 :

ng, N3, n4a,.a—2, b d f
+ (r1 — ro) aexp(—riwy — rows — r3W3 — r4w4)r11r227“337’441"1 5T 31"1 a5 31"2 AT 4

ni_mno_n3. n b— d f
+ (r1 —1r3) bexp(—riwi — rowg — r3wz — rawa)ry Ty gt rtr ory 5 r{ ars ars AT34

no M3 N4 b —2.d f
+ (r1 = rq) cexp(—r1w1 — rows — 13wz — rawa)ry Ty TP T oY 3T 7T 575 4T3 4

which after multiplying both sides of the equation (A.9) by 2, carrying out all vector products,
and using the definition of scalar product r; -r; = (r? + rjz —13;)/2 to write the mixed products

2Such as V;exp(—riwi — rews — r3ws — raws) = _wi% exp(—riwi — rews — r3ws — raws), Vi -r; = 3,

Viri" = T‘l‘n_Z n and Vﬂ“i,j" = (I‘i — I‘j)Ti,jn_Q n.
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as the inter-particle distances and absorbing the results into the powers, leads to expression

2V; -rih(a,b,c,d, e, f,n1,n9,n3,n4; w1, Wa, W3, Wy)

ni ne. n3 . na.a b c . d e .f
= 6 exp(—riw; — rowy — r3W3 — r4w4)r117°22r33r447“1’27"1’37"1’47"2’37“2’47“374

14+ny no, n3 . na,a b .c .d e ..f
— 2wy exp(—rwy — rowg — T3Ws — TaWa)ry Ty rydry T o7 371 4T9,375.473 4
ny no.mn3 naa b c d e .f
+ 2ny exp(—riwy — rows — r3W3 — T4w4)7‘117"227"337"447‘1,27‘1,37"1,47"2,37'2,47"3,4

24n1, no. n3, na,.—2+a, b ¢ . d e [
+a (exp(—mwl — roWg — T3W3 — T4W4)T] 11"227"357’441"172 1,371 ,472,375,473 4

ny 24+ns n3 . ng..—2+a. b .c ..d e ..f
— exp(—riwy — rowy — r3ws — rawa)ryiry Cretry Tio 71 aTTaT9375 475 4

ni, na,n3, naa b ,c d e .f
+exp(—riwy — rowy — r3W3 — rawa)rytry Tyt 71971 371 475,375,473 4 (A.10)

24+n1,no . n3, naa ,.—2+bc d e [
+0b (eXP(*lel — Towy — r3Wg — rawa)ry Ty Tyt T12713 714723724734

ni, no. 24n3 n4.a ,.—24+b.c .d e ..f
— exp(—rwy — rowy — r3ws — rawa)ryry?ry STyl ory 3 T AT 35 4T3y

ni na2.n3 . na.a b c d e f
+ exp(—riwy — rows — r3ws — 7“4w4)7°11r22r337“447“1)27°1)37°1’4r2’3r2’4r3’4)

24+n1,no,n3, naa ,b . —2+c,.d e [
+c (exp(—r1w1 — oWy — T3W3 — T4W4)T] 17’227“337"447“1’27“1’37“174 79375473 4

ni, na,n3, 24+n4,.a b —24+c,.d e ..f
— exp(—riwy — rows — r3ws — T4w4) Ty Ty 47"1’27"1’37“174 9,375,473 4

ny, no. n3g naa b ¢ d e . f
+ exp(—riwy — rowg — r3wW3 — r4ws)ry YT Tl727"1,37"1,47"2,31"2’41"374).

We observe, that we can utilise the definition of function h (equation (A.8)) and transform the
right-hand side of equation (A.10) by collecting h(a, b, ¢, d, e, f,n1,n2,n3,14) to get the following
linear combination

2V -rih(a,b,c,d, e, f,ny,n2,ng,nyg)

=(6+a+b+c+2ni)h(a,b,cd e, fyn,na,ng,ng) — 2wih(a,b,c,d e, f,1 4+ n1,ne,nz, ny)

+a[h(=2+a,b,c,d e, f,2+n1,n2,n3,n4) — h(—2+ a,b,c,d, e, f,n1,2 + na,n3,n4)|

+ b[h(a, —2+4b,¢c,d,e, f,2+ n1,n2,n3,n4) — h(a, =2+ b,¢,d, e, f,ni,ne,2 + ng,n4)]

+ c[h(a, b,—2+c,d,e, f,2 4+ ny,na,n3,ng) — h(a,b,—2+ ¢, d, e, f,n1,n2,n3,2 + n4)}

(A.11)
in which we omit arguments w; of the h for brevity. Therefore, we have obtained a result that
would become the id(1,1) after the integration of the both sides of the equation (A.11) over
the coordinates of four electrons (multiplicative constant 2 does not change this result, since the

left-hand side of equation (A.6) is zero).
Next, we proceed to calculate the expression in the mixed identity id(1,2) starting with

ni . ne N3 n b d f
Vi- (I"2 exp(—riwy — rowy — ryws — 7“4w4)7"117“227“337”447"%,27"1,37"(1:,47"2,37"5,47”3,4)

ni,na,n3,na,a b ,c d e [
= (Vy - r9) exp(—riwy — rows — raws — 1"411)4)7“111"227'337’441“1721"1737“1747’2737’2747’374 (A.12)
ni.ne. n3. ng b d f )
]

a C e
+ry - (V1 exp(—riwy — rows — raws — rawa)ryry?rytry 1271 371 475,375,473 4

which is rather straightforwardly calculated, as the first term on the right-hand side vanishes®

3Since Vi -r2 = 0.
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and we already calculated Vih in equation (A.9), resulting in

no N3 na b d f
Vi - (1‘2 exp(—riwy — rows — r3wz — 7“4104)7”117"227“337“4 7"1 271, 37"1 479, 375 4T3 4)

2 no_n3 mg4 b d f
=ry- [rl (m exp(—riwy — rows — r3ws — rawy)ryt oYyt 71 977 371 479 375, AT 4
ni1—1,ns,n3, ng b d f
— riwy exp(—riwy — rawz — r3wz — rawa)ryt Tyt rytrytry ory 3ri 4y 3ry 4734 (A.13)

ni . n2 N3 n b d f
+ (r1 —ra) aexp(—riwy — rowy — r3W3 — 7“4w4)7“11’“227“337"447"1 2 17, 3’“1 479, 37"2 4734

ni,n2,.n3,.n b— d
+ (r1 —r3) bexp(—riwy — rows — r3ws — r4w4)r11r22r33r44r1 2713 7’1 AT 3T, 47"3{4

ng N3 N b —2..d
+ (r1 — r4) cexp(—riwy — rows — r3W3 — r4w4)r11r227‘33r44r1 o771 377 4 To3TY 4r£4
Performing the same operations that lead us to id(1,1) results in

ne N3 n. b d f
Vi- (1‘2 exp(—riwy — rows — rywz — 7“4w4)7“117“227“337"447“1 271, 37“1 479, 375 4T3 4)

=nq [h(a,b,c,d, e, f, =2+ n1,2 + ng,n3, ng) + h(a, b, c,d, e, f,n1,ne,ng, ng)

— h(2+a,b,c,d, e, f,—2 4+ ny,na, N3, ng)]

—wi [h(a,b,e,d e, f,—1 4+ n1,2 + ng,n3,ng) + h(a,b,c,d, e, f, 14+ nq,ne,ng,ny)

— h(2+4+a,b,e,d,e, f, =1 4+ ny,n9,n3,n4)]
alh—2+a,bc,de, f,ni,2+ng,ng,ng) —h(—2+a,b,c,d, e, f,2 4+ ny,ng, n3, ny) (A.14)
h(a,b,c,d, e, f,n1,n2,n3,n4)]
[ hia,—2+b,c,d,e, fyn1,n9,2 +n3,nq) + hia,—2 +b,c,d, e, f,2 + ni,n2,n3,n4)
h(a,—=24b,¢,2+d,e, f,n1,n2,n3,n4) — h(2+ a, =2+ b,c,d, e, f,n1,n92,n3,n4)]
[ h(a,b,—2+ ¢, d,e, f,n1,n2,n3,2 +nyg) + h(a,b,—2 + ¢,d, e, f,2 + ny,n2, ng,ng)
h(a,b,—2+¢,d,2+e, f,n1,ng,n3,n4) — h(2+a,b, -2+ ¢,d, e, f,n1,n2,n3,n4)|,

which again, after integration over the spatial coordinates of all four electrons is equal to id(1,2).
Now, there are two ways to proceed. The first would be to directly attack the problem by
performing the same operations for all combinations of ¢, 7 = 1,2, 3,4 and obtain a set of sixteen
linear equations of type id(i,j) = 0. These equations have to be solved for appropriate integrals
in order to obtain useful recurrence relations. We could solve this system of equations for sixteen
variables - integrals g that have the highest sum of all powers (namely a+b+c+d+e+ f+n1+
ng +ns+ny) via brute force in order to obtain sixteen expressions which increase the sum of the
powers of 7;’s and r;;’s. However, since we are not directly interested in increasing powers of the
n;, as they can be increased via differentiation over the parameters w; (equation (2.40)) we can
proceed slightly more cleverly. For reasons explained in section 2.4.8 we only need to be able to
have three recurrence relations specifically for a+2, b+2 and ¢+ 2. By examining the equation
(A.14) we immediately see, that id(1,2) should be solved for integrals corresponding to either
h(2+a,b,c,d e, f,—2 + n1,n9,n3,n4) or h(2+ a,b,c,d,e, f,—1 + ny,ng,n3g,ng). After further
inspection we see, that if we set n; = 0, we can eliminate the first of these two terms (along with
some others) as they are multiplied by n;i. Furthermore, we can set ny = n3 = ngy = —1 since, as
mentioned previously, we can always increase powers of r; via differentiation over parameters.
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Integrating (A.14) over the spacial coordinates of four electrons, setting n; = 0,n2 = ng =
ng = 0 and remembering the definitions of h (eq. (A.8)) and g (eq. (2.39)) leads us to the
expression

0= id(1,2)
= —w [g(a,b,c,d,e, f,—1,1,—1,—-1) + g(a,b,c,d,e, f,1,—1,—1,—1)
g(2+a,b,c,dye, f,—1, -1, 1—1)]
alh—2+a,bcde, f,0,1,-1,-1) — g(—=2+a,b,c,d,e, f,2,—1,—1,—1)
+ g(a,b,c,d,e, f,0, ,—1,—1)] (A.15)
+b[—g(a,—24b,c,d,e, f,0, —1)+g(a,—240b,¢,d e, f,2,—1,—1,—1)
+ g(a, 2+b02—|—def, , 1,—1,—1)—g(2—|—a,—2+b,c,d,e,f,O,—l,—l,—l)]
+c[—g(a,b,—2+¢,d,e, f,0,—-1,—-1,1) + g(a,b,—2 + ¢,d, e, f,2,—1,—1,—1)
+ g(a,b,— 2+cd 2+e,f,0,—-1,-1,-1) —g(2+a,b,—2+c¢,d,e, f,0,—1,—1,—-1)],

which can be solved for g(2 + a,b,c,d, e, f,—1,—1,—1,—1) yielding

gla+2,b,e,dye, f,—1,-1,—-1,-1)
:g(avbacvdveva_ ) ,—1,—1)+g(a7b,c,d7e,f,1,—1,—l,—1)

1
=+ |:a(g(a - 27 ba & d7 €, f707 13 717 71) - g(a - 27 ba & d7 €, f7 27 717 713 71)
w1

+g(a,b,c,d,e, f,0, —1,—1,—1))

(A.16)
+b(gab 2,¢c,d,e, f,0,—-1,1,—-1) — g(a,b — 2,¢,d,e, f,2,—-1,—1,—1)
—g(a,b—2,¢c,d+2,e, f,0,-1,-1,-1) + gla+2,b— 2,¢,d,e, f,0,—1,-1,-1))
+c(g(a,b,c—2,d,e, f,0,—1,-1,1) — g(a,b,c — 2,d e, f,2,—1,—1, 1)
—g(a,byc—2,d,e +2,£,0,~1,—1,~1) + g(a + 2, b, ¢ — 2,d,e,f,0,—1,—1,—1))]

This expression can be further simplified. In order to do so, we solve integrated form of equation
(A.11) for g(a,b,c,d,e, f,1,—1,—1,—1) by setting n; = 0,2 = ng = ng = —1. This leads to

1
g(a7ba c, d76,f, ]-7 _1, _13 _1) = 9 (6 +a+ b+ C)g(a’bv ¢, d,ea faoa _13 _17 _1)
wi

+alg(—2+a,b,c,de, f,2,—-1,-1,-1) — g(—=2 + a,b,c,d,e, f,0,1,—1, —1)] (A.17)
+blgla,—2+b,c.d,e, f,2,—1,—1,-1) — g(a, -2+ b, ¢,d, e, f,0,—1,1,-1)]
+ C[g(avba -2+ ¢, d7€7f72a _17 _17 _1) - g(a7b? -2+ Cyd767f707 _17 _1’ 1)]

By plugging the right-hand side of equation (A.17) into the equation (A.16) (and therefore
eliminating the g(a,b,c,d,e, f,1,—1,—1,—1) term) and after collecting common factors together
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we obtain
gla+2,b,¢c,dye, f,—1,—-1,—1,—-1) = g(a,b,c,d, e, f,—1,1,—1,—1)
+ 2%[]1 [(3a +b+c+6)g(a,b,cde, f,0,—1,—1,—-1)
ta(gla=2,b.c,dye, £,0,1, -1, 1) - g(a —2,b,e,d,e, f,2,~1,~1,~1))

+b(g(a,b—2,¢,d,e, f,0,-1,1,-1) — g(a,b — 2,¢,d e, f,2,—1,—1, —1) (A.18)
—2g(a,b—2,¢,d+ 2,e, f,0, 1—1,—1)+29(a+2b 2,¢c,d,e, f,0 ,—1,—1,—1))
+c(g(a,b,c—2,d,e,f,0,— ,—1,1) —g(a,b,c — 2,d,e, f,2,—1,—1,—1)
—2g(a,b,e—2,de+2,£,0,—1,—1, —1) + 2g(a + 2,b,c — 27d,e7f70,—17—1,—1))},

which is our recurrence relation as given in equation (2.42a). We can get the recurrence relations
given in equations (2.42b) and (2.42c¢) in analogous manner, by plugging id(1,1) into d(1,3)
and id(1,4) respectively and performing akin manipulations. Similar recurrence relations could
be derived using remaining identities. This completes the derivation of four-electron recurrence
relations.

A.2 Laplacian identities

We derive two identities that connect four-electron integrals to three-electron integrals, as well
as lead to the differential equation that allows finding four electron integrals with powers of r12
equal to —1 and 1.

A.2.1 Three-dimensional Poisson equation with Dirac delta

The three dimensional Poisson equation with the right-hand side equal to 63 (r; — ry) defines
the Green’s function G
V3G (r1,19) = 6O (r) — 1) (A.19)

where 03 (r; — ry) is the three-dimensional Dirac delta and V? is the Laplacian of the 1-st
particle. The solution that satisfies this equation under boundary conditions G(ry,rs) — 0, as
|[r;1 —ro| — oo is

1

G L —
(1‘171'2) 47 |I‘1 — I‘2|

(A.20)

A.2.2 Integral of Green’s function

We define a specific variant of Hylleraas-type function of four electrons h, with {w1, wa, ws, w4} €
R and —1 < {b, ¢, d, e, f,n1,n2,n3,n4} € Z such that (we omit the parameters of h, until further
notice)

ha(b,c,d, e, f,n1,n2,n3, n4; w1, w2, W3, Wa) (A.21)

na, N3 b d f
= exp(—w1T1—warg—wsr3—wars)ry YA ry Ayt s i T TS,
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Multiplying both sides of the equation (A.19) by h, and writing |r1 — ra| as r12 we get
1 1
had® (1) —12) = ——hVi—. A.22
(rp—r2) = -~ Vi (A.22)

Next, we integrate both sides of the equation (A.22) with respect to ri,re over their whole

respective spaces, R3 Rf and multiply by 47 to obtain

r1?
4Arr / A1 d®rohed® (r) — ry) / d®r; d3rohyg vl (A.23)

On the left-hand side of the above equation, the integration over d3r; can be straightforwardly
done to yield

47r//d3r1 dsrgha5(3)(r1 —13) 2471'/(131‘26( (witwe)ra—wsrs—wara) "1+"2r§“7‘z4rggdr§?r§4

(A.24)
In the next section, we integrate by parts the right-hand side of equation (A.23) to obtain
Laplacian acting on h,.

A.2.3 Application of Green’s identity

Using the Green’s first identity*

/dev b= /dvvlw v1¢+#dsl »V10, (A.25)

on the right-hand side of equation (A.22), multiplying by —47 and taking ¢ = hq, ¢ = é results

/d3r1 d3roh, v2 ! //dSrld raVihg - v1—+/d3r2#d%1 h vlf (A.26)

We choose the surface 1ntegral to be over the boundary of infinite sphere and it vanishes (similarly

in

as in equation (A.4), since h, decreases exponentially with r1), so as a consequence of
1
lim ﬂ &ny haVi— -1y, = 0 (A.27)
T1—00 T12
equation (A.26) takes the following form

. 1
/ d3ry dProh,Vi— =

. . 1
— / d5r1 djrgvlha . Vlf. (AQS)
12

12

Then, we can again apply Green’s identity, this time with ¢ = %, ¢ = hq and in the opposite
way, to get the right side of (A.28) into

1 1 1
—/d3r1 dProVih, - Vi— = /d3r1 d*ro—Vih, —/d?’rg#dQnrz “haVi—  (A.29)
T12 T12 12

where, again, the surface integral vanishes yielding the result

/ d3ry d®rohy, v1 / d3ry d3r2—V Ra. (A.30)

4Which can be straightforwardly obtained by applylng divergence theorem to the field of form ¢V1¢).
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A.2.4 Connection of the Green’s function with integrals over the Hylleraas-
type functions

Transforming equation (A.23) using equations (A.24) and (A.30) and integrating both sides w.r.t
the third and fourth electron’s coordinates d®rs, dry over R}, and R}, of we get

47T///d31‘2 d3r3 d3r4 e(—(w1+w2)r2—w3r3—w4r4) ;l1+n2rg3r2l4rgékdrgier§4

1 (A.31)
= / d3ry d3ry d3rz dPry—V2h,.
712
Since the three-electron Hylleraas-type integrals are defined as
(a,b, ¢, n1,n2, M35 W1, w2, W3)
d3r1 d3r2 d3r3 b (A.32)
/// Py exp(—wir1—wara—wsrsy)riarisrasrytry?ry?,

by dividing the equation (A.31) by (47)* we finally obtain (we now return to writing the param-
eters and variables of h, explicitly)
f(b+d,c+e, fn +n2,n3,ng, w1 + w2, w3, ws)

P Pro dips ey 1 (A.33)
= —/ e 2E T —Viha(b,c,d, e, f,n1,n2,n3, n4; w1, w2, w3, Wy).
A7 4w 4w 4w rig

The left-hand side of equation (A.33) is a three-electron integral, while the right-hand side

corresponds to a linear combination of integrals of h, multiplied by rﬁl.

A.2.5 Three-dimensional Poisson equation with 2,

Analogous procedure can be now straightforwardly performed for the equation analogous to

(A.19), but with a different right-hand side, namely
2

V H(I‘l,rg) ’/‘12 <A34)

The solution of this equation is®

H(ry,r2) = [r1 — ra| = 2. (A.35)

Following the transformations analogous to the ones in the previous paragraphs, we arrive at
/ d3r1 d31‘2 d31‘4 d31‘4 1

—ha(b,c,d, e, f,n1,n0,n3, Ng; W1, Wo, W3, Wy
47_[_ 47_[_ 47_(_ 47_(_ /,112 ( f’ ) 9y ) ) b ) ) )

A.36
/ d31‘1 d31‘2 d31‘4 d ry4 ( )

2 .
r12Viha(b, ¢, d, e, f,n1,n2, N3, ng; Wi, wo, ws, wy)
47 4w 4Am 4w

Since the right-hand side (again) becomes a linear combination of integrals of h,, but this time
multiplied by 19, it allows us to connect such expressions with the integral with % that appears
on the left-hand side of equation (A.36).

5Tt can be straightforwardly checked via the simple calculation:

1 1 —1_ 3 2
Virie =Vi-Virie = Vi - T2 _ (V1r) riz + 7V1r12 =5 T2 T2+ — = —
12 T12

T12 7‘12 T12 T12
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A.2.6 Application of the Laplacian on function £,

The final step in the derivation of the Laplacian integral identities is application of the Laplacian
on the function hy(b, ¢, d, e, f,n1, no, ng, ng; w, we, ws, wy), which appears both in the equation
(A.33), as well as in the equation (A.36). Since the function h, is spherically symmetric for any
choice of the parameters, application of the the Laplacian comes down to simple (albeit tedious)
differentiation applying the rules of vector calculus®. This results in (dependence of hy's on w;’s
is omitted for brevity)
Viha(b,c,d, e, f,n1,n2,n3, 145 01, Wa, W3, Wy)
=(b4+c+ny+1)(bhe(b—2,¢,d,e, f,n1,n2,n3,n4) + cha(b,c — 2,d, e, f,n1,n9,n3,1n4)
+n1ha(b,e,dye, fyng —2,n9,n3,n4)) — bch(0,b — 2,¢c — 2,d, e, f +2,n1,n9,n3,n4)
—nyq (bha(b—2,¢,d,e, fyng —2,n9,n3 + 2,n4) + cha(b,c — 2,d, e, fyng — 2,n2,n3,n4 + 2))
+ wy (bha(b—2,¢,d,e, f,n1 — 1,n9,n3 +2,n4) — bhe(b—2,¢,d, e, f,n1 + 1,n9,n3,n4)
+ cha(bye—2,d,e, f,n1 — 1,n9,n3,n4 + 2) — cha(b,c — 2,d, e, fyng + 1,n9,n3,n4))
—wi(b+c+42n1 + 2ha(b, ¢, d,e, f,n1 — 1,n9,n3,14) + wiha(b, ¢, d, e, f,n1, 12,13, 14)
(A.37)
Since higher powers of each n; can be obtained via the differentiation of h, over the respective
wj, we set n; = 0 and ng,ng,ng = —1 thus the expression (A.37) simplifies to
V2ha(b, ¢, d, e, f,n1,n2, N3, nyg; w1, W, w3, W)
=((b+c+1)(bhe(b—2,¢,d,e, f,0,—1,—1, 1) 4+ chq(b,c — 2,d e, f,0,—1,—1,—1))
—bchg(b—2,c—2,d,e, f+2,0,—1,—-1,—1)

(A.38)
+ w1 (bha(b—2,¢,d,e, f,—1,—1,1,—1) — bhe(b — 2,¢,d, e, f,1,—1,—1,—1)
+ cha(b,c = 2,d,e, f,—1,-1,-1,1) — cha(b,c — 2,d,¢, f,1,—1,—1,-1))
—wyi(b+c+2)hy(b,c,d e, f,—1,—1,—1,—1) + wiha(b,c,d,e, f,0, -1, -1, —1).
Finally, for b, ¢ = 0 the equation (A.38) becomes very simple
V2ha(b, ¢, d, e, f,n1,n9, 13, ng; w1, W, w3, wy) (A.30)

= 2wihy(b,c,d e, f,—1,—1,—1,—1) + wiha(b, ¢, d,e, f,0,—1,—1, —1).

This serves as a starting point for finding the integrals of hy (b, ¢, d, e, f,—1, —1, —1, —1) multiplied
by r15 (using equation (A.33)) or by 712 (via equation (A.36)) by transforming this expression
to the differential equation form and finding its solution.

A.3 Differential equation

A.3.1 General solution of the differential equation

Since both the equations (2.55) and (2.61) have the same form, we will solve the equation

Jg(w1)
2
w1 8w1

5The calculations are very similar to the ones performed in section A.1.2 of this Appendix.

—wi1(2+ b+ c)g(wi) = —r(wy). (A.40)
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After dividing its both sides by 1/w? we get

dg(wr) (2+b+c¢)
+
8’[1)1 w1

1

g(wr) = —5r(wr). (A.41)
wy

This type of equation can be solved using integration factor which takes the following form

1
exp ((2 +b+c) / e dw1> = exp((2 +b+c)ln (w1)) = itbre, (A.42)
1
After multiplying both sides of the equation (A.40) by this factor we get

dg  2+b+c .

Noticing, that the left side can be rewritten, equation (A.43) takes form

9 24bte |, bte
Jor (w1 g) = w; " r(wr). (A.44)

We can integrate both sides over dw; giving

1 F w1
9= —rbre /wlf“?“(wl)dm = % (A.45)
w1 w1

where F'(w;) = w?™f(w;). The solution is obtained up to the constant of integration. The
remaining task is to find this constant. Next, we fix the constant using asymptotic analysis of g.

A.3.2 Constant of integration

The constant of integration for the equation (A.45) can be found by analysing the asymptotic
behaviour of the integral g(a,b,c,d, e, f,—1,—1,—1,—1) at small w;. The asymptotic analy-
sis reveals that the Laurent expansion of both the integral g(—1,b,¢,d,e, f,0,—1,—1,—1) and
g(1,b,¢,d,e, f,0,—1,—1,—1) around w; = 0 does not contain terms of order wl_Q_b_C.

As proven in the section A.4.1 of the Appendix A, the lowest order of w; in g are

1 1
g(a7bac7d767f771371771771) ~ m+0(m) (A46)
wy wy
and for @ = —1 the lowest terms in w; are w; *~°~¢. Therefore, F'(w;) must not have any constant

terms (of order O(w?)) so the constant of integration in (A.45) is fixed by this requirement.
In the case of @ = 1 the next order of w; has to be considered, since the lowest order terms

of wy in that case are wf?’*bfc. However, the analysis of the next-to-leading order of w; reveals

—1—a—b—c

that there are no terms of order w; in the integral g, as shown in section A.4.1 of the

Appendix A. Consequently, also for a = 1 there are no terms of wf%bfc and the constant is

fixed.
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A.4 Asymptotic behaviour of integral g as a function of w;

A.4.1 Behaviour of four-electron integral g at small w,

In order to analyse behaviour of the integral g at small wy, we use the following variable substi-
tution 1 = Ry /wj. After that substitution the integral has the following form

g(a7 b7 & d7 €, f7 _1a _17 _17 _1;w17w27w3’ ’IU4)

d3R1 d3I‘2 d3r4 d3r4 1
= exp(—Ry — ware — w3rs — w4r4)ﬁ
1

dr 4w 4w Aw (AA4T)
rdyrgurdy IR1 — wirs|® Ry — wirs|” Ry — wyryl°
Ryraorary wiwbws '
Using the identity
R1 - Iy r
IR; —wiry| = \/R% +wir? —2wRy ro = Rl\/l — 2w I + w%R—l% (A.48)

the term (A.48) can be expanded expanded in wy around 0 up to linear term leading to

a
Ry r r2 R r
Hh—mmﬁz<m¢kﬂm Eﬁ+w%%>:4w0—wm é2+“). (A.49)

The integrand of (A.47) can therefore be expanded for small w; up to the second (linear) term
in w; to arrive at

g(CL, b7 C, da €, fa 717 717 715 *1;’[[}1, w27w37w4)

d*R; d3ry d®ry d3ry 7"%37"547"3{4
N/ A 4w 4m 4w exp(—uwars = wsrs _U)4r4)m (A.50)
b
womm BT (), R lana byt er)
w%+a+b+c R%

where terms of order O(w?) and higher were omitted. The right-hand side of the equation (A.50)
can be straightforwardly integrated over R; resulting in

7"%37“547"54
exp(—worg — w3ars — wyry ) —=>—2= A5l
4 4w 4w xp(—wars 3 are) rorary ( )

I'(3+a+b+c) [ drydirsdiry
w%+a+b+c

since the angular integral over R; - r2 is equal to 0 and thus the second term of integral

(A.50) (linear in wi) vanishes. As a consequence, w;> %"~ is the most negative power of

wy, and there aren’t any terms of order wflf‘kb*c in the small w; expansion of the integral

gla,b,c,d,e, f,—1,—1,—1,—1) defined in equation (A.47). Therefore, waid*b*C must be the

most negative power of w; and there are no terms of order wflfa*bfc in the integral g.
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Appendix B

Code with the implementation of the
method

Below we present the code that implements the method developed in this thesis. It allows
to obtain analytic formulas for singly-linked Hylleraas integrals. The code is implemented in
Wolfram Language code and can be run using Wolfram Mathematica and was developed and
run in Mathematica version 11.2 [137]. The four-electron integral code calculates the singly-
linked Hylleraas integrals with either odd or even a and even b, ¢ with either three d, e, f (in the
case of even a) or two odd d,e, f (in case of odd a). The code given below is available as the
source code from the author upon the email (tymon.kilich@pg.edu.pl) or personal request.

B.1 Three-electron integrals code

To use the code user simply has to load the file into the Mathematica. It requires the file with
the three-electron code to be present in the same folder where the file is loaded. To calculate
the required three-electron Hylleraas integral simply write the function hy3el[a,b,c,n1,n2,n3]
with the ten integer arguments corresponding to the powers of the 7;; and 7;. The code is required
to be present in the same path that the four-electron code is used in order for it to work.

deltal[0] = 1;

deltal[n_Integer] :=0/; (n!=0);

£[0,0,0,0,0,0] = 1[wl,w2,w3]/(wl w2 w3);

£[1,0,0,0,0,0] = -1/(w2~2 w3~2) Loglwl(wil+w2+w3)/(wi+w2)/(wi+w3)];
£[0,1,0,0,0,0] = -1/(w1~2 w3~2) Loglw2(wil+w2+w3)/(w2+wl)/(w2+w3)];
£[0,0,1,0,0,0] = -1/(w1~2 w2~2) Loglw3(wil+w2+w3)/(w3+wl)/(w3+w2)];
£[1,1,0,0,0,0] = 1/(wl w2 (wi+w2) w3"2);

£[1,0,1,0,0,0] = 1/(wl w3 (wi+w3) w2"2);

£[0,1,1,0,0,0] = 1/(w2 w3 (w2+w3) wl~2);

£[1,1,1,0,0,0] = 1/(wl~2 w2"2 w3"2);

repl = {1[wil_,w2_,w3_] -> -1/2(Log[w3/(w1+w2)] Log[1+w3/(wil+w2)]
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PolyLog[2,-w3/(wl+w2)]+PolyLog[2,1-w3/(wl+w2)]
Log[w2/(w1+w3)] Log[1+w2/(wi+w3)]
PolyLogl[2,-w2/(w1+w3)]+PolyLog[2,1-w2/(wl+w3)]
Log[wl/(w3+w2)] Logl[l+wl/(w3+w2)]
PolyLogl[2,-wl/(w3+w2)]+PolyLog[2,1-wl/(w3+w2)])};

+ 4+ 4+ + o+

f[x,n2_,n3_,n4_,n5_,n6_]

G[n5+n6-1,n4,n3+n2-1,w2+w3,w1,0];
f[nl_,x,n3_,n4_,n5_,n6_] G[n4+n6-1,n5,n1+n3-1,wl+w3,w2,0];
flnl_,n2_,x,n4_,n5_,n6_] G[n4+n5-1,n6,n1+n2-1,wl+w2,w3,0];
flni_,n2_,n3_,x,0,0] G[n3-1,n2-1,n1,w2,w3,0];
f[ni_,n2_,n3_,0,x,0] G[n1-1,n3-1,n2,w3,w1,0];
f[ni_,n2_,n3_,0,0,x] G[n2-1,n1-1,n3,wl,w2,0];

G[ni_,n2_,n3_,ul_,u2_,u3_] := ((-1)"(n1+n2+n3)
D[1/(x1+x2)/(x2+x3)/(x1+x3) ,{x1,n1},{x2,n2},{x3,n3}] /. {x1->ul,
x2->u2,x3->u3})/; (n1>-1&&n2>-1&&n3>-1);

G[-1,n2_,n3_,ul_,u2_,u3_] := ((-1)"(n2+n3)
D[(Log[x1+x2]-Log[x1+x3])/((x2-x3) (x2+x3)),
{x2,n2},{x3,n3}]/.{x1->ul,x2->u2,x3->u3})/; (n2>-1&&n3>-1);

G[ni_,-1,n3_,ul_,u2_,u3_] := ((-1)"(n1+n3)
D[(Log[x2+x1]-Log[x2+x3])/((x1-x3) (x1+x3)),
{x1,n1},{x3,n3}]1/.{x1->ul,x2->u2,x3->u3})/; (n1>-1&&n3>-1);

G[ni_,n2_,-1,ul_,u2_,u3_] := ((-1)"(n1+n2)
D[(Log[x3+x1]-Log[x3+x2])/((x1-x2) (x1+x2)),
{x1,n1},{x2,n2}]1/.{x1->ul,x2->u2,x3->u3})/; (n1>-1&&n2>-1);

recl = {f[nl_Integer, n2_Integer, n3_Integer, 0, 0, 0] ->
((-1 + n)*((w1~2+%(((3 - n1)*(-2 + n1)*f[-4 + nl, n2, 2 + n3, 0, 0, 0])/(1 + n3) +
((8 - n1)*(-2 + n1)*f[-4 + n1, 2 + n2, n3, 0, O, 0])/(1 + n2)
+ (-2 - 2%(-2 + n1) - n2 - n3)*f[-2 + nl, n2, n3, 0, 0, O] +
deltal[-2 + n1]*(G[-1, 0, 1 + n2 + n3, w2 + w3, wil, 0]/(1 + n2) +
G[-1, 0, 1 + n2 + n3, w2 + w3, wi, 0]/(1 + n3)) -
G[-3 + n1, 1 + n3, n2, w3, wi, 0]/(1 + n3) -
G[1 + n2, -3 + n1, n3, wil, w2, 0]1/(1 + n2)))/(w2~2*w3~2)
+ ((n1 + n2 + 2*n3)*f[-2 + nl1, n2, n3, 0, 0, 0] +
((-1 + n3)*n3*f[-2 + n1, 2 + n2, -2 + n3, 0, 0, 0])/(1 + n2) +
((-1 + n3)*n3*f[nl, n2, -2 + n3, 0, 0, 0]1)/(-1 + nl1) +
delta[n3]*(-(G[-1, 0, -1 + nl1 + n2, wil + w2, w3, 0]/(-1 + nl1)) -
G[-1, 0, -1 + n1 + n2, wil + w2, w3, 0]/(1 + n2)) +
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G[-1 + n1, -1 + n3, n2, w3, wi, 0]/(-1 + n1) +

G[-1 + n3, 1 + n2, -2 + n1, w2, w3, 0]/(1 + n2))/w2"2 +

(((-1 + n2)*n2*f[-2 + n1, -2 + n2, 2 + n3, 0, 0, 01)/(1 + n3) +
(n1 + 2*n2 + n3)*f[-2 + nl, n2, n3, 0, 0, 0] +

((-1 + n2)*n2*f[n1, -2 + n2, n3, 0, 0, 0]1)/(-1 + nl1) +
delta[n2]*(-(G[-1, 0, -1 + n1 + n3, wil + w3, w2, 0]/(-1 + n1)) -
G[-1, 0, -1 + n1 + n3, wl + w3, w2, 0]/(1 + n3)) +

G[-1 + n2, -1 + nl1, n3, wi, w2, 0]/(-1 + n1) +

G[1 + n3, -1 + n2, -2 + nl, w2, w3, 0]/(1 + n3))/wd~2))/2};

rec2 = {f[nl_Integer, n2_Integer, n3_Integer, 0, 0, 0] ->
((-1 + n2)*((((-1 + n1)*n1*f[-2 + n1, -2 + n2, 2 + n3, 0, 0, 0])/(1 + n3) +
((-1 + n1)*n1*f[-2 + nl1, n2, n3, 0, 0, 0])/(-1 + n2) +
(2*n1 + n2 + n3)*f[nl, -2 + n2, n3, 0, 0, 0] +
delta[n1]*(-(G[-1, 0, -1 + n2 + n3, w2 + w3, wil, 0]/(-1 + n2)) -
G[-1, 0, -1 + n2 + n3, w2 + w3, wi, 0]/(1 + n3)) +
G[-1 + n1, 1 + n3, -2 + n2, w3, wi, 0]1/(1 + n3) +
G[-1 + n2, -1 + n1, n3, wi, w2, 0]1/(-1 + n2))/w3"2 +
((n1 + n2 + 2#n3)*f[nl, -2 + n2, n3, 0, 0, 0] +
((-1 + n3)*n3*f[nl1, n2, -2 + n3, 0, 0, 0])/(-1 + n2) +
((-1 + n3)*n3*f[2 + n1, -2 + n2, -2 + n3, 0, 0, 0])/(1 + nl) +
delta[n3]*(-(G[-1, 0, -1 + n1 + n2, wil + w2, w3, 0]/(1 + nl1)) -
G[-1, 0, -1 + n1 + n2, wl + w2, w3, 0]1/(-1 + n2)) +
G[1 + nl1, -1 + n3, -2 + n2, w3, wi, 01/(1 + n1) +
G[-1 + n3, -1 + n2, nl, w2, w3, 0]/(-1 + n2))/wi~2 +
(w2~2%x(((3 - n2)*(-2 + n2)*f[n1l, -4 + n2, 2 + n3, 0, 0, 0])/(1 + n3) +
(-2 - n1 - 2%(-2 + n2) - n3)*f[nl, -2 + n2, n3, 0, 0, 0] -
((-3 + n2)*(-2 + n2)*f[2 + n1, -4 + n2, n3, 0, 0, 0])/(1 + nl) +
deltal-2 + n2]*(G[-1, 0, 1 + n1 + n3, wl + w3, w2, 0]/(1 + nl1) +
G[-1, 0, 1 + n1 + n3, wil + w3, w2, 0]/(1 + n3)) -
G[-3 + n2, 1 + nl1, n3, wi, w2, 0]/(1 + nl) -
G[1 + n3, -3 + n2, n1, w2, w3, 0]/(1 + n3)))/(wi~2*w3"2)))/2%};

rec3 = {f[nl_Integer, n2_Integer, n3_Integer, 0, 0, 0] ->
((-1 + n3)*((((-1 + n1)*n1*f[-2 + nl1, n2, n3, 0, 0, 0])/(-1 + n3) +
((-1 + n1)*n1*f[-2 + n1, 2 + n2, -2 + n3, 0, 0, 01)/(1 + n2) +
(2*n1 + n2 + n3)*f[nl1l, n2, -2 + n3, 0, 0, 0] +
delta[n1]l*(-(G[-1, 0, -1 + n2 + n3, w2 + w3, wi, 0]/(1 + n2)) -
G[-1, 0, -1 + n2 + n3, w2 + w3, wi, 0]/(-1 + n3)) +
G[-1 + n1, -1 + n3, n2, w3, wi, 0]/(-1 + n3) +
G[1 + n2, -1 + n1, -2 + n3, wi, w2, 0]/(1 + n2))/w2"2 +
(w3~2%((-2 - n1 - n2 - 2%¥(-2 + n3))*f[nl, n2, -2 + n3, 0, 0, 0] -
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((-3 + n3)*(-2 + n3)*f[nl, 2 + n2, -4 + n3, 0, 0, 0])/(1 + n2) -
((-3 + n3)*(-2 + n3)*f[2 + n1, n2, -4 + n3, 0, 0, 0])/(1 + nl1) +
deltal[-2 + n3]*(G[-1, 0, 1 + n1 + n2, wil + w2, w3, 0]1/(1 + nl1) +
G[-1, 0, 1 + n1 + n2, wi + w2, w3, 01/(1 + n2)) -

G[1 + n1, -3 + n3, n2, w3, wi, 01/(1 + n1) -

G[-3 + n3, 1 + n2, n1, w2, w3, 0]/(1 + n2)))/(wi~2%w2~2)
(((-1 + n2)*n2*f[n1, -2 + n2, n3, 0, 0, 0])/(-1 + n3) +
(n1 + 2*n2 + n3)*f[nl, n2, -2 + n3, 0, 0, 0] +

((-1 + n2)*n2*f[2 + n1, -2 + n2, -2 + n3, 0, 0, 01)/(1 + nl1) +
delta[n2]*(-(G[-1, 0, -1 + n1 + n3, wil + w3, w2, 0]1/(1 + nl1)) -
G[-1, 0, -1 + n1 + n3, wl + w3, w2, 0]/(-1 + n3)) +

G[-1 + n2, 1 + n1, -2 + n3, wi, w2, 0]/(1 + n1) +

G[-1 + n3, -1 + n2, nl, w2, w3, 0]/(-1 + n3))/wi~2))/2};

+

recla_ + b_] := rec[a] + rec[b];

recla_] := a/; FreeQla,f];

rec[a_ b_] := a rec[bl/; FreeQ[a,f];

rec[f[nl_,n2_,n3_,0,0,0]] := (f[n1,n2,n3,0,0,0]/.recl)/; (n1>=n2 && ni1>=n3 && ni>1);
rec[f[nl_,n2_,n3_,0,0,0]] (f[n1,n2,n3,0,0,0]1/.rec2)/; (n2>=nl && n2>=n3 && n2>1);
rec[f[nl1_,n2_,n3_,0,0,0]] (f[n1,n2,n3,0,0,0]/.rec3)/; (n3>=n2 && n3>=nl && n3>1);

$RecursionlLimit = 4096;

sl2tc = {Logl[wl + w2] -> Logl[(wl + w2)/w3] + Logl[w3],
Logl[w2 + w3] -> Loglwl] + Logl[(w2 + w3)/wi],
Log[wl + w3] -> Log[w2] + Logl[(wl + w3)/w2]};

sltls = a_ * Log[x_] + a_*Logly_] -> a*Loglx*yl;

sltls2 = a_ * Loglx__] + a_xLogly__1 -> a*Loglx*yl;

sl3tc[1] = Loglwl + w2 + w3] -> -Logl[wl] + Loglwl + w2] + Logl[wl + w3] +
Logl(wl (wi1 + w2 + w3))/((wl + w2) (wl + w3))];

sl3tc[2] = Loglwl + w2 + w3] -> -Log[w2] + Log[wl + w2] + Logl[w2 + w3] +
Log[(w2 (w1l + w2 + w3))/((wl + w2) (w2 + w3))];

s13tc[3] = Loglwl + w2 + w3] -> -Log[w3] + Loglwl + w3] + Logl[w2 + w3] +
Logl(w3 (w1l + w2 + w3))/((wl + w3) (w2 + w3))];

minapm[expr_] :=

(mawml = Map[Apart[#, w3] &, expr];
mawml = Map[Apart[#, w2] &, mawml];
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mawml = Map[Apart[#, wl] &, mawml];

mawml = Map[Apart[#, wl] &, mawml];

mawm2 = Map[Apart[#, w2] &, mawml];

mawm3 = Map[Apart[#, w3] &, mawml];

mawm4 = MinimalBy[{mawml, mawm2, mawm3}, Length];

mawmé4 = First[mawm4]);

fopt[nl_7EvenQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0, 0, 0, 0, f_]
Collect [minapm[Expand[f /. sl2tc]], {l[wl, w2, w3], Logl(wl + w2)/w3],
Logl(wl + w3)/w2], Logl(w2 + w3)/wil}];

fopt[n1_70ddQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0, 0, 0, 0, f_]

Collect[minapm[Expand[f /. s13tc[1]1]1],
{Logl(wl (w1l + w2 + w3))/((wl + w2) (w1l + w3))]1}];

fopt[nl_7EvenQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0, 0, 0, 0, f_]

Collect[minapm[Expand[f /. s13tc[2]]1],
{Logl(w2 (wil + w2 + w3))/((wl + w2) (w2 + w3))1}];

fopt[nl_?7EvenQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_70ddQ /; n3 >= 0, 0, 0, 0, f_]

Collect[minapm[Expand[f /. s13tc[3]]1],
{Logl(w3 (wi1 + w2 + w3))/((wl + w3) (w2 + w3))]1}];

fopt[nl_7EvenQ /; nl >= 0,
minapm[£];

fopt[n1_70ddQ /; nl >= 0,
minapm[£];

fopt[n1_70ddqQ /; nl >= 0,
minapm[£];

fopt[n1_70ddQ /; nl >= 0,
minapm[£];

f3ellnl_, n2_, n3_, 0, O,
fopt[nl, n2, n3, 0, 0, O,

stl = {Log[wl] - Logl[wl +
-> Log[(wl (wil + w2

n2_70ddQ /; n2 >= 0, n3_70ddqQ /; n3 >= 0, 0, 0, 0, f_]

n2_%7EvenQ /; n2 >= 0, n3_70ddQ /; n3 >= 0, 0, 0, 0, f_]

n2_70ddQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0, 0, 0, 0, £_]

n2_70ddQ /; n2 >= 0, n3_70ddQ /; n3 >= 0, 0, 0, 0, f_]

0] := f3ell[nil, n2, n3, 0, 0, 0] =

(Expand [FixedPoint [rec, f[nl1, n2, n3, 0, 0, 0111)]1;

w2] - Loglwl + w3] + Loglwl + w2 + w3]
+ w3))/((wi + w2) (wi + w3))],

Log[w2] - Loglwl + w2] - Log[w2 + w3] + Loglwl + w2 + w3]

-> Log[(w2 (w1 + w2

+ w3))/((wl + w2) (w2 + w3))],
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Log[w3] - Loglwl + w3] - Log[w2 + w3] + Loglwl + w2 + w3]
-> Log[(w3 (wl + w2 + w3))/((wl + w3) (w2 + w3))1};

Infad = {a_Plus*Logl[x__] -> HH[al*Logl[x],
a_Plus*1[wl,w2,w3] -> HH[a]*1[wl,w2,w3],
a_Plus#*Derivative[l_,m_,n_][1][wl,w2,w3] -> HH[a]#*Derivative[l,m,n] [1] [wl,w2,w3]};

f3el[nl_Integer /; nl >= 0, n2_Integer /; n2 >= 0, n3_Integer /; n3 >= 0,
n4_Integer /; n4 >= 0, n5_Integer /; n5 >= 0, n6_Integer /; n6 >=0] :=
f3ellnl, n2, n3, n4, n5, n6] =
If [(AnyTrue[{n1,n2,n3}, 0d4dQ])

((-1)~(n4 + nb5 + n6)* Collect[(Expand[(Expand[(D[PowerExpand

[£f3el[nl, n2, n3, 0, 0, 011, {wil, n4}, {w2, nb5}, {w3, n6}]

/. stl)] /. 1lnfad)] /. (wil + w2 + w3) -> s3w // minapm /. HH[x__] -> Identity[x])
/. 83w -> (wl + w2 + w3), Logl[__11)

((-1)~(n4 + n5 + n6)* Collect[(Expand[(Expand[(D[

f3el[nl, n2, n3, 0, 0, 0], {wi, n4}, {w2, nb}, {w3, n6}] /. stl)]

/. 1nfad)] // minapm /. HH[x__] -> Identity[x]),

{1[w1,w2,w3], Logl[__], Derivative[l_,m_,n_][1] [wl,w2,w3]}])]

slintl = {Loglwl + w2] -> -Logl[(wl + w2 + w3)/(wl + w2)] + Loglwl + w2 + w3],
Loglwl + w3] -> -Logl(wl + w2 + w3)/(wl + w3)] + Logl[wl + w2 + w3],
Logl[w2 + w3] -> -Logl[(wl + w2 + w3)/(w2 + w3)] + Logl[wl + w2 + w3]};
slint2 = {logl[wl + w2 + w3] -> logl(wl + w2 + w3)/wi] + logl[wi],

loglwl + w2] -> logl(wl + w2)/wl] + loglwi],
loglwl + w3] -> logl(wl + w3)/wl] + loglwil};

£3e1[n1_70ddQ /; ni1 >= 0, n2_70ddQ /; n2 >= 0, n3_70ddQ /; n3 >= 0, -1, 0, 0] :=
f3el[nl, n2, n3, -1, 0, 0] =
Expand[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil
+SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl], {wil, Infinity, 0}]];

f3el[nl_7EvenQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_7?0ddQ /; n3 >= 0, -1, 0, 0] :=
f3ell[nl, n2, n3, -1, 0, 0] =
minapm[Expand[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil+
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],w1], {wl, Infinity, 0}]1];

£3el[n1_70d4dQ /; nl >= 0, n2_704dQ /; n2 >= 0, n3_%7EvenQ /; n3 >= 0, -1, 0, 0] :=
f3el[nl, n2, n3, -1, 0, 0] =
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Collect [minapm[Expand[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil+
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl],
{w1l, Infinity, O}] /. slint2]], Logl__11;

£3el1[n1_70ddQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_70d4dQ /; n3 >= 0, -1, 0, 0] :=
f3el[nl, n2, n3, -1, 0, 0] =
Collect [minapm[Expand[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil+
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl],
{w1l, Infinity, O}] /. slint2]], Log[__11;

f3el[n1_70ddqQ /; nl >= 0, n2_%7EvenQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0, -1, 0, 0]
f3el[nl, n2, n3, -1, 0, 0] =
Collect[Expand[Apart[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil+
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl],
{w1, Infinity, 0}], wi] /. slintl], Logl__11;

f3el[nl_7Even /; nl >= 0, n2_70d4dQ /; n2 >= 0, n3_7Even /; n3 >= 0, -1, 0, 0]
f3el[nl, n2, n3, -1, 0, 0] =
Collect[Expand[Apart[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wil+
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl],
{w1, Infinity, 0}], w2] /. slint2], Logl__11;

f3el[nl_7EvenQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_704dQ /; n3 >= 0, -1, 0, 0]
f3ell[nl, n2, n3, -1, 0, 0] =
Collect [Expand[Apart[-Integrate[f3el[nl, n2, n3, 0, 0, 0], wi] +
SeriesCoefficient[Integrate[f3el[nl, n2, n3, 0, 0, 0],wl],
{wl, Infinity, 0}], w3] /. slint2], Logl[__1];

£3el[n1_70ddQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_704dQ /; n3 >= 0,
-1, n5_Integer /; n5 >= 0, n6_Integer /; n6 >=0] :=
f3el[nl, n2, n3, -1, nb, n6] =
(-1)~(n5+n6)*D[f3el[nl, n2, n3, -1, 0, 0], {w2,n5}, {w3, n6}];

f3el[ni1_7EvenQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_704dQ /; n3 >= O,
-1, n5_Integer /; nb >= 0, n6_Integer /; n6 >=0] :=
f3ell[nl, n2, n3, -1, n5, n6] =
(-1)~ (n5+n6) *minapm[Expand [D[£3el[nl, n2, n3, -1, 0, 0], {w2,n5}, {w3, n6}11];

£3el[n1_70ddQ /; nl1 >= 0, n2_7EvenQ /; n2 0, n3_70ddQ /; n3 >= 0,
-1, n5_Integer /; nb5 >= 0, n6_Integer /; n6 >=0] :=
f3el[nl, n2, n3, -1, n5, n6] =
Collect[(-1)~(n5+n6)*minapm[Expand [D[f3el[nl, n2, n3, -1, 0, 0],

\4
1]
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{w2,n5}, {w3, n6}]1]1, Logl__11;

£3el[n1_70ddQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0,
-1, n5_Integer /; n5 >= 0, n6_Integer /; n6 >=0]
f3el[nl, n2, n3, -1, nb, n6] =
Collect[(-1)~(n5+n6)*minapm[Expand [D[f3el[nl, n2, n3, -1, 0, 0],
{w2,n5}, {w3, n6}]111, Logl__11;

ScCC

= {Log[w1l] -> Loglwl + w2 + w3] - Logl[(wl + w2 + w3)/(wl + w2)] -
w2 + w3))/((wl + w2) (wl + w3))],

Log[(wl + w2 + w3)/(wl
Log[w2] -> Loglwl + w2
Log[(wl + w2 + w3)/(w2
Log[w3] -> Loglwl + w2
Log[(wl + w2 + w3)/(w2
Log[wl + w2] -> Logl[wl
Log[wl + w3] -> Logl[wl
Log[w2 + w3] -> Loglwl

w3)] + Logl[(wl (w1l +
w3] - Logl(wl + w2 +
w3)] + Logl(w2 (w1l +
w3] - Log[(wl + w2 +
w3)] + Log[(w3 (w1l +
w2 + w3] - Logl[(wl +
w2 + w3] - Logl[(wl +
w2 + w3] - Logl[(wl +

w3)/(wl + w2)]
w2 + w3))/((wil
w3)/(wl + w3)]

+

+
+
+

+

WQ) (W2 + Ws))] >

w3))/((wl + w3) (w2 + w3))],
w3)/(wl + w2)],
w3)/(wl + w3)],
w3)/ (w2 + w3)1};

f3el[ni1_7Even /; nl1l >= 0, n2_7Even /; n2 >= 0, n3_70ddQ /; n3 >= 0,
-1, n5_Integer /; nb5 >= 0, n6_Integer /; n6 >=0]
f3el[nl, n2, n3, -1, n5, n6] =
(-1)~ (n5+n6) #D [PowerExpand [f3el[nl, n2, n3, -1, 0, 0]], {w2, n5}, {w3, n6}
1 /. scc // Expand // Collect[#, Logl[__11%&;

f3el[nl1_7EvenQ /; nl >= 0, n2_70ddQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0,
-1, n5_Integer /; nb5 >= 0, n6_Integer /; n6 >=0]
f3el[nl, n2, n3, -1, n5, n6] =
(-1)~ (n5+n6) #*D [PowerExpand [f3el[nl, n2, n3, -1, 0, 0]

1, {w2, n5}, {w3, n6}] /. scc // Expand // Collect[#, Logl[__11&;

£3el[n1_70ddQ /; nl >= 0, n2_7EvenQ /; n2 >= 0, n3_7EvenQ /; n3 >= 0,
-1, n5_Integer /; nb >= 0, n6_Integer /; n6 >=0]
f3el[nl, n2, n3, -1, n5, n6] =
(-1)~ (n5+n6) *D [PowerExpand [f3el[nl, n2, n3, -1, 0, 0]

1, {w2, n5}, {w3, n6}] /. scc // Expand // Collect[#, Logl__11&;

hy3el[a_?IntegerQ /; a >= -1, b_7IntegerQ /; b >= -1, c_7IntegerQ /; c>= -1,
nl_%7IntegerQ /; nl >= -2, n2_7IntegerQ /; n2 >= -1, n3_7IntegerQ /; n3>= -1]
f3el[c+1l, b+1l, a+l, ni+l, n2+1, n3+1];

82


http://mostwiedzy.pl

A\ MOST

B.2 Four-electron integrals code

To use the code user simply has to load the file into the Mathematica. It requires the file with
the three-electron code to be present in the same folder where the file is loaded. To calculate
the required four-electron singly linked integral that was obtained in this thesis, simply write
the function gé4ella,b,c,d,e,f,n1,n2,n3,n4,wl,w2,w3,w4] with the ten integer arguments
corresponding to the powers of the r; and 7;; in the singly-linked Hylleraas function followed with
the arguments w1 ,w2,w3,w4 like the following: g4el([0,0,0,0,0,0,0,0,0,0,wl,w2,w3,w4]. Be
aware that the calculations quickly become lengthy for the higher values of the arguments.

<< ./hy3el.m
ecfld[f_] := Collect[Expand[f], {1[__]1, Log[__], Derivative[m_,n_,o_J[1]1[__1}]

minapmé4[expr_] := (maw4m0 = expr;
maw4ml = Map[Apart[#, wl] &, expr];
maw4ml = Map[Apart [#, w2]
mawd4ml = Map[Apart[#, w3]
maw4ml = Map[Apart[#, w4] &, maw4ml];

&, mawdmi];
&
&
maw4ml = Map[Apart[#, wl] &, maw4mi];
&
&

, maw4mil] ;

maw4m2 = Map[Apart[#, w2]
maw4m3 = Map[Apart[#, w3]
mawd4mé4 = Map[Apart[#, w4] &, mawé4mi];

maw4mb = MinimalBy[ecfld[{maw4mO, maw4ml, maw4m2, maw4m3, mawd4mé}], LeafCount];
maw4mb = ecfld[First[maw4mb5]]);

, maw4mi];
, maw4mil];

apmin[expr_] := (apm0 = expr;
apml = Apart[expr, wil];
apm2 = Apart[expr, w2];
apm3 = Apart[expr, w3];
apmé4 = Apart[expr, w4];
apmb = MinimalBy[ecfld[{apmO, apml, apm2, apm3, apm4}], Length];
apmb = First[apm5]);

g4ellO, 0, O, O, O, O, -1, -1, -1, -1, wl, w2, w3, w4] :=
g4e1[0, 0, 0, 0, 0, 0, -1, -1, -1, -1] = 1/(w1"2 w2"2 w32 wd~2);

g4el[0, 0, O, d_Integer, e_Integer, f_Integer,
nl_Integer, n2_Integer, n3_Integer, n4_Integer, wl, w2, w3, w4] :=
g4el[O, 0, O, d, e, f, nl, n2, n3, n4, wil, w2, w3, w4l =
ecfld[(1/w1~(3 + nl)*(hy3ell[f, e, d, n2, n3, n4]
/. {wl -> w2, w2 -> w3, w3 -> w4}))];
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simpleven[fun_] :=
minapm4[ecfld[fun] /. {a_Plus*Logl[x__] -> HH[al*Logl[x],
(w2 + w3 + w4) -> s3w}r] /. {HH[x__] -> Identityl[x],
s3w -> (w2 + w3 + wd)}

g4el[a_7EvenQ /; a >= 0, b_7EvenQ /; b >= 0, c_?EvenQ /; c >= 0,
d_, e, f_, -1, -1, -1, -1, wi, w2, w3, wd] :=
(
gdella, b, c, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4] =
ecfld[simpleven[(1/(2 w1)) (2 wl
g4el[-2 + a, b, ¢, d, e, f, -1, 1, -1, -1, wl, w2, w3, w4] +
6 g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, wd] +
(-2 + a) (g4el[-4 +a, b, c, d, e, £, 0, 1, -1, -1, wl, w2, w3, wd] -
gel[-4 + a, b, ¢, d, e, £, 2, -1, -1, -1, wil, w2, w3, wd] +
3 g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, wd]) +
b (g4ell[-2 + a, -2 + b, ¢, d, e, £, 0, -1, 1, -1, wl, w2, w3, w4l -
g4el[-2 + a, -2 + b, ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, wd] -
2 g4el[-2 + a, -2 + Db, c, 2+d, e, £, 0, -1, -1, -1, wi, w2, w3, wd] +
gbel[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wd] +
2 g4ella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wd]) +
c (g4el[-2 + a, b, -2 +c, d, e, £f, 0, -1, -1, 1, wl, w2, w3, wd] -
g4el[-2 + a, b, -2 + ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, wd] -
2 g4el[-2 + a, b, -2 +c, d, 2 +e, £, 0, -1, -1, -1, wl, w2, w3, w4l +
g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
2 gdella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, wd]))]]
) /; (@a>=b&& a>c && a > 1);

gd4el[a_7EvenQ /; a >= 0, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0,
d_, e, f_, -1, -1, -1, -1, wi, w2, w3, w4] :=
(
g4ella, b, c, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4] =
ecfld[simpleven[(1/(2 w1)) (2 wl
g4ella, -2 + b, ¢, d, e, £, -1, -1, 1, -1, wil, w2, w3, wd] +
6 g4ella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wd] +
a (g4el[-2 + a, -2 + b, ¢, d, e, £, 0, 1, -1, -1, wl, w2, w3, wd] -
g4el[-2 + a, -2 + b, ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, wd] -
2 g4el[-2 + a, -2 +Db, c, 2+d, e, £, 0, -1, -1, -1, wl, w2, w3, wa4] +
2 g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
gella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wd]) +
(-2 + b) (gdella, -4 + b, ¢, d, e, £, 0, -1, 1, -1, wil, w2, w3, wd] -
g4ella, -4 + b, ¢, d, e, £, 2, -1, -1, -1, wil, w2, w3, wd] +
3 gdella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wd]) +
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c (gdella, -2 + b, -2 +c, d, e, £, 0, -1, -1, 1, wl, w2, w3, wd] -

gella, -2 + b, -2 +c, d, e, £, 2, -1, -1, -1, wl
2 g4ella, -2 + b, -2 +c, d, e, 2+ £, 0, -1, -1,
géella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wl, w2,

, w2, w3, wi] -
-1, wil, w2, w3, w4] +
w3, wi4] +

2 gdella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wi, w2, w3, wd]))]1]

) /; (b> a& & b>c&&b>1);

g4el[a_7EvenQ /; a >= 0, b_7EvenQ /; b >= 0, c_7EvenQ
d_, e, f_, -1, -1, -1, -1, wi, w2, w3, w4] :=
(
géella, b, c, d, e, £, -1, -1, -1, -1, wl, w2, w3,
ecfld[simpleven[(1/(2 w1)) (2 wl
g4ella, b, -2 + ¢, d, e, £, -1, -1, -1, 1, wil, w2,
6 g4ella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wil, w

/; ¢ >= 0,

wa] =

w3, w4l +
2, w3, wa4] +

a (g4el[-2 + a, b, -2 +c, d, e, £, 0, 1, -1, -1, wl, w2, w3, wd] -

g4el[-2 + a, b, -2 + ¢, d, e, £, 2, -1, -1, -1, wl
2 g4el[-2 + a, b, -2 +c, d, 2 +e, £, 0, -1, -1,

2 g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w
g4ella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wl, w2,

, w2, w3, wa4] -

-1, wil, w2, w3, w4] +
2, w3, w4l +

w3, wd4]) +

b (g4ella, -2 + b, -2 + ¢, d, e, £, 0, -1, 1, -1, wl, w2, w3, w4] -

g4ella, -2 + b, -2 +c, d, e, £, 2, -1, -1, -1, wl
2 g4ella, -2 + b, -2 +c, d, e, 2+ £, 0, -1, -1,
2 g4ella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wl, w
géella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wl, w2,
(-2 + ¢) (g4ella, b, -4 +c, d, e, £, 0, -1, -1, 1
g4ella, b, -4 + ¢, d, e, £, 2, -1, -1, -1, wl, w2,
3 g4ella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wil, w
) /; (c>a&& c > Db && c > 1);

, w2, w3, wi] -

-1, wil, w2, w3, w4] +
2, w3, w4l +

w3, wi4]) +

, wl, w2, w3, w4] -
w3, w4l +

2, w3, w4l))1]

ssc2 = {Logl[w2] -> Logl[w2 + w3 + w4] - Log[(w2 + w3 + w4)/(w2 + w3)] -

Logl(w2 + w3 + wd)/(w2 + wd)] +
Log[l(w2 (w2 + w3 + w4))/((w2 + w3) (w2 + wd))],
Log[w3] -> Loglw2 + w3 + w4] - Log[(w2 + w3 + w4)/
Log[(w2 + w3 + w4)/(w3 + w4)] +

Log[(w3 (w2 + w3 + w4))/((w2 + w3) (w3 + wd))],
Logl[w4] -> Logl[w2 + w3 + w4] - Log[(w2 + w3 + wd)/
Logl(w2 + w3 + w4)/(w3 + w4)] + Logl(w4 (w2 + w3 +
Log[w2 + w3] -> Logl[w2 + w3 + w4] - Logl[(w2 + w3 +
Log[w2 + w4] -> Logl[w2 + w3 + w4] - Log[(w2 + w3 +
Log[w3 + w4] -> Log[w2 + w3 + w4] - Log[(w2 + w3 +

+ + + o+

g4el[a_7EvenQ, b_7EvenQ, c_7EvenQ, d_, e_, f_, ni_, n2
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(w2 + w3)] -

(w2 + wd)] -

wd))/((w2 + wd) (w3 + wd))],
wd)/ (w2 + w3)],

wd)/ (w2 + wa)],

wa)/ (w3 + wa)1}

_, n3_, n4_, wl, w2, w3, w4]
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((-1)~(n1+n2+n3+n4) *

ecfld[simpleven[PowerExpand [D[

géella, b, c, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4],
{wl, ni+1}, {w2, n2+1}, {w3, n3+1}, {w4, n4+1}1]1/. ssc2]]
Y /; (m1 > -1 ]| n2> -1 1]l n3>-11]| nd > -1);

r[-1, b_7EvenQ /; b >= 0, ¢c_?EvenQ /; ¢ >= 0, d_ /; 4 >= -1,
e_ /; e>= -1, f_ /; £ >= -1, -1, -1, -1, -1] :=
(-hy3el[b +d, c + e, £, -1, -1, -1]1 /. {wil->(wil+w2), w2->w3, w3->w4}) +
b c gdell[-1, -2 + b, -2 +c, d, e, 2 +£f, 0, -1, -1, -1, wl, w2, w3, wd] -
b wi gdell[-1, -2 + b, ¢, d, e, £, -1, -1, 1, -1, wi, w2, w3, wd] +
(-b - b2 - b ¢c) glell[-1, -2 + b, ¢, d, e, f, 0, -1, -1, -1, wl, w2, w3, wd] +
b wi g4el[-1, -2 + b, ¢, d, e, £, 1, -1, -1, -1, wil, w2, w3, wd] -
c wl gdel[-1, b, -2 +c¢c, d, e, £, -1, -1, -1, 1, wl, w2, w3, w4] +
(-c - bc-c2) ghell[-1, b, -2 +¢c, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
c wl gdell[-1, b, -2 +c, d, e, £, 1, -1, -1, -1, wl, w2, w3, w4l

r[1, b_?EvenQ /; b >= 0, c_?EvenQ /; ¢ >=0, d_ /; d >= -1,
e_/; e>= -1, f_ /; £ >= -1, -1, -1, -1, -1] :=
(2 glell-1, b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wi] +
b c gdelll, -2 + b, -2 +c¢c, d, e, 2+ £, 0, -1, -1, -1, wl, w2, w3, w4] -
b wi g4ell[l, -2 + b, ¢, d, e, £, -1, -1, 1, -1, wil, w2, w3, w4] +
(-b - ™2 - b c) gdelll, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, wi] +
b wi gdelll, -2 + b, c, d, e, £, 1, -1, -1, -1, wl, w2, w3, w4l -
c wl gdelll, b, -2 + ¢, d, e, £, -1, -1, -1, 1, wil, w2, w3, w4] +
(-c - bc - c"2) ghell[l, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, wi] +
c wl gdelll, b, -2 + ¢, d, e, £, 1, -1, -1, -1, wil, w2, w3, wil)

frzsumw = {(wl + w2 + w3 + w4) -> sdw, (w1l + w2 + w3) -> s3wl, (w2 + w3 + wd) -> s3w2};
unfrzsumw = {sdw -> (w1l + w2 + w3 + w4), s3wl -> (w1l + w2 + w3), s3w2 -> (w2 + w3 + wd)};

simplodd[funct_] := ecfld[(minapm4[funct /. frzsumw /. a_Plus*Logl[x__] -> HH[a*Logl[x]]]
/. HH[x__] :> minapm4([x]) /. unfrzsumw];

integla_Integer /; a >= -1, b_7EvenQ /; b >= 0, c_%EvenQ /; ¢ >= 0, d_ /; d >= -1,
e_/; e> -1, f_ /; £ >= -1, -1, -1, -1, -1, wi, w2, w3, w4] :=
Integrate[simplodd[ecfld[r[a, b, ¢, d, e, £, -1, -1, -1, -11* wi~(b + c)]1], wi,
Assumptions -> wil > 0 && w2 > O &% w3 > 0 &% w4 > 0] // simplodd;

(* chain integrals *)

chainlogsl = {Log[w3 + w4] -> Logl[w3] - Logl[wl + w2 + w3] + Logl[wl + w2 + w3 + w4]

86


http://mostwiedzy.pl

A\ MOST

- Log[(w3 (w1l + w2 + w3 + wd))/((wl + w2 + w3) (w3 + w4))],
Logl[wl + w2] -> Logl[w2] - Logl[w2 + w3 + w4] + Loglwl + w2 + w3 + w4]
-Log[(w2 (wl + w2 + w3 + w4))/((wl + w2) (w2 + w3 + wd))1};

chainlogs2 = {Loglwl + w2 + w3] -> Logl(w2 (wl + w2 + w3))/((wl + w2) (w2 + w3))]
+ Logl[w2 + w3] + Loglwl + w2] - Logl[w2],
Log[w2 + w3 + w4] -> -Logl(w2 (w1 + w2 + w3 + w4))/((wl + w2) (w2 + w3 + wd))]
+ Log[w2] - Loglwl + w2] + Logl[wl + w2 + w3 + w4l};

chainlogs3 = {Log[-(w2/w3)] -> Logl[w2] - Loglwl + w2] + Log[(-wl - w2)/w3],
Log[-(w2/(w3 + w4))] -> Loglw2] - Loglwl + w2] + Logl[(-wl - w2)/(w3 + w4)],
Log[(wl + w2)/(w3 + w4)] -> - Loglw2] + Loglwl + w2] +
Log[(wl + w2)/w3] + Logl[w2 + w3] - Loglwl + w2 + w3 + w4] +
Log[(w2 w3 (wl + w2 + w3 + w4))/((wl + w2) (w2 + w3) (w3 + w4))]}

chainlogs4 = {Loglwl (w2 w3 w4"3 + w2 w4~4)] -> Loglwl w2 w3 w4"3 + wl w2 wéd~4]}

g4el[-1, b_7EvenQ /; b >= 0, c_?EvenQ /; ¢ >= 0, d_?0ddQ /; d >= -1,
e_7EvenQ /; e >= -1, £.7044Q /; £ >= -1, -1, -1, -1, -1, wi, w2, w3, wd] :=
g4el[-1, b, ¢, 4, e, £, -1, -1, -1, -1, wi, w2, w3, wd] =
simplodd[minapm[ecf1d[((((1/wi~(2 + b + c)*
(-integ[-1, b, ¢, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4] +
SeriesCoefficient[1/wl1~(2 + b + c)*
integ[-1, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, w4l, {wl, 0, -(2 + b + c)}])
) /. chainlogsl) /. chainlogs2) /. Loglx__] :> Logl[Together[x]]) /. chainlogs3]
11;

g4el[-1, b_7EvenQ /; b >= 0, c_?EvenQ /; ¢ >= 0, d_70ddQ /; d >= -1,
e_7EvenQ /; e >= -1, £.7044Q /; £ >= -1, ni1_, n2_, n3_, n4_, wil, w2, w3, wd] :=
((-1)~(n1+n2+n3+n4) *
ecfld[((D[PowerExpand[g4el[-1, b, ¢, d, e, f, -1, -1, -1, -1, wil, w2, w3, wél],
{wl, ni1+1}, {w2, n2+1}, {w3, n3+1}, {w4, n4+1}] /. chainlogsl) /. chainlogs2)]
) /; (m1 > -1 ]|l n2>-1 1]l n3>-11]| nd > -1);

g4el[1l, b_7EvenQ /; b >= 0, c_7EvenQ /; c >= 0, d_70ddQ /; d >= -1,
e_7EvenQ /; e >= -1, £.7044Q /; £ >= -1, -1, -1, -1, -1, wi, w2, w3, w4] :=
g4el[l, b, c, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4] =
simplodd [minapmé4 [
(((1/w1~(2 + b + c)*(-integ[1l, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wi] +
SeriesCoefficient[1/wl1~(2 + b + c)*
integ[l, b, ¢, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4], {wl, 0, -(2 + b + c)}])
) /. chainlogsl) /. chainlogs2) /. chainlogs4]];
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g4el[1l, b_7EvenQ /; b >= 0, c_7EvenQ /; c >= 0, d_70ddQ /; d >= -1,
e_7EvenQ /; e >= -1, £.7044Q /; £ >= -1, ni1_, n2_, n3_, nd4_, wil, w2, w3, wd] :=
((-1)~(n1+n2+n3+n4) *
ecfld[((D[PowerExpand[g4el[l, b, ¢, d, e, f, -1, -1, -1, -1, wil, w2, w3, w4l],
{w1, n1+1}, {w2, n2+1}, {w3, n3+1}, {w4, n4+1}] /. chainlogsl) /. chainlogs2)]
) /; (m1 > -1 ]|l n2>-1 1] n3>-11]] nd > -1);

g4el[a_70ddQ /; a >= -1, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0, d_7EvenQ /; d >= -1,
e_70ddQ /; e >= -1, £.7044Q /; £ >= -1, n1_, n2_, n3_, n4_, wil, w2, w3, w4] :=
(gdella, c, b, e, d, £, nl, n2, n4, n3, wil, w2, w3, wa] /. {w3 -> wd, wd -> w3});

(* star integrals *)
starlogsl = {Log[wl + w2 + w3] -> Log[(w2 (w1l + w2 + w3))/((wl + w2) (w2 + w3))]
+ Log[w2 + w3] + Logl[wl + w2] - Loglw2],
Log[w2 + w3 + w4] -> -Logl(w2 (w1l + w2 + w3 + w4))/((wl + w2) (w2 + w3 + w4))]
+ Logl[w2] - Loglwl + w2] + Loglwl + w2 + w3 + w4],
Loglwl + w2 + w4] -> Log[(w2 (wi + w2 + w4))/((wl + w2) (w2 + wd))]
+ Logl[wl + w2] + Logl[w2 + w4] - Logl[w2]};

starlogs2 = Log[w2] -> Logl[wl + w2] + Log[w2 + w3] + Log[w2 + w4] - Logl[wl + w2 + w3 + w4]
+ Log[(w2 (w1 + w2 + w3 + w4))/((wl + w2) (w2 + w3) (w2 + wd))];

starlogs3 = Loglwl + w2] -> -Logl[w2 + w3] - Logl[w2 + w4] + Loglwl + w2 + w3 + w4]
-Log[(wl + w2 + w3 + wd)/((wl + w2) (w2 + w3) (w2 + wd))];

starlogs4 = Loglwl + w2 + w3 + w4] ->
Log[w2 + w3] + Log[w2 + w4] + Logl[(wl + w2 + w3 + w4)/((w2 + w3) (w2 + w4))];

g4el[-1, b_7EvenQ /; b >= 0, c_?EvenQ /; ¢ >= 0, d_70ddQ /; d >= -1,
e_70ddqQ /; e >= -1, f_7EvenQ /; f >= -1, -1, -1, -1, -1, wl, w2, w3, w4] :=
gdell[-1, b, ¢, d, e, f, -1, -1, -1, -1, wl, w2, w3, wd] =
simplodd[minapmé [ecfld[
((1/wi~(2 + b + c)*(-integ[-1, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wi] +
SeriesCoefficient[1/w1~(2 + b + c)*
integ[-1, b, ¢, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4l, {wl, 0, -(2 + b + c)}]))
/. starlogsl /. starlogs2 /. starlogs3 /. starlogs4)]]]

g4el[-1, b_7EvenQ /; b >= 0, c_?EvenQ /; ¢ >= 0, d_70ddQ /; 4 >= -1,
e_70ddQ /; e >= -1, f_7EvenQ /; £ >= -1, ni1_, n2_, n3_, nd4_, wil, w2, w3, wd] :=
((-1)~(n1+n2+n3+n4) *
simplodd [(D[PowerExpand[g4el[-1, b, ¢, d, e, £, -1, -1, -1, -1, wl, w2, w3, w4l],
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{w1, n1+1}, {w2, n2+1}, {w3, n3+1}, {w4, n4+1}] /. starlogsl /. starlogs2 /.
starlogs3) /. starlogs4]) /; (n1 > -1 || n2 > -1 || n3 > -1 || nd > -1);

g4el[l, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0, d_70ddQ /; d >= -1,
e_?0ddqQ /; e >= -1, f_7EvenQ /; f >= -1, -1, -1, -1, -1, wil, w2, w3, w4] :=
g4el[l, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wd] =
simplodd[ecfld[
(C((((1/w1~(2 + b + c)*(-integ[1l, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wi] +
SeriesCoefficient[1/w1~(2 + b + c)*
integll, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wd4], {wl, 0, -(2 + b + c)}])
) /. starlogsl) /. starlogs2) /. starlogs3) /. starlogs4)]];

g4el[1l, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0, d_70ddQ /; d >= -1,
e_70ddQ /; e >= -1, f_7EvenQ /; £ >= -1, ni1_, n2_, n3_, n4_, wil, w2, w3, wd] :=
((-1)~(n1+n2+n3+n4) *
ecfld[(D[PowerExpand[g4ell[l, b, ¢, d, e, £, -1, -1, -1, -1, wil, w2, w3, wél],
{wl, ni+1}, {w2, n2+1}, {w3, n3+1}, {w4, n4+1}] /. starlogsl /. starlogs2 /.
starlogs3 /. starlogs4)
1) /; (a1 > -1 |l n2 > -1 11 n3 > -1 1] nd > -1);

g4el[a_70ddQ /; a >= -1, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0, d_7EvenQ /; d >= -1,
e_70ddQ /; e >= -1, £.7044Q /; £ >= -1, nl1_, n2_, n3_, n4_, wil, w2, w3, w4] :=

(gdella, c, b, e, d, £, n1, n2, n4, n3, wil, w2, w3, wa] /. {w3 -> wi, wd -> w3});

g4el[a_70ddQ /; a >= 3, b_7EvenQ /; b >= 0, c_?EvenQ /; ¢ >= 0, d_ /; d >= -1,
e_ /; e> -1, f_ /; £ >= -1, -1, -1, -1, -1, wl, w2, w3, w4] :=
gi4ella, b, c, d, e, £, -1, -1, -1, -1, wil, w2, w3, w4] =
ecfld[(1/(2 w1)) (2 w1l g4el[-2 + a, b, ¢, d, e, £, -1, 1, -1, -1, wl, w2, w3, w4] +
6 g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
(-2 + a) (g4ell[-4 + a, b, c, d, e, £, 0, 1, -1, -1, wl, w2, w3, wd] -
g4el[-4 + a, b, ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, w4] +
3 gdel[-2 + a, b, ¢, d, e, f, 0, -1, -1, -1, wl, w2, w3, wd]) +
b (g4el[-2 + a, -2 + b, ¢, d, e, £, 0, -1, 1, -1, wl, w2, w3, w4] -
g4el[-2 + a, -2 + b, ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, wd] -
2 g4el[-2 + a, -2 +Db, c, 2+d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
2 g4ella, -2 + b, ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, w4]) +
c (g4ell[-2 + a, b, -2 +c, d, e, £, 0, -1, -1, 1, wil, w2, w3, wd] -
gel[-2 + a, b, -2 + ¢, d, e, £, 2, -1, -1, -1, wl, w2, w3, wd] -
2 g4el[-2 +a, b, -2 +c¢c,d, 2 +e, £, 0, -1, -1, -1, wl, w2, w3, w4] +
g4el[-2 + a, b, ¢, d, e, £, 0, -1, -1, -1, wil, w2, w3, w4] +
2 gdella, b, -2 + ¢, d, e, £, 0, -1, -1, -1, wl, w2, w3, wd]))]
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g4el[a_70ddQ /; a >= 3, b_7EvenQ /; b >= 0, c_7EvenQ /; ¢ >= 0, d_ /; 4 >= -1,

e_/; e> -1, f_ /; £ >= -1, n1_, n2_, n3_, n4_, wil, w2, w3, w4] :=

((-1)~(n1+n2+n3+n4) =*
ecfld[D[g4ella, b, ¢, d, e, f, -1, -1,
{w2, n2+1}, {w3, n3+1}, {w4, n4+1}1]) /;
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-1, -1, wi, w2, w3, w4], {wl, ni+i},

(n1 > -1 1] n2>-1 1] n3>-11]| nd>-1);
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