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1. Introduction

This paper discusses the existence of solutions of problems:

t
Dix(t) =f (t, x(t),/ k(t,s)x(s)ds) = Fx(t), teJo=(0,T], T>0, (1)
x(0) =, °

wheref € C(J x R x R, R), J = [0, T], x(0) = tlqu(t)hzo, and D%x denotes a Riemann-Liouville fractional derivative of x
with g € (0, 1).

Recently, much attention has been paid to study fractional problems, see for example [1-10]. The monotone iterative
technique can be successfully applied to obtain existence results for fractional differential problems, see book [2], and
for example papers [1,3,4,6,8-10]. Authors of papers, [3,4,6,7,9,10], obtained their existence results under the assumption
that function f satisfies a one-sided Lipschitz condition with respect to the second variable with a corresponding constant
coefficient M. In our paper, we consider a more general case when constant M is replaced by a function M € C(J, R). We
also obtained existence results by using the Banach fixed point theorem with the corresponding weighted norms.

The organization of this paper is as follows. In Section 2, Theorem 1 presents the existence result giving sufficient condi-
tions under which problem (1) has a unique solution. To achieve this we apply a Banach fixed point theorem with a corre-
sponding weighted norm (Bielecki norm) assuming the Lipschitz condition of f with respect to the last two arguments with
nonnegative coefficients. It is important to indicate that in the case when % < g < 1, we do not need any conditions on the
coefficients. In Section 3, we use the monotone iterative method. First we discuss a comparison result. Theorem 2 presents
the existence result for problems of type (1), by using the monotone iterative method. An example is given to illustrate the
results.
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2. Existence results for problem (1), by a Banach fixed point theorem
Let Ci—q(J,R) = {u € C((0, T], R) : t'"9u e C(J,R)}.Foru € Ci—q(, R) we define two weighted norms:
lull* = maxt'~9|x(©)] or [ull, = maxt'~%e~*|x(t)|
[0,T] [0,T]
with a fixed positive constant A.

Theorem 1. Let g € (0, 1),f € C(J x R x R, R), k € C(J xJ, R). In addition, we assume that:
H; : there exist nonnegative constants K, L, W such that: |k(t, s)| < W and

[f (¢, uy, up) — f(£, vy, v2)| < Klvy — uq| + Llv; — uy],

q .
Hy:p =T (1<+W”> <1if0<q=<1.

Then problem (1) has a unique solution.

Proof. Consider the problem x = N, where operator .V is defined by

t
NX(t) =t 1 / (t — $)I7 1 Fx(s)ds.
ra Jo

Now, we have to show that operator  has a fixed point. To do it we shall show that .~ is a contraction map. Let x,y €
Ci—q(, R). We consider two cases.

Case 1.Let 0 < g < . Then, in view of assumption H;, we have

-1 t
l&Vx — Ny < — maxtl‘q/ (t — )71 Fx(s) — Fy(s)|ds
I'(q) te 0

-1 t N
< —maxtl_q/ (t —s)47! [K|x(s) —y(s)| +L/ |k(s, T)| |x(T) —y(r)|dr] ds
rq tg 0 0
-1 t s
< —|lx—yI* maxtl qf (t —s)471 [qu‘l +LW/ rq”dr} ds
rq 0
1 t Lw
= —|x—yl* maxtl qf (t —s)¢! (qu‘l + —sq> ds
I'(q) q
= pllx —ylI*.

Hence, operator ./ has a unique fixed point, by the Banach fixed point theorem.
Case 2. Assume that % < q < 1.Now, we use the norm || - ||, with a positive XA such that:

Kg+IWT TI'(2q—1
Jr q-+ 2g—-1)

Pl = TZqil.
ql’ (@) 2I'2(2q — 1))

Note that

t 1
/ ePSds < — et
2X1

\// (t — 5)2@-Dg2@-Ngs = req-1u e APy /TR
I'(2(2q - 1))

We will use the Schwarz inequality for integrals

t t t
/ la(s)| |b(s)|ds < \// az(s)ds\// b2(s)ds.
0 0 0

Using assumption Hy, the Schwarz inequality and (2), we have

1 t
—— maxt! e f (t — )T 1 Fx(s) — Fy(s)|ds
r(q te 0

[NX— Nyl

IA

IA

t LW
_ 1—q,—At _ -1 q—1,As q, A8
*
1 lx — y|l« maxt e f (t —s) |:Ks e” + ste ]ds
I'(q) teJ 0 q
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K LWT t
< (kg + WD) Ix — yll« maxtl’qe’“/ (t — )47 1597 Tes(ds
ql"(q) teJ 0
Kq + LWT t ‘
< (Kq + )||x _y”*maxt]qext\// (t — 5)2@-Ds2a-1s / e2+5 s
ql"(q) teJ 0 0
1
< —=lx =yl
v

It proves that problem (1) has a unique solution. This ends the proof. O

Consider the linear problem:

{D"u(t) = —M@Ou(t) +o(t), tEe€j, 3)
() =r.

Lemma 1. Let g € (0,1), M € C(J,R), o € Ci_4(J, R). Moreover, we assume that Assumption Hz holds with:

Hs: (1) M(t)=M, t €],
or
(ii) function M is not a constant on J and

Tr
@ max [M(t)| < 1 onlyinthe case when0 < q <
I'(2q) te

N | =

Then problem (3) has a unique solution.
Proof. In case (i), problem (3) has a unique solution in terms of Mittag-Leffler’s function, see for example [2].
In case (ii), the assertion results from Theorem 1. O

Remark 1. Note that if % < q < 1, then problem (1) has a unique solution for arbitrary M € C(J, R).

3. Existence results for problem (1), by a monotone iterative method

To apply the monotone iterative method we have to introduce the notation of lower and upper solution for (1) and
discuss corresponding fractional inequality. Comparison results will play a very important role in our research. First, we
discuss fractional differential inequalities.

Let us introduce the following assumption:

Hy:(i) M(t) =M, t €],
or B B

(ii) function M is not a constant onJ and if M(t) < 0 onJ, we extra assume that: —M(t) < M(t) onJ, M is nondecreasing

and

1 T _
q—1
7((]) /0 (T —s)T""M(s)ds < 1. (4)

Lemma 2. Let g € (0, 1) and M € C(J, [0, 00)) or M € C(J, (—o0, 0]). Suppose that p € Ci_q(J, R) satisfies the problem:

{D"p(t) < —M(0)p(t), t €], 5)
p(0) <o0.

Let Assumption Hy hold.
Then p(t) < 0on].

Proof. We consider only the case when function M is not a constant on J. Assume that the assertion is not true. It means
that there exist points t,, t* € (0, T] such that p(t;) = 0, p(t*) > Oandp(t) <0, t € (0,t;]; p(t) > 0, t € (tp, t*]. Let
to be the first maximal point of p on [t;, t*]. Some ideas in the proof are taken from paper [10].

Case 1. Let M(t) > O onJ. Then

Dip(t) <0, t€ [ty t*],

SO

to
/ Dip(s)ds < 0.
[5)
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Hence, from the definition of Riemann-Liouville fractional derivative, we have
0> 1""(to) — 1" p(ty) = A, (6)

On the other hand, we have

to 5}
A / (to — )" p(s)ds — f (tz = S)qP(S)dS]
0 0

mi-al
r-gq

1 ty to
-9 {/o [(to =)™ = (ta — ) ] p(s)ds + /rz (to — S)qP(S)dS}

1 fo —q

It contradicts relation (6), so the assertion holds in this case.
Case2.LetM(t) < OonJ and let M be nondecreasing onJ. Note that Riemann-Liouville fractional integral 9 is a monotone
operator. Now, using the fractional integral I? to the both sides of (5) we obtain

p(t) — Ot < —IIM(©)p()], ¢t € [tz, t*].

Note that p(0)t9~" < 0, so in view of the fact that M is nondecreasing we obtain

1 [l
PO <~ / (to — )7 ' M($)p(s)ds
0
ty to
- —1[ / (fo — )7 " M($)p(s)ds + / (m—s)“M(s)p(s)ds}
F(Q) 0 ty
£
< —’;((t;; / O(ro — ) TM(s)ds
0
p(to) ! _
- _F(;)tgfo (1 — o) "M(oty)do
1
< ’;((t;;tg/ (1—0)"""M(cT)do
0
q T
= II)"((IZ;%/; (T = $)7'"M(s)ds
T
< ’;((t;; / (T — )T M (s)ds.
0
Hence,

1 T _
p(to) |:1 - %/0 (T - S)q]M(s)ds] < 0.

Using condition (4), it shows that p(tp) < 0. It is a contradiction, so the assertion holds. O
Remark 2. IfM(t) = M, t € J, then the assertion of Lemma 2 holds and condition (4) is superfluous, see for example papers
[7,9].

Lemma 2 is an essential improvement both of Lemma 2.1 [10], Lemma 2.3 [9] and Lemma 2.3 [7].
Remark 3. Because M € C(J, R),soincase M(t) < 0, t € ] there exists a nonnegative constant My such that —M(t) < Mp,
t € J. Then, condition (4) takes the form MyT? < I'(q + 1).

We say that u is called a lower solution of (1) if

un(t) < }Vu(t)s t 6]07 a(o) < 07

and it is an upper solution of (1) if the above inequalities are reversed.

Let us introduce the following assumptions:
Hs: g€ (0,1), feCUxRxR,R), ke C(J x],R),
Hg: there exists a function M € C(J, R) such that:

ft,uy, up) — f(t, v1, v2) < M(0)[vy — uq]

ifyo(t) <uq < vy < 20(0), up < vy.


http://mostwiedzy.pl

A\ MOST

348 T. Jankowski / Applied Mathematics Letters 26 (2013) 344-350

Theorem 2. Let assumption Hs hold. Let yo, zg € C1_q(J, R) be lower and upper solutions of problem (1), respectively and yo(t)
< zo(t), t € ]J.In addition, we assume that assumption s Hg, H3, H4 are satisfied.
Then problem (1) has, in the sector [yq, zo], solutions, where

o, 20l = {z € Ci_q(J, R) : yo(t) < z(t) < zo(t), t € Jo, Yo(0) < Z(0) < Zy(0)}.
Proof. Let n, & € [y, zo]. Put ¢ (t) = min[n(t), £(t)], @ (t) = max[n(t), £(t)]. Consider the boundary value problems

{D"v(r) = Fo(t) — MO —e®)], €, o
v(0) =,

Drw(t) = Fo(t) — MO[w(t) — 2()], t € o,
D'w(t) (8)
w(0) =r.
By Lemma 1, problems (7), (8) have a unique solution. Therefore, we can define the operator
B: 2 — CiqU,R) x Ci_4U,R),  [¥0,20] C Ci_q(J,R), B, &) = (v, w),

where v, w are solutions of (7) and (8), respectively with £ = [yo, zo] X [Vo, Zo]-
Now, we want to show that

Yo(t) < v(t) S w(t) <zo(t), te].
Put p = yo — v. Then
Dip(t) < Fyo(t) — Fot) + MO)[v(t) — (1],

M(@®)[p(t) = yo(t)] + M(D)[v(t) — @(t)]
—M(t)p(t),

IA

and p(0) < 0.

This and Lemma 2 show that yo(t) < v(t), t € J. Similarly we can show that w(t) < zy(t), t € J. To show that v(t) <
w(t), t € J,weputp = v — w. Then

Dip(t) = Fo(t) = F(t) — M(O)[v(t) — @(t) — w(t) + @(0)]

= M@O[2() — )] — M@®)[v(t) — @(t) — w(t) + P(1)]
—M(©)p(t)
and p(0) = 0.HenceB: 2 — £2.

In order to apply Schauder’s fixed point theorem we need to show that the operator B is continuous and compact. Put
o(t) = Fe(t) + M(t)e(t). Then problem (7) takes the form

DTv(t) = —M(t)v(t) + o (t) = Gu(t), t € Jo,
v(0) =r.

A

Then the solution of problem (7) is a fixed point of operator ', where operator .V is defined by

1 t
— 41 _ )91
Nx(t) =1t + @ /0 (t —s)1""gu(s)ds.

Operator  is continuous in view of continuity of .
In fact & is a compact map. For given € > 0, we take

1
rQe q
S=min|T, o .
4DI(q)
Then for each v € C;_¢(J, R), t1,t, €], t; <t and t; — t; < §, we have |t117q,A/v(t1) — tzlfq,/vv(tz)| <e€.
In fact, there exists a positive constant D such that max;e; s179|gv(s)] < D and

N () — £ TN < ——
r'(g

t t;
! fo (6 = 9 gu(s)ds — 17 /0 "t — 9 gu(s)ds

1
<

BRAC))

t
/ 1[t}*q(t1 — 91 — 6,7ty — )T 1Gu(s)ds
0

T

t:
f ’ t, Ut — )7 'Gu(s)ds
f
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D
S P
IN()]

D (2 ,_
+ —/ t, 9ty — 5)97 1597 ds
rJ, z
D

tq 5]

_ 1-q q—1.q9—-1 1—q q—1.9-1

= — t, (t; —9)1 s ds—f t, (tp —95)1 s ds
INQ)) (/0 o 0 2 2

5]
+ 2/ t, (e —s)q‘lsq‘lds>
f

DI (q)
I'(2q)

t
/ (6179t — )71 — £t — 5)97 )59 Nds
0

IA

[1t] — 6] +2(t, — t1)7]
because

t =t
/ ty Uty — 5)1 597 ds = f t, Ut =ty — )T N+ ) du
ty 0
1
= / ty Ut — t)1(1 — o) oty + t;(1 — )19 'do
0

1
5/ t, "t — t)'(1 — )" (o) do
0

(g

— (f - \a
= (t; —t1) @

Now we consider two cases.
Case 1.Let§ < t; < ty < T.Use a mean value theorem to get

t] —t] <q8" 'ty — ty) < q8".
Case2.let0 <t; <8, t; < 28.Then
t] —t] <t] < (28)%.
Consequently, we have

ADr (@ _

It IN V() — 6T IN ()| < <
! 2 ' 2q)

We see that the operator B : 2 — £2 is equicontinuous on J. The Arzeli-Ascoli theorem guarantees that B is compact.
Hence, by Schauder’s fixed point theorem, the operator B has a fixed point, i.e. there exist (v, w) € §2 such that B(v, w) =
(v, w)and v < w.

Now, by (7) and (8), we see that v, w satisfy the following relations

{D"v(t) =Fvu(t) —M®O[vt) —v®)], tejo,

(0)=r,
Drw(t) = Fw(t) — M(O)[w(t) —w(®)], t € o,
{ﬁ)(O) =r.

It shows that v, w € C;_4(J) are solutions of problem (1). It ends the proof. O

Example 1. Let A, B € C([0, 1], (0, 00)) and B(t) < A(t), t € [0, 1]. Consider the problem:

Dix(t) = Fx(t), tejo=(0,1], 9
{)7(0) =0 ©)
with
Fx(t) = L +AWD[t —xO)] + 1B(t) /t(sin ts)*x(s)ds
S r-g 2 0 '
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Let yo(t) =0, zo(t) = 1+t, t €] = [0, 1]. It is not difficult to show that y, is a lower solution of problem (9). Moreover

. t™9 1 t . 4
Fzo(t) = m —A(t) + EB(t)/O (sints)*(1 + s)ds
t=4a t—a t1-4a

= DqZO(t).

< < +
r[a-q Tr(-q TIC-9q

It proves that zg is an upper solution of problem (9). Moreover M(t) = 3A(t).In view of Theorem 2, problem (9) has solutions
in [yo, zo] if% < g < l.Incasewhen0 < g < % we have to extra assume that

I'(q) )
—— max A(t) < 1;
I'(2q) tel0,1]

for example if g = 3, S0 Max;e(o, 17 A(t) < ﬁ
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