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A B S T R A C T   

The fracture of notched elements under mode I loading (tension) remains an inexhaustible research topic, 
especially when it comes to the fracture of thermoplastic materials such as polymethylmethacrylate (PMMA), 
which experience considerable plastic strains under tension. The paper points out that traditional brittle fracture 
criteria such as mean stress (MS) or maximum tangential stress (MTS) criteria used to predict this phenomenon 
do not accurately indicate the value of the critical load. They work much better when combined with the 
equivalent material concept (EMC) and fictitious material concept (FMC). The effectiveness of both concepts 
depends on the size of the notch root radius, and thus on the yield zone size.   

1. Introduction 

Structural elements weakened by notches, i.e. holes or slots, are 
particularly prone to failure through cracking. The crack initiation 
moment is influenced not only by the element geometry, but also by the 
load type or the material from which the element is made. External 
factors such as temperature also determine the course of the fracture 
process. All this shows the complexity of this phenomenon, which is why 
it is the research subject of many experimental and theoretical works, 
the main goal of which is to formulate effective tools for predicting the 
moment and location of crack initiation, as well as the direction of its 
propagation. 

It seems that the most well-studied type of fracture is the brittle 
fracture of notched elements observed during the first type of notch/gap 
deformation, i.e. tension or bending (depending on the type of specimen 
used). Many research papers have described this phenomenon in terms 
of experimental, numerical and theoretical studies. A material very often 
studied in the context of brittle fracture is polymethylmethacrylate 
(PMMA). It is a thermoplastic with a wide range of applications in many 
industries. Today, special interest in this material is due to its biocom-
patibility, allowing PMMA to be used in medicine. The results of 
experimental tension tests of flat V-notched specimens have been 
described in the work of Seweryn [1], which analysed the effect of notch 

opening angle on the value of failure load. A fracture criterion based on 
the values of the stress intensity factors and the Novozhilov [2] criterion 
was proposed. In the work of Ayatollahi et al. [3], the first type of the 
notch deformation was analysed experimentally and theoretically for 
five different samples. Despite the same loading method, the crack 
propagation trajectories were found to be significantly different. The 
effectiveness of predicting the crack propagation path was verified using 
the strain energy density criterion [4]. Aliha et al. [5] tested beam 
specimens made of PMMA under three-point bending, so that fracture 
was observed during the I, II, and mixed I + II types of notch defor-
mation. Different loading speeds were taken into account, and the 
theoretical considerations compared the effectiveness of the fracture 
prediction using criteria such as maximum tangential stress (MTS) and 
generalised maximum tangential stress (GMTS). The fracture of PMMA 
at different loading speeds has also been described in the work of Bura 
and Seweryn [6], Acharya and Mukhopadhyay [7] or, for example Wada 
et al. [8]. Elements made of PMMA and weakened with U-notches were 
tested under simple and complex loading conditions, which were real-
ised by changing the angular position of the notch axis with respect to 
the axis of the acting tensile load [9]. The effectiveness of fracture 
prediction using the average strain energy density (ASED) [10] criterion 
was tested, which states that the crack initiates when the average value 
of the strain energy density measured over a control volume is equal to a 
critical value. A similar type of PMMA element was used in the 
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experimental studies described in the work of Zhong et al. [11] Based on 
the results, a formula for predicting the crack initiation angle at mixed- 
mode I + II loading was obtained. More experimental results and 
theoretical considerations on the fracture of PMMA parts under mode I 
loading can be found in the literature [12–17]. Fracture tests apply not 
only to pure PMMA, but very often to PMMA-based composites with 
applications in medicine or dentistry. The mechanical and extrusion 
properties of the PMMA-based composite depending on the proportion 
of filler have been compared in many studies available in the literature 
[18,19]. 

Most of the works have used the results of PMMA tests conducted at 
fairly high strain rates on thin parts, weakened by sharp notches or with 
small root radii. All these factors contribute to the fact that the obtained 
characteristics of this material are linear or close to linear elastic, and 
this makes it possible to ignore the occurrence of plastic strain in 
theoretical considerations and consider the fracture process as brittle. In 
view of this, effective prediction of this phenomenon, and thus pre-
vention of its negative effects, was possible using classical brittle frac-
ture criteria such as the strain energy density (SED) criterion, MTS 
criterion or mean stress (MS) criterion. The PMMA in many cases ex-
hibits greater or lesser ductility depending on the loading conditions. In 
the presence of large notch rounding radii, when applying low strain 
rates or under elevated temperature conditions, a non-linear relation-
ship between the load value and displacement of PMMA parts is noted. 
In such situations, the use of brittle fracture criteria to predict this 
process generates large errors. A solution to this problem has been 
proposed by Torabi in his works. The equivalent material concept (EMC) 
was first discussed in Torabi work [20]. The MS criterion, supplemented 
by the EMC, allowed a high degree of consistency between theoretical 
and experimental critical load values for notched elements made of 
steel. In subsequent works, Torabi successfully extended this concept to 
other load cases, specimen types and other materials [21,22], including 
PMMA [23,24]. 

However, this concept discussed above does not work in all cases, so 
Torabi and Kamyab [25] proposed the new fictitious material concept 
(FMC), which was originally used to predict the failure load values of 
steel (AISI 304) notched components subjected to tension. MS and MTS 
criteria were used in combination with FMC, which made it possible to 
successfully predict the experimental results. The concept discussed was 
successfully applied to predict the crack initiation moment of other 
metallic materials [26–29]. In the paper [30], the FMC was used in 
combination with the ASED criterion. The combined concept was 
applied to the case of fracture of SENB type specimens subjected to 
bending and made of glass fibre reinforced polyamide 6. Better results 

were obtained than for ASED-EMC. The approach to fracture prediction 
using classical brittle fracture criteria, in combination with EMC or FMC, 
facilitates low-complexity numerical calculations, and thus the desired 
result may be obtained faster. The proposed concepts are alternatives to 
criteria designed for typically ductile materials. 

The present study analysed the results of experimental fracture of flat 
PMMA specimens made in two thickness variants and weakened with 
notches of different bottom rounding radii [31]. The aim of the study 
was to determine what efficiency of fracture prediction during type 
mode I, the MS and MTS brittle fracture criteria have, and to combine 
them with EMC and FMC. The paper points out that EMC was initially 
expected to be effective for PMMA, with many works confirming its 
effectiveness. Based on the results obtained, it was pointed out that this 
concept was ineffective for large notch radii, and the FMC-based 
approach worked better in these cases. It was emphasised that the use 
of EMC and FMC depends not only on the characteristics of the material, 
but also on the geometry of the notch, especially the notch root radius. 
This is mainly due to the influence of local plastic zones that form 
around the notch prior to the fracture instance. 

2. Material and samples – Experimental data 

In the present study, the results of fracture testing of flat notched 
parts previously published by Bura and Seweryn [31] were used. The 
specimens were made of polymethylmethacrylate (PMMA), the basic 
properties of which were determined in a static tensile test, are sum-
marised in Table 1. The material used in the study was obtained in the 
form of cast panels commonly used. The cast plates were chosen because 
of the wide range of possible thicknesses; the influence of which on the 
course of the fracture process was studied in the experimental research. 
Regular PMMA was used in the experiment due to its high availability 
compared to oriented PMMA. The oriented PMMA is a regular PMMA 
heated above the glass transition temperature, then stretched in a 
certain direction and finally cooled. Such a process used for this material 

Nomenclature 

ASED average strain energy density 
SED strain energy density 
GMTS generalised maximum tangential stress 
EMC equivalent material concept 
FMC fictitious material concept 
MTS maximum tangential stress 
MS mean stress 
TCD theory of critical distances 
Areal actual cross-sectional area of specimen 
A0 initial cross-sectional area of specimen 
E Young’s modulus 
EFMC Young’s modulus for virtual material (FMC) 
F tensile force 
KIC critical stress intensity factor 
Δl extension of the specimen measurement base 
l0 the initial specimen measurement base length 

Pc
exp average maximum force 

rc, dc critical distance 
Rm (σu) tensile strength 
R0.2 yield stress 
t specimen thickness 
εtrue true strain 
εeng engineering strain 
εu ultimate strain for virtual material (FMC) 
σtrue true stress 
σeng engineering stress 
σθθ tangential stress 
σc critical stress 
σ*

f tensile strength for the virtual material (EMC) 
σFMC

f tensile strength for the virtual material (FMC) 
ρ notch root radius 
v Poisson’s ratio  

Table 1 
PLEXIGLAS®GS properties [31].  

Property Value Unit 

Young’s modulus, E 3 254 MPa 
Tensile strength, Rm 72.10 MPa 
Yield stress, R0.2 47.17 MPa 
Poisson’s ratio, v 0.38 – 
Critical stress intensity factor, KIC 1.07 MPa

̅̅̅̅
m

√
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is aimed at obtaining anisotropic physical and mechanical properties. 
This type of material has been studied, for example by Du et al. [32] and 
Yan and Sun [33]. However, in this manuscript, it was decided to pay the 
main attention to investigating the properties of PMMA used most often 
in engineering operations, i.e. regular PMMA, which has isotropic 
properties. 

The loading conditions adopted in the text make it possible to 
conclude that, at a given base displacement velocity, the tested PMMA is 
characterized by considerable strains under tension. Compared to the 
results presented in the paper by Zheng et al. [34] where the strain of 
PMMA at room temperature at rupture was about 2.5 %, the strain ob-
tained in the manuscript in question of about 6 % (Fig. 1) was considered 
a considerable tensile strain. 

Five unnotched specimens of each thickness were used to determine 
the value of the presented properties. The critical value of the stress 
intensity factor (KIC) was determined in the three-point bending test of 
the PMMA specimen weakened by the pre-crack, carried out in accor-
dance with ASTM D5045-14. The KIC value was averaged on the basis of 
three tests. The value obtained is similar to those described in the papers 
by Qiu et al. [35] and Wiangkham et al. [36]. Fig. 1 shows the engi-
neering and true tensile stress–strain curves of the smooth specimen, 
characterised by a rather strong nonlinearity (end of the curves corre-
spond to the ultimate point). The engineering tensile curve was deter-
mined using the initial cross-sectional area of the sample at its 
measurement base. The true stress–strain curve was determined using 
the actual cross-sectional area of the sample at the measurement base. 
The change in cross-sectional dimensions over time was monitored using 
the ARAMIS 3D 4 M vision system, which allows non-contact mea-
surement of the displacement of the test piece, so it was possible to track 
the displacement of the observed area in three different directions over 
time. The experimental studies and the parameters adopted are 
described in more detail in the paper by Bura and Seweryn [31]. 

Target fracture tests of notched specimens (shown in Fig. 2) were 
carried out on an MTS 809.10 testing machine, under displacement 
control, which was measured using an axial extensometer. Displacement 
was set at a speed of 2.4 mm/min (0.04 mm/s) on a base equal to 50 mm. 
A total of 18 specimens (3 samples of each type) were tested. The 
samples were weakened with notches of different bottom rounding radii: 
0.5, 2 and 10 mm. The level of stress concentration does not change 
significantly by changing the notch tip radius from 4 mm to greater 
values, e.g., 10 mm, for which the production process is considerably 
simpler. Hence, any values of the notch tip radius greater than 4 mm can 

be arbitrarily selected for the fracture investigation, for which the results 
are intended to be compared with the results of the specimens with large 
stress concentrations (0.5 and 2 mm tip radii). As a result of the tests, the 
values of the measuring base maximum elongation and the maximum 
tensile force value at which crack initiation occurred were determined 
(Table 2). 

3. Fracture criteria 

To predict the fracture of PMMA notched specimens, brittle fracture 
criteria such as MS and MTS are the most commonly used. MTS criterion 
[37] assumes that brittle fracture initiates when the tangential stress σθθ 
at some critical distance rc from the crack tip or notch bottom reaches a 
critical value equal to the material’s tensile strength (σu) [38]: 

σθθ(rc, θ) = (σθθ)c = σu (3.1) 

The distance rc (see Fig. 3) for brittle materials takes the form 
[39–41]: 

rc =
1

2π

(
KIc

σu

)2

. (3.2)  

Equally often used with great success is the MS criterion [1,2], which 
assumes that the crack initiation from a notch or the propagation of a 
pre-existing crack occurs when the normal stress σn averaged over a 
certain distance dc from the notch/crack reaches a critical value: 

σn =
1
dc

∫ dc

0
σndr = σu. (3.3)  

The use of the criterion forces the determination of two parameters. The 
critical stress value is usually equal to the tensile strength of the material 
Rm (σu) determined for a smooth specimen. The critical distance dc (see 
Fig. 3) is additionally dependent on the material’s fracture toughness KIc 
[1]: 

dc =
2
π

(
KIc

σu

)2

. (3.4)  

The values of the parameters necessary for using both above criteria 
have been established based on Eqs. (3.3) – (3.4) and KIC (see Table 1). 

For PMMA, which is generally considered a brittle material, high 
plasticisation and a non-linear stress–strain relationship are often 
observed. In such cases, classic brittle fracture criteria generate signifi-
cant errors in predicting the critical load value. For improving the effi-
ciency of predicting the crack initiation moment using MTS or MS 
criteria, the concepts proposed in Torabi’s work can be employed. 

The most popular concept is the equivalent material concept (EMC) 
applied along with brittle fracture criteria to ductile materials that 
exhibit relatively small deformation at failure. It is assumed that the SED 
(strain energy density) accumulated by the deformation process until 
necking of a real ductile material is equal to the SED of a typically brittle 
virtual material. At the same time, values of the Young’s modulus for 
both materials are equal. In order to use this concept in conjunction with 
the MTS and MS criteria, the values of the following parameters were 
determined. Firstly, the tensile strength of the virtual material σ*

f . The 
engineering tensile curve (Fig. 1) indicated the value of the strain εu 
corresponding to the tensile strength of the material (Rm, σc). Then, the 
true stress–strain curve was determined (Fig. 1). The SED was calculated 
using the area under the true stress–strain curve bounded by the pre-
viously determined strain value (Fig. 4): 

SED =

(
σ*

f

)2

2E
→σ*

f (3.5)  

The values of critical distances were determined based on Eqs. (3.3) – 
(3.4), where σc = σ*

f and KIC is taken from Table 1. Fig. 1. Tensile stress–strain curves of PLEXIGLAS®GS [31].  
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The fictitious material concept has also been applied to ductile ma-
terials, but in cases where large deformations are observed at failure. 
This concept also assumes that the SED for the real ductile material and 
the brittle virtual material are the same. In this case, the strain values of 
the real and virtual materials corresponding to the tensile strength (ul-
timate point) of the real material are assumed to be equal. This forces the 
determination of the Young’s modulus value of the virtual material. In 

order to use this concept in conjunction with the MTS and MS criteria, 
the values of the following parameters were determined. The Young’s 
modulus value for virtual material EFMC was calculated based on (see 
Fig. 5): 

SED =

∫ εu

0
EFMCεdε→EFMC =

2(SED)

ε2
u

(3.6)  

Next, the tensile strength of the virtual material σFMC
f was determined as 

before but taking into account the value of the Young’s modulus of 
virtual material EFMC: 

SED =

(
σFMC

f

)2

2EFMC →σFMC
f =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2EFMCSED

√
(3.7)  

The values of critical distances were determined based on Eqs. (3.3)- 
(3.4), where σc = σFMC

f and KIC is taken from Table 1. 
The approaches used above are based on a comparison of strain 

energy for real and virtual materials. Similar assumptions are used, for 
example, to calculate local elastic–plastic stresses and strains in the 
notch bottom. In the work of Molski and Glinka [42], the theoretical 
stress concentration factor was related to the unit elastic strain energy in 
the notch. It was shown that the relationship described in the paper 
enables accurate results to be obtained even if the material shows pro-
nounced plasticisation. Greater accuracy of the method relative to the 
use of Neuber’s rule [43] was indicated. 

4. Finite element analysis 

Using the previously discussed fracture criteria to predict the frac-
ture phenomenon in structural elements requires knowledge of the stress 
distributions around the notch bottom. For this purpose, linear numer-
ical calculations were carried out using the finite element method (FEM) 
conducted in the MSC Marc Mentat environment. Models of notched 
specimens were described by QUAD8-type finite elements; the size of the 
finite element describing the region of interest, i.e. the notch bottom, 
was selected by determining the convergence of the solution. Due to the 
use of 2D elements, the model was not simplified using symmetry con-
ditions, the entire specimen was modelled and its thickness was 
described parametrically. The boundary conditions were set as in Fig. 6. 
A linear-elastic material model was adopted. The convergence of the 
numerical model was established by decreasing the size of the finite 
element (increasing the total number of elements in the numerical 
model) near the notch bottom, until a subsequent change in element size 
did not cause significant changes in the value of the maximum principal 
stress. The Fig. 7 shows, using the example of a notched specimen with a 
bottom rounding radius of 10 mm (linear elastic material, maximum 
load determined experimentally), how the stress value changes as a 
function of the finite element size (Fig. 7a) and the number of finite 
elements of the model numerical (Fig. 7b). 

Fig. 2. Notched specimens [31].  

Table 2 
Critical tensile force values for notched specimens subjected to uniaxial tension 
[31].  

Notch root 
radius 

Average specimen 
thickness 

Average maximum 
displacement 

Average maximum 
force Pc

exp 

[mm]  [mm]  [mm]  [kN] 
0.5  4.92  0.24  2.74 
0.5  14.38  0.28  8.88 
2  4.92  0.45  4.55 
2  14.91  0.45  12.94 
10  4.91  1.19  7.88 
10  14.64  1.2  23.05  

Fig. 3. The critical distances.  
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The purpose of the calculations was to determine the value of the 
critical load, i.e. the value of the tensile force at which, according to a 
given criterion, crack initiation occurred. In the calculations, a tensile 
force of P0 = 1000 N was set, at which the values of tangential stress and 
average normal stress were determined based on the previously deter-
mined values of critical distances. Using the proportional increase of the 
stress value with respect to the value of the applied force, the critical 
load values were calculated according to the relation: 

Pc =
σc

σθθ
⋅P0 (4.1)  

or 

Pc =
σc

σn
⋅P0 (4.2)  

Depending on the criterion being verified, the critical stress values σc 
varied. The parameters used for the criteria are summarised in Table 3. I 
should be underlined that to compute the critical distances, the stresses 
after the ultimate point were not used. To compute the critical distances 
for MS and MTS fracture criteria, the ultimate tensile strength of the real 
PMMA was used. In the case of EMC and FMC, the tensile strength of the 

Fig. 4. A) the stress–strain curve for real nonlinear material (PMMA) and b) the stress–strain curve for equivalent brittle material (EMC).  

Fig. 5. A) the stress–strain curve for real nonlinear material (PMMA) and b) the stress–strain curve for fictitious brittle material (FMC).  

Fig. 6. The finite element mesh and boundary conditions for notched specimens with bottom rounding radius equal to: a) 0.5 mm, b) 2 mm, and c) 10 mm.  
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Equivalent Material and Fictitious Material are respectively used for this 
purpose, which are not directly related to the real PMMA, but related to 
the two virtual linear elastic materials. 

5. Experimental calibration – Critical parameters calculations 
with TCD 

The values of critical distances and critical stress used in the criteria 
discussed above were determined alternatively based on the classical 
theory of critical distances (TCD) formulas [44]. An attempt was made 
to determine the values of these parameters from the experimental data. 

Linear elastic FE analyses of the test specimens with critical loading 
conditions were carried out on the basis of the experimentally obtained 
data. The finite element mesh and boundary conditions discussed earlier 
were used. Fig. 8 shows the relationship between the maximum prin-
cipal stress and the distance from the notch bottom. The experimental 

value of rc and σt was read from the point on the graph (see Fig. 8). 
Fig. 8 shows how the critical parameter values were determined 

separately for specimens of different thicknesses. It is noted that the 
thickness of the element affects the values of stress and critical distance 
rc. For specimens with a nominal thickness of t = 5 mm, the parameter 
values were determined as the geometric centre of all intersection 
points. On this basis, rc = 0.072 mm and σt = 128.55 MPa were deter-
mined (Fig. 8a). In the case of elements of thickness t = 15 mm, all the 
obtained curves converged at a single point of intersection which its 
coordinates indicated: rc = 0.097 mm and σt = 122.92 MPa (Fig. 8b). It 
should be noted that in the case of the PMMA tested, and probably other 
thermoplastics, the critical parameters will also depend on the thickness 
of the sample. The values obtained on the basis of the experimental 
calibration differ from those determined on the basis of classical TCD 
relationships (Table 3), especially the values of parameter rc are 
different. Analysing the stress curve as a function of distance from the 
notch bottom for thin specimens, it can be seen that after discarding a 
specimen with a notch root radius of ρ = 10 mm (for which the rela-
tionship is similar to that of unnotched specimens), the parameter rc 
reaches a value close to that determined from equation (3.2). The same 
parameter determined for thick specimens reaches a value twice as 
large. In the cases that critical stresses are responsible for crack initia-
tion, experimental calibration yielded the value closest to the stresses 
determined using FMC. 

The critical parameters determined from experimental calibration 
(Fig. 8) were used to predict fracture initiation and the results are 
summarised in the next section of the paper. 

Fig. 7. Convergence of the solution based on the results obtained for specimens with bottom rounding radius equal to 10 mm: (a) the value of the maximum principal 
stress as a function of the finite element dimension and (b) the value of the maximum principal stress as a function of the total number of elements in numeri-
cal model. 

Table 3 
Values of the parameters used in the verified fracture criteria.  

Criterion Young’s modulus 
[MPa] 

Critical distances 
[mm] 

Critical stress σc 

[MPa] 

MTS E = 3 254 rc = 0.035 σu = 72.10 
MS dc = 0.140 
MTS +

EMC 
rc = 0.008 σ*

f = 146.92 

MS + EMC dc = 0.034 
MTS +

FMC 
EFMC = 1 984 rc = 0.014 σFMC

f = 114.72 

MS + FMC dc = 0.055  

Fig. 8. Critical distance and critical stress values obtained from TCD using experimental calibration: (a) t = 5 mm and (b) t = 15 mm.  
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6. Results and discussion 

The results of numerical calculations in the form of the critical tensile 
force value determined from the stress distributions in the notch bottom. 
The formulas (3.8) – (3.9) and the data included in Table 3 were 
compared with the results of the experimental tests (Table 2). The results 
are summarised in Table 4 and Figs. 9 and 10. The relative deviation 
between the experimental and theoretical critical load values was 
indicated as: 

Δ =
Pexp

c − Pc

Pexp
c

[%] (6.1)  

Prediction of the critical load value in notched PMMA specimens using 
classical fracture criteria such as MS and MTS is subject to high error. 
The obtained force values, regardless of the radius of the rounded bot-
tom of the notch, are on average 41 % and 45 % lower than the exper-
imental value for the MS and MTS criteria, respectively (Figs. 9 and 10, 
green). These discrepancies are mainly due to the low value of the 
critical stresses assumed in the above formulas. These elements carry 
much higher stresses than those determined by the tensile strength 
determined for the smooth specimen. 

These criteria perform much better when combined with the EMC. 
The MS + EMC and MTS + EMC criteria, applied to specimens with a 
notch root radius of ρ = 0.5 mm, yielded a critical tensile force value 
close to the experimental value; errors of about 3 % for the thin spec-
imen and about 9 % for the thick specimen were obtained, with the MS 
+ EMC criterion performing much better. Improvements in the result in 
predicting the critical load value, compared to the classical MS and MTS 
criteria, were also noted for the remaining radii of ρ = 2 mm (7 %, 10 %) 
and 10 mm (15 %, 17 %) for thin and thick specimens, respectively. The 
discrepancies for both MS + EMC and MTS + EMC criteria are at the 

same level. It should be noted, however, that for radii ρ = 2 mm and 10 
mm, the use of EMC allowed greater convergence to be obtained with 
the experimental data, but the values obtained are higher than the actual 
critical load values (Figs. 9 and 10 – red). Thus, the use of MS + EMC and 
MTS + EMC to predict fracture in notch-weakened PMMA components 
with radii greater than 0.5 mm may lead to overestimation of the critical 
load value, and thus lead to crack initiation during the service life of the 
member. 

A further development of the MS and MTS criteria was the use of the 
FMC. This approach definitely works well in predicting fracture in 
notched specimens with larger bottom rounding radii (Figs. 8 and 9 – 
blue). For ρ = 10 mm, deviations of 10 % and 8 % were held for thin and 
thick specimens, respectively, regardless of the MS + FMC and MTS +
FMC criteria used. This produces results much closer to the experimental 
ones than using EMC, and the calculated load value is lower than the 
actual one. This provides confidence in the safe working conditions of 
the component. In the case of a notch with a radius of ρ = 2 mm, the FMC 
concept used together with the MS and MTS criteria yielded results 
different from the experimental value by about 16 % and 14 % for thin 
and thick specimens, respectively. The deviation is larger than when 
using EMC, but again it should be noted that values lower than the 
experimental value were obtained, so if the work of the component is 
limited by this load value, one can be sure that crack initiation will not 
occur. The least favourable results in this comparison were for ρ = 0.5 
mm. 

The MTS and MS criteria were also used to implement the values of 
critical parameters determined by experimental calibration (denoted as 
MTS + exp and MS + exp in Table 4). 

Very good results were obtained using the MTS criterion. This 
method proved to be the most effective of all those presented (Figs. 9 and 
10 – orange). An average relative error of 3 % was obtained, with the 
largest discrepancy between the experimental and criterion-determined 
critical load value, and was 8 % for specimens with a thickness of 5 mm 
weakened with a notch with a radius ρ = 0.5 mm. The proposed method 
does not work for the MTS criterion, as averaging the stress values over 
quite a large critical distance causes significant errors. In conclusion, the 
use of parameters determined by experimental calibration allows the 
values of critical load to be determined with high accuracy using the 
criterion of tangential stress. It should be emphasised that this approach 
requires tensile tests for specimens with different notch root radii. In this 
case, the thickness of these elements is also important – this parameter 
affects the stress values observed near the notch bottom. Conducting 
such extensive tests is not always possible. 

The elements discussed in the present paper were also used to carry 
out nonlinear numerical calculations, in which PMMA was described 
using an elastoplastic material model. The linear elastic part of the work 
was described using the Young’s modulus and Poisson’s ratio, while the 
plastic part was described using a hardening curve determined from the 
actual tensile stress–strain curve (Fig. 1). The specimens were loaded 
with the critical force value obtained from the experimental tests. Fig. 11 
shows the equivalent stress distributions for all tested specimens, 
including the yield zone - stresses higher than those corresponding to 
R0.2 = 47.17 MPa [31] are marked. Depending on the notch root radius, 
different sizes of the yield zone are observed. The larger the radius ρ, the 
larger the size of the zone where permanent deformation occurred. 
Measurements were made of the size of this area along the symmetry 
axis of the notches and the largest dimension along the loading direc-
tion. For notched elements with the largest bottom rounding radius ρ =
10 mm, permanent deformation was observed practically throughout 
the entire area of the specimen. Plastic deformation extended along the 
notch axis of symmetry for an average distance of about 0.72 mm for a 
radius of ρ = 0.5 mm and 2.32 mm for ρ = 2 mm. Similar results of 
measuring the size of the yield zone are presented in the work of Torabi 
et al. [23] on the example of U-type notches. 

In the case of ρ = 0.5 mm, the yielding zone is very small (it can be 
classified as so-called small scale yielding), so for the most part the 

Table 4 
Results of numerical calculations and the relative deviation between the theo-
retical and experimental critical load values.  

Notch root radius 
[mm] 

Nominal 
thickness 
[mm] 

Critical force Pc [kN]  

MTS Δ 
[%] 

MS Δ 
[%] 

0.5 5 1.57 43 1.87 32 
0.5 15 4.60 48 5.47 38 
2 5 2.44 46 2.51 45 
2 15 7.12 45 7.34 43 
10 5 4.48 43 4.50 43 
10 15 13.32 42 13.42 42  

MTS þ
EMC 

Δ 
[%] 

MS þ
EMC 

Δ 
[%] 

0.5 5 2.66 3 2.83 ¡3 
0.5 15 7.78 12 8.26 7 
2 5 4.85 ¡7 4.88 ¡7 
2 15 14.17 ¡10 14.27 ¡10 
10 5 9.05 ¡15 9.07 ¡15 
10 15 26.99 ¡17 27.04 ¡17  

MTS þ
FMC 

Δ 
[%] 

MS þ
FMC 

Δ 
[%] 

0.5 5 2.13 22 2.40 12 
0.5 15 6.22 30 7.01 21 
2 5 3.81 16 3.85 15 
2 15 11.12 14 11.26 13 
10 5 7.08 10 7.10 10 
10 15 21.11 8 21.17 8  

MTS þ
exp 

Δ 
[%] 

MS þ
exp 

Δ 
[%] 

0.5 5 2.97 ¡8 4.05 ¡48 
0.5 15 8.89 0 11.58 ¡30 
2 5 4.49 1 4.77 3 
2 15 12.54 5 13.41 ¡4 
10 5 8.03 ¡2 8.15 0 
10 15 2.99 ¡3 23.47 ¡2  
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material works in a linear elastic range, hence the rather high effec-
tiveness of using EMC criteria to predict critical load. The larger the 
radius of rounding the larger the area of plasticisation; in the case of 
radii ρ = 2 mm and ρ = 10 mm large scale yielding can be considered. In 
these cases, by far the more effective concept is FMC. It should be 
emphasised that both approaches to fracture prediction, EMC and FMC, 
are effective, but their use should be strictly dependent on the radius of 
the bottom of the notch, and thus the level of plastic deformation. The 
specimens with ρ = 10 mm notch tip radius experience Gross Yielding 
(GY), which means that the entire ligament is saturated by plastic 
deformation. 

For specimens with a notch tip radius of 10 mm, where the entire 
ligament is saturated with plastic deformation, the value of the critical 
load can be easily estimated using the formula for normal stress in 
tension: 

σu =
Pc

A0
(6.2)  

where: σu – tensile strength [MPa], Pc – critical force and A0 – nominal 
cross-sectional cross area [mm2]. Using this relationship, critical force 
values were determined. Critical load values were obtained equal to 
7.08 kN for thin and 23.05 kN for thick specimens. As can be seen, these 
values differ from the experimental ones by only 10 % and 8 %, 
respectively. For specimens with notches with a radius ρ = 2 mm and ρ 
= 0.5 mm, the large stress gradients near the notch bottom do not allow 
the critical load value to be determined using the relationship described 
above. The discrepancies between the experimental and theoretical 
values of the critical force reach 50 and even 150 %, corresponding to ρ 
= 2 mm and ρ = 0.5 mm. 

7. Conclusions 

The purpose of this study was to evaluate the effectiveness of fracture 
criteria available in the literature used to estimate the critical load value, 
i.e. the critical tensile force value during fracture of flat notched PMMA 
specimens. The conclusions of the work are presented below. 

Classical brittle fracture criteria do not always work well for pre-
dicting critical load values for plastic materials such as PMMA, 
particularly large errors occur when the material is tested under 
conditions where it exhibits considerable plastic strains under 
tension. 
The EMC and FMC provide a more accurate indication of the critical 
load in test specimens, but their effectiveness depends on the notch 
root radius, and thus the size of the plastic zone. 
The EMC in combination with MS and MTS criteria work better for 
the small notch root radii(ρ = 0.5 mm)– a small yield zone. 
The FMC in combination with MS and MTS criteria perform better for 
large notch root radii (ρ = 2 mm and ρ = 10 mm) – large yield zones. 

The work may continue with the use of HEX finite elements in FEM 
modelling, likely contributing to better results for thicker specimens in 
particular. 
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