
 

 
 

 

 
Appl. Sci. 2022, 12, 9647. https://doi.org/10.3390/app12199647 www.mdpi.com/journal/applsci 

Article 

Galerkin Finite Element Process for Entropy Production and 

Thermal Evaluation of Third-Grade Fluid Flow: A Thermal  

Case Study 

Faisal Shahzad 1, Wasim Jamshed 1,*, El Sayed M. Tag El Din 2, Rabia Safdar 3, Nor Ain Azeany Mohd Nasir 4, 

Rabha W. Ibrahim 5, Syed M. Hussain 6, Ikram Ullah 7, Muhammad Bilal Hafeez 8 and Marek Krawczuk 8 

1 Department of Mathematics, Capital University of Science and Technology (CUST),  

Islamabad 44000, Pakistan 
2 Electrical Engineering, Faculty of Engineering and Technology, Future University in Egypt,  

New Cairo 11835, Egypt 
3 Department of Mathematics, Lahore College for Women University, Lahore 54000, Pakistan 
4 Department of Mathematics, Centre for Defence Foundation Studies, Universiti Pertahanan Nasional 

Malaysia, Kem Sungai Besi, Kuala Lumpur 57000, Malaysia 
5 Department of Mathematics, Mathematics Research Center, Near East University, Near East Boulevard,  

Via Mersin 10, 99138 Nicosia, Turkey 
6 Department of Mathematics, Faculty of Science, Islamic University of Madinah,  

Medina 42351, Saudi Arabia 
7 Department of Sciences and Humanities, National University of Computer and Emerging Sciences,  

Peshawar 25000, Pakistan 
8 Institute of Mechanics and Machine Design, Faculty of Mechanical Engineering and Ship Technology, 

Gdansk University of Technology, Narutowicza 11/12, 80-233 Gdańsk, Poland 

* Correspondence: wasiktk@hotmail.com 

Abstract: A fluid’s moving class improves its heat transmission capability, as well as its rigidity, 

owing to multivariate molecule suspension. In this way, nanofluids are superior to common fluids. 

In this study, we evaluated the features of ease and heat transfer. Furthermore, we investigated 

permeable media, heat source, variable heat conductivity, and warm irradiation results. A mathe-

matical technique known as the Galerkin finite element (G-FEM) approach was used to solve the 

supervising conditions. Third-grade nanofluid (TGNF), which consists of two types of nanoparticles 

(NPs), single-walled carbon nanotubes (SWCNT), and multi-walled carbon nanotubes (MWCNTs) 

distributed in a base liquid of carboxymethyl cellulose (CMC) water, was used for this examination. 

The main conclusion of this study is that MWCNT-CMC nanofluid has a higher heat transfer veloc-

ity than SWCNT-CMC nanofluid. The entropy of the framework can be increased by adjusting the 

thermal conductivity. Additionally, we found that increasing the main volume section decreases 

the speed but increases the dispersion of atomic energy. In order to separately account for the de-

velopment properties of inertial forces and shallow heat dispersion forces, Reynolds and Brinkman 

values can be used to accelerate the entropy rate of the heating framework. 

Keywords: third-grade nanofluid; carbon nanotubes; variable thermal conductivity; entropy  

generation; Galerkin finite element method 

 

1. Introduction 

Heat transfer (HT) is a branch of thermal engineering that integrates the production, 

use, conversion, and exchange of thermodynamic across movable systems. Thermal con-

duction, current convection, thermal radiation, and dynamic assignment via phase shifts 

are all HT mechanisms. Engineers investigate the transfer of a wide variety of chemical 

substances (advection mass transfer), either cold or hot, in order to achieve HT. Whereas 

these strategies have distinct properties, they frequently coexist in the same system. Heat 
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exchange occurs when a high volume of liquid (gas or liquid) flows through another liq-

uid, transferring heat. All convective processes provide heat for circulation [1]. HT is a 

critical manufacturing process. Heat must be involved, reduced, or uninvolved from the 

distribution of one cycle to the next throughout the industrial sector. In theory, the heat 

lost by a hot liquid is not equal to the temperature gained by a cool liquid due to natural 

heat loss [2]. In 99 percent of industrial production applications, a specific technique for 

HT is employed. Drying procedures are all variations on the theme of HT. Industrial ap-

plications of HT fluids range from basic, dry designs to sophisticated systems that perform 

a variety of roles during the manufacturing process. Due to the numerous differences in 

the design and implementation of HT liquid processes, the number of businesses that em-

ploy this technique is likewise considerable [3]. Miniaturization significantly influences 

heat exchanger technology, making them more compact and efficient. The efficiency of 

heat exchangers exerts a significant influence on the overall efficiency and health of ther-

mal energy systems. Microchannel heat sinks are a relatively new development in heat 

exchange technology. The high cohesion of a wide HT surface with a multichannel heat 

sink makes it an effective heat exchanger for electronic cooling [4]. 

Nanofluids are liquids that contain nanometer-sized particles, or nanoparticles. Na-

noparticles are suspended in the primary liquid in these colloidal fluid suspensions. Met-

als, oxides, carbides, and carbon nanotubes are the most common nanoparticles employed 

in nanofluids. Heat has been transferred in many processes using a variety of common 

fluids. Owing to its low thermal conductivity, water is frequently utilized as a liquid ac-

tive medium, although it is not considered an efficient medium for heat transfer. There 

are a number of uses for non-exchange fluids, including motor oil and ethylene glycol, 

among others. However, their high viscosity and hazardous environments limit their ap-

plication in HT procedures [5]. Nanoparticles are commonly added to ethylene glycol and 

water for application as a railway carriage coolant, improving engine cooling perfor-

mance. Recently, high-performance processors with a maximum power density of 100–

300 w/cm2 have been increasingly used in electronic cooling of integrated and micropro-

cessor circuits [6]. The natural convection HT of Newtonian nanofluid on the outer surface 

of laminar boundaries has been thoroughly scrutinized. Natural convection HT has been 

reported to be sensitive to the viscosity model employed and to be defined by more than 

just the thermal conductivity of the active nanofluid [7]. Since the turn of the century, 

liquid heat transfer equipment has been supported by estimating possible layers. One of 

the primary responsibilities of secondary theory is to evaluate the effects of pulling bodies 

on the current, for example, by dragging a flat plate in an initial position [8]. When injected 

without incorporation, non-Newtonian nanofluid can achieve superior heat transfer per-

formance to that of Newtonian nanofluid. Although the fundamentals of nanoparticles 

can be altered during maintenance, such alterations could affect the heat transfer proce-

dure [9]. 

One of the several subtypes of non-Newtonian liquids discovered by Rivlin and Er-

icksen [10] is third-grade fluids. Using a three-layered coordinate framework, Hayat et al. 

[11] examined third-grade fluid with respect to Soret and Dufour effects. Mustafa [12] 

investigated a variety of stretching plates. Shehzad et al. [13] studied the effects of viscous 

dispersion and Newtonian warming on nanofluid streams of third-grade fluids. As a part 

of their investigation of permeable level plates, Sajid et al. [14] employed the limited com-

ponent approach with a third-grade fluid stream, obtaining a time-subordinated crushing 

stream between two equal plates. Rashidi et al. [15] analyzed the approximate analytical 

solution for the unsteady axisymmetric two-dimensional squeezing flows considering 

parallel plates. Shehzad et al. recently investigated third-grade surface fluid streams [16]. 

Hussnain et al. [17] studied second-grade fluids in a three-layered turning system. Serdar 

Baris [18] studied second-grade fluid using a sliding level plate. Shoaib et al. [19] studied 

second-grade fluids in a limitless flat plane divider with verbose attractions in three di-

mensions. Second-grade nanofluids with radioactive repercussions across an increasing 

area were the focus of research by Ramzan et al. [20]. Mustafa et al. [21] examined the 
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hydromagnetic second grade nanofluid boundary layer flow through a stretched surface 

assuming the convective boundary conditions. Gyrotactic microorganisms were exam-

ined by Alzahrani et al. [22] in a high-level absorbent layer with a third-grade MHD fluid 

stream. A joule heater is a device that transfers energy across a material, generating heat. 

Fosdick and Rajagopal studied the thermodynamics and stability of third-grade liquids 

[23]. After considering liquids in a series, Yurusoy and Pakdemirli [24] settled on third-

grade liquids. Ellahi and Riaz [25] used MHD third-grade liquid to assess heat transfer 

concentration. Adesanya and Makinde [26] examined heat ingestion/age in a third-grade 

liquid stream [26]. Hayat et al. [27] could not completely rule out using convective pres-

sure to compress a third-grade fluid stream. Akinshilo and Sobamowo [28] observed an 

appealing third-grade fluid stream. Third-grade liquid was examined with Prandtl sway 

by Reddy et al. [29]. Over an isothermal cone, Gaffar et al. [30] evaluated a third-grade 

liquid stream for heat age/ingestion. Sajid et al. theoretically examined a third-grade liq-

uid stream [31]. Using a joule warming effect, Mahanthesh and Joseph [32] determined 

the evolution of a third-grade fluid. Waqas et al. investigated the production of Jeffrey 

nanomaterial using gyrotactic bacteria [33]. Recently, Shah et al. [34,35] examined heat-

conductive nanofluid streams under the influence of attractive powers through various 

computations. 

The Galerkin finite element method (G-FEM) is a method that partitions the domain 

into finite elements to compute the numerical solution of differential equations. Piecewise 

trial functions are used to estimate each element’s function. Al-Kouz et al. [36] have solved 

the Darcy–Brinkman–Forchheimer model for nanofluid (SWCNT-H2O) flow and HT us-

ing G-FEM. The G-FEM was implemented to determine the hydrodynamic and thermal 

fields in the model. The authors reported that after placing the heating cradle in the lowest 

enclosure, the convective regime predominated. G-FEM was also used by Hatami and 

Ghasemi to compute the thermophoresis and Brownian diffusion for two-phase nanofluid 

flow through a porous vertical cone [37]. G-FEM has been widely used by researchers, for 

instance, Al-Kouz et al. [38], Khan et al. [39], Abbas et al. [40], Qureshi et al. [41], and 

Asmadi et al. [42]. Ibrahim and Gadisa [43] reported the numerically calculated values of 

the local skin friction coefficient and the local Nusselt value correlate with those previ-

ously published in the literature. In addition, Mourad et al. calculated a steady MHD hy-

brid nanofluid using a G-FEM-based numerical solution, achieving comparable accuracy 

to that previously reported in the literature [44]. For additional details and applications, 

see refs. [45–49]. 

Entropy lifetime has recently been studied by researchers with respect to the ad-

vancement of liquids and heat across an extended surface. Heating and cooling markers 

play a vital role in many electrical and energy difficulties. Aiboud and Saouli [50] studied 

an MHD viscoelastic liquid stream using Kummer’s capacity for entropy analysis. 

Makinde [51] used shooting quadrature to calculate entropy age based on the heat radia-

tion of a semi-boundless plate and the Newtonian warming effects of a variable-con-

sistency liquid. Loganathan et al. [52,53] used a stretchy sheet to examine the entropy of 

the Williamson and third-grade microliquid streams generated by various impacts. Indi-

rect administration frameworks were addressed with HAM. Structure-unsettling sway is 

another potential measure of entropy. Thermodynamic systems may have a broad origin, 

indicating that their values fluctuate depending on the magnitude of the problem, which 

can be described by the term, “moo entropy”. The concept of entropy has quantitative 

qualities that may be associated with failure or weakness [54]. These concepts can be ap-

plied in a range of contexts, from conventional thermodynamics to the principles of infor-

mation theory, originating in standard thermodynamics but having since gained promi-

nence in mathematical material science. For example, the concept of “moo entropy” has 

been applied in various scientific and material sciences, including cosmology, economics, 

sociology, environmental studies, and information technology [55]. From classical ther-

modynamics, where the concept first emerged, to material knowledge and information 

theory standards, the terminology and concept have been applied in a variety of contexts. 
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In the fields of science and material science, cosmology, economic, sociology, environmen-

tal science and climate change, and information structures and correspondence-based in-

formation transmission [56], this concept has been used in a wide range of applications. 

In light of the previously published reports, the objective of this review is to fill a hole 

by exploring the radiative progression of a third-grade nanofluids (TGNFs), as well as HT 

with variable temperature and thermal conductivity across an extended surface. The Ti-

wari and Das nanofluid model was proposed to numerically demonstrate nanofluid 

streams. SWCNT and MWCNT nanoparticles have been considered, with CMC water 

used as an establishment fluid. The stream impact can be observed by exploring the en-

tropy age. An appropriate comparability change is utilized to transform governing con-

ditions of the TGNFs into ordinary differential equations (ODEs). Mathematical estima-

tions are used to determine the subsequent ODEs according to the Galerkin finite element 

method with appropriate parametric boundaries. Graphical designs are used to address 

mathematical outcomes. Furthermore, we discuss the effect on molecule morphologies, 

convective slip limit conditions, heat radiation streams, and speed. 

2. Mathematical Formulation 

A flat, straight, shallow, non-uniform extending velocity is represented by the fol-

lowing mathematical model: 

��(�, �) = ��.  (1)

Figure 1 depicts the architecture of the flow model. The sheet is stretched in a single 

direction, resulting in the displayed form. An additional thermal leap is used to transfer 

heat from the surface to the fluid during the flow slip occurrence. The sheet is flat and 

permeable with a stretching velocity of �� and a temperature of ¥. The solution used for 

this research contains SWCNT nanoparticles and MWCNT nanoparticles (CMC). 

 

Figure 1. Schematic diagram of the flow model. 

2.1. Model Equations 

The flow constitutive equations [57] of a severe third-grade nanofluid are included 

in this study, as follows: 

�� + �� = �,  (2)
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��� + ��� =
���

���
����� +

��

���
������ + ������ + ����� + ������ +

���

���
������� +

���

���
����

�
��� −

���

���

�

�
,

�   (3)

�¥� + �¥� =
���

(���)��
�

�

��
����

∗ (¥)¥��� −
�

�����
��

�(��)�� +
�

�����
��

�(¥ − ¥�)

+
���

�����
��

����
�

.
⎭
⎪
⎬

⎪
⎫

  (4)

The relevant boundary conditions are: 

 
�(�, �) = �� + ������, �(�, �) = ��, −���¥�� = ��(¥� − ¥),

� → �,  �� → �, ¥ → ¥� �� � → ∞.
� (5)

The notations (��, ��, ��), �, �, ���
∗ , and �� are the material moduli, permeability 

of the porous medium, heat-generating parameter, variable thermal conductivity, and ra-

diative heat flux, respectively. 

2.2. Thermophysical Features of the Third-Grade Nanofluid 

The thermophysical properties of aquatic organisms are improved when nanoparti-

cles are dispersed within them. Table 1 summarizes the third-grade material properties of 

the investigated nanofluid. 

Table 1. The primary properties of the investigated third-grade nanofluid [58]. 

Property Nanofluid 

Dynamic viscosity ��� = ��(1 − �)��.� 

Density ��� = (1 − �)�� + ��� 

Heat capacity (���)�� = (1 − �)(���)� + �(���)� 

Thermal conductivity 
���

��

= �
(�� + 2��) − 2�(�� − ��)

(�� + 2��) + �(�� − ��)
� 

Based on Table 1, the parameters ��, ��, (��)�, and �� are self-motivated viscosity, 

density, effective heat capacity, and thermal conductivity of the base liquid, respectively, 

whereas � is the nanoparticle volumetric fraction coefficient. Furthermore, ��, (��)� , 

and �� are the density, adequate heat capacity, and thermal conductivity of the nanopar-

ticles, respectively. The mutable current conductivity is expressed by the following struc-

ture: 

���
∗ (¥) = ��� �� + �

� − ��

�� − ��

� (6)

2.3. Nanoparticles and Base Fluid Features 

Table 2 lists the chemical and physical parameters of the engine oil and several na-

noparticles employed in this research. 

Table 2. Principal properties of the base fluid and nanoparticles at a standard temperature [59,60]. 

Thermophysical Properties �(��/��) ��(�/���) �(�/��) 

SWCNT 2600  425 6600 

MWCNT 1600 796 3000 

CMC 997.10  4179 0.6130 
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2.4. Roseland Approximations 

The Roseland approximation [61], as in Equation (7), is used to represent the radia-

tion parameter in Equation (4). 

�� = −
��∗

��∗

�¥�

��
  (7)

In this study, �∗ indicates the Stefan–Boltzmann value, and �∗ represents the capti-

vation coefficient. 

3. Numerical Solution 

By using the similarity approach, BVP (2)–(5) are transformed into ordinary differen-

tial equations (ODE). The stream functions (�) are introduced as: 

� =  ��, � = − ��, (8)

The similarity variables are expressed as: 

�(�, �) = �
�

��

�, �(�, �) = ������(�), �(�) =
¥ − ¥�

¥� − ¥�

, (9)

Then, according to (2)–(4), the following equations are obtained: 

�′′′ + ��[��(��′′ − �′�) + ��(��′�′′′ − ����) + �(�� + ��)�′′�]

+��������′′����� − ��′ = �,
�  (10)

�′′ �� + �� +
�

��
����� + ��′� + ��

��

��
���′ − �′� + �

��

��
+

��

����
�′′�� = �,  (11)

with 

�(�) = �, �′(�) = � + ��′′(�), �′(�) = −��(� − �(�))

��(�) → �, ���(�) → �, �(�) → �, �� � → ∞.
� (12)

where �′�� is � ≤ � ≤ � in Equations (10) and (11). The thermophysical characteristics of 

the third-grade nanofluid are shown below. 

�� = (� − �)�.�, �� = �� − � + �
��

��

� , �� = �� − � + �
(���)�

(���)�

�

�� = �
(�� + ���) − ��(�� − ��)

(�� + ���) + �(�� − ��)
� .

⎭
⎪
⎬

⎪
⎫

 (13)

3.1. Description of the Embedded Control Physical Parameters 

Therefore, (2) is fulfilled. According to the derivative with respect to �, �� =
���

��
, 

�� =
���

��
 and �� =

���

��
 , which represent the material parameters of the third-grade fluid 

and � =
��

���
, respectively. ��  =

��

��
 is the Prandtl value. Thermal diffusivity parameter, 

heat source, mass transfer parameter, and thermal radiation parameter are represented by 

�� =
��

(���)�
, � = −���

�

�� �
, and �� =

��

�

�∗��
�

�∗��(���)�
, respectively. ��  =

��

(���)��
 and � =

�
�

��
��  are the heat source and velocity slip parameter, respectively. �� =

��
�

(��)�(�����)
 

and �� =
��

��
�

��

�
 are the Eckert and Biot numbers, respectively. 

3.2. Convective Rate of HT: Nusselt Number 

The flow is controlled by the local Nusselt number (���) [62], which may be ex-

pressed as a physical quantity as follows: 
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 ��� =
���

��(¥��¥�)
 (14)

where �� epitomizes the heat flux resolute by: 

�� = −��� �� +
��

�

�∗¥�
�

�∗��(���)�
� �¥��

���
.  (15)

The non-dimensional transformations (9) are applied to afford: 

������

�
�
� = −

���

��

(� + ��)�′(�), (16)

where ��� is the Nusselt number, and �� represents the reduced skin friction. ��� =
���

��
 is the local ��, contingent upon the broadening velocity, (��(�)). 

4. Irreversibility Analysis 

The Entropy lifetime [63] for the suppositions, as previously mentioned, is: 

�� =
���

��
� ��¥��

�
+

��

�

�∗��
�

�∗��(���)�
�¥��

�
� +

���

��
����

�
+

�����

���
.
  (17)

The dimensionless formula of the entropy equation is expressed as: 

�� =
¥�

�����

��(¥� − ¥�)�
. (18)

Based on (9), the following expression is obtained: 

�� = �� ���(� + ��)�′� +
�

��

��

�
(�′′� + ��′�)�.  (19)

5. Numerical Implementation: Galerkin Finite Element Method 

Numerical computations are utilized to resolve mathematical models (10), (11), and 

(12). The G-FEM implementation is outlined as follows. 

 The residuals for problems (10)–(12) are weighted, and integrals are taken over the 

typical element in their written form; 

 In order to obtain the weak systems, the linear second-order derivative expressions 

are integrated; 

 Galerkin approximations are utilized to estimate the weak systems, and stiffness el-

ements are produced according to those results; 

 The nonlinear system is assembled using the forcing vectors and boundary vectors 

of the stiffness elements; 

 The Picard linearization approach is used to linearize the nonlinear system, and the 

Gauss–Seidel procedure is used to solve the linearized problem repeatedly; 

 Furthermore, convergence analysis is accomplished by ensuring that the obtained 

values are mesh-free. 

Examples of the parametric research are provided to demonstrate the effects of po-

rous media, variable thermal conductivity, thermal radiation, heat source, viscous dissi-

pation, and the rate of heat flow on the study of thermal energy in 2D non-Newtonian 

third-grade fluid flow. Table 3 shows 300-element mesh-free analysis results. Further-

more, a flow chart of the Galerkin finite element technique is depicted in Figure 2. 
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Table 3. Velocities and temperatures based on a 300-element grid. 

No. of Elements �′ �
����

�
� � �

����

�
� 

30 0.0326964105 0.00543392174 

60 0.3008137336 0.00482355489 

90 0.2787224963 0.00452597831 

120 0.2518385629 0.00423211689 

150 0.2327463208 0.00396988127 

180 0.2164459730 0.00357315905 

210 0.1902813462 0.00327698245 

240 0.1907921025 0.00305766541 

270 0.1906827572 0.00274452730 

300 0.1905266081 0.00253240956 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Appl. Sci. 2022, 12, 9647 9 of 27 
 

 

Figure 2. Flow chart of the Galerkin finite element technique. 

6. Validity of Code 

The reported findings we verified by comparison with previously published out-

comes [64,65]. Each value in Table 4 was independently verified in the interest of reliabil-

ity. According to dissimilarity, the current findings are consistent and widely recognized. 
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Table 4. Assessment of −��(0) for various �� values, where � = 0, � = 0, � = 0, �� = 0, ��  =

0, �� = 0, � = 0, and �� → 0. 

�� Ref. [64] Ref. [65] Present 

0.72 0.80876181 0.80876181 0.80876184 

1.0 1.0 1.0 1.0 

3.0 1.92357420 1.92357420 1.92357418 

7.0 3.07314651 3.07314651 3.07314650 

10.0 3.72055429 3.72055429 3.72055422 

7. Results and Discussion 

In permeable radiation nanofluid studies, variable thermal conductivity, viscosity 

dissipation, and unstable boundary conditions are investigated. The following discourse 

depends primarily on generated numerical and graphical findings acquired using the Ga-

lerkin finite element technique. The outcomes of physical parameters are denoted as ��, 

��, ��, �, �, �, �, ��, ��, ��, ��, �, ��, and ��. The numerical results were obtained 

are using SWCNT-CMC and MWCNT-CMC as non-Newtonian third-grade nanofluids. 

The decency of the speed, temperature and entropy generations difference are depicted 

in Figures 3–25. For simplicity, several parameters are assigned to constant values, such 

as �� = �. �, �� = �. �, �� = �. �, �= 0.2, � = 0.1, � = 0.2, � = 0.1, �� = 0.1, ��= 0.2, �� 

= 0.3, �� = �. �, � = �. �, �� = �, and �� = �. 

7.1. Effect of Deborah Numbers (��) and (��) 

A Deborah number is a dimensionless number that is frequently used in rheology to 

describe the fluidity of substances under particular flow conditions. Material behavior en-

ters a non-Newtonian phase with significant Deborah numbers when elasticity progres-

sively dominates and solid-like behavior is observed. Figure 3 illustrates the velocity of 

both nanofluids with varying �� values (for basic fluid). The velocity of the flow for both 

kinds of nanofluids is reduces as the value of �� is increased because the basic fluid is 

easily influenced by ��. However, according to observation, MWCNT-CMC has a higher 

velocity than that of SWCNT-CMC. 

 

Figure 3. Velocity variation versus ��. 

Therefore, the momentum boundary layer thickness of MWCNT-CMC is increased. 

The consequence of reduced velocity is shown in Figure 4. Figure 4 shows the effect of 

changes in �� on the temperature profile for both nanofluids. The thermal distribution 

increased with increased �� values. This anomaly occurs due to the slowing down of the 
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movement of the nanomolecules in the liquid, resulting in reduced heat transfer from the 

shallow end in the direction of the movement, which eventually increased the heat trans-

fer temperature. The temperature of MWCNT-CMC is slightly higher than that of 

SWCNT-CMC because SWCNT is a better heat conductor than MWCNT. 

 

Figure 4. Temperature variation versus ��. 

Figure 5 shows the velocity distribution when the third-grade parameter, �� (for na-

noparticles), is reinforced, indicating a dramatic increase in fluid velocity. This phenome-

non lead an increased width of the momentum boundary layer. Nonetheless, MWCNT-

CMC has a higher velocity than that of SWCNT-CMC. However, the viscosity does not 

affect MWCNT-CMC under these conditions. The fluid thickness can be reduced by ad-

justing the third-grade parameter, which is well-known for this purpose. 

 

Figure 5. Velocity variation versus ��. 

Figure 6 depicts the varying patterns of heat dispersion. An increase in temperature 

causes a reduction in the diffusion of thermal energy, resulting in a reduction in the width 

of the thermal boundary layer. These results demonstrate that temperature from the shal-

low velocity is rapidly transferred to the fluid and emitted into the distant field. This phe-

nomenon occurs because the fluid’s velocity increases as it moves through the system. 

SWCNT-CMC has a lower temperature relative to that of other nanofluids because 

SWCNT is a good heat conductor. Similarly, the velocity for the third-grade parameter, 
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��, increases as the parameter increases, as illustrated in Figure 7. The figure shows that 

MWCNT-CMC has a higher velocity than that of SWCNT-CMC. The fluid boundary 

thickness is reduced when SWCNT-CMC is used as a nanofluid, which acceptable because 

MWCNT-CMC has a more negligible effect on the third-grade parameter, ��. 

 

Figure 6. Temperature variation versus ��. 

 

Figure 7. Velocity variation versus ��. 

7.2. Effect of Porous Media Parameter (�) 

To the best of our knowledge, the porosity of a material (�) can be calculated by 

subtracting the density from the void percentage. It is well-known that the system’s skin 

friction coefficient is affected by porosity. Figure 8 demonstrates the importance of poros-

ity near the velocity profile for both nanofluid types. The increased porosity was verified 

in both fluids, as indicated above. The increase in velocity is the result of the reduction in 

the value of �. These circumstances occur because the friction between the movement 

and the shallow velocity is an annexed, resulting in reduced velocity. Increased porosity 

can be applied in order to reduce the friction between the surface plate and the nanofluid 

molecules. However, SWCNT-CMC moves slower than other nanofluids, although the 

momentum boundary is thinner for SWCNT-CMC than MWCNT-CMC. As the material’s 

porosity increases, so does the temperature profile for both nanofluids. Furthermore, the 

temperature is reduced with a lower porous media parameter value. Figure 9 show this 

trend for both types of nanofluids. Owing to the porosity of the material, the fluid is 
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sucked into the surface. Consequently, the temperature profile of SWCNT-CMC is re-

duces, as shown in Figure 4. It is worthwhile to investigate the entropy of the system in 

conjunction with the influence of the porous media parameter in the system. Figure 10 

depicts the heightened entropy in the system as a result of the absence of temperature 

transfer in the system. This occurrence is likely to emerge as a result of reduced velocity, 

causing heat transfer to be delayed in the system and resulting in accumulated entropy. 

 

Figure 8. Velocity variation versus �. 

 

Figure 9. Temperature variation versus �. 
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Figure 10. Entropy variation versus �. 

7.3. The Influence of Volume Fraction Nanoparticle Parameter (�) 

The volume concentration and volume fraction are the same in ideal solutions when 

the volumes of all of the constituents are added together (the volume of the solution is 

equal to the sum of the volumes of its ingredients). Prior to mixing, the volume fraction 

of a specific element (metal nanoparticle) is calculated by dividing the volume of that 

component (metal nanoparticle) by that of the mixture (basic fluid). The effect of the na-

noparticle volume fraction parameter on particle velocity is shown in Figure 11. The speed 

of the fluid dynamics diminishes as the volume fraction of the nanoparticles of both 

nanofluids increases. This phenomenon occurs as a result of the aggregate fluid viscosity 

of the amassed nanofluid concentration, increasing the friction. As a result of this increase, 

the MWCNT-CMC nanofluid has a higher velocity that that of the SWCNT-CMC 

nanofluid. Furthermore, the system temperature increase, along with ϕ, as shown in Fig-

ure 12. Liquid velocity plays an active role in HT. When the mobility of the particles in the 

fluid is slowed, heat accumulates in the system. As a consequence, the system temperature 

doubles. Additionally, the entropy of the system is expected to intensify, owing to the 

increased temperature, as shown in Figure 1. The numerical results presented in Figure 

13 reveal that the volume percentage of nanoparticles has a substantial influence on the 

generated entropy. A comparison of the two nanofluids, reveals that the MWCNT-CMC 

nanofluid creates less entropy than the SWCNT-CMC nanofluid, as shown in Figure 13. 

This discovery suggests that MWCNT-CMC nanofluids are superior to SWCNT-CMC 

nanofluids in terms of controlling the system entropy. 
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Figure 11. �� variation versus �. 

 

Figure 12. Temperature variation versus �. 

 

Figure 13. Entropy variation versus �. 
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7.4. The Influence of Velocity Slip Parameter (�) 

The velocity slip parameter describes the difference in movement between the trans-

porting air and the discharged particles. The velocity slip condition is determined along 

the walls. As shown in Figure 14, the velocity slip parameter prompts the flow rate to 

accelerate. This phenomenon arises because the slip enhances the frictional resistance be-

tween the current and the shallow entropy. The velocity of the MWCNT-CMC nanofluid 

is higher than that of the SWCNT-CMC NF because the NF contains metal particles 

(MWCNT) with a strong link that is difficult to disrupt. Due to the lower velocity, the heat 

of the movement expands as the velocity slip increases, as shown in Figure 15, occurring 

as a natural result of less heat being transmitted from one spot to another. Although 

MWCNT-CMC NF moves faster than SWCNT-CMC, the heat profile for SWCNT-CMC is 

lower than that of MWCNT-CMC because SWCNT nanoparticles are better heat conduc-

tors than MWCNT nanoparticles. The heat is transferred faster through SWCNT nanopar-

ticles from the surface to the flow, passing toward the far field. The system entropy re-

duces as the velocity slip proliferates, as shown in Figure 16, because MWCNT and 

SWCNT nanoparticles have more significant positive enthalpies, allowing for the bonding 

dynamism and operational atoms that protect against increased entropy. Furthermore, 

the physical molecules of MWCNT nanoparticles have less entropy than SWCNT nano-

particles in the system, indicating that MWCNT nanoparticles have stronger bonding for 

energy and atoms, making it difficult to increase the entropy. 

 

Figure 14. Velocity variation versus �. 
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Figure 15. Temperature variation versus �. 

 

Figure 16. Entropy variation versus �. 

7.5. Effect of Biot Number (��), Variable Thermal Conductivity (�), and Radiation Parameter 

(��) 

The Biot Number denotes the ratio of heat conduction resistance to heat convection 

resistance in a solid mass. The resistance between the body and its surroundings illus-

trates how temperature fluctuates from the mass core to the atmosphere. The effect of the 

Biot number on the flow temperature shown in Figure 17, with the chart indicating that 

the temperature increases with increased Biot number. This striking pattern demonstrates 

that the thermal resistances inside the flow are amplified, magnifying the flow tempera-

ture. The temperature profile of MWCNT-CMC is higher than that of SWCNT-CMC due 

to the superior heat performance of SWCNT. The ability of a substance to carry heat is 

measured by its thermal conductivity. Low-thermal-conductivity materials have a lower 

rate of HT than high-thermal-conductivity materials. Figure 18 demonstrates the effec-

tiveness of the variable thermal conductivity parameter with respect to the temperature 

profile. The higher the thermal conductivity, the higher the temperature of both nanoflu-

ids, which explains the reduced rate of heat transmission of both nanofluids. Howbeit, the 
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temperature of SWCNT-CMC is still higher than that of MWCNT-CMC because SWCNT 

is a better heat conductor than MWCNT. Figure 19 illustrates the radiation response 

caused by the heat exchange between the flow and its surroundings (far-field). The illus-

tration shows that the ambient temperature influences the amplified flow temperature. 

This phenomenon is caused by the environment and the flow attempting to reach an equi-

librium state. The ambient temperature is more sophisticated than the temperature of the 

flow. As a result, the flow temperature increases, as shown in Figure 19. SWCNT-CMC is 

therefore proven to be a better heat conductor than MWCNT-CMC, as SWCNT-CMC has 

a lower temperature profile, emphasizing that the energy in the system is irreversibly 

transformed. 

 

Figure 17. Temperature variations versus ��. 

 

Figure 18. Temperature variations versus �. 
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Figure 19. Temperature variations versus ��. 

7.6. Effect of the Suction (� > �)/Injection (� < �) Parameter 

Suction and injection parameters must be analyzed in terms of their impact on the 

flow. Figure 20 shows that when suction proliferates, the flow velocity is reduced. The 

suction action disrupts the flow on the surface. Consequently, the flow velocity depreci-

ates over time. The momentum of the SWCNT-CMC is reduced at the beginning of the 

process. However, it gains speed after reaching a threshold value because SWCNT-CMC 

molecules are much smaller than MWCNT-CMC molecules, making it is easier for 

SWCNT-CMC to move around with under the suction impact of the system. However, as 

shown in Figure 21, the suction effect significantly reduces the flow temperature. Due to 

the surface porosity, the speed of the top layer increases, and the flow is drawn into the 

hole by the porosity. Increased cooling of the flow is made possible by the rapid transmis-

sion of heat. SWCNT-CMC has been shown to be a more efficient heat conductor than 

MWCNT-CMC due to its lower temperature profile. However, this conclusion has the 

consequence of expanding the system entropy. Figure 22 shows than an increase in the 

injection parameter increases the fluid velocity because the flow is injected or boosted up 

to an inner layer, resulting in an increase in the overall flow velocity. This result shows 

that MWCNT-CMC is much faster than SWCNT-CMC with respect to the injection effect, 

possibly because the MWCNT-CMC moves more easily when it is pushed, whereas 

SWCNT-CMC has more difficulties moving. A secondary consequence of the increased 

injection parameter is an increase in the flow temperature. Figure 23 clearly shows this 

outcome. The graphic shows how changing the injection parameter increases the flow 

temperature. However, the injection parameter does not have a noticeable effect on 

SWCNT-CMC, as this nanofluid is a better heat conductor than MWCNT-CMC. Despite 

the escalation in entropy, the system entropy decreases because the surface lacks porosity, 

making it easier for the system to regulate the flow of energy. 
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Figure 20. Velocity variations versus � > �. 

 

Figure 21. Temperature variations versus � > �. 

 

Figure 22. Velocity variations versus � < �. 
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Figure 23. Temperature variations versus � < �. 

7.7. Impact of Reynolds Number (��) and Brinkman Number (��) on Entropy Generation 

As shown in Figure 24, the entropy of a system reduces as the Reynold number in-

creases due to increased inertial forces in the system. The particles in the hybrid nanofluid 

have high kinetic energy, which leads them to move more quickly and exhibit a high 

Reynold number. The fact that MWCNT-CMC nanofluid has a lower entropy value than 

SWCNT-CMC is surprising. MWCNT has a far greater affinity for basic fluids than 

SWCNT. As a result, entropy is unable to cause a rapid breakdown of the system. The 

impact of the Brinkman number is visually appealing because it depicts the ratio of heat 

produced by viscous dissipation to heat conveyed by molecular transference. As shown 

in Figure 25, the Brinkman number expends the system’s entropy generation. The gener-

ated heat is mainly a result of viscous dissipation. Furthermore, MWCNT-CMC lower en-

tropy than SWCNT-CMC nanofluid. MWCNT has a far greater affinity for aqueous solu-

tions than SWCNT. As a result, entropy is unable to rapidly destabilize the system. 

 

Figure 24. Entropy variations versus ��. 
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Figure 25. Entropy variations versus ��. 

7.8. Relative HT Rate in SWCNT-CMC and MWCNT-CMC Nanofluids 

Owing to its higher thermal conductivity relative to MWCNT, SWCNT provides a 

superior substrate for heat transmission in nanofluids, improving heat conduction. Table 

5 shows the Nusselt number results. The Biot number increases both nanofluids, but 

MWCNT-CMC transmits more heat than SWCNT-CMC because MWCNT-CMC is a bet-

ter heat conductor than SWCNT-CMC. In contrast, the velocity slip deteriorates the heat 

transmission for both nanofluids. In terms of heat transmission with respect to this pa-

rameter is slightly more reduced for SWCNT-CMC than MWCNT-CMC. Both nanofluids 

are reduced with respect to this parameter. Moreover, the suction parameter can aggra-

vate the heat transmission for both nanofluids. It is expected that the heat transmission 

for MWCNT-CMC is better than SWCNT-CMC. The tiny size of the molecules allows for 

unrestricted movement and therefore micro-convection, which can somewhat affect heat 

transmission, which is mitigated by the nanoparticle volume fraction parameter. The heat 

transmission of both nanofluids is increased, although MWCNT-CMC exhibits better 

transmission than SWCNT-CMC because MWCNT-CMC is a better heat sink than 

SWCNT-CMC. As shown in Table 4, increased radiation can increase HT rates. Radiation 

is well-known as the fastest method for transferring heat, as it emits electromagnetic 

waves from a body to a receiver. Radiation affects MWCNT-CMC more than SWCNT-

CMC. Thus, radiation can be used as a catalyst to enhance heat transmission for MWCNT 

-CMC. 

Table 5. Calculation of Nusselt number = �����

��

�  for �� = 0.8. 

�� � � � �� ��  
�����

��
�  �����

��
�  

MWCNT-CMC SWCNT-CMC 

0.1  0.2  0.1  0.1  0.1  0.8 0.0907  0.1209  

0.2            0.1735  0.2302  

0.3            0.2492  0.3291  

  0.1          0.0860  0.1021  

 0.2          0.0907  0.1209  

 0.3          0.0955  0.1408  

    0.1        0.0907  0.1209  

   0.2        0.0952  0.1387  

   0.3        0.0981  0.1454 
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      0.01      0.0652  0.0979 

     0.05      0.0780  0.1009  

     0.1      0.0907  0.1209  

        0.1    0.0907  0.1209  

       0.2    0.0920  0.1513  

       0.3    0.0982  0.1625  

          0.8 0.0907  0.1209  

         7.8 0.0959  0.1598  

         6450 0.0972  0.1853  

8. Final Outcomes 

In this study, we theoretically investigated the thermal and entropy performance of 

third-grade nanofluid. The governing equations are converted to ordinary differential 

equations and numerically resolved using the Galerkin finite element method. All of the 

findings have been thoroughly examined and debated. As a result of this research, the 

following conclusions can be drawn: 

 The velocity profile can be increased by adjusting the Deborah number (��, ��) and 

injection parameters, although porous media, volume fraction nanoparticles, velocity 

slide, and force parameters reduce the speed of the movement. 

 The Deborah number (��), porous media, volume fraction nanoparticle, velocity slip, 

Biot number, radiation, thermal conductivity, and injection parameter increase the 

temperature profile, whereas Deborah number (��) and the suction parameter re-

duce the temperature profile of both nanofluids. 

 Porous media, volume fraction nanoparticles, Biot number, radiation, suction, Reyn-

olds number, and Brinkmann support entropy in the system. However, only velocity 

slip and injection parameters can reduce flow entropy. 

 The local Nusselt number is determined as a result of the volume fraction nanoparti-

cle, Biot number, and radiation parameter, although it is reduced by the velocity slip 

parameter. 

 The SWCNT-CMC is a better heat conducting, whereas the MWCNT -CMC is a better 

heat absorber. 

Future applications of the G-FEM include a range of physical and technological dif-

ficulties [66–77]. According to [78–87], there have been several recent advancements with 

respect to the importance of the research domain under consideration. 
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