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Abstract

We shall be concerned with the existence of heteroclinic orbits for the second order Hamiltonian system
G+ V4(t,q) =0, where g e R" and V € Cl(R x R",R), V < 0. We will assume that V and a certain
subset M C R" satisfy the following conditions. M is a set of isolated points and #M > 2. For every
sufficiently small & > 0 there exists § > 0 such that for all (¢, z) € RxR",if d(z, M) > ethen —V (¢,7) > 6.
The integrals ffooo —V(t,z)dt, 7 € M, are equi-bounded and —V (¢, z) — 00, as |t| — oo, uniformly on
compact subsets of R” \ M. Our result states that each point in M is joined to another point in M by a
solution of our system.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this work, we shall study the existence of heteroclinic orbits for the second order Hamil-
tonian system:

G+ Vy(t,q)=0, (1)
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where ¢ € R, g € R". We will suppose that V:R x R” — R and M C R” satisfy the following
assumptions:

(A)) VeC'RxR"R), V<0,

(Ap) #M =22 and y := %inf{lx—yl: x,yeM, x#y}>0,

(A3) for every 0 < & < y there is § > 0 such that for all (r,z) € R x R", if d(z, M) > ¢ then
—-V(t,z) 26,

(Ag) —V(t,z) = 00, if |t| = oo, uniformly on every compact subset of R" \ M,

(As) forevery x € M,

o
/ =V, x)dt < yV2a,
—00

where o :=inf{—V (¢,2): t € R, d(z, M) > y}.

Here and subsequently, d : R" x R" — R is the Euclidean metric and | - | : R” — R is the corres-
ponding norm.

We will say that a solution ¢ : R — R” of (1) is a heteroclinic solution (heteroclinic orbit) if
there exist x, y € R", x # y, such that ¢ joins x to y, i.e.

q(—o0):= lim ¢q(t)=x
t——00
and
q(00):= lim q(t) =y.
11— 00

Theorem 1.1. Under assumptions (A1)—(As), for every x € M there exists at least one hetero-
clinic solution of (1) such that g(—o0) = x and g(00) € M\ {x}, i.e. ¢ emanates from x and
terminates at a certain y € M \ {x}.

In the last years several authors studied connecting (i.e. homoclinic and heteroclinic) orbits
for Hamiltonian systems by the use of variational methods and critical points theory. In the
survey [9], P. Rabinowitz, who has given fundamental contributions to this field, presents the
main results obtained in the last twenty years, describes some methods and lists some open
problems. Among the previous studies of heteroclinic orbits are those of [2—4,6,8,10,12,13].
Homoclinic solutions are considered for example in [1,5,7,11,13].

We are motivated by [6] written by P. Rabinowitz. He considered the autonomous second
order Hamiltonian system:

G+V'ig)=0, (2)
where ¢ = (g1, ..., qn) € R" and a function V:R" — R satisfies:

(R1) VeC'(R",R),
(R) V is periodic in g; with a period 7;, 1 <i < n.
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Conditions (R1)—(R2) imply that V possesses a global maximum on R”. Without loss of gener-
ality we may assume that the global maximum of V is 0. Let M = {y € R": V(y) = 0}. The
condition on M is the following:

(R3) M consists only of isolated points.

Theorem 1.2. (See P.H. Rabinowitz [6].) Under assumptions (R1)—(R3), for every x € M, there
exist at least two heteroclinic orbits of (2) joining x to M \ {x}. At least one of these orbits
emanates from x and at least one terminates at x.

Theorem 1.1 is an analogue of Rabinowitz’s theorem in a nonautonomous case. There is a
class of natural examples to apply this theorem. Consider for instance a potential V:R x R — R
given by

V(t,q) = (1+1*)(=1+cosq)

and M = {2km: k € Z}. It is easy to check that the map V and the set M satisfy assumptions
(A1)—(As). Clearly, V(q) = —1 + cosg and M satisfy assumptions (R;)—(R3). In general, if
V:R x R" — R is of the form

Vit,q)= f(OV (),

where V satisfies (R1)-(R3), f >0and f(t) — o0, as |t| = oo, then (A1)—(As) are fulfilled.

Let us observe that if g is a heteroclinic solution of (2) such that g emanates from x and
terminates at y, then g(—t) is a solution emanating from y and terminating at x. This fact was
used by Rabinowitz to show the multiplicity result. Unfortunately, the same argument does not
work for the time dependent Hamiltonian system (1).

The main idea of the proof is the same as in Rabinowitz [6].

Let E={qg € WIL’CZ(]R, R™): ffooo |G (1)|?dt < oo}. The space E under the norm

0]

|mﬁ=fwmfm+M©V 3)

—00

is a Hilbert space. If g € E then for all 7,7 e R, q(¢t) = ftf) q(s)ds + q(tp). In consequence, g is
continuous.

Fix x e M.Fory e M\ {x} and ¢ > 0, we will denote by I';(y) the set of all functions g € E
that satisfy the following conditions:

@) g(—o0) =x,
(i) g(o0) =y,
(iii) g(r) & Be(M\ {x, y}).

Here and subsequently, B;(A) denotes an open e-neighbourhood of a set A C R”, and B.(z)
stands for an open ball of radius ¢, centered at a point z € R".
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Let us remark that if 0 < & < y then I;(y) is nonempty for all y € M \ {x}. If ¢(¢) = x for
t <0, g is piecewise linear for ¢ € [0, 1], g(¢) ¢ Bs(M \ {x, y}), and g(t) = y for t > 1, then
q € Ie(y). Let I : E — RU {oo} be given by

o0

1
I(g) = / [§|Q(z)|2— V(t,q(t)):| dt. )
(A1) implies that 7 > 0. Set
<(y) = inf I(g). 5
ce(y) ot (9) (5)

From (As) it follows that if 0 < & < y then I (g) < oo for g € I';(y) piecewise linear, and hence
ce(y) < oo.

We will show that for ¢ small enough there exists y € M \ {x} such that c,(y) = I (g¢,y) for
a certain g, , € I';(y) which is a desired heteroclinic solution.

In the proof of Theorem 1.2, Rabinowitz several times, in an essential way, applied the fact
that (2) is autonomous. Part of the difficulty in treating (1) is caused by the fact that it is nonau-
tonomous.

2. Proof of Theorem 1.1
Our proof is divided into a sequence of lemmas. Set
ag :=inf{-V(t,2): t€R, z ¢ B.(M)}. (6)
By (A3) it follows that ¢ > 0. In particular, if € = y then o, = o (see (As)).
Lemma 2.1. Let 0 < ¢ < y. Suppose that w € E and w(t) ¢ B.(M) for each t € Ule [ri, sil,

where [ri, si]N [rj,sj1="0 fori # j. Then

k
I(w) > V20, Y |wisi) — w(r)|. )
i=1

Lemma 2.1 was proved by Rabinowitz in [6]. It was also applied by him and Tanaka in [10].
Since this lemma is important for our further considerations, we enclose its proof below.

Proof of Lemma 2.1. Let/ = Z?:l lw(s;) —w(r;)| and T = Zle(s,- —r;). Then

/u')(t)dt

ri

.

i=1

koS
<2/|u')(t)|dt= / ()| dt
=1 i Uf'{=1[ri»5i]
1

gﬁ( / \u‘;(r)]zdt)z.

U{';][rissf]
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In consequence,

I(w)}% / | (1) |* di + / (—V (1, w()))dr

U s U i
12
= 2_‘L' + o T.

172

. . 2 . . 2 . ..
Since a function (0, 00) >t — lz_; + ot achieves at the point (ﬁ) its minimum, we have

I(w) = 20 L,
which completes the proof. O

Here is a consequence of Lemma 2.1.

Corollary 2.2. If w € E and I (w) < o0 then w € L*° (R, R").

385

Proof. Assume that w ¢ L°°(R,R"). Then for every n € N there exists ¢, € R such that
|w(t,)| > n. (There is no loss of generality in assuming that #,, — 0o, as n — 00.) Let us consider

two cases.

Case 1. Suppose that #M < oco.

There is R > 0 such that B, (M) C Bg(0). Assume that {t € R: w(t) € 0Br(0)} # . If
N € N is large enough then for each n > N there is r, < t,, such that if ¢ € [r,, t,,] then w(z) ¢

B (0). It is sufficient to take r, = max{t < t,: w(t) € 9Bgr(0)}. From Lemma 2.1,
I(w) = V2a|w(ty) — w(ry)| > vV2a(n - R).

Letting n — oo, we have I (w) = oo, a contradiction.
If {t e R: w(t) € dBr(0)} =0, then by (7) we get

I(w) = V2a|w(ty) — wt)| = V2e(|wta)] — [w(t)))
> V2a(n — |w(t)])
for n € N, contrary to I (w) < co.

Case 2. Suppose that #M = oo.

Since w is continuous, for every k € N there exist r; < s;, i = 1,2,...,k, such that w(t) ¢

B, (M) for every t € [r,s;], lw(s;) — w(r)| =y and [ry,s;] N [rj,s;] =@ for i # j.
Lemma 2.1,

1(w) > ykv2a.

From this, I (w) = oo, a contradiction. O

By
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Lemma 2.3. If w € E then for everyr,s € R

2
20(w)ls —r| = |w(s) —w(r)|". (®)
The proof is similar to the proof of Lemma 2.1. We leave it to the reader.
Lemma 2.4. If w € E and I (w) < o0 then there are y1, y» € M such that w joins y{ to y.

Lemma 2.4 is analogous to Proposition 3.11 of [6]. In spite of different assumptions on V,
the claims are identical.

Proof of Lemma 2.4. Let A(w) denote the set of limit points of w(¢), as t — —o0. From Corol-
lary 2.2 we conclude that A(w) # (. Assume that there are ¢ > 0 and o € R such thatif r < o
then w(t) ¢ B:(M). By (A3), we obtain

0

I(w) > f =V (t,w(®))dt = o0,

—00

a contradiction. Thus A(w) N M # @. It is sufficient to notice that A(w) consists of a point, say
y1 € R™. If not, there is &€ > 0 such that w(¢) intersects BB% (y1) and 9 B¢ (y1) infinitely many
times. Applying Lemma 2.1, we obtain /(w) > %n\/@ for each n € N, and hence I (w) = oo,
a contradiction.

In the same manner we can see that there is y, € M such that w(co) =y,. O

From now on we assume that 0 < & < y.

Lemma 2.5. Fix y € M\ {x}. If {gm},,_, is a minimizing sequence for (5) such that q,, — q in
Ly (R,R"), g € E and 1(q) < 0o, then q € I'.(y).

Proof. By Lemma 2.4, there are yj, y € M such that g(—oo) = y; and g(co) = y,. Since
gm — q in Ly (R,R") and g, € I':(y), we have q(t) ¢ B:(M \ {x,y}) for all t € R and
q(£o00) € {x, y}. Moreover, for every t € R there is m(¢) € N such that if m > m(t) then
Igm (1) —q ()] < %

Suppose, contrary to our claim, that g (co) = x. Then there exists 7 € R such that forall > T,
lg(t) — x| < % In consequence, for every t > T and for every m > m(t) we have |g,, (t) — x| <
lgm (1) —q )]+ 1q() — x| <e.

Let r,, = max{s € R: g, (s) € 0B¢(x)} and s,, = min{s > ry: g (s) € 0Bg4, (x)}. Since
{gm}5>_, is a minimizing sequence for (5), there is M > 0 such that I (g,,) < M for all m € N.
From Lemma 2.3,

_ 2 2
Sy — T > |G@m (Sm) — @ (rm)| > V_z:a>0.
2M

2M
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Fix t > T and consider g, (;). Then

I'm()+a
I(gm) = / =V (8, gm)($)) ds = =V (Tma)s ) Tmr))a )

Tm(t)

for a certain T,y € (P, Fm(r) + @), and € < @) (Tm()) — x| < € 4+ y. From the above it
follows that ¢ < 7,,,(+). Applying (A4) and letting t — oo in (9), we receive I (g (1)) — 00, a con-
tradiction. Consequently, g (c0) = y.

Similarly, we can prove that g(—o0) =x. O

Lemma 2.6. For every y € M\ {x} there exists q.,, € I':(y) such that

1(ge,y) = ce(y).

Proof. Let {g,,}°°_; be a minimizing sequence for (5). Then there is M > 0 such that I (g,,) < M
Amipm= g8eq q

for all m € N, and hence ffooo |Gm ()| dt <2M for all m € N.
Assume that {g;, (0)}?"0 | is an unbounded sequence in R". Then for each k € N there is

myi € N such that |gy, (0):| > k. Thus limg_ o |gm, (0)| = 0o, and, in consequence, there is

ko € N such that if k > ko then g,,, (0) ¢ Bg(M). Set tx = min{t > 0: g, (t) € 0B:(y)}. From
Lemma 2.1 it follows that

1(Gmx) = v/ 20| gm 0) — Gy () |

for k > kg. Letting k — 00, I (¢ x)) — 00, a contradiction. Therefore {g,, (0)};’,,": | is a bounded
sequence in R", which gives that {g,, }>~_, is bounded in E. Since E is a Hilbert space, going to
a subsequence if necessary, there is ¢, , € E such that g,, — g¢ y in E, and hence g,, — ¢,y in
Ly (R, R").

We show now that 7 (ge y) < 00. Fix —00 < r <5 < 00. Let us define /; s : E — R as follows

i
Irs(w) =f|:§|u')(t)|2 —v(t, w(t))} dt. (10)

r

I, s is easily checked to be weakly lower semicontinuous. For every m € N
I s (qm) < 1(gm) < M.
Letting to the limit inferior, we receive

Ir,x(‘]e,y) < liminf]r,x(CIm) < Cs(y) = lim I(Qm) <M.
m— 00 m— 00

Since g, y € E and r, s are arbitrary, V (-, g y(-)) € L'(R, R"™) and I(g¢,y) < c:(y). Moreover,
by Lemma 2.5, it follows that g, , € I':(y), and consequently, I(ge y) =c:(y). O

Lemma 2.6 is an analogue of Proposition 3.12 of [6]. The idea to introduce the family of
functionals I, is adapted from Rabinowitz. However, the second part of our proof involves
Lemma 2.5 since the methods from [6] are not applicable.
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Forye M\ {x}and0<e <y, let F(e,y) ={0 € R: g¢ y(0) € IB(M\ {x, y}}.
Lemma 2.7. For every y € M\ {x}, g¢.y is a classical solution of the system (1) on R\ F (e, y).
The proof of Lemma 2.7 is based on the concept of Rabinowitz (see Proposition 3.18 of [6]).
Proof. Fix o e R\ F(e, y). Let ® C R\ F(e, y) be the maximal open interval such that o € ©.
Assume that ¢ € Cj°(R,R") and suppp C @. If § € R is sufficiently small then g y + ¢ €
I'e(y), and so 1(ge,y) < 1(qe,y + d¢). Consequently,

1(ge,y +8¢) — 1(qe,y)

I'(ge.y)¢ = lim

8
= /[(éa,y(t),fb(l))—(Vq(hqe,y(t)),fp(f))]dt=0-

Letr,s € ® and r < s. From the above it follows that for every ¢ € WOl ’2([r, s], R™)

[ [(Geos ). $0)) — (Vo (1. ey () (D)) di = O, (1

and hence g; y|[,s] is a weak solution of the problem

W(t) + Vet gey(@) =0, r<t<s, (12)
W) =¢qe,y(r), w(s)=gqey(s).
This linear system has a unique C2-solution u : [r, s] — R”. By (12), we obtain
/[(d(t), 9(1) = (Vq(t, ge,y (1), (1)) ]dr =0 (13)

r

for all ¢ € Wé’z([r, 5], R™). Combining (11) with (13) we receive

S

f(u(t) _C}S,y(t), Qﬂ(t)) dt =0

v
forall p € W(}’z([r, s, R"). Since u — ge y € Wol‘z([r, s1, R™),

[li® = de,war=o.

and hence u = ¢,y on [r, s]. Therefore ¢, , € C2([r, s], RM). Summarizing, since r and s are
arbitrary points in ©, g, y € C2(R\ F(e, y),R") and it satisfies (1) on R\ F(e, y). O
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Lemma 2.8. Let M be a positive constant and y be a point in M \ {x}. Then for each q € E
Joining x to y and satisfying 1(q) < M and for every t € R such that q(t) ¢ B, (M) the following
inequality holds

lg(t) — x| M,
V2a

Proof. Take g € E and ¢ € R satisfying the assumptions of our lemma. Set

(14)

to =max{s € R: q(s) € 0B, (x) A q((—00, s]) N B, (M \ {x}) =0}.

Assume that ty < . Since ¢ is continuous, the set g ([fg, ¢]) is compact in R”, and hence there are
finitely many points in R:

N<SISH<SH<h< - <SSt <Sg=t
such that foreachi =1,2,...,k—1:

e q(si),q(t;) € 3B, (&) for some £ € M,
o ifg(ti_1) € 9B, (¢) and q(s;) € 9B, (n) then & # 1,
e g([ti—1, 5D N B, (M) =0

and g ([tk—1, sk]) N B, (M) = . We have

k
lg() — x| <) la(si) —qti)| + 2k — Dy. (15)

i=1

From Lemma 2.1 it follows that

k
1(q) > V2a ) |q(si) — q(ti-1)| > kyV2a.

i=1

Hence
Z!q(s,)— (ti-)| < J—_ (16)
and
k < M 17)
\ym

Combining (16) and (17) with (15), we receive (14).
If t < #p then (14) is an immediate consequence of the inequality M > y+/2«, which is clear
from Lemma 2.1. O

Here is an immediate consequence of Lemma 2.8.
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Corollary 2.9. Let M be a positive constant and y be a point in M\ {x}. Then for each q € E
joining x to y and satisfying I(q) < M and for every t € R the following inequality holds

| (t)—x|<3—M+ (18)
q S 2
For every 0 < ¢ < y, set

ce =inf{cs(y): y € M\ {x}}. (19)

By Lemma 2.1, for each y € M\ {x}, cc(y) > 0. Moreover, if | y| — oo then ¢, (y) — oo. Hence
there are 0 < R; < oo and y, € Bg, (x) such that ¢, = ¢ (ye).

Let us consider a sequence {c, }j=1 such that &; \( 0, as j — 0o. Assume that &1 < y. It
is easily seen that Cej 2 Csjy for every j € N. Choose Ye; € M\ {x} and dej.ye; el (yg_/)
such that ¢ ; = c¢; (ye;) = 1 (qe;, ve; ). It follows from (18) that the sequence {y; }?O:l is bounded.
Consequently, {ye; ?‘;1 possesses a constant subsequence. Without loss of generality, we can
assume that {ygj}jzl is constant, and so there is y € M\ {x} such that y,; =y forall j € N, and
SO qejye; = 9ej.y- From the above, we have

Ce; :1(6]‘,3],),). 20)

Lemma 2.10. Let g := q¢; y. For j € N large enough, q; is a heteroclinic solution of (1) joining
X toy.

Proof. From what has already been proved, we see that it is sufficient to show that for j € N
large enough, g (1) ¢ 9B:, (M \ {x, y}) forall 7 € R.

On the contrary, suppose that there are a sequence j,, — o0, as m — oo, {t;, }>°_ ; C R and
{Njm w1 € M\ {x, y} such that g, (¢;,) € B¢, (n;,)andforallt <z; ,q;, () ¢ 3B, (1j,)
By Lemma 2.1, we conclude that the set of values of {n;,}>_, is finite. Therefore, going if
necessary to a subsequence, we can assume that n;, = n. Two cases are possible.

1 for simplicity of notation it is also denoted by

{Jm}y_y> such that g;, (¢) ¢ Be, (y)forallt <t;,.
Let us consider

Case 1. There exists a subsequence of {j,, }

qj, () ifr <tj,,
Qi ()= @5, t5,) + (¢ =1, (0 =4, (13,0 if 1), <1 <1), +ej,,
n ift >tj, +¢j,-

One can see that 0, € I;; (). An easy computation shows that

T 1
I(q,-m>—I(Qjm>=/[5|q'jm(r>|2—v(z,qjmm)]dt

Lim

Ljm - jm 0
1
= 580~ / —V(t,Q;,®)dt — / —V(t, n)dt.
Lim Ljm tE jm
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By Lemma 2.1, we conclude

t/ln+‘9_/n1 oo
1 .
Lim —00

We will show that {z;,}>°_, is bounded. To obtain a contradiction, suppose that {¢;, }>_; is
unbounded. Assume that {¢;,}>°_, is unbounded from above. Let r;, = max{tr € R: g;,, (¢) €

0B, (n)} and s, =min{t >r;,: g, (t) € 3B, (y)}. From Lemma 2.3

2 2
14 14
e > > 0.
Sjm = Vim Z zcgjm = 2681
We have
Sle
o, =113 > [ =V(e.a @)
rj771

Applying the mean value theorem, there is f jm € (7),» Sj,,) such that

/ —V(t,q;,®)dr = (sj,, = 1j,) (= V(T 250 @)

im
and hence

2
y ~ ~
C&‘jm 2 ? (_ V(t]m > qjm (tj"l)))'

€1

By Corollary 2.9, we conclude that {g;, (¢;,)}°°_, is a bounded sequence. Since 7, — o0, as
m — oo, from the above inequality and (A4) it follows that Ce;, — 00, a8 m —> 00,2 contradic-
tion. In consequence, {t;, }>°_, is bounded from above.

In the same manner we can see that {¢;,, }°°_, is bounded from below. It is sufficient to consider
§;, =max{r eR: g, (t) € 9B, (x)} and 7;, =min{r > §; : q;, () € 3B, (n)}.

For m sufficiently large,

Ljm & jm
1
0< &+ —V(t,0;,®)dt

tj m

< %(y\/%— f —V(, n)dt).
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Hence
1 o0
I(Cljm)_](Qjm)>§ VVZa—/—V(t,n)dt
—00

and
I(qj,) > 1(Q},),
by (21) and (As). A contradiction with (20).

Case 2. For every m € N there is 7, <t;, such that g;, (7;,) € 9B ().
Let us consider now

qjm (t) lf t < ij 4
0, =1 4j, )+ —7j,)e; 0 =4, ifT), <t <T), +¢j,,
y ift>‘L'jm+8jm.
In this case,
Tjin +Ejim 0
~ 1 ~
I(qj,) = 1(Qj,) > y V200 — 5€j, — f ~V(1, Q;,()dr — / =V(,y)dt. (22)
Tjm —00

Using the analogical arguments as in the first case, we have 1(g;,) > 1 (Q jm)» @ contradiction
with (20). O
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