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Influence of geometrical

and operational parameters

on tooth wear in the working
mechanism of a satellite motor

Pawel Sliwinski

This article describes the phenomena affecting the wear of the rotor of the working mechanism

in a hydraulic satellite motor. The basic geometrical relationships that allow the calculation of

the coordinates of the points of contact between the satellite and the rotor and the curvature are
presented. A method for calculating the number of contacts of the satellite teeth with the rotor teeth
and of the satellite teeth with the curvature teeth during one revolution of the rotor is proposed. A
method of calculating the forces acting at the points of contact of the satellite with the rotor and

the curvature is also proposed, as well as a method of calculating the stress in the tooth contact of
the interacting components of the mechanism. The results of calculations of forces and stresses in
tooth contact in a satellite mechanism consisting of a four-hump rotor and a six-hump curvature are
presented. It is shown that the two chambers around the satellite are in the same phase in a certain
range of the rotation angle of the rotor, i.e. in the emptying phase or in the filling phase. This results
in the value of the force acting on the satellite resulting from the pressure difference being zero. It has
also been shown that the most important parameters affecting tooth wear are the pressure difference
in the working chambers of the satellite mechanism and the rotor speed.

The basic and main component in a hydrostatic drive system is the positive displacement pump. It is the com-
ponent in the system where the greatest pressure increase occurs'~. The second important component in the
system is the rotary hydraulic motor. It is the displacement machine and the executive in the drive system. Its
role is to convert hydraulic power into mechanical power. Today, there are many design variations of different
types of hydraulic displacement machines on the world market—from piston machines to gear machines. They
are used in the drive systems of various machines and even in laboratory test benches®. Work on the further
development of the design of these machines and the improvement of their main operating parameters are still
being carried out®*!. There are also attempts to describe the influence of various factors on the phenomena
occurring in these machines'>""°. Tests are also being conducted to verify the operation of these machines under
various environmental conditions, such as thermal shocks'®™'8.

Over the past 30 years, intensive design and development work has been carried out on innovative designs of
gear displacement machines. These are machines whose working mechanism consists of non-circular toothed
elements. This mechanism is commonly referred to as a satellite mechanism. Examples of satellite mechanisms
as used in positive displacement machines are shown in Fig. 1.

The inner element of the satellite mechanism, mounted on a shaft, is called the rotor (or planet). The outer
element is the curvature. The circular gear elements are the satellites. The photos above show only two types of
mechanisms, namely the 4 x 5 and 4 x 6 types. The numbers in the type designation of the mechanism indicate
the number of humps on the rotor and the number of humps on the curvature.

The following types of satellite mechanisms are known in the literature:

- type2x2%7%

- type2x3¥73

_ type 22X 422,24726,30734;
_ tYPe 3% 422,27,28,30,35739;
- type 4x 5%
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Figure 1. Examples of satellite mechanisms: type 4 x 5 (left) and type 4 x 6 (right)'*-2!.

_ type 4% 619,27,28,30,37,39—51.
~ type 6x 8195
- type 8x 1053,

The methodology for designing these mechanisms can also be found in the above indicated literature, espe-
cially in Ref.?. Due to the fact that this literature is directly accessible (online), this methodology will not be
summarized here. As already shown above, the satellite mechanism is a specific gear mechanism. The literature
on gears and spur gears, regarding their design methods, kinematics and characteristics is also very extensive
and widely available, for example in Refs.>*-%%. Literature on gearbox elements failures and their diagnosis are also
available, for example in Refs.”*~*!. However, it is no less concerned with gears mounted on axles or shafts. That
is, as in typical gears. The methodology for calculation the stresses in the teeth is also known for these gears and
described in literature, for example in Refs.’”%2. As can be seen in Fig. 1, the satellites in a satellite mechanism,
are not fixed to an axle/shaft. The methodology for designing such mechanisms is already known'**. On the
other hand, there is a lack of sound knowledge on the method for calculation of the strength in the teeth of such
mechanisms. Yes, methods for calculation the strength of teeth are known in the literature, but for gears with
non-circular gears mounted on shafts. In Ref.®?, for example, it was found that non-circular gear teeth are as
strong in bending as circular gear teeth and for design purposes, classical spur gear theory can be used to predict
static bending stresses. The analysis was carried out using a finite-element stress analysis. In Ref.** an algorithm
for mesh generation or the discretisation of gear tooth profiles of non-circular gear elements for static stress
evaluation with FEM (Finite Element Method) was described. In Ref.®® the deformation of the teeth of a non-
circular elliptical gear was analysed. It was found that the actual load on the teeth is variable and the deformation
of cooperating pairs of teeth is also variable. This results from the smooth change in the gear ratio, which affects
the change in the force acting on the individual teeth. Also in Refs.®*” the mathematical formulae for analysis
of the forces in planetary mechanism with eliptical gears were described. The planetary gear mechanism was
also considered in Ref.?’. In this publication the problem arising from the treatment of the pitch point force is
described. In addition, the forces occurring in the gear and the efficiency of the gear are described, which is the
main focus of the article.

The currently manufactured satellite mechanisms (especially 4 x 6) were designed to be made by
chiselling®®*>¢%°_In these mechanisms, the shape of the rotor consists of circular arcs with different radii and
tangents to each other®. In this way, mechanisms with a tooth module of 1.5 mm were produced. Over time,
manufacturers of satellite motors copied the shape of mechanisms made in this way and scaled them to other
sizes, especially smaller sizes, with a smaller module of teeth. This allowed manufacturers to start production of
other sizes of satellite motors”®”!, with smaller working mechanisms using the wire electrical discharge machin-
ing (the so-called WEDM method).

Object of research, research problem and the goal of analysis

Unusual wear of the rotor’s teeth was noticed during laboratory testing of a prototype of hydraulic motor (Fig. 2)
equipped with a 4 x 6 satellite mechanism. The specific wear occurs at the convexity (at the hump) of the rotor.
However, no such wear was observed on the curvature teeth (Fig. 3).

Therefore, an attempt must be made to explain what influences such tooth wear. It is probably caused by
exceeding the permissible pressures in the contact of the teeth of the interacting elements of the working mecha-
nism. Therefore, it is advisable to analyze the loads acting on the teeth, which are influenced by the pressure
difference acting on the satellite (resulting from the motor load and mechanical and pressure losses in the motor)
and rotational speed of the rotor (motor shaft), resulting in inertial forces acting on the satellite. The number
of contacts between the teeth of the rotor and the satellite and the number of contacts between the teeth of the
curvature and the satellite also depends on the speed of rotation of the motor shaft. It is also advisable calculation
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Figure 2. Prototype of the satellite motor: R rotor, S satellite, C curvatute, 1—shaft, 2,3 and 4—body, 5 and 6—
manifolds, 7 and 8—commutation plate.

Figure 3. Specific wear of the teeth on the rotor hump (left)!***¥. No apparent wear on the curvature teeth
(right). Unknown operating time of the mechanism.

the stresses in the contact of the teeth of the interacting elements and calculation of the permissible stresses in
the contact of the teeth.
In order to calculate the loads acting on the teeth of the mechanism components, it is necessary to determine:

(1) the basic geometrical relationships in the satellite mechanism;

(2) the number of contacts of the satellite’s teeth with those of the rotor and the curvature during the rotation
of the rotor;

(3) the acceleration of the satellite as a function of the angle of rotation of the shaft (of the rotor);

(4) pressures in the working chambers adjacent to the satellite.

Thus, as can be seen, the above-mentioned publication examples relate to various gears, the common feature
of which is that the gears are mounted on an axle/shaft. Therefore, this article proposes an approximate method
for calculating the stresses in the tooth contact of the satellite mechanism components. This makes it possible to
estimate the value of these stresses and draw conclusions about the permissible motor load and speed. Currently,
satellite engine manufacturers specify different motor speed ranges depending on the size of the engine. For
example, in Refs.””! a speed range of 400 rpm to 2200 rpm is given. On the other hand, the nominal operating
pressure for most satellite motors is given as 22 MPa and for some sizes as high as 25 MPa’%’!. Therefore, the
stress analyzes in the tooth contact are performed for a pressure difference in the working chambers of the motor
of 25 MPa. For comparison purposes, stress values are also given for a small pressure difference, i.e. 5 MPa.

Basic geometric relationships in the satellite mechanism

The methodology for designing satellite mechanisms is described in detail in Refs.'”*** and in Refs.***". These
publications show that for any function fy(x) describing the rotor pitch line, it is possible to determine the coor-
dinates of the curvature pitch line. The method for determining the curvature pitch line was described in detail
in the publication'’. The shape of the curvature pitch line and its mathematical notation depend on the number
ng of curvature humps. Regardless of the assumed number of curvature humps, the point E where the satellite
touches the curvature lies on the line k passing through the rotor’s center of rotation and through the point F
where the satellite touches the rotor'® (Fig. 4).

The coordinates of the point E are following:
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Figure 4. Satellite mechanism, its contact points and basic angles.
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Other basic relationships in the satellite mechanism are following:

(a) the central angle By covering one half of the cycle of the rotor pitch curve (corresponding to the length Lg,)

is':

T

Br = —, (3)

nR

where ny is the number of rotor humps;
(b) the central angle g covering one half of the cycle of the curvature pitch curve (corresponding to the length
Lg.) is':

where ng is the number of curvature humps;
(c) the angular position ag of the satellite centre S corresponding to the angle ag of the rotor rotation'?:

nR
ng + ng

os = + OR. (5)

During the rotation of the rotor by the angle ay, the satellite rolls around the rotor along the length Ly of the
pitch line of the rotor (Fig. 5). So, the satellite rotates through the angle:

Lg
8 = —,
5= 1 (6)
where
% dfr(x))?
Lp :/ 1+ (7) dx, (7)
X1 dx
rg=05-m-zg, (8)

and z is the number of teeth on the satellite.

The above relationship shows that in order to calculate the length Ly one must know the coordinates (xg,,
yr1) and (xg yg) of the points F; and F. The coordinates of the point F; are obvious and are: x¢, =0 and y, =f(0)
(Fig. 5). However, to determine the coordinates (xg, y) of the point E, it is necessary to know the coordinates (xs,
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Figure 5. Lengths L and L; and angle J; of satellite rotation.

ys) of the centre S of the satellite. The coordinates of the points F and S can be determined using the following
system of equations:

yE = fR(Xp), 9)
ys = cotas - Xs, (10)
(¢ —x5)> + (yr — ys)” = 162, (11)
Xg — Xp d
— = —f .
vo—yr  dx R (XF) (12)

The coordinates of the point F and centre S of the satellite are thus as follows:

xs = \/xp? + (yr — ys)2 — 152, (13)
ys = cotas - Xs, (14)
xp = fy ' (yr), (15)
I d
VE=ys — — . —fR(xp).

(o) 19

The length L; corresponds to the length Ly of the curvature pitch line (Fig. 5).

The number of contacts of the teeth of the satellite with the teeth of the rotor

and the curvature during the rotation of the rotor
During the rotation of the rotor:

(a) each tooth of the rotor contacts the tooth of the next satellite (point F, in Fig. 6) at each angle:

1 o 1
ORTS = 27 - —[rad] =360 - — [deg], (17)
ng ng

(b) each tooth of the curvature contacts the tooth of the next satellite (point E, in Fig. 6) at each angle:

1 o
agrs = 27 - —[rad] = 360 -

1
- o [deg]- (18)

Thus, during one full revolution of the rotor, the number of contacts of each tooth of the rotor with the tooth
of the satellites is:
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Figure 6. The contact point F, of the tooth of the rotor with the tooth of the next satellite after the rotation of
the rotor with the angle agys and contact point E, of the tooth of the curvature with the tooth of the next satellite
after rotation of the rotor with the angle ogrs.

. 1
irrs =27+ —— =ng, (19)
ORTS

while the number of contacts of each tooth of the curvature with the tooth of the satellites is:

. 1
1ETS = 2 - —— = nR. (20)
OETS

From the above formulas, it can be concluded that the following relationship exists between ipys and igypg:

. ng .
IRTS = — " IETS: (21)
nR

After determining the coordinates (xg, i) of points E on the curvature corresponding to the elementary angle
Say, of the rotor rotation, the length L can be calculated as the sum of the elementary sections of the curvature
pitch line. The method of determining the length Ly is described in detail in the publication'. Using the lengths
Ly and L the corresponding number of teeth can be calculated.

If the rotor rotates by the angle ay, then:

(a) the number zgp of rotor teeth that were in contact with satellite teeth (the number is zgg) is:

Lp
ZRF = ZSF = , (22)
m-m
(b) the number z¢g of curvature teeth that were in contact with satellite teeth (the number is zgg) is:
Lg
ZCE =2 = — . (23)
TT-m
If ag = 360° then L is the length of the pitch line of the rotor, i.e.:
LF(aR=360°) =T -m-zR, (24)
where zg is the number of teeth of the rotor. Then from Egs. (6) and (8) the angle of satellite rotation is:
SS@R:%OO) =27 -igr[rad] = 360 - isr [deg], (25)
where
. ZR
isR = —,
SR 7 (26)

is the number of revolutions of the satellite around its own axis and at the same time the number of contacts of
each tooth of the satellite with the teeth of the rotor.
Equation (5) shows that the angular position of the satellite at one full revolution of the rotor is as follows:

nr nr
aS(O{R=3600) =27 - m[rad] =360 - m [deg} (27)
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For this position of the satellite, there are points E and F. The coordinates of these points can be calculated
using the formulas (1), (2) and (13) + (16). Thus, if az =360°, then the length of the pitch line of curvature is:

L o\ =T -m-2zZ
E(aR:360)

E(aR:360°) ’ (28)
where z is the number of teeth of the curvature, that were in contact with the teeth of the satellite during its roll
along the curvature, i.e. ZpOp  360°) = Zs(Olr = 360)- Thus, the number of revolutions of the satellite along the pitch
line of the curvature is:

Z o
o (> (29)

and at the same time the number of contacts of each tooth of the satellite with the teeth of the curvature.
The total number of contacts of the teeth of the satellite with the teeth of the rotor and the curvature during
one revolution of the rotor is:

R +z
R+ E(aR=360°)

is = isr +isg = (30)
Zs
If the satellite rolls along the entire length of the curvature pitch line, i.e. ag=360°, then the rotor makes the
following number of revolutions:
. 1 ng
iRg =360 ———— = — +1. (31)
®S(ap=360°) DR

Loads on the teeth of the interacting elements of the satellite mechanism

In working hydraulic motor, the satellite mechanism is loaded by active and passive forces. The active forces result
directly from the motor load with torque M. The effect of the motor load (torque M) is the pressure difference
Ap; in the working chambers of the motor. This pressure difference generates forces that load the interacting
teeth of the elements of the working mechanism. The passive forces are the effects of the rotational speed of the
motor shaft. Thus, they are the inertial forces of the satellites. These forces also have a direct influence on the
load of the teeth. To determine these forces, it is necessary to calculate the total acceleration of the satellite as a
function of the angle of rotation of the rotor (the shaft).

Accelerations of the satellite
In the satellite mechanism, the satellite moves in a flat motion. So there is a linear and an angular acceleration
of the satellite. The angle ys is necessary to determine the angular acceleration of the satellite (Fig. 7). This angle
is different for a mechanism with a rotating rotor than for a mechanism with a rotating curvature. Therefore,
this angle is referred to as ys* for a mechanism with a rotating rotor. The points S and F also become the points
S$*and F*.

The values of the angle ys* can be calculated from the relation:

* *
Xs — Xf
* *

vE =8 — atan(ys Vi ), (32)

|
X |
l
| N A R R .

Figure 7. Transform the points E, E, S and the angle y; in a mechanism with a rotating curvature into the points
E*, F*, $* and the angle ys* in a mechanism with a rotating rotor.
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where x¢*, ys¥, X¢¥, Xg* are the coordinates of the points S* and F*.
The linear acceleration of the satellite is:

d2L§
as = — (33)
dt?
where Ly is the distance between the centre S* of the satellite and the axis of rotation of the rotor, i.e.:
* 5\ 2 %\ 2
Ly =/ (x¢)"+ (%) (34)
and the angular acceleration of the satellite is:
d2y§
€5 = . (35)
dt?
If the angular velocity wy, of the motor shaft (and therefore of the rotor) is constant (wy = const.), then:
d’L¢
ag = WR - > (36)
dag
d?ys
€ = WR + ——=. 37
S R 4o (37)

The centrifugal force acting on the satellite
The centrifugal force F g acts on the satellite (Fig. 8). If the angular velocity wy of the motor shaft (rotor) is con-
stant (wg = const.), then:

dog \ 2
Fes =mg-wh - [ — | -L&. 38
cS S R (daR) S ( )

The effect of this force are the following forces in the contact points E* and F* (Fig. 8):

Fo—F IS sinks
FT S . a2 . =2 sinkg (39)
(x5 —x¢)" + (v — v£)
Fcg1 = Fes - sinks + Fep - sin(ky + K2), (40)
Fepa = Fes - cosks — Fep - cos(ky + K2), (41)
where
o = x§ — x¢ B

1 = arctan| — - OE, (42)

¥s — Yr

_ X§ — Xg
Ky = arctan| — 5 | Tk (43)

YE — Vs

Figure 8. Forces acting on the satellite due to its plane motion.
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X§ — Xg
k3 = arctan|{ — = | Tos. (44)
YE — Vs

However, the coordinates of the points $*, F* and E* can be calculated from the following relations (Fig. 7):

X!
x§ = —\/m -sin [ arcsin | ———— | —ag |, (45)
2+

ys = \/Xg + y§ - cos | arcsin L R |, (46)
2y

Xf = —\/)m - sin | arcsin XF) - aR): (47)
2

X + Vi

Vi = m - cos (arcsin XF) - OtR) , (48)
JE+vE

L (XX yEew +\/(x;-x§+y;‘~y§)2 X4y -1
: .

*
Xg =X , (49)
X + y7 X3+ yi X3 + yi
Vi
Vi = g “ X (50)

Forces resulting from the angular and linear accelerations of the satellite
The effect of the angular acceleration &g and the linear acceleration o of the satellite is the force F,g and the
moment of force Mg, i.e.:

Fas = mg - as, (51)
M,s = % -ms - ¢ - g, (52)

where myg is the mass of the satellite. The moment M, can be replaced by the couple of forces F,g (Fig. 8):
Fes = (Fesg = Fesp) = % - Img - IS - €s. (53)

The effect of the force F,g are the following forces in the contact points E* and F*:

Fasx - (v —¥§) + Fasy - (x§ —xf) 1

Fap = >
2 2 COSK] (54)
Vot = x) + (7 = v3)
Fag1 = Far - (sinks - sinkg 4+ cosks - coskyg) + Fasx - coskyg + Fagy - sinkg, (55)
Fagz = FaF - (sinks - coskg + cosKs - sinkg) — Fasx - sinkg + Fasy - cosky, (56)
where Fg, and F,g,—components of the force F,g responsible for the acceleration ag (formula (33)), k,; and ks—

angles (Fig. 8):

Ky = arctan(xi — X‘E) (57)
YE —¥s
x¥ — xx*

K5 = arctan< i i) (58)
¥Ys = YrF
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The influence of the pressure difference in the working chambers on the load on the interact-
ing teeth

In the satellite mechanism between the filling working chamber (high-pressure chamber HPC) and the emptying
working chamber (low-pressure chamber LPC) exist pressure difference:

Api = pH — PL (59)

where py—high-pressure (in the filling working chamber), p; —low-pressure (in the emptying working chamber).

It should be noted that during the rotation of the rotor, the working chamber C passes from the high-pressure
chamber HPC to the chamber with the maximum volume V¢ ,,,, and then to the low-pressure chamber LPC.
Experimental studies have shown that in the V_,,,, chamber there is a mean pressure p,; equal to (37) and (39):

_butpr

> (60)

M

Thus, the value of the force F,; and its direction of action change abruptly (Fig. 9). In the satellite mechanism,
the change of the volume of the working chamber C from V., to Vi, and vice versa take place at each angle
of rotation of the rotor equal to:

11
ar© =180- (— + —). (61)
ng nr

The effect of the pressure difference Ap; is the pressure difference Apg acting on the satellite. Thus, for:

(a) oar €(0; %)and R € (@- 180 4 aR(C)>is Aps= Ap; and respectively:

nR ’ ng

Fap = Ap, - Ho/(xt = x0)° + (v: — v2)s (62)

where H is the height of the satellite mechanism;
(b) or € <@' @> and ag € (% +ap©; 180 4 aR(C)> two adjacent chambers are in the same phase, i.e.

ng > nR n H
in the emptying phase or in the filling phase (Fig. 9¢)). Therefore Aps=0 and F,,=0, F,;=0, F,;z=0 (see
below);
(c) ar= ;—? and ag = % +ar©and forag = ln%oz
H — PL
Aps = P PL : P (63)

and the F,,=should be calculated according to the formula (62) with the Aps instead of Ap;.

The circumferential forces F, and F,p, occurring at points E* and F* were assumed to be reactions to the force
Fy, (Fig. 9). The values of these forces can be calculated using the following relationship:

Fpe = Fpr = Fzﬂ : COS(C:;ia_P%)’ (64)
where a,, is the pressure angle.
Total values of forces loading the interacting teeth of the mechanism elements
The total values of the circumferential forces F,; and F, acting at points E* and F* are as follows:
(a) in the range of the rotor rotation angle ar € (0; %)z
- atpoint E*:
Fe—p = Fpg — F;; — Fek1 — Fese, (65)
- atpoint F*:
Fp—p = Fpp — Fp — Fer + Fesp, (66)
(b) in the range of the rotor rotation angle ar € (%; 1%0) and ag € (% +ag©; ln%o + ar©y:
- atpoint E*:
Fe—p = Fag1 + Fee1 + Fesr, (67)
- atpoint F*:
Fp—p = Fap+Fcr — Fesp, (68)

180. 180 O\
(¢) forag € <H’ T + ag! )>.

Scientific Reports|  (2023) 13:17028 | https://doi.org/10.1038/s41598-023-44319-9 nature portfolio



/\/\\ MOST WIEDZY Downloaded from mostwiedzy.pl

\

www.nature.com/scientificreports/

+--

A —

TE Tar

I =

el

X

Figure 9. Forces originating from the pressure difference Ap; and acting on the satellite: (a) initial state
(ag=0°); (b) example of the position of the working mechanism elements corresponding to two adjacent
working chambers being in the same phase (emptying); (c) the position of the elements of the working
mechanism corresponding to the chamber with the maximum volume V¢ _..,; (d,e) the position of the elements
of the working mechanism corresponding to the chamber with the minimum volume V¢ _;,.

- atpoint EX:
Fe—p = Fpg + F 5, + Fce1 + Fese, (69)
- atpoint F*:
FF—p = FpF + FaF + Fcr — Fesr. (70)
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Problems of contact stress of the interacting teeth

The method of calculating the permissible normal stresses oy in the contact of the interacting teeth of two steel
gears is generally known and can be found, for example, in Ref.”’. At the present stage of consideration, it is
proposed to adopt the well-known model of permissible stresses (for gears) for the satellite mechanism. Because
the radii of the pitch line of the rotor and the curvature are variable, it is proposed to take their smallest values
for the strength calculations (i.e. rq and r¢, according to Fig. 10). Thus, for the teeth of the interacting elements,
the contact ratio € (according to Ref.*”) is propose to calculate according to the following relation:

. \/rag2 —rps? + \/ra2 —1p2 — ay - sinayy,
Pbs

, (71)

where r,s—the tip radius of the satellite teeth, r,c—the base radius of the satellite, p,s—the base pitch of the
satellite teeth, r, and r,—the tip radius and the base radius of the circle of radius rq or rc,, a,—the true distance
between the centre of the satellite and the circle of radius rq or the circle of radius rc,, a,—the pitch pressure
angle.

For the gear elements of the satellite mechanism which are made of the same material, it is proposed to cal-
culate the normal stress at the contact surface of the teeth according to the following formula:

4—c¢ 1+ z F E K - 72)
OoN = . —_ . . . o N
N 6m zg) H-rs 1—v? sina, - cosep — per

where F—the circumferential force at the point of contact of the teeth of the mating elements, H—the length
of the tooth line (the height of the satellite mechanism), E—the Young’s modulus of the gear material, v—the
Poisson’s ratio of the gear material, z—the theoretical number of teeth of the gear engaging the satellite, i.e. z; or
zg (Fig. 10), K—the coefficient defined as®”*%

K'=Ka - Ky - Ky, (73)

where K,—the overload factor, K;—the coefficient of uneven load distribution along the length of the tooth,
Kv—the coefficient of dynamic force, 6,.,—permissible stress.
According to Refs.””%, the value of permissible stress in gears is calculated as follows:

- OHlim .7
per Sy > (74)
where
Z=7n7-ZL-ZR - Zy - Zw - Zx, (75)

where oy);,—the contact fatigue strength of gears materials, Zy—the coeflicient of durability at contact load,
Z,—the coefficient of oil viscosity, Zz—the factor of surface condition (roughness), Zv—the speed factor, Zy,—
the coeflicient of surface squeeze (deformation), Zx—the size factor at contact loading, Sy—the safety factor at
contact loading.

In the literature (e.g.>”%*) methods for estimating the values of the above coefficients of K and Z can be found,
but for typical gears, i.e. for circular interacting toothed elements. The ranges of values of these coefficients and
the safety factor are given in Table 1.

In the satellite mechanism, the satellite is not fixed on any axis. In this way, the satellite can change its posi-
tion relative to the rotor and the curvature in terms of inter-tooth clearance and tip clearance. In extreme cases
(with a suitable value of the tooth clearance), the tip clearance can be cancelled. Thus, the distance between the
centre of the satellite and the centre of a circle of radius rq or rc, can vary. In extreme cases, as a result of the
centrifugal forces acting on the satellite, the circumferential backlash (and even the tip clearance) in the satellite-
curvature pair may be erased and the circumferential backlash and the tip clearance in the satellite-rotor pair
may increase (Fig. 11).

o~

J
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|
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|

Jr e

(a) 2= (b)

Figure 10. Tip clearance TC and circumferential backlash CB in satellite-rotor pair.
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Ky Ky Ky S Zyr Z,ZyZy Zy Zy
1+2.25 1+1.25 1+2.5 1+1.3 0.85+1.6 1.0 1.1 1.02

Table 1. The values of the coefficients type K and Z for nitrided elements®’.

Figure 11. Geometry of the rotor of the tested satellite mechanism; r¢; and r,—radii of the equivalent circles
of curvature (for calculating the number of the contact ratio €).

Thus, it can be assumed (especially in working gear) that the distance between the center of the satellite and:

(a) the centre of the circle of the rotor of radius rq is:
awQ = rs +rqQ — hy +hy, (76)

where h, and h; are the height of the tooth head and the tooth foot, respectively;
(b) the centre of the circle of the rotor of radius rp is:

awp = Is +1p — h, + hy, (77)

(c) the centre of the circle of the curvature of radius r;, is:
awcl = I's +rc1 +ha — h, (78)

(d) the centre of the circle of the curvature of radius r, is:

awcz =15 +rc2 +hy — hy. (79)

The pitch pressure angle for such wheels is:

(I‘s +rqQ )
OwQ = arccos - cosarp |. (80)
awQ

Because h;> h,, there are worse conditions for interaction between the teeth of the satellite and the teeth of
the rotor.

Worse conditions of cooperation include, among others, the appearance of an additional impact force F, of
the tooth of the satellite against the tooth of the planet. This force is the effect of the circumferential backlash CB
(Fig. 11) and is created when the pressure in the working chambers adjacent to the satellite changes abruptly. So
this process takes place for ag = %, oR = 1%0 +or© g = %,aR = In@ +ar©et.c. (Fig. 9), where ar©
is given by Eq. (62). The value of the impact force Fi, of the satellite tooth on the rotor tooth can be calculated
according to the formula:

1
F,‘m=4«?~\/CB'1’S'H‘m\S'AP5, (81)
where t—the duration of the impact, H—the height of the satellite, mg—the mass of the satellite.

Parameters of the tested satellite mechanism

The satellite mechanism type 4 x 6 (Fig. 3) with a tooth module 0.6 mm was used in a hydraulic motor (Fig. 2).
As already mentioned in “Introduction” section, this mechanism is a scaled copy of the mechanism with module
1.5 mm. The mechanism with modulus 1.5 mm was designed to be manufactured by classical machining methods
(chiselling and milling) and using special instruments*>*°. The pitch line of the rotor consists of circles with radii
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rp and rq connected at point T (point T is the point of contact of these circles). The pitch line of the curvature is
approximated by fragments of circles with radii r¢, and re,* (Fig. 10). The satellite mechanism with a module
of 0.6 mm was manaufactured using the wire electrical discharge machining (WEDM) process. Technical data
of the satellite mechanism are presented in Table 2. While Table 3 shows the values of the distance between the
axes, the values of the rolling pressure angle and the values of the contact ratio, assuming that in the working
mechanism there is a change in the distance between the axis of the satellite and the axes of the humps of the
rotor and the humps of the curvature.

The mechanism was made of NIMAX steel’?. The parameters of this steel are given in Table 4.

For nitrided NIMAX steel, it can be assumed that oyy;,,, = 1250 MPa*’.

The coordinates (x,y) of the pitch line of the rotor can be calculated using formula (Fig. 12):

(1) from point F, to point T:

cotag - yp — 1/ cotag - yp - (cotag - yp + 2 - (yp% — rp?
oty Jeotar -yp - (cotan -y, +2- (yp ») (82)

cotZap + 1

Yy = cotar - Xg. (83)

(2) from point T to point F2:

S O - S R E TN
I R R EX TN TR TR

9.333 mm 5.380 mm 9.319 mm 5.898 mm | 20.333 mm | 11.739 mm
8.995mm | 19921 mm |6.333mm |8.899 mm | 2.438
1.155 2347 1.152 3111

19.66

Table 2. Parameters of the tested satellite mechanism. *zrQ—the theoretical number of teeth on a wheel of
radius rq. **zrP—the theoretical number of teeth on a wheel of radius rp. **zrC1—the theoretical number of
teeth on a wheel of radius r;. ***zrC2—the theoretical number of teeth on a wheel of radius r,.

18.43 18.90 2.338 1.058 2.450 | 1.254

Table 3. Distances between the axes, angles of pressure and contact ratio, assuming the elimination of the tip
clearances of the teeth of the satellite and curvature in the working mechanism.

7900 kg/m® | 2.05 x 10" Pa 950 MHV

~370 HB 785 MPa 1265 MPa 0.25 mm

Table 4. Basic parametres of the NIMAX steel’.
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Figure 12. Angles in the tested mechanism and point T.

xQ + cotar - yo + \/(cotaR - YQ —f—xQ)2 — (cotzsz + 1) : (xQ +yo — rQ) (34)
= cot?ap + 1 ’

The y-coordinate is calculated according to formula (83).
The relationship between the coordinates of points S and F is as follows. If the point F of contact of the satellite
pitch line with the rotor pitch line is between points F, and T, then (Fig. 12):

1

XFzrp—rs'(rP'XS_rS'Xp)’ (85)
1

VST (rp-ys —Ts - yp)» (86)

2
X:xp—f—as-yp_ Xp +as - Vp 2_Xp2+yp2—(rp—rs) (87)

T a2+l a2 + 1 a2 + 1 ’
Ys = as - X5 (88)

where

as = cot(ar — ). (89)

If point F is between points T and F,, then the relationship between the coordinates of points S and F is as
follows (Fig. 12):

1

Xp = rQ + 15 : (rQ “Xs + I 'XQ)’ (90)
1
ve= o (vt nova), o1
2 2 2 2
g = Xt aya xqtas-yQ\* _ x® +yQ’ — (rQ +15) 92)
a2 +1 a2 +1 a2 +1 ’

The values of ys and ag should be calculated according to formulae (88) and (89) respectively.
If the point F coincides with the point T (i.e. xp =%y 1 yp=Yy7) then the coordinates of the satellite centre are
as follows:

Ts Ts
xs=<1——>-xT+—-xp, (93)
rp rp
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Ts Ts
ys= (1= ) yr+ 2y, (94)
rp rp

and the curvature must make a rotation through an angle:

nR Xs
ar = |1+ E - arctan y—s . (95)

For the considered mechanism, this is the angle o =33.80°.

The rotation angles of the satellite and the number of teeth contacts in the mechanism
For one full revolution of the rotor, i.e. for az =360°:

(a) the angle of rotation of the satellite about its axis is Sg(ug - 360y = 1584°%

(b) the satellite moves relative to the curvature by an angle og =144

(c) theangle ag=144° corresponds to the length L; =49.73 mm of the curvature pitch line;
(d) the number of contacts of each tooth of the satellite with:

- the teeth of the rotor (and hence the number of revolutions of the satellite about its own axis) is igy =4.4;
— the teeth of the curvature (and hence the number of revolutions of the satellite about its own axis) is
i =2.6;

(e) the total number of contacts of the teeth of the satellite with the teeth of the rotor and the curvature is ig=7;
(f)  the number of contacts of each rotor tooth with the satellite tooth is ipps=6;
(g) the number of contacts of each curvature tooth with the satellite tooth is igrs =4.

However, for the satellite to make one complete revolution in relation to the curvature, i.e. ag=360°, the shaft
(rotor) must make iz =2.5 revolutions.
In the motor working at n=1500 rpm, in 1 min:

(a) the number of contacts of each tooth of the satellite with the teeth of the rotor:

isR(n) = 1 - isg = 6600, (96)
(b) the number of contacts of each tooth of the satellite with the teeth of the curvature:

isE(m) = n - isg = 3900, (97)
(c) the number of contacts of the teeth of the satellite with the teeth of the rotor and the curvature:

ism) = n - is = 10,500, (98)
(d) the number of contacts of each tooth of the rotor with the tooth of the satellites:

iRTS(n) = 1 - irTS = 9600, (99)

(e) the number of contacts of each curvature tooth with the tooth of the satellites:

IETS(n) = 0 - igTs = 6000. (100)

Accelerations of the satellite

The characteristics of the angular velocity ws and the angular acceleration &g of the satellite in the considered
satellite mechanism are presented in Fig. 13, while in Fig. 14 the characteristics of the linear accelerations of the
satellite are presented.

Tooth loads—forces at points E* and F*
The values of the forces acting at points E* and F* (loading of the teeth) and resulting from the accelerations of
the satellite, are shown in Figs. 15 and 16.

The characteristics of the centrifugal force F g acting on the satellite and the values of the forces F g, and
F.r corresponding to this force at points E* and F* of the satellite mechanism under consideration are shown
in Fig. 17. And Fig. 17 shows the characteristics of the force Fy, at points E* and F*, calculated according to
formula (64).

The characteristics of the total forces Fy, and Fy., loading the teeth of the interacting elements of the satellite
mechanism at points E* and F* are shown in Fig. 18.

Normal stress on the contact surface of the teeth and permissible stress
The satellite mechanism is not a typical toothed gear mechanism. The satellite is not mounted on a bearing
shaft and the rotor and curvature are elements with non-circular gear rims. Therefore, at the present stage of
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research, it is not possible to give the exact values of the coeflicients K and Z from the formulae (73) and (75). It
was therefore assumed that the pressures in the contact of mating teeth are calculated for:

(a) Two values of the coeflicient K, i.e. for K=1 (mechanism elements do not rotate and the teeth of the
mechanism elements are loaded only with the force resulting from the pressure difference in the working
chambers) and for the approximate value of K=3.

(b) Two extreme values of the coefficient Z, i.e. for Z=0.96 and Z=1.8.

The calculations of the contact stresses at points E and F were carried out for two cases, namely for:

(a) Perfect cooperation of the satellite with the rotor and the curvature (i.e. without changing the axis distance).
(b) For the case of elimination of the tip clearance of the cooperating teeth of the satellite with the curvature.

A summary of the results for the above cases for different rotation angles oy of the rotor can be found in
Tables 5 and 6 respectively. Whereas the values of permissible stresses are presented in Table 7.

If the phenomenon of the impact of the satellite tooth on the rotor tooth is taken into account, the value of
the pressure force of the satellite tooth on the rotor tooth will increase by F;, and the value of stresses oy, at the
point of contact of these teeth will increase. The values of the Fim force are presented in Table 8, and the stress
values in Table 9.

Conclusions
The results of the analyses have shown that in the satellite mechanism:

Aps=25 MPa Aps=5 MPa

Contact point ag [deg] | K=1 K=3 K=1 |K=3

0 1211.5 |2098.4 |537.3 930.7

30 1124.4 | 1947.6 | 498.5 863.5
E* (Fig. 9)

45 1871.6 | 3241.7 | 830.4 |1438.3

105 21294 | 3688.2 |944.8 |1636.6

0 1994.5 | 3454.6 | 884.8 |1532.5

30 1319.3 | 2285.2 | 584.2 |1011.9
F* (Fig. 9)

45 1338.8 | 2318.8 |594.0 |1028.8

105 1523.0 |2637.9 | 675.5 |1170.0

Table 5. Values of normal stress oy (in MPa) at the points E* and F* (Fig. 9).

Aps=25 MPa Aps=5 MPa

Contact point ag [deg] | K=1 K=3 K=1 |K=3

0 1247.9 |2126.4 | 553.5 958.6

30 1158.2 | 2006.0 | 513.5 889.4
E* (Fig. 9)

45 1858.5 | 3219.0 | 824.6 |1428.2

105 21144 |3662.3 |938.2 |1625.1

0 2012.4 | 3585.6 | 892.7 |1546.2

30 1328.7 |2301.3 | 588.3 |1019.0
F* (Fig. 9)

45 1348.3 | 2335.2 | 598.2 |1036.0

105 1533.8 | 2656.6 | 680.3 |1178.3

Table 6. Values of normal stress oy (in MPa) at the points E* and F* (Fig. 9)—assuming the clearance of the
mating teeth of the satellite and curvature (in the working mechanism) is deleted.

z

0.96 1.8

1 1200 | 2250
1.3 9231 |1730.8

SH

Table 7. Permissible stress oy, (in MPa).
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CB [mm] t[s] Aps=25MPa | Apg=5MPa
0.001 72.5 324
0.05
0.010 7.25 3.24
0.001 |102.5 45.9
0.10
0.010 10.25 4.59

Table 8. Impact force F;, values (in N) of the satellite tooth against the rotor tooth.

Aps=25 MPa Aps=5 MPa
CB [mm] aR [deg] |K=1 K=3 K=1 |K=3
30 1190.4 | 2061.8 | 545.4 944.7
0.05 45 1908.7 | 33059 |874.4 |1514.4
105 21589 |3738.9 |982.3 |1701.3
30 1203.4 | 2084.4 | 558.1 966.6
0.10 45 1929.1 | 3341.2 | 894.2 |1548.7
105 2176.7 |3770.2 |999.9 |1731.9

Table 9. Values of normal stress oy (in MPa) at the point F* (in MPa) assuming the impact of the satellite
tooth against the rotor tooth (for t=0.001s).

(a)
(b)
(c)

(d)

(e)

FAp/FpE/FpF[N]

The number of contacts of each rotor tooth with a satellite tooth is 1.5 times larger (ipys=6 and igrs=4)
than the number of contacts of each curvature tooth with the satellites tooth.

The accelerations of the satellite and the corresponding forces loading the teeth are a non-linear function
of the rotation angle of the rotor (Figs. 13, 16).

The highest values of the forces acting on the teeth of the satellite mechanism result from the pressure differ-
ence Aps acting on the satellite. The highest value of these forces occurs for ap = 105°, i.e. when the working
chamber C reaches the minimum volume V¢ i, (Fig. 9¢). The value of the forces F,; and F, for az =105°
and for the pressure difference Aps in two adjacent working chambers of 25 MPa is 1714 N (Fig. 19).

The values of F,; and F, within the angle of rotation of the shaft ar € % =30"; 180 — 45 ) are ON
E nR

(Fig. 19). Within this angular range, the working chambers adjacent to the satellite are in the same phase
(emptying—Fig. 9¢).

The forces Feg, Fesp F.p) and Fy loading the teeth resulting from satellite accelerations and forces F.g, and
F.p due to the centrifugal force F_ have very low values of less than 1 N (Figs. 15, 16, 17). The highest values
of these forces occur for the rotor rotation angle ar=33.80° (point T is the contact point of the satellite
with the rotor—Fig. 12). After passing the point T, the values of the forces Fgg, Fogp, F.p; and F,p decrease
rapidly due to changes in the geometric parameters of the rotor. The rapid changes in these forces do not
have a significant effect on the value of the stress at the contact point of the interacting teeth due to their
very small values.
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Figure 19. Characteristics of the force F,, and the forces F,; and F, at the points E* and F*.
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(f)  The forces Fegg, Fegp Fap1» Fop and forces Fog; and F ; can be omitted from the consideration of stresses in the
teeth contact due to their low values compared to the forces F,; and Fp.

(g) There is a shift of the satellite towards the curvature within the limits of the tip clearances and circumfer-
ential backlash of the mating teeth;

(h) At the moment when there is a step change in pressure in the working chambers (for the presented mecha-
nism ag =30°, 45°, 105°, 120° etc. (Fig. 9)) the tooth of the satellite hits the tooth of the rotor with the
force Fy,, the value of which depends especially on the value of clearance CB and may exceed the force F;
resulting directly from the pressure difference Apg (Table 8).

(i) Inideal satellite mechanism (without clearances) the stresses in the contact of the interacting teeth do not
exceed the value of allowable stresses at Aps=25 MPa only in the most optimistic calculation variant (for
K=1,SH=1and Z=1.8).

(j)  In a real satellite mechanism, in which the impact force F,, of the satellite tooth against the planet tooth
occurs, the stresses in the contact of the cooperating satellite teeth with the rotor teeth are about 4% higher
(for Aps=25 MPa) than the stresses in the contact of the cooperating satellite teeth with the curvature teeth
(see the results in Tables 6, 9).

In addition, based on the results of the analyzes carried out, it can be concluded that the following factors are
the reason for the rapid wear of the rotor teeth (Fig. 3):

(a) The tip clearances and circumferential backlash of the cooperating teeth, as a result of which an undesirable
impact force F;, of the satellite tooth against the rotor tooth is created.

(b) During the operation of the satellite mechanism, the clearance probably increases (as a result of wear),
which increases the impact force Fy,.

(c) To large working pressure of the satellite motor (the working pressure of 25 MPa is too large for satellite
mechanism).

(d) High rotational speed of the rotor. As shown in “The rotation angles of the satellite and the number of teeth
contacts in the mechanism” section, at the rotation speed of the motor shaft n=1500 rpm, the number of
contacts of each rotor tooth with the tooth of the satellites during one minute is as much as 9600. In 1 h
there are 576,000 contacts and in 10 h at least 5.76 million contacts. Considering the dynamic changes in
the load on the teeth, it can be assumed that the satellite mechanism will be destroyed in a relatively short
operating time.

Comparing the calculation results, given in Tables 5 and 7, it can be presumed that the wear of the rotor teeth
will be significantly reduced when:

(a) The satellite mechanism will be precisely made, i.e. with minimal tip clearances and with minimal circum-
ferential backlash (CB < 0.08 x module).

(b) The motor will be operated with such a torque load that the pressure difference Ap; in the working chambers
does not exceed 5 MPa.

In summary, satellite positive displacement machines (pumps, motors) should operate at low speed and at
most an average working pressure. For example, if the permissible speed of the hydraulic motor shaft is 100 rpm,
the number of contacts of each rotor tooth with the satellite tooth will be only 38,400 within 1 h.

Data availability
The datasets used and/or analysed during the current study are available from the corresponding author on
reasonable request.
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