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1. Introduction

An important but difficult problem in dynamical systems is to identify the periodic point free maps on a given compact
manifold. The necessary (but not sufficient) condition for a map to be periodic point free is that the Lefschetz numbers of
all its iterates vanish. This motivates the following definition: a map f is called Lefschetz periodic point free iff L(f™) =0
for m=1,2,3,.... In [7] a characterization of Lefschetz periodic point free maps on S", CP", HP" and SP x S was
given. The aim of this paper is to give a more detailed description of the Lefschetz periodic point free maps on the spaces
considered in [7] (Section 2), as well as to generalize these results for the large class of manifolds called rational exterior
spaces (Section 3).

Our approach in this part of the paper is based on the use of additional information, hidden in the structure of the coho-
mology ring, which allows one to determine the sequence {L(f™)}5>_; (cf. [4]). This method enables us to show that some
conditions found in [7] are superfluous, because they are always satisfied. Moreover, it makes it possible to find the explicit
formula for L(f™) which is conceptually simpler than the use of the Lefschetz zeta function applied in [7]. We also correct
some incorrect statements in [7] concerning CP™ and HP".

In Section 4 we formulate the necessary and sufficient conditions for a map to be Lefschetz periodic point free in
the language of eigenvalues, based only on the definition of Lefschetz number. These conditions enable us to identify some
spaces that do not admit Lefschetz periodic point free maps.
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In the final part of the paper (Section 5) we illustrate the way in which the purely algebraical condition of being
“Lefschetz periodic point free” provides some important information about the structure of periodic points of the map.

2. Lefschetz periodic point free maps of S, CP", HP™ and SP x S9: cohomological ring approach
2.1. Lefschetz numbers of iterates

For a compact connected manifold M of dimension n we will consider H (M; Q), where i =0, 1, ..., n, the cohomology
groups with coefficients in @Q, which are then finite dimensional linear spaces over Q. For a self-map f of M we denote by
f* the linear map induced by f on H'(M; Q) and by f* the self-map @, f* of P, H'(M; Q). The Lefschetz number
L(f™) of f™ is then equal to

L™ =Y =Dl e(fm)", (2.1)
i=0

where tr(f™)* is the trace of the matrix representing (f™* : H(M; Q) — H!(M; Q). Notice that if A is a matrix of f*,
then A™ is a matrix of (f™)*, representing the homomorphism induced on H!(M;Q) by f™, the m-th iteration of f
(cf. [2,9]). Consequently, when tr f* = le':] Aj, then tr(fM* = le':] )JJTI, where the sum is taken over all eigenvalues
in the spectrum of A, counted with multiplicities.

Often the Lefschetz number of f is defined via homology groups, but for our purposes it is more convenient to give the
equivalent definition (2.1).

We will make use of the structure of the cohomology ring P;_, Hi(X; Q) to obtain additional information concerning
the Lefschetz numbers of iterates of f. Let us recall two basic properties of cup product that we will apply later in the
paper:

e f* is a homomorphism of @}_, H'(M; Q), i.e.

fflaup)=f @)U f(B); (2.2)
e the cup product is anticommutative, i.e. if « € H*(M; Q) and 8 € H!(M; Q), then
aUB=(DMBUa. (2.3)

2.2. Lefschetz periodic point free maps on CP"

We consider the complex projective space, denoted CP". The cohomology ring over Q of CP" is isomorphic to the
quotient polynomial ring Qla]/ @™, where « is the generator of H2(CP"; Q) = Q (cf. e.g. [8]). As a consequence,
H*(CP"; Q) = DL, HZ(CP", Q) and each H2 (CP", Q) is generated by

dl=agvav---va fori>0
N— —
i
where we adopt the convention that «® = 1. Now, we are in a position to calculate the sequence of Lefschetz numbers of
iterates (cf. similar calculation for L(f) in [9]). As (f™)*2 has the eigenvalue a™, where a € Z is such that f*2(a) = acr, we
get by the formulas (2.1) and (2.2):

L(f™) =1 +Xn:(am)" L Lt (2.4)
i1 n+1 ifa™=1.

It is obvious that if a ¢ {—1, 1} then L(f™) #0 for m=1,2,3,.... On the other hand, if a € {—1, 1} then either for m =1
or for m =2 we get a™ =1 and thus by the second part of formula (2.4) L(f™) =n+ 1#0. As a result we obtain the
following:

Proposition 2.1. There are no Lefschetz periodic point free maps on CP™.
2.3. Lefschetz periodic point free maps on HP"

Let HP" denote the n-dimensional quaternionic projective space. The structure of the cohomology ring over Q is similar
to CP™; however now the generator is four-dimensional (see e.g. [8]):
n
H*(HP"; Q) = @D H* (HP", Q) ~ Qla]/ ("),
i=0
where o € H4(HP"; Q) ~ Q.
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Since the generator of H* (HP", Q) equals o' and each (f™)** has a™ as an eigenvalue (with f**(e) =aa) we find in
the analogous way as for CP™" that the sequence of Lefschetz numbers of iterates of a continuous map f : HP" — HP" has
exactly the same form as in (2.4).

Again we conclude

Proposition 2.2. There are no Lefschetz periodic point free maps on HP™.

Remark 2.3. There is an error in [7] in Theorems 1 and 2, which state that for a =0 the self-maps of CP" or HP" could be
Lefschetz periodic point free.

2.4. Lefschetz periodic point free maps on spaces of the type SP x S4
Now let us consider products of multidimensional spheres. We break the problem into cases as follows

(1) M =SP x SP, where p is odd,

(2) M =SP x SP, where p is even,

(3) M =SP x S9, where p,q even, p #q,

(4) M = SP x S, where p,q odd, p #q,

(5) M = SP x S9, where one of the p, q is even, the other is odd.

In the first two cases the cohomology groups of M are the following:

HY(M; Q) =Q, H?(M; Q) =Q @ Q, H?’(M; Q) = Q and all the other cohomology groups vanish. The induced homo-
morphism f*P is represented by the matrix A = (f_f 3) and f*2P is multiplication by a constant e € Z, where e is the degree
of f.

The cohomology ring of M has the form (cf. [8]): H*(M; Q) = @ie{o,p,zm H!(M; Q) and if @ and B are the generators of

HP(M; Q), then o U g is a generator of H2P (M; Q).
Then by (2.2) and (2.3) and the fact that o? = 82 = 0 we obtain

F2P (@~ B) = f*P(a) ~ f*P(B) = (aa + cp) ~ (ba +dp)
= ad(e - f) + be(B — @) = (ad + (= 1)""bc) (@ - p). (2.5)

Now, we consider the cases (1) and (2) separately.

Case 1. Since p is odd, p? is also odd, and thus (2.5) takes the form:

f?P (@~ B) = (ad — bo)(@ ~ B) =e(a@ - B). (26)
As a result, for p odd ad — bc =e. Thus, if A1 and A, are the eigenvalues of f*P then A1), is the eigenvalue of f*2P, so
LOF™) =14 (=DPa((f")*) + (=D ur((f™)P)
=1+ DP(AT +25) + 0ar)™ = (1-27) (1= 25).

We obtain the conclusion that f is Lefschetz periodic point free if and only if A1 =1 or Ay =1 or, equivalently, L(f) =0.
On the other hand,

L(fy=1—-(a+d)+ad—bc.
Thus we have

Proposition 2.4. Amap f : SP x SP — SP x SP where p is odd is Lefschetz periodic point free if and only ifad — bc = —1 +a +d,
or equivalently, if and only if one of its eigenvalues is equal to 1.

Remark 2.5. In [7, Theorem 5] besides the condition of Proposition 2.4 there is an additional condition which states that
ad — bc =e, but it follows from the formula (2.6) that this is always satisfied and thus the condition is superfluous.

Case 2. For p even (2.5) takes the form:

F?P (@~ B) = (ad +bo) (@ ~ B) =e(@ ~ B) (2.7)

and therefore ad + bc =e. We have L(f!) =1+a+d+ (ad + bc) and L(f?) =1+ a® 4 2bc + d* + (ad + bc)?. Assuming now
that L(f1) =0 and L(f?) =0 we see that ad + bc=—1—a—d and a® +d?> =0, hence a=d =0 and bc= —1 thatis b=1
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and then ¢ = —1 or the other way round. In this case one may verify that also L(f3) = 0. However, for m =4 the matrix for
(fH*P is of the form

a b]*_[o —b] o b]_[10
cd| |- 0 c O |0 1|
therefore

L(fYY=14+2+(-1)"=4

and thus f is never Lefschetz periodic point free.
In the cases (3), (4) and (5) the cohomology groups are

Q fori=0,p,q,p+q;
0 otherwise.

H'(M; Q) = {

We will denote by (x) the 1 x 1 matrix with entry x. Then let f*P = (a), f*? = (b) and f*PT™9 = (¢) be the homomorphisms
acting correspondingly on H? (M; Q), HY(M; Q) and HP*9(M; Q) as multiplication by integer numbers a, b and c, respec-
tively. However, since for generators o € HP (M; Q) and B € H1(M; Q) the cup product « -~ g is a generator of HPT4(M; Q),
the formula (2.5) yields that

P~ p) = f*P@) ~ f9B) =aa — bp =ab(a — B) =c(a - f)

and thus ¢ =ab.

Case 3. Suppose now that p, q are even and p # q. Then
L(fM)=1+d"+b"+ (@)™ =(1+d™)(1+b™).

Thus for even m, L(f™) # 0.

In cases (2) and (3) we have shown that

Proposition 2.6. Let f : SP x S — SP x SY, with p and q even (including the case p = q), then f is never Lefschetz periodic point
free.

Case 4. Suppose now that M = SP x S9, where both p and q are odd and p # q. Calculation of the Lefschetz number for f™
then gives

L(f™) =14 DPar(fM)P + (DT (™)™ + (1P er(fm)7
=1-d"—b"™+ (@)™ = (1—a™)(1 - b™).

We obtain the following conclusion:

Proposition 2.7. A continuous map f : SP x S9 — SP x S9 where p and q are odd, p # q, is Lefschetz periodic point free if and only
ifa=1orb=1.

Remark 2.8. In [7, Theorem 4 (i) and (ii)] the corresponding condition is stated in the form (1)a=1and b=cor (2)a=c
and b =1, where f*? = (a), f*9 = (b) and f*P*9 = (c). However, since ¢ = ab by the structure of the cohomology ring,
these conditions reduce to (1) a=1or (2) b=1.

Case 5. It remains to analyze what happens for products of even and odd-dimensional spheres. If p is even and q is odd
then, by the same arguments as above

L(fM)=1+d"—b"—(ab)" = (1+d™)(1—-b")

and thus L(f™) =0 for all m e N if and only if b=1 or a=b = —1. In the case b =1 necessarily ¢ = a, where f*’T1 = (c)
since always ¢ = ab. The second part of the following proposition can be proved in the same way.

Proposition 2.9. Let f : SP x S9 — SP x S9 with p #q and f*P = (a) and f*9 = (b). Then:

(1) If pis even and q is odd, then f is Lefschetz periodic point free if and only ifb=1o0ora=b = —1.
(2) If pisodd and q is even, then f is Lefschetz periodic point free if and only ifa=1ora=b = —1.
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Remark 2.10. In [7, Theorem 4 (iii)-(vi)] there are more conditions which are equivalent to the statement that in Case 5
f is Lefschetz periodic point free. However, they all reduce to the items (1) and (2) of Proposition 2.9. In particular, the
condition (iv) (and in the same way (vi)): a=b and ¢ =1 is covered by the items (1) and (2), because c=ab and a=b
imply thata=b=—-1ora=b=1.

3. The Lefschetz number of maps of rational exterior spaces

In this section we apply the powerful theorem of Duan in [4] to generalize the results concerning products of odd-
dimensional spheres.

Let H*(X; Q) = '::0 H"(X; Q) be the cohomology algebra of the finite complex X with multiplication given by the
cup product. We will call an element x € H"(X; Q) decomposable if there are pairs (x;, y;) € HPi(X; Q) x H%(X; Q) with p;,
qi >0, pi+q; =r >0 such that x=";(x; U y;). For r > 1 let A"(X) = H"(X; Q)/D"(X), where D" is the linear subspace
over Q consisting of all decomposable elements. For a continuous map f : X — X let f* be the induced homomorphism on
cohomology algebra and A(f) = @?:1 AT(f) the induced homomorphism on A(X) = EB;':] AT(X).

Definition 3.1. Let f: X — X and let I : A(X) — A(X) be the identity morphism. The polynomial

Ag(t) = det(t] — A(f)) = [ [ det(el — A"(f))

r>1

will be called the characteristic polynomial of f. The zeros of this polynomial: 11(f), ..., Ax(f), k =rankg A(X) (the dimen-
sion of A(X) over QQ), will be called the quotient eigenvalues of f.

Definition 3.2. Let R be a commutative ring with identity.

An exterior algebra Ar[aq,ap,...] over R is a free R — module with a basis of all finite products o, aj, ... o4, where
the ordering i1 <iz < --- < i holds, and the associative and distributive multiplication defined by the rules: aja; = —ajo;
for i # j and aiz = 0. The empty product 1 € Ag[o1, 2, ...] is the identity element.

In general the exterior algebra Ax[o, a2, ...] is the graded tensor product over the ring R of the one-variable exterior
algebras A [«j], where all the dimensions |«;| are odd, which we denote

Arlon. @, .. 1= Q) , Arledl,  |eil-odd.

1

Definition 3.3. A connected topological space X is called rational exterior if there are some homogeneous elements x; €
Hodd(X:Q),i=1,...,k, such that the inclusions x; — H*(X; Q) give rise to a ring isomorphism Aglx1, ..., x ] =H*"(X; Q).

Among examples of rational exterior spaces are: finite H-spaces (including all finite dimensional Lie groups) and some
real Stiefel manifolds and spaces that admit a filtration X = Xo 2% X; £ ... 215 x P55 X1 = {point}, where p; is

the projection of an odd-dimensional sphere bundle (cf. [4]).

Theorem 3.4. (Duan [4]) Let f be a self-map of a rational exterior space of rank k, and let A1, ..., Ay be the quotient eigenvalues of f.
Let A denote the matrix of A(f). Then L(f™) = det(I — A™) = ]_[if:1 (1 —=AM.

The above theorem has significant consequences in periodic point theory (cf. [1,5]). One of them is the following nice
characterization of Lefschetz periodic point free self-maps of rational exterior spaces:

Corollary 3.5. Any map f : M — M, where M is a rational exterior space is Lefschetz periodic point free if and only if at least one of
the quotient eigenvalues equals 1.

The cohomology ring H*(M; Q) when M is any product of odd-dimensional spheres is isomorphic to the corresponding
exterior algebra, i.e. H*(SK1 x --- x Sk»; Q) =~ Agla1, a2, ..., an] with k; odd and «; - a generator of Hki (Ski; Q) ~ Q.

Thus, by Corollary 3.5 we obtain in particular a generalization of the results of [7] for odd-dimensional products of
spheres.

Example 3.6. Let M = SP x SP x SP with p-odd. Then

HI(M;Q)=Q fori=0,3p
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and

H(M;:Q)=Qa&QaQ fori=p,2p.

All the other cohomology groups vanish. Moreover, if o, 8, y are the generators of HP(M; Q) then @ - 8,8~ v, —y
are generators of H2?(M; Q) and « — 8 - Y is a generator of H3P(M; Q). Groups H*?(M; Q) and H3P(M; Q) consist only of
decomposable elements and in H? (M; Q) no elements are decomposable. Thus A(X) = HP(M; Q) and A(f) is represented
by the matrix A of f*P. Let A1, A2, A3 be the eigenvalues of A, which are also the quotient eigenvalues of f. Theorem 3.4
asserts that L(f™) =det(I — A™) = (1 - A[)(1 —2A7)(1 —AY) and thus f is Lefschetz periodic point free if and only if A1 =1
or A =1 or A3 = 1. What is more, one can easily express these conditions in terms of coefficients of the matrix A, which
are coded in the equation det(I — A™) =0.

4. Description of Lefschetz periodic point free maps in terms of essential eigenvalues

Let M be an n-dimensional compact connected manifold. For integers i > 0 and f: M — M, let e;(A) # 0 be the number
of eigenvalues of f*' equal to A. Define

n
e =Y (=D'ei(n).
i=0
Definition 4.1. ([9]) An eigenvalue A # 0 is essential if e(A) # 0.

Let o (f) denote the spectrum of f,. The set of essential eigenvalues will be denoted by o,s(f). Notice that only essential
eigenvalues contribute to {L(f™)}>>_, since

L(fM)= Y e@a™= Y emr™

rea(f) A€oes(f)

Remark 4.2. Observe that if there are no essential eigenvalues, then L(f™) =0 for all m € N, so f is Lefschetz periodic point
free.

Now we ask whether the converse statement is valid: assume that f is Lefschetz periodic point free, is that true that f
has no essential eigenvalues? We will obtain an affirmative answer to that question as follows:

Theorem 4.3. Let M be a compact connected manifold. f : M — M is Lefschetz periodic point free if and only if there are no essential
eigenvalues of f.

In the proof of the above theorem we will make use of the following algebraic result (for the proof see e.g. [3]).

Lemma 4.4. Let A and B be finitely generated C-vector spaces and u : A — A and v : B — B linear maps. If tr(u®) = tr(v¥) for every
k > 1, then u and v have the same non-zero eigenvalues counted with their multiplicities.

Proof of Theorem 4.3. We can divide cohomology groups into odd-dimensional and even-dimensional ones:

HYM; Q)= P H'M; @,  H*M; Q) := P H'M; Q)
i-even i-odd

and analogously for the induced homomorphisms

fHE (M Q) — HYM: Q) 40 BN M Q) — HY(M; Q).
Then

L(f) = tr f*V — g frodd.

Suppose that L(f™) =0 for every m € N. Then L(f™) = trA{, — trA7,, = 0, where Aey and Agqq are the matrices
representing f*¢ and f*°94, respectively. By Lemma 4.4 we get that the eigenvalues of f*¢¥ and f*°44 are the same,
together with corresponding multiplicities. As a consequence, for any A € o (f) we have e(x) =0, so there are no essential
eigenvalues. 0O

Notice that to determine if there exist some essential eigenvalues it is enough to consider only the first iterate f, not all
the iterates f™.
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Now we present two applications of Theorem 4.3.

Let us consider a self-map f of a connected compact manifolds with H!(M; Q) = 0 for i-odd. Examples of the manifolds
satisfying these conditions are CP" and HP". Then, 1 is an eigenvalue on H%(M; Q) and obviously it is essential, thus by
Theorem 4.3 f cannot be Lefschetz periodic point free. We obtain the following corollary which is much more general than
Propositions 2.1 and 2.2.

Corollary 4.5. If H{(M; Q) = 0 for all odd i, then there are no Lefschetz periodic point free maps on M.

Now, let us consider a self-map f of a connected compact manifold with H(M; Q) = 0 for even i, i > 1. As M is
connected H9(M; Q) =Q and 1 is the only eigenvalue on H%(M: Q). A simple example of such a space is a sphere S" with
n odd. Now, by Theorem 4.3, if f is Lefschetz periodic point free then there are no non-zero eigenvalues different from 1 on
H°d4d(M: Q) (otherwise they were essential). Furthermore, there must be exactly one eigenvalue equal to 1 on H°(M; Q)
to make 1 inessential. We then have the following:

Corollary 4.6. If H!(M; Q) = 0 for i > 0 even, then f is Lefschetz periodic point free if and only if there is exactly one non-zero
eigenvalue equal to 1 on H°44(M; Q).

In particular for f:S"™ — S™, where n is odd, f is Lefschetz periodic point free if and only if f is a map of degree one.
5. Removing periodic points for Lefschetz periodic point free self-maps of simply-connected manifolds
In this section we will demonstrate the method for minimizing the number of periodic points in the homotopy class for

Lefschetz periodic point free maps. We consider f a self-map of a compact connected manifold of dimension at least 3.
For a given fixed natural r we define the numbers MF;(f) and MF¢(f) in the following way:

MF;(f) = min{#Fix(g"): g~ f}. (5.1)
MF < (f) =min{#U Fix(g*): g~f}, (5.2)
k<r

where ~ means that the maps g and f are homotopic.
The following formula was proved by Jezierski in [6, Theorem 5.1] for self-maps of simply-connected manifolds:
0 ifL(f% =o0forallkr,

1 otherwise.
We can apply this formula to remove all k periodic points (k < r) in the homotopy class of a map that is Lefschetz
periodic point free.

MF:(f) = { (53)

Theorem 5.1. Let f be a self-map of a compact connected and simply-connected manifold M which is Lefschetz periodic point free.
Then, for any fixed r one can find in the homotopy class of f a map with no k-periodic points for k <r.

Proof. Let r be a fixed natural number. Assume that g; is the map that realizes the minimum in the formula (5.2) for r and
g2 in the formula (5.1) but for r!. Then

MF<,(f) =#|_J Fix(g}) < #| J Fix(g5) < #(_JFix(g})
k<r k<r k|r!

= #Fix(g}) = MFu(f).

On the other hand, the condition that f is Lefschetz periodic point free implies by the formula (5.3) that MF,(f) = 0.
As a consequence MF¢;(f) =0, which ends the proof. O

Remark 5.2. In general Theorem 5.1 does not hold for manifolds that are not simply-connected, because then the for-
mula (5.3) is not true.

Remark 5.3. Theorem 5.1 concerns only k-periodic points with k <r (where r is fixed) i.e. it does not provide any knowledge
about the existence of periodic points with higher minimal periods for maps in the homotopy class.

Remark 5.4. We note that the opposite kind of information, establishing the existence of many periodic points, can be
obtained by the use of cohomological ring. For example, consider the product of odd-dimensional spheres, X = S91 x 9% x
.. x S% where d; > 3. Let a finite group G act freely on the space X and f : X — X be an equivariant map. Suppose that
there exists a prime p|#G such that there are no roots of unity of order p® (tr > 1) among quotients eigenvalues of f.
Recently, Jezierski and Marzantowicz proved that then f has infinitely many periodic points (Theorem 7.1 in [10]).
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