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ABSTRACT: Engineering components often operate under complex loadings, in which the variable 

amplitude multiaxial stresses are raised by geometric discontinuities including holes, grooves, fillets and 

shoulders, etc. Besides, the non-proportional loading will lead to the rotation of maximum principal 

stress/strain and additional fatigue damage of structural elements in service. Consequently, the multiaxial 

and non-proportional loading have attracted increasing attentions. In this study, for distinguishing the 

effects of different load paths on fatigue life, a simple and applicable method to quantify the non-

proportionality is defined, which comprehensively considers the influence of loadings on all material 

planes. A new equivalent strain damage parameter based on critical plane is proposed in this study. 

Specifically, to quantify the effect of non-proportional loading on fatigue damage, a non-proportional 

degree of loading on the generalized plane is developed. Coupling with the existing non-proportional 

coefficient, a novel fatigue damage parameter is derived by combining a non-proportional factor. 

Experimental data of 304 stainless steel, sintered porous iron and CuZn37 brass are utilized for model 

validation and comparison. Fatigue lives with different load paths are evaluated respectively. In 

comparison with the Fatemi-Socie (FS), Chen and Itoh models, proposed method more effectively 
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evaluate the multiaxial fatigue life of materials under non-proportional loadings.

Keywords: life prediction, non-proportionality, multiaxial fatigue, load path, critical plane

Nomenclature

Symbols 𝛼,𝛽 Rotation angle
𝐴𝑚𝑎𝑥 Circle area with radius of maximum 

shear strain

𝜃𝑐 Orientation angle of the 
critical plane

𝐴𝜃𝑚𝑎𝑥 Swept area of 𝛾𝜃𝑚𝑎𝑥 𝛷 Non-proportional factor
𝑏,𝑐 Fatigue strength/ductility exponent 𝜈𝑒 Elastic Poisson’s ratio
𝑏0,𝑐0 Shear fatigue strength/ductility 

exponent

𝜈𝑒𝑓𝑓 Effective Poisson’s ratio

𝐶𝑋𝑌,𝐶 Correlation coefficient 𝜎,𝜎𝜃,𝜎𝑝 Stress
𝐶𝑜𝑣 Covariance 𝜎𝑒 Standard deviation of errors
𝐸 Elastic modulus 𝜎𝑛 Normal stress
𝑒𝑖,𝑒 Error index 𝜎𝑡 Ultimate tensile strength
𝑓𝑛𝑝 Non-proportionality 𝜎𝑦 Yield strength
𝐺 Shear modulus 𝜎𝑛,𝑚𝑎𝑥 Maximum normal stress
𝐾 Uniaxial strength coefficient 𝜎′𝑓,𝜀′𝑓 Fatigue strength/ ductility 

coefficient
𝐾′ Cyclic strength coefficient

𝜎𝑁𝑃
Equivalent stress under out-
of-phase loading

𝑘 Material constant
𝜎𝐼𝑃

Equivalent stress under in-
phase loadings

𝐿,𝐿′,𝐿0 Cyclic strain path 𝜏𝑠,𝜏𝜃 Shear stress
𝑙𝑛𝑝 Non-proportional coefficient 𝜏′𝑓,𝛾′𝑓 Shear fatigue 

strength/ductility coefficient
𝑁 Total number of specimens 𝜀,𝜀𝜃,𝜀𝑝 Strain
𝑁𝑓 Fatigue failure cycles 𝜀𝑛 Normal strain
𝑁𝑓𝑡 Tested life ∆𝜀𝑛 Normal strain range
𝑁𝑓𝑝 Predicted life εI Principal strain
𝑁𝑓 ― 𝑁𝑃 Fatigue life under non-proportional 

loading
∆𝛾𝑝

𝑚𝑎𝑥 Plastic shear strain range

𝑁𝑓 ― 𝐼𝑃 Fatigue life under proportional 
loading

𝛾𝑠,𝛾𝜃 Shear strain

𝑛′ Cyclic strain hardening exponent ∆𝛾 Shear strain range
𝑛 Uniaxial strain hardening exponent Abbreviations
𝑟𝑚𝑖𝑛,𝑟𝑚𝑎𝑥 Minor and major semi-axis of MCE CPM Critical plane methods
𝑉𝑎𝑟 Variance ECP Energy-critical plane
𝑋(𝑡),𝑌(𝑡) Random variables FDP Fatigue damage parameter
𝑥,𝑦,𝑧 Cartesian coordinate direction FS Fatemi-Socie model
𝑊𝑁𝑃 Plastic work under 90°out-of-phase 

loading
MLP Moment of load path  

𝑊0 Plastic work under uniaxial or 
proportional loading

MOI Moment of inertia
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𝜆𝑖 Eigenvalues MCE Minimum circumscribed 
ellipse

𝜆 Strain ratio SFE Stacking fault energy
𝜉,𝜑 Phase angle

1. Introduction

Due to the influences of geometric discontinuities (including holes, notches, fillets, chamfers, etc.) 

and complicated external loadings, engineering components are always subjected to multiaxial cyclic 

loadings [1–5], and multiaxial fatigue failure widely occurs at their weak regions. Unfortunately, owing 

to the influences of crack generation mechanism and real stress-strain state, multiaxial fatigue failure is 

more complex than that fatigue under uniaxial loadings [6–9]. In addition, the non-proportional loadings 

inevitably lead to rotation of principal stress direction and result in additional fatigue damage on the 

structural element [10, 11]. Hence, it is essential to develop robust and effective methods to estimate the 

fatigue life of real components under multiaxial and non-proportional loadings.

Based on the microscopic formation mechanisms and the modes of fatigue crack propagation, 

multiaxial fatigue life is estimated by the critical plane methods (CPM), where not only the stress and 

strain are considered, but also the direction of crack initiation plane is involved. Recently, increasing 

attempts have been performed for multiaxial fatigue assessment. Wu et al. [12,13] utilized the Wu–Hu–

Song model to evaluate the multiaxial fatigue life together with test of aluminum alloy TC4. Zhu et al. 

[14–16] studied the normal/shear stress–strain response on the critical plane, and energy-critical plane 

(ECP) method was successfully applied to compressor turbine disc for estimating the fatigue life and 

achieved satisfactory results. In general, the existing CPM are classified into the stress-based parameter 

[17–19], strain-based parameter [20–22] and energy-based parameter [23–26]. Among them, the energy-

based CPM are developed according to the concept of strain energy, which solves the controversies that 

energy is scalar but lack of explanation of crack initiation direction. The satisfactory estimations of 

multiaxial fatigue life under proportional (in-phase) loadings are presented through these above-

mentioned methods, nevertheless, they are not applicable to fatigue assessment under multiaxial and non-

proportional (out-of-phase) loadings which effects are overlooked.

In addition, multiaxial fatigue tests show that the fatigue life of the specimens would be reduced 

significantly by non-proportional loadings [27–29]. To take the effects of non-proportional loadings into 

account during multiaxial fatigue life assessment, a non-proportional factor  was introduced into the 𝛷
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multiaxial damage parameters applicable to proportional loadings [30]. It enhances to improve the 

applicability and accuracy of existing models. From this point of view, the current research mainly 

depends on the non-proportionality of loadings  and non-proportional coefficient  related to 𝑓𝑛𝑝 𝑙𝑛𝑝

material.

(1)𝛷 = 𝑓(𝑓𝑛𝑝,𝑙𝑛𝑝)

where the non-proportional coefficient is usually thought to be related to the non-proportional additional 

hardening of materials. Kanazawa et al. [31] defined the non-proportional coefficient by the ratio of the 

equivalent stress under in-phase and 90° out-of- phase loading. Then Lu et al. [32], Shamsaei and Fatemi 

[33], Borodii and Shukaev [34], and Anes [35] also referred to the definition to assess the sensitivity of 

material to non-proportional loadings by using uniaxial and monotonic properties. Similarly, it has been 

found that the non-proportional loadings also significantly reduce the fatigue life of materials without 

obvious hardening. Borodii et al. [36] employed the ratio of two fatigue lives to characterize the non-

proportional coefficient.  has been explained by abundant experiments and detailed discussions  𝑓𝑛𝑝

corresponding to above-mentioned methods can be seen in Section 2.2.

To differentiate different non-proportional loadings, existing feasible solutions are discussed in 

Section 2.3. Recent investigations indicate that the non-proportionality is directly with respect to the 

geometric characteristics of the load paths. Borodii et al. [36] pointed out that the load paths with larger 

enclosed area under the same equivalent stain show a greater non-proportional effect, where  in 𝑓𝑛𝑝

terms of the area ratio of the equivalent convex path to the circular load path is raised. Then the rotational 

inertia of the load paths was introduced to modified Borodii method by Zhong et al. [37]. In 5D deviatoric 

plastic strain space, Meggiolaro et al. [38–40] quantified the non-proportionality by using the moment 

of inertia (MOI) of the load paths. However, it is complicated for fatigue life prediction because 

equivalent path processing or intricate geometric operation is required. Besides, the non-proportional 

loadings usually result in the rotation of the principal axis of stresses or strains,  is also deemed to 𝑓𝑛𝑝

be related to the process of the principal axis rotation. In this process, the rotations of the shear stress 

(strain) or the normal stress (strain) vector on material plane determine the stress-strain response path. 

Kanazawa et al. [31, 41] determined the non-proportionality according to the ratio of shear strain 

amplitudes on different material planes. Itoh et al. [34] developed the integral form of  on basis of 𝑓𝑛𝑝

the maximum principal strain. The minimum normal strain range ratio was utilized to define the non-

proportionality in Li et al. [42, 43]. Other forms of definitions can be found in Ref. [28, 38–40]. Since 
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the reliance of the calculations on stress-strain response path limits their applicability in engineering 

practice in which their methods seem to be intricate. Thus, an efficient method for discriminating non-

proportional degree of different loadings is still lacking for engineering parts.

More effective multiaxial fatigue life prediction model suitable for general loading cases is expected 

for the field. In view of this, a new model based on CPM and non-proportional factor is proposed in this 

work. Firstly, due to the deficiencies of the existing critical-plane model that lack of considering crack 

initiation mechanism, a new fatigue damage parameter is raised to quantify the effects of normal stress 

and average stress. Then, a new quantification method of non-proportionality based on generalized 

material plane is proposed for considering the influences of non-proportional loading on fatigue damage. 

Combined with the existing non-proportional coefficient, the non-proportional factor is introduced to 

modify the proposed fatigue damage parameter, and yields to a new multiaxial fatigue damage model. 

The rationality and precision of the proposed approach are verified by the test results of type 304 stainless 

steel [47], sintered porous iron [48], and CuZn37 brass [49]. Furthermore, the FS [50], Chen [44] and 

Itoh [51, 52] models, suitable for non-proportional conditions, are applied to verify the predicted 

accuracy of the proposed model.

2. Revisiting some concepts of multiaxial fatigue

2.1 Analysis of multiaxial stress-strain state

Generally, engineering parts are often in complex stress-strain states, which can be well described 

by a vector (or matrix) including six stress–strain components, as shown in Fig. 1(a). For better studying 

the multiaxial mechanical behavior and failure mechanism, ASME code standard E2207 [13] designs 

smooth thin-walled tubular specimen for axial–torsional loading test. Theoretically, from the plane stress, 

the stress state can be shown in Fig. 1(b) and expressed as:

    (2)[𝜎] = [𝜎𝑥𝑥 𝜏𝑥𝑦 0
𝜏𝑥𝑦 0 0
0 0 0] [𝜀] = [ 𝜀𝑥𝑥

1
2𝛾𝑥𝑦 0

1
2𝛾𝑥𝑦 ― 𝜈𝑒𝑓𝑓𝜀𝑥𝑥 0

0 0 ― 𝜈𝑒𝑓𝑓𝜀𝑥𝑥
]

where  and  denote the stress and strain tensors,  and  denote the normal stress and [𝜎] [𝜀] 𝜎𝑥𝑥 𝜏𝑥𝑦

shear stress,  and  denote the normal strain and shear strain, respectively.  is the effective 𝜀𝑥𝑥 𝛾𝑥𝑦 𝜈𝑒𝑓𝑓

Poisson’s ratio and can be computed according to the literatures [53–55]. 
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Fig. 1 Analysis of multiaxial stress-strain state

Through coordinate rotation, the normal and shear stresses (or strains) in all planes and directions 

can be expressed as follows:

(3)𝜎𝜃 =
𝜎𝑥𝑥

2 +
𝜎𝑥𝑥

2 cos (2𝜃) + 𝜏𝑥𝑦sin (2𝜃)

(4)𝜏𝜃 =
𝜎𝑥𝑥

2 sin (2𝜃) ― 𝜏𝑥𝑦cos (2∅)

(5)𝜀𝜃 = (1 ― 𝜈𝑒𝑓𝑓)𝜀𝑥𝑥

2 + (1 + 𝜈𝑒𝑓𝑓)𝜀𝑥𝑥

2 cos (2𝜃) +
𝛾𝑥𝑦

2 sin (2𝜃)

(6)𝛾𝜃 = (1 + 𝜈𝑒𝑓𝑓)𝜀𝑥𝑥sin (2𝜃) ― 𝛾𝑥𝑦cos (2𝜃)

where  is the angle between the reference plane and the axial direction of the objects.𝜃

For strain-controlled tests, each strain is loaded with a sine wave curve, just as:

(7)𝜀𝑥𝑥 =
∆𝜀
2 sin (𝜔𝑡)

(8)𝛾𝑥𝑦 = 𝜆
∆𝜀
2 sin (𝜔𝑡 ― 𝜑)

(9)𝜆 =
∆𝛾
∆𝜀

where  and  are normal and shear strain ranges,  is the strain ratio and  is the phase angle ∆𝜀 ∆𝛾 𝜆 𝜑

between the tensional and torsional strain.

According to the critical plane theory, crack initiation often starts from the plane with the maximum 

strain amplitude in the low cycle fatigue region. Taking ductile materials as an example, the parameters 
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on the critical plane with maximum shear strain amplitude are expressed as:

(10)
∂∆𝛾
∂θ = 0

(11)𝜃𝑐 =
1
4tan ―1 [2𝜆(1 + 𝜈𝑒𝑓𝑓)cos 𝜑

(1 + 𝜈𝑒𝑓𝑓)2 ― 𝜆2 ]
(12)∆𝛾𝑚𝑎𝑥 = ∆𝜀{[𝜆cos (2𝜃𝑐)cos (𝜑) ― (1 + 𝜈𝑒𝑓𝑓)sin (2𝜃𝑐)]2 + [𝜆cos (2𝜃𝑐)sin (𝜑)]2}

1
2

(13)∆𝜀𝑛 =
∆𝜀
2 {[2(1 + 𝜈𝑒𝑓𝑓)cos (𝜃𝑐)2 ― 2𝜈𝑒𝑓𝑓 + 𝜆sin (2𝜃𝑐)cos (𝜑)]2 + [𝜆sin (2𝜃𝑐)sin (𝜑)]2}

1
2

where  is the orientation angle of the critical plane,  is the maximum shear strain range and 𝜃𝑐 ∆𝛾𝑚𝑎𝑥 ∆

 is the normal strain range on the critical plane.𝜀𝑛

Because the stresses of real components cannot be simplified, Zhu et al. [7,14] give an algorithm to 

calculate the three-dimensional space of the critical plane. A material plane  defined by its unit normal S

vector n as shown in Fig. 1(b), which can be expressed through the angles  and . While the second 𝛼 𝛽

reference system can be expressed according to the following unit vector:

(14)𝒏 = [𝑛𝑥
𝑛𝑦
𝑛𝑧

] = [sin 𝛼cos 𝛽
sin 𝛼sin 𝛽

cos 𝛼 ]
The normal stress  and normal strain  of the  plane are calculated by:𝜎𝑛 𝜀𝑛 S

    (15)𝜎𝑛 = 𝒏𝑇[𝜎]𝒏 𝜀𝑛 = 𝒏𝑇[𝜀]𝒏

The shear stress  and shear train  on the  plane are expressed as:𝜏𝑆 𝛾𝑆 S

    (16)𝜏𝑆 = |𝝈𝒑 ― 𝝈𝒏| = |[𝜎]𝒏 ― (𝒏𝑇[𝜎]𝒏)𝒏| 𝛾𝑠

2 = |𝜺𝒑 ― 𝜺𝒏| = |[𝜀]𝒏 ― (𝒏𝑇[𝜀]𝒏)𝒏|𝒏

Then combing with the definition of critical plane, the fatigue damage plane and the damage 

parameters are further obtained. More detailed descriptions are available in [6,14].

2.2 Non-proportionality coefficient

Facing different non-proportional loadings, materials often show different sensitivities. Taira et al. 

[56] firstly observed non-proportional hardening of materials in low cycle fatigue tests, where the fatigue 

behavior is obviously different from that under proportional loadings. Later, many scholars just like 

Lamba et al. [57] and Kanazawa et al. [31] noticed this phenomenon and tried to explain it. The rotation 

and staggering of the maximum shear plane under non-proportional loadings alter the crystalline slip 

plane, and it prevents the growth of stable dislocation and enhances hardening due to the slip planes 

intersection. To quantify the sensitivity of material microstructure to non-proportional loadings, the non-
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proportionality coefficient  is introduced.𝑙𝑛𝑝

Kanazawa et al. [31] defined additional hardening by the ratio of stress amplitudes at region of large 

plastic strains in a fatigue cycle as:

(17)𝑙𝑛𝑝 =
𝜎𝑁𝑃

𝜎𝐼𝑃
―1

where  and  are the equivalent stress under in-phase loading and out-of-phase loading, 𝜎𝐼𝑃 𝜎𝑁𝑃

respectively, where  is 90 deg-out-of-phase loading (circular strain path in a  plot) and 𝜎𝑁𝑃 𝛾 3 ―𝜀

shows the maximum additional hardening in all the non-proportional load paths. Socie [58] took 𝑙𝑛𝑝

 for type 304 stainless steel. Doong et al. [59] considered  to zero for aluminum alloys existing = 0.9 𝑙𝑛𝑝

little additional hardening.

Lu et al. [32] put forward a new non-proportional coefficient based on the ratio of plastic work of 

different paths at the same strain level:

(18)𝑙𝑛𝑝 =
𝑊𝑁𝑃

𝑊0
―1

where  is the plastic work under uniaxial or proportional loadings.  is the plastic work under 𝑊0 𝑊𝑁𝑃

90°out-of-phase loading (circular strain path for the same strain range). The dependence of non-

proportional cyclic hardening on the material is explained based on the energy.

Considering the fatigue test cost and the convenience of engineering application, Shamsaei and 

Fatemi [33] raised the following empirical equation by connecting the non-proportionality coefficient 

 with the uniaxial monotonic and cyclic deformation characteristics of the objective material:𝑙𝑛𝑝

(19)𝑙𝑛𝑝 = 1.6(𝐾

𝐾′)
2(∆𝜀

2 )2(𝑛 ― 𝑛′)
―3.8(𝐾

𝐾′)(∆𝜀
2 )(𝑛 ― 𝑛′)

+2.2

where  denotes axial strain range.  and  denote uniaxial strength coefficient and strain ∆𝜀 𝐾 𝑛

hardening exponent, respectively.  and  denote cyclic strength coefficient and cyclic strain 𝐾′ 𝑛′

hardening exponent, respectively.

Borodii and Shukaev [34] explored in detail the relationships between the microphysical properties 

of metal materials and the microphysical parameters expressed by static properties and the sensitivity of 

cyclic strain hardening. On the one hand, the non-proportional hardening of the material is negatively 

correlated with the stacking fault energy (SFE). However, due to insufficient research, this satisfactory 

quantitative estimation has not been obtained yet. On the other hand, a clear semi-logarithmic linear 

relationship between the static characteristics and the non-proportional hardening level under cyclic 

loading was observed as:

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


9

(20)𝑚 =
𝜎𝑡

𝜎𝑦
―1

(21)lg |𝑙𝑛𝑝| = 0.705𝑚 ―1.22

where  represents a dimensionless parameter.  and  represent the material ultimate tensile 𝑚 𝜎𝑡 𝜎𝑦

strength and yield strength, respectively. Similarly, a simple approximate non-proportional hardening 

model determined by static properties is established by Itoh et al. [60].

Besides, Borodii et al. [36] believed that the non-proportionality coefficient of materials could be 

derived conveniently from the S-N curves under proportional and non-proportional loadings. 

Consequently, Borodii and Shukaev [34] made the following recommendation for materials with high 

additional reinforcement:

(22)𝑙𝑛𝑝 = |𝑁𝑓 ― 𝑁𝑃

𝑁𝑓 ― 𝐼𝑃
― 1|

where  and  are the fatigue lives under non-proportional tension-torsion (circular path) 𝑁𝑓 ― 𝑁𝑃 𝑁𝑓 ― 𝐼𝑃

and proportional (tension-torsion) loading.

2.3 Non-proportionality of loadings

Because of the variety of non-proportional loadings, their influences on material fatigue damage not 

only relies on the material sensitivity, but also on the non-proportional loadings. Kanazawa et al. [31,41] 

firstly developed a rotation coefficient to define the non-proportionality of loadings by studying the plane 

of slip bands of l% Cr-Mo-V steel under axial and torsional non-proportional loadings:

(23)𝑓𝑛𝑝 =
∆𝛾45° 𝑡𝑜 S

∆𝛾𝑚𝑎𝑥

where  is the maximum shear strain amplitude on the critical plane,  is shear strain ∆𝛾𝑚𝑎𝑥 ∆𝛾45° 𝑡𝑜 S

range at  to the critical plane . For sinusoidal loading, see Eq. (7-9), the non-proportionality  45° 𝑆 𝑓𝑛𝑝

is described by the formula:

（24）𝑓𝑛𝑝 =
𝜆2 + (1 + 𝜈𝑒𝑓𝑓)2 ― (((1 + 𝜈𝑒𝑓𝑓)2 ― 𝜆2)2 + (2𝜆(1 + 𝜈𝑒𝑓𝑓)cos 𝜑)2)1 2

𝜆2 + (1 + 𝜈𝑒𝑓𝑓)2 + (((1 + 𝜈𝑒𝑓𝑓)2 ― 𝜆2)2 + (2𝜆(1 + 𝜈𝑒𝑓𝑓)cos 𝜑)2)1 2

Fatemi and Shamsaei et al. [50] pointed out that the additional hardening under non-proportional 

loadings could account for the maximum normal stress  on the maximum shear strain plane. 𝜎𝑛,𝑚𝑎𝑥

Based on the relationship between the shear strain on the critical plane and the non-proportional load 

paths, De Freitas et al. [61] took into account the advantages of minimum circumscribed ellipse (MCE) 

approach and characterized the non-proportionality in an easy way:
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(26)𝑓𝑛𝑝 =
𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥

where  and  are the minor and major semi-axis of MCE enclosing the shear strain path in Fig. 𝑟𝑚𝑖𝑛 𝑟𝑚𝑎𝑥

2, respectively.

𝑟� ��

Material plane 𝑆
the path of 𝛾�

𝑟� ��

𝑂

Minimum 
circumscribed 
circle (MCC)

Minimum 
circumscribed 
ellipse (MCE)

Fig. 2 The non-proportionality by MCE.

Through the study of the maximum shear strain in different directions during one cycle, Chen et al. 

[44] found that  is a circle in the polar coordinate form as shown in Fig. 3 when  and 𝛾𝜃𝑚𝑎𝑥 ―𝜃 𝜆 ≈ 1.5

the phase angle , which indicates that  reaches the same maximum shear strain value in 𝜑 = 90° 𝛾𝜃𝑚𝑎𝑥

any direction . Combined with the dislocation theory, this non-proportional loading will lead to more 𝜃

active slip systems, which will affect the fatigue life of the material. Then, Chen et al. [44] advanced the 

following parameter to define the non-proportionality as:

(27)𝑓𝑛𝑝 = 2
𝐴𝜃𝑚𝑎𝑥

𝐴𝑚𝑎𝑥
―1

where  is the circle area with radius of maximum shear strain during one cycle,  is the swept 𝐴𝑚𝑎𝑥 𝐴𝜃𝑚𝑎𝑥

area of  polar coordinate space (  for proportional loading and  for  𝛾𝜃𝑚𝑎𝑥 ― 𝜃 𝑓𝑛𝑝 = 0 𝑓𝑛𝑝 = 1 𝜑 = 90°

and ). In general, the rank of non-proportionality is circular  square  cruciform  𝜆 ≈ 1.5 > > >

proportional path, which consistent with the conclusions in [62].
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𝑑

𝑎

𝑐

𝑏

𝑒

𝜃

𝜸𝜽𝒎𝒂𝒙

𝛾�� �� − 𝜃

Fig. 3  versus  relationships for different load paths, (a) Tension, (b) Torsion, (c) 𝛾𝜃𝑚𝑎𝑥 𝜃

Proportional, (d) Circular, and (e) Square.

Itoh et al. [63] studied the low cycle fatigue life of Type 304 stainless steel under strain-controlled 

proportional and non-proportional load paths. Considering the impact of the principal strain direction on 

the non-proportional hardening of the material, the non-proportionality is characterized by:

(28)𝑓𝑛𝑝 =
1.57

𝑇𝜀I𝑚𝑎𝑥
∫𝑇

0(|sin 𝜉(𝑡)|εI(𝑡))𝑑𝑡

(29)εI(𝑡) = {|ε1(𝑡)|    for |ε1(𝑡)| > |ε3(𝑡)|
|ε3(𝑡)|    for |ε3(𝑡)| > |ε1(𝑡)|

where  and  denote the angle between  and , which can be clearly 𝜀I𝑚𝑎𝑥 = 𝑚𝑎𝑥(εI(𝑡)) 𝜉(𝑡) εI(𝑡) 𝜀I𝑚𝑎𝑥

described in Fig. 4.  denote the time for a loading cycle. For proportional loading,  and the 𝑇 𝜉(𝑡) ≡ 0

value of  takes zero. Because of the variation of the direction and the complexity of the modified 𝑓𝑛𝑝

strain path, this integral form of non-proportionality is limited in practical application.

∆𝜺𝜤

𝜀�

𝜀�

𝜀�� �� = 𝜀� A𝜺𝚰 𝐭

𝜉 t
A

𝜀� B

B

𝜉 B

Fig. 4 Schematic graph of Itoh method.

The moment of inertia (MOI) model was firstly presented by Meggiolaro et al. [38–40], where the 

non-proportionality factor  is computed according to a transformed 5D deviatoric plastic strain space. 𝑓𝑛𝑝

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


12

By obtaining the eigenvalues ( ) of the Rectangular MOI tensor with respect to the 𝜆1 ≥ 𝜆2 ≥ 𝜆3 ≥ 𝜆4 ≥ 𝜆5

origin , the value of non-proportionality was defined by the square root of the ratio between the two 𝑂

largest ones:

(30)𝑓𝑛𝑝 =
𝜆2

𝜆1

Different from the above approaches by determining the non-proportionality based on the response 

parameters on the material plane, Borodii et al. [36] paid attention to the geometric characteristics of the 

biaxial cyclic load path:

(31)𝑓𝑛𝑝 = (𝑆𝐿′

𝑆𝐿0
)𝑟

(32)𝑟 = (1 ―
𝑆𝐿

𝑆𝐿0
) ∮

𝐿𝑑𝒍

4∆𝜀𝑚

where ,  and  are respectively the area of path   𝑆𝐿 =
1
2∮

𝐿𝒆 × 𝑑𝒆 𝑆𝐿′ =
1
2∮

𝐿′𝒆 × 𝑑𝒆 𝑆𝐿0 =
1
2∮

𝐿0
𝒆 × 𝑑𝒆 𝐿 𝐿′

and , depicted in Fig. 5(a),  and  are the vectors of strain and strain increment,  is the cyclic 𝐿0 𝒆 𝑑𝒆 𝐿

strain path,  is a convex equivalent path under any cyclic load path,  is the circular path under the 𝐿′ 𝐿0

same maximum equivalent strain. Based on the second coordinate system of the above strain path, Zhong 

et al. [37] introduced the rotational inertia to modify the Borodii model, described in Fig. 5(b) and 

expressed as:

(33)𝑓𝑛𝑝 = (∮
𝑆𝐿′

𝑦2𝑑𝑆𝐿′

∮
𝑆𝐿

𝑦2𝑑𝑆𝐿 )
𝑟

a 𝛾 3⁄

𝜀

𝐿

𝐿�

𝐿�

𝑆��

𝑆��

Path 1

𝛾 3⁄

𝜀

𝐿

𝐿�

𝐿�

𝑆��

𝑆��

Path 2

𝛾 3⁄

𝜀

𝐿

𝐿�

𝑆��

𝑆��

𝑥
𝑦

𝑏 𝛾 3⁄

𝜀𝐿�

𝐴𝐵

𝑥𝑦

𝑐

∅

𝑟�sin ∅

∅�

𝐴𝐵�

𝑅

𝐵

𝐴

Fig. 5 Schematic graph about non-proportionality definitions of (a) Borodii model, (b) Zhong model, 

(c) Dong model.
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Furthermore, Dong et al. [64, 65] put forward the moment of load path (MLP) model combined 

with a path-dependent cycle counting method, which assumed that the damage was directly related to 

each half cycle path. Utilizing the maximum non-proportional damage (semicircular load path), the non-

proportionality factor  is expressed as:𝑓𝑛𝑝

(34)𝑓𝑛𝑝 =
∫𝐴𝐵𝑟′|sin 𝜙|𝑑𝑠′

∫𝐴𝐵𝑅|sin 𝜙|𝑑𝑠 =
∫𝐴𝐵𝑟′|sin 𝜙|𝑑𝑠′

2𝑅2

where  is the path from A to B in a half cycle under non-proportional loadings,  is the reference 𝐴𝐵 𝐴𝐵

path from A to B,  is the angular difference between  and the reference axis, which can be 𝜙 𝑟′

represented in Fig. 5(c). Later, Liu et al. [66] modefied the MLP based on the viewpoint of 

inhomogeneous integral path and validated the present study. But owing to the difficulties to establish 

multiaxial counting algorithm and reference coordinates, such methods seems to be hardly implemeted.

2.4 Multiaxial fatigue life prediction under non-proportional loadings

Although numerous multiaxial fatigue damage parameters ( ) based on stress, strain and energy 𝐹𝐷𝑃

have been developed [17–26], most of them are well adapted to specific loading cases, such as tension, 

torsion and proportional loadings. But the prediction effect of these parameters is not ideal, especially 

when the loading history is non-proportional. In this study, FS [50], Chen [44] and Itoh [51,52] models 

are employed to compare with the proposed model under non-proportional loadings.

2.4.1 FS model

The mean normal stress  have an significant impact on crack initiation and propagation, which 𝜎𝑛,𝑚

is firstly observed by Socie et al. [58]. They illustrated the maximum normal stress on the basis of the 

model raised by Brown and Miller [67] to further consider the additional non-proportional hardening 

effect. FS model [50] was defined as:

(35)𝐹𝐷𝑃 =
∆𝛾𝑚𝑎𝑥

2 (1 + 𝑘
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦 ) =
𝜏′𝑓

𝐺
(2𝑁𝑓)𝑏0 + 𝛾′𝑓(2𝑁𝑓)𝑐0

where  is the torsional fatigue strength coefficient,  is the torsional fatigue ductility coefficient, 𝜏′𝑓 𝛾′𝑓

 is the torsional fatigue strength exponent,  is the torsional fatigue ductility exponent,  is the 𝑏0 𝑐0 𝑁𝑓

failure life,  is the shear modulus,  is the maximum shear stress on the plane of the maximum 𝐺 𝜎𝑛,𝑚𝑎𝑥

shear strain amplitude ,  is material parameter fitted by the uniaxial data against the pure torsion 
∆𝛾𝑚𝑎𝑥

2 𝑘

data or constant [68]. Because of the simple and applicable mathematical form, FS model becomes one 
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of the most widely used models. 

2.4.2 Chen model

Chen et al. [44] addressed that the plastic component dominates compared to the elastic component 

in the low cycle fatigue region, and the additional hardening effect of materials usually occurs after the 

plastic yield. Consequently, the impact of non-proportionality on the elastic component is neglected for 

low cycle fatigue, and plastic term of Coffin-Manson formula was modified as:

(36)(1 + 𝑙𝑛𝑝𝑓𝑛𝑝)1 𝑛′∆𝛾𝑝
𝑚𝑎𝑥

2 = 𝛾′𝑓(2𝑁𝑓)𝑐0

where  is computed by data fitting using Eq. (17),  is the distribution of maximum shear strain 𝑙𝑛𝑝 𝑓𝑛𝑝

indirectly connecting the macroscopic effects of non-proportionality with the shear slip failure 

mechanism, expressed in Eq. (27),  is the range of plastic shear strain,  is cyclic strain ∆𝛾𝑝
𝑚𝑎𝑥 𝑛′

hardening exponent.

Considering the influences of the normal strain  vertical to the maximum shear strain plane on ∆𝜀𝑛

the fatigue crack growth rate, Brown and Miller [67] defined the equivalent damage parameter by using 

critical plane, where the maximum shear strain dominates the initiation and growth of the first stage crack 

while the normal strain component dominates the second stage. Since the BM model couldn't evaluate 

the non-proportional loading fatigue life, combined with Eq. (36), the effect of non-proportional 

additional hardening in the plastic region was introduced, and the modified critical plane damage 

parameter was expressed as:

(37)𝐹𝐷𝑃 =
∆𝛾𝑚𝑎𝑥

2 +
∆𝜀𝑛

2 =
𝜏′𝑓

𝐺
(2𝑁𝑓)𝑏0 + (1 + 𝑙𝑛𝑝𝑓𝑛𝑝) ―1 𝑛𝛾′𝑓(2𝑁𝑓)𝑐0

2.4.3 Itoh model

According to numerous constant amplitude and multiaxial low cycle fatigue tests with different 

cyclic strain paths, Itoh et al. [63][69] found that the range of the maximum principal strain has apparent 

influences on the fatigue life. On the one hand, the principal stress/strain axis and the maximum shear 

plane of the material rotate under non-proportional cyclic loadings, which cause the transformation of 

slip bands and prevent the growth of stable dislocation. And then a significant reduction for fatigue life 

is performed by non-proportional additional hardening. The definition of loadings’ non-proportionality 

is shown in Eq. (28), and the non-proportionality coefficient is defined by Eq. (17); On the other hand, 

their research also showed that the maximum principal strain range is well adapted to the proportional 

loadings, which possessing large error and non-conservative for the loadings with non-proportionality. 
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Therefore, Itoh et al. [51,52] take into account the influence of non-proportional additional hardening to 

estimate multiaxial fatigue by a non-proportional model, which is defined as:

(37)𝐹𝐷𝑃 = ∆εI(1 + 𝑙𝑛𝑝𝑓𝑛𝑝) =
𝜎′𝑓

𝐸
(2𝑁𝑓)𝑏 + 𝜀′𝑓(2𝑁𝑓)𝑐

(38)∆εI = max (𝜀I𝑚𝑎𝑥 ― cos 𝜉(𝑡)εI(𝑡))

where  and  denote the uniaxial fatigue strength coefficient and ductility coefficient, respectively; 𝜎′𝑓 𝜀′𝑓

 and  denote the uniaxial fatigue strength exponent and ductility exponent, respectively;  is the 𝑏 𝑐 𝐸

elasticity modulus.

3. Proposed multiaxial fatigue life prediction model under non-proportional loadings

As mentioned in Section 2.1, the stress or strain on the critical plane has become the focus of 

attention for multiaxial fatigue models. Due to the complexity of loading conditions, that forms 

quantifying fatigue damage based on simplistic fatigue test results is less effective and the impact of non-

proportionality loadings cannot be neglected. In this study, the fatigue test results of Type 304 stainless 

steel [47], sintered porous iron [48], and CuZn37 brass [49] under different load paths are investigated. 

As depicted in Fig. 6, all the cyclic load paths under tension, torsion, proportional and non-proportional 

loadings are presented. Particularly, in comparison with proportional loading, the fatigue lives of non-

proportional load paths are lower with the same equivalent strain amplitude , which ∆𝜀𝑒𝑞,𝑎 𝜀𝑥𝑥
2 + 𝛾𝑥𝑦

2 3

are presented in Fig. 7. Therefore, the damage parameters must be taken into account due to the 

influences of non-proportional loading on fatigue life.

Consequently, a more applicable equivalent damage parameter embraced the novel material state 

parameter and the parameter corresponding to non-proportional loading is raised to conduct multiaxial 

fatigue life prediction under non-proportional loadings as:

(39)𝐹𝐷𝑃 = 𝐹(𝑓𝑛𝑝,𝑙𝑛𝑝,𝜎,𝜀)
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Fig. 6 Different proportional and non-proportional load paths [47–49].

103 104
0.002

0.004

0.006

0.008
PH03
PH05
PH06
PH07
PH08

Eq
ui

va
le

nt
 s

tra
in

 a
m

pl
itu

de
 ∆

ε e
q,

a

Tested life Nft / cycle

Type 304 SS

(a)

102 103
0.002

0.004

0.006

0.008
PH03
PH08
PH09
PH10

Eq
ui

va
le

nt
 st

ra
in

 a
m

pl
itu

de
 ∆

ε e
q,

a

Tested life Nft / cycle

Sintered porous iron

(b)

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


17

103 104 105
0.002

0.004

0.006

0.008

0.010
PH03
PH08
PH11
PH12
PH13
PH14

Eq
ui

va
le

nt
 st

ra
in

 a
m

pl
itu

de
 ∆

ε e
q,

a

Tested life Nft / cycle

CuZn37 brass

(c)

Fig. 7 Equivalent strain amplitude versus tested lives under different load paths for (a) Type 304 

stainless steel, (b) Sintered porous iron, (c) CuZn37 brass.

3.1 New non-proportionality of loadings

In the field of signal processing, the correlation between time signals is usually elaborated by 

correlation coefficient, known as Pearson correlation coefficient [70]. For instance,  and  are 𝑋(𝑡) 𝑌(𝑡)

two independent random variables and the correlation coefficient  can be evaluated as:𝐶𝑋𝑌

(40)𝐶𝑋𝑌 =
𝐶𝑜𝑣(𝑋(𝑡),𝑌(𝑡))

𝑉𝑎𝑟(𝑋(𝑡))𝑉𝑎𝑟(𝑌(𝑡))

where the covariance , the variance ,  and the mean value ,  𝐶𝑜𝑣(𝑋(𝑡),𝑌(𝑡)) 𝑉𝑎𝑟(𝑋(𝑡)) 𝑉𝑎𝑟(𝑌(𝑡)) 𝑋 𝑌

are computed by: 

(41)𝐶𝑜𝑣(𝑋(𝑡),𝑌(𝑡)) =
1
𝑇∫𝑇

0
(𝑋(𝑡) ― 𝑋)(𝑌(𝑡) ― 𝑌)𝑑 𝑡

   (42)𝑉𝑎𝑟(𝑋(𝑡)) =
1
𝑇∫𝑇

0
(𝑋(𝑡) ― 𝑋)2𝑑 𝑡 𝑉𝑎𝑟(𝑌(𝑡)) =

1
𝑇∫𝑇

0
(𝑌(𝑡) ― 𝑌)2𝑑 𝑡

   (43)𝑋 =
1
𝑇∫𝑇

0𝑋(𝑡)𝑑 𝑡 𝑌 =
1
𝑇∫𝑇

0𝑌(𝑡)𝑑 𝑡

 provides a numerical measure of variable correlation, whose range is [-1,1]. In particular, 𝐶𝑋𝑌 𝐶𝑋𝑌

 indicates that the variables have proportional correlation and  indicates that the variables =± 1 𝐶𝑋𝑌 = 0

are fully uncorrelated.

For the loading case like Eqs. (6-7), the correlation coefficient  can be 𝐶(𝜀𝑥𝑥, 𝛾𝑥𝑦) = cos 𝜑

introduced to quantify the proportionality of the loadings. Since the phase angle ,  𝜑 = 0° 𝐶(𝜀𝑥𝑥, 𝛾𝑥𝑦) = 1

is with respect to the proportional loading, when the phase angle ,  is with 𝜑 = 90° 𝐶(𝜀𝑥𝑥, 𝛾𝑥𝑦) = 0
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respect to the non-proportional loading. The correlation coefficient is opposite to the non-proportionality.

As is shown in Fig. 8, the strain components  and  are of great importance on the material 𝜀𝑛 𝛾𝑠

plane, which affect crack initiation and the formation of slip bands. In view of the correlation theory, a 

simple and effective form is defined to quantify the proportionality of the strain components as follows:

(44)𝑓𝑝 = [𝐶(𝜀𝑛, 𝛾𝑠)]2

𝛾� 𝑡

𝜀� 𝑡

Material plane
𝑆

Fig. 8  and  on the material plane.𝜀𝑛 𝛾𝑠

Considering the rotation of the maximum principal stress or shear strain plane in a loading cycle, 

the non-proportionality of loadings on different planes characterized by two angle transformation as 

shown in Fig. 1(b) should be taken into account in the effects on fatigue damage. Thus, the new 

generalized non-proportionality is expressed as:

(45)𝑓𝑛𝑝 = 1 ―
1

2𝜋2∫
𝜋
0∫2𝜋

0 𝑓𝑝𝑑𝛽𝑑𝛼 = 1 ―
1

2𝜋2∫
𝜋
0∫2𝜋

0 [𝐶(𝜀𝑛, 𝛾𝑠)]2𝑑𝛽𝑑𝛼

In this work,  and  are discretized to search the critical plane and setting the angle increment 𝛼 𝛽

to  which is supposed to be an economical and effective option. Eq. (45) can be modified as:1°

(46)𝑓𝑛𝑝 = 1 ―
1

181 ∗ 361∑181
𝑖 = 1

∑361
𝑗 = 1[𝐶(𝜀𝑛, 𝛾𝑠)]2

By this way, the integral calculation using complex strain paths is simplified and different non-

proportional paths are also distinguished from the perspective of signal processing. Furthermore, Table 

1 shows the non-proportionality calculation results of Type 304 stainless steel under seven load paths. 

 under tension, torsion and proportional loadings are calculated as zero. The value of non-𝑓𝑛𝑝

proportionality gradually increases along with the path change from PH05 to PH08 (phase angles are 

, ,  and  respectively). Especially, the calculated value of the proposed method under the 30°  45°  60° 90°

path of PH08 is inconsistent with the results of Chen and Itoh model, because the proposed method 

comprehensively considers the non-proportional degree of loadings on all material planes.
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Table 1 Results for calculating the non-proportionality of Type 304 stainless steel when .𝜆 = 1.5

Strain paths PH01 PH01 PH03 PH05 PH06 PH07 PH08

Proposed 0 0 0 0.38 0.55 0.68 0.80

Chen 0 0 0 0.07 0.18 0.34 1

Itoh 0 0 0 0.59 0.73 0.85 1

3.2 Proposed model

As aforementioned, the damage parameters on the critical plane have become a research consensus 

[17–26] Note from [50] that the shear strain amplitude is the most major factor of fatigue failure and the 

maximum normal stress on the maximum shear plane is thought to be the secondary one, which has also 

been proved in [71]. In order to match the shear form of Coffin-Manson equation, the equivalent damage 

parameter is demanded. Nevertheless, how to normalize the influence of normal stress is a matter that 

must be discussed.

In FS model,  is the first attempt to normalize the influence of normal stress with material 
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦

constant. Nevertheless, the introduction of additional material parameter  results in controversial 𝑘

discussions on the model. Wu et al. [13] thought of  as an experimental coefficient, whereas Karolczuk 𝑘

et al. [72] regarded  as the function of the axial and shear fatigue characteristics. The form of  𝑘 𝑘(𝑁𝑓)

expressed as follows has never been applied in calculations of the fatigue lives, which requires the 

application of an adequate number of fatigue failure data:

(47)𝑘 = [ 𝜏′𝑓
𝐺 (2𝑁𝑓)𝑏0 + 𝛾′𝑓(2𝑁𝑓)𝑐0

(1 + 𝜈𝑒)
𝜎′𝑓
𝐸 (2𝑁𝑓)𝑏 + (1 + 𝜈𝑝)𝜀′𝑓(2𝑁𝑓)𝑐

― 1] 2𝜎𝑦

𝜎′𝑓(2𝑁𝑓)𝑏

where  and  are the elastic and plastic Poisson's ratios, respectively. Other CPM [13,16,17,20] also 𝜈𝑒 𝜈𝑝

inevitably introduced additional material parameter to measure the impact of normal and shear 

parameters on fatigue life.

Therefore, Xu et al. [15] took  as an approximation of  to simplify the correction term as  
𝜎𝑦

𝜎′𝑓
𝑘

𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓

by considering the influences of normal work on the maximum virtual shear strain energy  plane. 𝐸𝑆𝑚𝑎𝑥

Thus, Xu model was given as:

(48)𝐹𝐷𝑃 = 𝐸𝑆𝑚𝑎𝑥(1 +
𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓
) = 𝑓(𝑁𝑓)
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In a modified generalized strain amplitude model, Shang et al. [3] advanced the equivalent stress 

correction factor  to characterize the influences of shear and normal stress, which are (𝜏𝑚𝑎𝑥

𝜏′𝑓
+

𝜎𝑛,𝑚𝑎𝑥

3𝜎′𝑓
)

neglected for the strain-based critical plane model. Besides, in order to distinguish the difference between 

the effects of normal strain and shear strain on the critical plan, Yu et al. [68] normalized the normal 

strain to reflect the influences of normal strain on crack propagation by introducing the cyclic yield stress, 

and Yu model was given as:

(49)𝐹𝐷𝑃 =
𝜏𝑚𝑎𝑥

𝜏′𝑓

∆𝛾𝑚𝑎𝑥

2 +
2𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓 + 𝜎𝑦

∆𝜀𝑛

2 = 𝑓(𝑁𝑓)

Viewing the advantages of the above models, the material constitutive parameters  and fatigue 𝜎𝑦

characteristic parameters  are comprehensively considered to modify the normal stress parameters. 𝜎′𝑓

Hence, the strain model modified by the influence of normal stress parameters by  can be used for 
2𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓 + 𝜎𝑦

fatigue damage parameter under proportional loadings as:

(50)𝐹𝐷𝑃𝐼𝑃 =
∆𝛾𝑚𝑎𝑥

2 (1 +
2𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓 + 𝜎𝑦
) =

𝜏′𝑓

𝐺(2𝑁𝑓)𝑏0 + 𝛾′𝑓(2𝑁𝑓)𝑐0

To consider the effect of non-proportional loading, in company with the non-proportional 

coefficient in Eq. (17) and new non-proportionality Eq. (46), the non-proportional correction factor  𝛷

is given as:

(51)𝛷 = 𝑓(𝑓𝑛𝑝,𝑙𝑛𝑝) = 1 + 𝑙𝑛𝑝𝑓𝑛𝑝

Then the equivalent strain parameter based on the critical plane can be modified as:

(52)𝐹𝐷𝑃 = 𝛷𝐹𝐷𝑃𝐼𝑃 = (1 + 𝑙𝑛𝑝𝑓𝑛𝑝)∆𝛾𝑚𝑎𝑥

2 (1 +
2𝜎𝑛,𝑚𝑎𝑥

𝜎′𝑓 + 𝜎𝑦
) =

𝜏′𝑓

𝐺(2𝑁𝑓)𝑏0 + 𝛾′𝑓(2𝑁𝑓)𝑐0

Noting that Eq. (52) will be simplified as Eq. (50) when the material is insensitive to non-

proportional loading (  ) or the non-proportionality of loading is zero (  ). The damage 𝑙𝑛𝑝 = 0 𝑓𝑛𝑝 = 0

parameter in Eq. (52) not only considers the influence of normal stress effect but also reflects the 

generalized influence of non-proportional loading on multiaxial fatigue damage. In conclusion, a 

multiaxial fatigue evaluation procedure considering non-proportional load paths is presented in Fig. 9, 

which provides a systematic solution for engineering researchers.D
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Material properties
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𝜎 , 𝜀 tensor at the critical region

Locate the critical plane 
through max ∆𝛾� 2⁄

New non-proportionality
𝑓�� = 1 − �

��� ∫ ∫ 𝐶 𝜀�, 𝛾�
�𝑑𝛽𝑑𝛼��

�
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�

Multiaxial fatigue life prediction under non-proportional loading
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𝜎�
�+ 𝜎�
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𝜏�

�

𝐺 2𝑁�
�� + 𝛾�

� 2𝑁�
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Model calibration and validation

Non-proportional 
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𝑙��

Start
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Search the candidate material planes
0 ≤ 𝛼 ≤ 𝜋, 0 ≤ 𝛽 ≤ 2𝜋

𝜎� 𝑡 , 𝜏� 𝑡 , 𝜀� 𝑡 , 𝛾� 𝑡 response history 

Fig. 9 Proposed procedure for multiaxial fatigue life prediction

4. Experimental verification and comparison

In order to estimate the prediction capability of the above-mentioned prediction models under 

multiaxial and non-proportional loadings, three kinds of experimental data of Type 304 stainless steel 

[47], sintered porous iron [48], and CuZn37 brass [49] are employed, and the material properties are 

summarized in Table 2. All the cyclic load paths are presented in Fig. 6. It is noteworthy that all fatigue 

tests are conducted using servo-controlled machines under strain-controlled axial–torsional deformation. 

These test signals are obtained by sinusoidal, triangular, trapezoidal waveforms, and most of them are 

fully reversed loadings except for PH04. There is thin-walled tubular specimen with reference to ASTM 

E2207 [73], which has been depicted in Fig. 10. The outer diameter , inner diameter  and the gage 𝐷 𝑑

length  of three type of specimens are given in Table 2, respectively.𝐿

Table 2 Material properties and specimen geometries of the three materials.

Materials Type 304 stainless steel [47] Sintered porous iron [48] CuZn37 brass [49]

Monotonic properties

GPa𝐸/ 167.5 162 132
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GPa𝐺/ 56 62.3 49.6

MPa𝜎𝑦/ 325 126.6 138

𝜈𝑒 0.3 0.3 0.33

Fatigue properties for axial or torsion

MPa𝜎′𝑓/

𝜀′𝑓

𝑏

𝑐

MPa𝜏′𝑓/

𝛾′𝑓

𝑏0

𝑐0

691

0.101

-0.169

-0.377

1137

1.055

-0.215

-0.566

289

0.047

-0.074

-0.406

166.85

0.3588

-0.0754

-0.5049

301.7

0.069

-0.2599

-0.26

183.9

0.9612

-0.012

-0.4702

MPa𝐾′/ 1932 466.5 819

𝑛′ 0.449 0.172 0.2142

𝑘 1.3 1 0.69

𝑙𝑛𝑝 0.9 0.45 0.4

Specimen geometries

/mm𝐷 10 12 7

/mm𝑑 13 16 10

/mm𝐿 12.5 28 26

𝑑 𝐷

𝐿

Fig. 10 Geometry of the thin-walled tubular specimen.

For illustrating the advantages of the proposed model compared with other models, an error index 

 is employed to estimate the deviation between the predicted and tested results:𝑒

(53)𝑒 = log10 (𝑁𝑓𝑝) ― log10 (𝑁𝑓𝑡)

where  presents the criterion prediction error,  and  denote the estimated life and 𝑒𝑖 𝑁𝑓𝑝 𝑁𝑓𝑡

experimental life.
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Besides, the dispersion and overall deviation of prediction error are quantified by the normal 

distribution, which can be well described in the error box-plot:

    (54)𝑒 =
1
𝑁∑𝑁

𝑖 = 1𝑒𝑖 𝑓(𝑒) =
1

2𝜋𝜎𝑒
𝑒𝑥𝑝( ―

(𝑒 ― 𝑒)2

2𝜎𝑒
2 )

where  is the mean absolute deviation,  is the number of specimens,  is the standard deviation 𝑒 𝑁 𝜎𝑒

of the error.

4.1 Type 304 stainless steel

Type 304 stainless steel were tested under PH01-03 and PH05-08 load paths in Fig. 6. Among of 

them, the non-proportional loadings include , ,  and  out-of-phase. As shown in Fig. 11, 30°  45°  60° 90°

tested and predicted lives derived via the proposed model and three conventional models are compared, 

where the solid line represents that the predicted results have a good agreement with tested data, the red 

dashed line and blue dashed line represent the life scatter factor of 2 and 3, respectively. The proposed 

model provides better agreement with the experimental data, all the points fall in the  bands, ± 2

whereas many prediction points by FS, Chen and Itoh models fall out of even the life scatter factor of 3. 

As shown in Fig. 12, the average value of prediction errors is close to 0 and the proposed model shows 

the good robustness seeing the lowest standard deviation. The mean prediction error and the standard 

deviation of the proposed model are  and  lower than that of the FS model with better 34% 41.6%

results than other two models, respectively.
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Fig. 11 Comparison between predicted and tested lives for Type 304 stainless steel by the (a) Proposed 

model, (b) FS model, (c) Chen model, and (d) Itoh model.
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Fig. 12 Box plot of model prediction errors for Type 304 stainless steel.

4.2 Sintered porous iron

Sintered porous iron [48] were tested under torsion, two in-phase and three kind of non-

propositional loadings, PH02-04 and PH08-10 depicted in Fig. 6. For torsion and in-phase loading tests, 

the proposed model and FS model present similar good prediction results according to Fig. 13. Noted 

that the proposed model submits better prediction results within the life scatter factor of 2 under various 

non-propositional loadings, whereas FS and Chen models have poor performance. Similarly, the box plot 

of model prediction errors in Fig. 14 makes clear that the proposed model yields the most accurate 

predictions, in which prediction error and the standard deviation are reduced by  and  than 82% 38.7%

that of FS model, respectively. In addition, it also reflects that the maximum principal strain range of 

Itoh model is not appropriate for the sintered porous iron as a result of extreme deviation between the 

prediction results and the tested data under torsion and in phase loadings.
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Fig. 13 Comparison between predicted and tested lives for Sintered porous iron by the (a) Proposed 

model, (b) FS model, (c) Chen model, and (d) Itoh model.
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Fig. 14 Box plot of model prediction errors for Sintered porous iron.

4.3 CuZn37 brass

Several groups of multiaxial tests [49] were performed under load paths PH01-03, PH08 and PH11-

14 in Fig. 6. As depicted in Fig. 15, all the predicted lives by the proposed model shown the better 

robustness than other three classic multiaxial fatigue models, most of which locate in the  error ± 2

bands except 5 of 79 prediction points. For the above five kinds of non-proportional loadings, the 

prediction results of Chen and Itoh models are highly scattered and several prediction points are outside 

the life scatter factor of 2. Moreover, Fig. 16 indicates that the proposed model has the better prediction 

results compared to other models due to the lower prediction errors and standard deviation. Particularly, 

the mean prediction error is reduced by , and the standard deviation is reduced by  compared 9% 13.8%

with the FS model, and it is significantly better than the Chen and Itoh models.
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Fig. 15 Comparison between predicted and tested lives for CuZn37 brass by the (a) Proposed model, 

(b) FS model, (c) Chen model, and (d) Itoh model.
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Fig. 16 Box plot of model prediction errors for CuZn37 brass.

According to the prediction results of several materials, it indicates that the proposed multiaxial 

fatigue model in this work is superior to the other three methods under different load paths. Firstly, the 

model considers the non-proportionality of loadings on the generalized plane and gives a simple and 

efficient solution. On the other hand, the critical plane damage parameters are redefined and the 

correction of additional material parameters is eliminated. Although more engineering material data are 

needed to verify, these revisions are conducive to the further development and application of multiaxial 

fatigue model.

5. Conclusion

In this work, a novel multiaxial fatigue model combining the critical plane theory with a new non-

proportional influence factor is proposed for life prediction under various non-proportional load paths. 

The main conclusions are summarized as followed:

(1) The existing multiaxial experimental results indicate that the fatigue life not only relies on the 

equivalent strain amplitude, but also on the non-proportionality of loading for materials sensitive to non-

proportional hardening. Therefore, the non-proportionality of loadings and multiaxial stress state should 

be paid more attention to.

(2) Through a comparative study on the non-proportionality of loadings, a simple definition of non-

proportional degree on generalized plane is derived, which provides similar calculated value of  with 𝑓𝑛𝑝

Chen and Itoh models. Combined with the non-proportional coefficient of materials , a new non-𝑙𝑛𝑝

proportional correction factor  is raised.𝛷

(3) The effect of normal stress on the critical plane is considered by introducing a correction factor 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


30

without additional material parameters. Based on  under proportional loading and new non-𝐹𝐷𝑃

proportional factor , a new multiaxial model applicable to different non-proportional load paths is 𝛷

proposed for fatigue life prediction of materials.

(4) Comparing to FS model, the proposed model provides better agreement with the tested data for 

the three materials, which are almost within the error factor of 2, whereas Chen and Itoh models perform 

worse. The proposed model performs a better capability to predict fatigue life under multiaxial and non-

proportional loadings, wherein the influences of normal stress are taken into account. 
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Title: Load path sensitivity and multiaxial fatigue life prediction of metals under non-

proportional loadings

Highlights:

(1) A new definition of non-proportional degree on generalized plane for non-proportional 

loading;

(2) A new model without additional material constants for fatigue life assessment under non-

proportional loadings;

(3) Experimental data of three materials under different loading paths verified model 

predictions accuracy. 
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