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Abstract: Let f be a smooth self-map of m-dimensional, m ≥ 4, smooth closed connected and simply-connected manifold,
r a fixed natural number. For the class of maps with periodic sequence of Lefschetz numbers of iterations the
authors introduced in [Graff G., Kaczkowska A., Reducing the number of periodic points in smooth homotopy
class of self-maps of simply-connected manifolds with periodic sequence of Lefschetz numbers, Ann. Polon.
Math. (in press)] the topological invariant J[f ] which is equal to the minimal number of periodic points with the
periods less or equal to r in the smooth homotopy class of f .

In this paper the invariant J[f ] is computed for self-maps of 4-manifold M with dimH2(M;Q) ≤ 4 and estimated for
other types of manifolds. We also use J[f ] to compare minimization of the number of periodic points in smooth
and in continuous categories.

MSC: 37C25, 55M20, 37C05

Keywords: Periodic points • Nielsen number • Fixed point index • Smooth maps
© Versita Sp. z o.o.

1. Introduction

Let M be a compact m-dimensional manifold and f a self-map of M. The problem of reducing fixed or periodic pointsin the homotopy class is a classical one and goes back to Nielsen. In dimension m ≥ 3 the Nielsen number of f , N(f),is the best lower estimate for the number of fixed points for all maps homotopic to f [19]. If f is smooth, then it turnsout that the same is also true for all maps smoothly homotopic to f [18]. However, in general minimization of periodicpoints instead of fixed points, depends strongly on whether one concerns smooth or continuous category.
∗ E-mail: graff@mif.pg.gda.pl
† E-mail: akaczkowska@mif.pg.gda.pl
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Let us define MFr(f) = min{#Fix(gr) : g ∼ f}, (1)where g ∼ f means that the maps g and f are homotopic. We also define its smooth counterpart MFdiff
r (f) by consideringsmooth maps and smooth homotopies in the formula (1). The value of MFr(f) is given by Jiang invariant NFr(f), cf. [15, 19],while MFdiff

r (f) by NJDr [f ], the invariant introduced in [9].In this paper we study the related problem of finding the minimal number of periodic points with the periods less orequal to r in the smooth homotopy class of f , i.e. we seek for the value of MFdiff
≤r (f), which is defined as

MFdiff
≤r (f) = min{#⋃

k≤r

Fix(gk ) : g s∼ f
}
, (2)

where g s∼ f means that g and f are smoothly (i.e. C 1) homotopic.In general, finding MFdiff
≤r (f) is a very challenging problem, and this is the reason why we restrict our attention to someparticular classes of manifolds and their self-maps. We consider simply-connected manifolds and their smooth self-maps with Lefschetz numbers of iterations, {L(fn)}∞n=1, periodic. In the simply-connected case classical (i.e. continuous)Nielsen theory is trivial, i.e. MF≤r(f), obtained by taking continuous maps and homotopies in (2), always is ≤ 1.However, MFdiff

≤r (f) is usually greater than 1 [8]. In [13] we considered smooth self-maps with {L(fn)}∞n=1 periodic anddefined a topological invariant Jr [f ] in terms of Lefschetz numbers of iterations and local fixed point indices of iterations.We proved that for manifolds of dimension m ≥ 4, Jr [f ] is independent of the choice of r for all sufficiently large r andthat then Jr [f ] = J[f ] = MFdiff
≤r (f).In other words, J[f ] is equal to the minimal number of all periodic points with the periods less or equal to r in a smoothhomotopy class of f for all sufficiently large r. What is more, for a given manifold M we can easily determine such RMthat Jr [f ] is constantly equal to J[f ] for r ≥ RM .One of the advantages of J[f ] in comparison to the other, mentioned above invariants, is that it is quite easy to compute,especially for manifolds with all homology groups being low dimensional. The aim of this paper is to show the methodsof computing or estimating J[f ]. In particular, we illustrate the whole theory by determining the invariant for self-mapsof some class of 4-manifolds.Let us point out that the estimate for J[f ] also provides important information about the minimization of periodic points.If J[f ] ≤ A, then we can reduce to A the number of periodic points with the periods less or equal to r in the smoothhomotopy class of f . In other words, there is a map g smoothly homotopic to f with no more than A k-periodic pointsfor k ≤ r.The article is organized in the following way. In Section 2 we describe the construction of J[f ] which is combinatorial inits nature and give a geometrical interpretation of the invariant. Section 3 is devoted to determination of the invariantfor some 4-dimensional manifolds. In Section 4 we provide the estimate from above for J[f ] which is valid for all self-mapsof any manifold of dimension at least 4. Finally, in Section 5 we find, by an application of J[f ], a class of manifolds forwhich minimizations of periodic points in smooth and continuous categories coincide (for the considered class of maps).

2. Construction of J[f ]
In this section we sketch the definition of J[f ], for the details the reader may consult [13]. We start with introducing theso-called basic sequences.
Definition 2.1.For a given k ∈ N we define a basic sequence

regk (n) = {k if k | n,0 if k - n.
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Minimization of the number of periodic points for smooth self-maps of simply-connected manifolds with periodic sequence of Lefschetz numbers

We consider the class of maps with periodic sequence of Lefschetz numbers of iteration. For such maps {L(fn)}∞n=1 canbe represented uniquely as a finite integral combination of basic sequences, called the periodic expansion [17]:
L(fn) =∑

k∈O

bk regk (n), (3)
where O = {k : bk 6= 0} is finite and bk ∈ Z.By a p-orbit we will understand an orbit consisting of points with minimal period equal to p.
Definition 2.2.A sequence of integers {cn}∞n=1 is called a DDm(p) sequence if there are a C 1 map φ : U → Rm, where U ⊂ Rm is open;and P, an isolated p-orbit of φ, such that

cn = ind(φn, P)
(notice that cn = 0 if n is not a multiple of p).
Definition 2.3.Let {L(fn)}∞n=1 be a periodic sequence of Lefschetz numbers. We decompose {L(fn)}∞n=1 into the sum

L(fn) = c1(n) + · · ·+ cs(n),
where ci is a DDm(1) sequence for i = 1, . . . , s, m ≥ 4. Each such decomposition determines the number l = l1 + · · ·+ ls.We define the number J[f ] as the smallest l which can be obtained in this way. We will use the convention that in thecase the sequence of Lefschetz numbers consists only of zero elements, then it is a sum of zero DDm(1) sequences.
Let us remind that MFdiff

≤r (f) = min{# ⋃
k≤r

Fix(gk ) : g s∼ f
}
,

where g s∼ f means that g and f are smoothly homotopic. The invariant J[f ] does not depend on r and is equal to MFdiff
≤r (f)for all sufficiently large r:

Theorem 2.4 ([13]).
Let f be a self-map of a smooth closed connected and simply-connected manifold M of dimension m ≥ 4 and
R = max{k : k ∈ O} in the formula (3). Then for every r ≥ R,

J[f ] = MFdiff
≤r (f).

As a consequence, minimization of the number of periodic points with periods less or equal to r in a smooth homotopyclass of f is equivalent to finding the value of J[f ].Below we describe the consecutive steps of the construction of J[f ], which reduces the computation of J[f ] to a combinatorialprocedure. First of all, we introduce some notation and definitions.For a compact connected manifold M of dimension m we will consider Hi(M;Q), where i = 0, 1, . . . , m, the homologicalgroups with coefficients in Q, which are then finite dimensional linear spaces over Q. For a self-map f of M we denoteby f∗i the linear map induced by f on Hi(M;Q) and by f∗ the self-map ⊕m
i=0 f∗i of ⊕m

i=0 Hi(M;Q).
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Definition 2.5 ([17]).Let M be an m-dimensional compact connected manifold. For integers i ≥ 0 and f : M → M, let ei(λ) be the number ofeigenvalues of f∗i equal to λ (i.e. the dimension of the eigenspace in Hi(M;Q) corresponding to λ). Define
e(λ) = m∑

i=0 (−1)iei(λ).
We will call an eigenvalue λ 6= 0 essential provided e(λ) 6= 0.
Let ε1, . . . , εφ(d) be all dth primitive roots of unity, where φ denotes the Euler function, i.e. φ(d) is the number of positiveintegers less than or equal to d that are coprime to d. For a given d we define Ld(n) = εn1 + · · ·+ εnφ(d). Let Pd denotethe set of all dth primitive roots of unity and σes(f) be the set of all essential eigenvalues of f . We define

e(d) = ∑
λ∈Pd∩σes(f)e(λ).

2.1. Construction of J[f ]
I If f is a map with {L(fn)}∞n=1 periodic, then all its essential eigenvalues are (primitive) roots of unity[13, Theorem 1.8]. As a consequence, we may represent Lefschetz numbers of iterations in the form

L(fn) =∑
d

e(d)
φ(d) Ld(n).

II We represent each {Ld(n)}∞n=1 as a finite combination of basic sequences
Ld(n) =∑

k|n

adk regk (n), (4)
where

adk =


0 k - d,

µ
(
d
k

)
k | d.

(5)
In such a way we find the periodic expansion of {L(fn)}∞n=1, cf. also [13].

III A full list of possible sequences of local indices of iterations in a given dimension m (i.e. DDm(1) sequences) inthe form of periodic expansion has been recently provided in [12].
IV We decompose the periodic expansion of {L(fn)}∞n=1 into the minimal number of DDm(1) sequences, obtaining thevalue of J[f ].
Remark 2.6.The combinatorial procedure described in subsection 2.1 has clear geometrical interpretation. Namely, let f be a smoothself-map of a manifold M of dimension at least 4 and r a fixed natural number. In the smooth homotopy class of f onecan create fixed points so that the sum of their indices of iterations is equal to the Lefschetz numbers of iterations andthen remove all other r-periodic points [8]. This strong result was obtained by the use of powerful Nielsen technics(Canceling and Creating Procedures proved by Jezierski in [16]). On the other hand, the created fixed points have indicesthat are DDm(1) sequences and it is known that MFdiff

≤r (f) can be realized by a map with all r-periodic points being fixedpoints [11]. Thus, the minimal number of r-periodic points in the smooth homotopy class of f is given by item IV.
Remark 2.7.Let us mention that both sequences {L(fn)}∞n=1 and {ind(fn, x0)}∞n=1 which were used to define J[f ] are powerful instrumentsthat recently have found many various applications in dynamical systems, differential equations and mathematical physics,cf. [3, 5, 7, 20, 22].
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Minimization of the number of periodic points for smooth self-maps of simply-connected manifolds with periodic sequence of Lefschetz numbers

3. Determination of J[f ] for 4-dimensional manifold with dimH2(M;Q) ≤ 4
Remind that we consider a closed connected and simply-connected manifold M of dimension at least 4. In this sectionwe assume that dimM = 4. As M is connected, H0(M;Q) = Q; simply-connectedness and duality imply that H1(M;Q) =
H3(M;Q) = 0; and by the dimension argument H4(M;Q) = Q. Thus, only the second homology group can take differentforms: H2(M;Q) = Qk , where k ≥ 0 is an integer.In order to obtain some examples of such manifolds for a given k , one can take connected sums of the appropriate numberof copies of CP2 or S2×S2, e.g. for k = 4 we can take M = S2×S2#S2×S2, cf. [6].We will give the complete list of all possible values of J[f ] in terms of the eigenvalues of f for k ≤ 4 (i.e. for M such thatdimH2(M;Q) ≤ 4).
Remark 3.1.Let us point out that not all possibilities enlisted in Theorem 3.4 could be realized. For a given manifold M there arefurther geometrical restrictions that prevent the appearance of some combinations of eigenvalues. The ways in whichone can apply Theorem 3.4 for finding the value of J[f ] for self-maps of a given manifold is illustrated by Theorem 3.6.
Remark 3.2.As it was shown in [13] that for (connected) manifolds of dimension at least 4 satisfying dimHi(M;Q) ≤ 1 the invariant
J[f ] ≤ 1, and J[f ] = 0 for manifolds with vanishing odd-dimensional homology groups [14], we will deal with the casesof k ∈ {2, 3, 4}.
Let us remind that by item I of subsection 2.1 all essential eigenvalues of f∗ are (primitive) roots of unity. In particular,
f induces identity on H0(M;Q) and D with D ∈ {−1, 0, 1} on H4(M;Q). The eigenvalues of f∗2 are various groups ofprimitive roots of unity of degree d such that φ(d) ≤ k . We denote their contribution to {L(fn)}∞n=1 as C (k)(n). We getthree possible cases in dependence of the value of D:

D = 1, then L(fn) = 1 + C (k)(n) + 1 = 2reg1(n) + C (k)(n), (6a)
D = −1, then L(fn) = 1 + C (k)(n) + (−1)n = reg2(n) + C (k)(n), (6b)

D = 0, then L(fn) = 1 + C (k)(n) = reg1(n) + C (k)(n). (6c)
We will make use of the list of all possible sequences of local indices of iterations of smooth maps in dimension 4(i.e. DD4(1) sequences) provided in [10, Theorem 3.3], see also [4, 12].
Theorem 3.3.
In dimension m = 4 there are six patterns of possible local indices of iterations {ind(fn, x0)}∞n=1 at an isolated fixed point
x0, which are enlisted in Table 1.

Table 1. DD4(1) sequences, i.e. all sequences of local indices of iterations of smooth maps in dimension m = 4; p, q > 2.Case m = 4(A) a1reg1(n) + a2reg2(n)(B) a1reg1(n) + apregp(n)(C) reg1(n) + a2reg2(n) + apregp(n) + a[p,2]reg[p,2](n)(D) −reg1(n) + a2reg2(n) + apregp(n) + a[p,2]reg[p,2](n)(E) a2reg2(n) + apregp(n) + a[p,2]reg[p,2](n)(F) reg1(n) + apregp(n) + aqregq(n) + a[p,q]reg[p,q](n)
By [p, q] we denote the least common multiple of p and q. Now we formulate the main result of this section.
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Theorem 3.4.
Let f be a smooth self-map of a smooth closed connected and simply-connected manifold M of the dimension 4. Assume
that the sequence of Lefschetz numbers of iterations of f is periodic. Then J[f ] ∈ {1, 2}. What is more, the value of J[f ]
can be expressed in dependence on the eigenvalues of f∗ in the following way. For k = 2:(i) if there is an eigenvalue of f∗2 which is a primitive root of unity of degree d ∈ {3, 4, 6}, then the values of J[f ] are

given in Table 2;(ii) otherwise J[f ] = 1.

For k = 3:(iii) if 0 is an eigenvalue of f∗2, then this case reduces to the case k = 2;(iv) if 0 is not an eigenvalue of f∗2 but there is an eigenvalue of f∗2 which is a primitive root of unity of degree
d ∈ {3, 4, 6}, then the values of J[f ] are given in Table 3;(v) otherwise J[f ] = 1.

For k = 4:(vi) if 0 is an eigenvalue of f∗2, then this case reduces to the case k = 3;(vii) if 0 is not an eigenvalue of f∗2 but there is an eigenvalue of f∗2 which is a primitive root of unity of degree d > 2,
then the values of J[f ] are given in Table 4;(viii) otherwise J[f ] = 1.

In Tables 2, 3, 4, d denotes degrees of primitive roots of unity being eigenvalues of f∗2 and (a), (b), (c) refer to thedifferent values of D enlisted in (6).
Table 2. J[f ] in the case (i), k = 2.

d (a) (b) (c)3 1 1 14 2 1 16 2 1 2

Table 3. J[f ] in the case (iv), k = 3.

d (a) (b) (c)3, 2 1 2 13, 1 1 1 14, 2 1 1 14, 1 2 1 26, 2 2 1 16, 1 2 2 2
Before we give the proof of Theorem 3.4 let us illustrate its geometrical meaning by the following example.
Example 3.5.Assume that k = 2 in Theorem 3.4 and consider a smooth self-map f of M such that the induced map f∗2 has the primitiveroots of unity of degree 4 and D is equal to 1. Then, by Table 2, case d = 4 (a), we find that J[f ] = 2. This means that foreach r ≥ 4 (r can be determined by the formula in Theorem 2.4) we can reduce the number of periodic points in smoothhomotopy class (less or equal to r) to 2, but not any more. In other words, there is such g in the smooth homotopy classof f that g has only two elements in the set ⋃k≤r Fix(gk ). On the other hand, there is no h smoothly homotopic to fwith less than 2 elements in ⋃k≤r Fix(hk ).
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Minimization of the number of periodic points for smooth self-maps of simply-connected manifolds with periodic sequence of Lefschetz numbers

Table 4. J[f ] in the case (vii), k = 4.

Case d (a) (b) (c) Case d (a) (b) (c)(α) 5 1 1 1 (β) 3, 3 1 2 18 2 2 1 4, 4 2 1 110 2 1 2 6, 6 2 2 212 2 2 2 3, 4 2 2 23, 6 2 1 14, 6 2 2 2(γ) 3, 1, 1 1 1 13, 1, 2 1 1 13, 2, 2 1 2 24, 1, 1 2 1 24, 1, 2 1 1 14, 2, 2 1 2 16, 1, 1 2 2 26, 1, 2 2 1 26, 2, 2 1 1 1

Proof of Theorem 3.4. For k = 2, f∗2 has two eigenvalues. They can be either(i) two conjugated primitive roots of unity of degree d, where φ(d) = 2, i.e. d ∈ {3, 4, 6}; or(ii) both of them belong to the set {−1, 0, 1}, i.e. each of them is either 0 or a root of degree d ∈ {1, 2}.
Case (i): We notice that C (k)(n), the contribution to {L(fn)}∞n=1 which comes from the second homology group, is equalto Ld(n), which we calculate using the formula (4). Then by (6) we determine {L(fn)}∞n=1 in dependence of D. Theresulting sequences of Lefschetz numbers are presented in Table 5. Now, for a given set of eigenvalues we calculate J[f ].In order to do that, according to the item IV of subsection 2.1, we have to find the minimal number of DD4(1) sequencesthat in sum give {L(fn)}∞n=1. Thus, the calculation of J[f ] reduces to the following task: for each sequence {c(n)}ndetermined by the pair (d,D) in Table 5, we find the minimal number of sequences from Table 1 that in sum give {c(n)}n.
Table 5. All possible sequences {L(fn)}∞n=1 in the case (i), k = 2.

d (a) (b) (c)3 reg1 + reg3 −reg1 + reg2 + reg3 reg34 2reg1 − reg2 + reg4 reg4 reg1 − reg2 + reg46 3reg1 − reg2 − reg3 + reg6 reg1 − reg3 + reg6 2reg1 − reg2 − reg3 + reg6
We illustrate the method of computing J[f ] for d = 4 and D = 1 which corresponds to (6a). We have that L(fn) =2reg1(n)+C (k)(n), and C (k)(n) = L4(n) = ∑l|4 µ(4/l)regl(n) = −reg2(n)+reg4(n). Thus L(fn) = 2reg1(n)−reg2(n)+reg4(n).This sequence is not listed in Table 1, because the coefficient at reg1(n) is bigger than 1. As a consequence, J[f ] > 1.On the other hand, this sequence is a sum of two sequences listed in Table 1, namely of the type (A) and (C) with p = 2,

2reg1(n)− reg2(n) + reg4(n) = reg1(n) + [reg1(n)− reg2(n) + reg4(n)].
Finally, J[f ] = 2.We repeat the same analysis for all other pairs (d,D) and observe that we need in each case either one or two DD4(1)sequences to obtain {L(fn)}∞n=1. All the cases are described in Table 6, where the needed DD4(1) sequences are specified,and from which the values of J[f ] are exported into Table 3.
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Table 6. J[f ] for the case (i), k = 2.

d (a) (b) (c) J[f ]3 B D B 14 A and C B F 1 or 26 A and C F A and F 1 or 2

Case (ii): Here, it is easy to see that {L(fn)}∞n=1 = a1reg1(n) +a2reg2(n), with some integer coefficients a1 and a2, notboth equal to zero. Thus, the sequence {L(fn)}∞n=1 can be represented as one DD4(1) sequence, namely of the type (A),which implies that J[f ] = 1. This completes the proof of the case k = 2.
For k = 3 the eigenvalues of f∗2 are primitive roots of degree d, where d ≤ 2, because there is no d for which φ(d) = 3.There are three possible cases:(iii) 0 is one of the eigenvalues of f∗2. This case obviously reduces to k = 2.(iv) There is one group of conjugated primitive roots of unity of degree d, where φ(d) = 2 and one primitive root ofunity with φ(d) = 1, d ∈ {1, 2}.(v) There are three primitive roots of degree d, where φ(d) = 1.
The list of all possible forms of Lefschetz numbers for the case (iv) is presented in Table 7. Comparing it with the Table 1we find in each case the decomposition of {L(fn)}∞n=1 into DD4(1) sequences. The resulting decompositions are given inTable 8, as well as the respective values of J[f ].
Table 7. All possible sequences {L(fn)}∞n=1 in the case (iv), k = 3.

d (a) (b) (c)3, 2 reg2 + reg3 −2reg1 + 2reg2 + reg3 −reg1 + reg2 + reg33, 1 2reg1 + reg3 reg2 + reg3 reg1 + reg34, 2 reg1 + reg4 −reg1 + reg2 + reg4 reg44, 1 3reg1 − reg2 + reg4 reg1 + reg4 2reg1 − reg2 + reg46, 2 2reg1 − reg3 + reg6 reg2 − reg3 + reg6 reg1 − reg3 + reg66, 1 4reg1 − reg2 − reg3 + reg6 2reg1 − reg3 + reg6 3reg1 − reg2 − reg3 + reg6

Table 8. J[f ] for the case (iv), k = 3.

d (a) (b) (c) J[f ]3, 2 E A and C D 1 or 23, 1 B E B 14, 2 B D B 14, 1 A and C B A and C 1 or 26, 2 A and C E C 1 or 26, 1 A and C A and C A and C 2
In the case (v), by the same argument as in (ii) we obtain that J[f ] = 1. This completes the proof of the case k = 3.
For k = 4 we concentrate on the case (vii), as the remaining cases are analogous to the respective ones consideredbefore. We analyze the following subcases:
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Minimization of the number of periodic points for smooth self-maps of simply-connected manifolds with periodic sequence of Lefschetz numbers

(vii.α) The eigenvalues of f∗2 are primitive roots of unity of degree d, where φ(d) = 4, d ∈ {5, 8, 10, 12}.(vii.β) The eigenvalues of f∗2 are two groups of primitive roots of degree d, where φ(d) = 2, d ∈ {3, 4, 6}.(vii.γ) The eigenvalues of f∗2 are one group of primitive roots of degree d, where φ(d) = 2, d ∈ {3, 4, 6}, and two rootswith φ(d) = 1, d ∈ {1, 2}.
The list of all possible forms of Lefschetz numbers for the case (vii.α) is presented in Table 9. Again, to calculate J[f ]we compare Table 9 with Table 1, finding the decompositions of {L(fn)}∞n=1 into DD4(1) sequences. The results arepresented in Table 10 for all the situations which appear in the case (vii.α).
Table 9. All possible sequences {L(fn)}∞n=1 in the case (vii.α), k = 4.

d (a) (b) (c)5 reg1 + reg5 −reg1 + reg2 + reg5 reg58 2reg1 − reg4 + reg8 reg2 − reg4 + reg8 reg1 − reg4 + reg810 3reg1 − reg2 − reg5 + reg10 reg1 − reg5 + reg10 2reg1 − reg2 − reg5 + reg1012 2reg1 + reg2 − reg4 − reg6 + reg12 2reg2 − reg4 − reg6 + reg12 reg1 + reg2 − reg4 − reg6 + reg12

Table 10. J[f ] in the case (vii.α), k = 4.

d (a) (b) (c) J[f ]5 B D B 18 B and F A and F F 1 or 210 A and F C A and F 1 or 212 A and F A and F A and F 2
In the cases (vii.β) and (vii.γ) we get by the formula (4) that {L(fn)}∞n=1 = a1reg1 + a2reg2 + a3reg3 + a4reg4 + a6reg6with not all coefficients ai equal to zero, which can always be represented as a sum of DD4(1) sequences of the type (B)(for p = 4) and (C) (for p = 3) and thus 1 ≤ J[f ] ≤ 2. We omit the detailed calculations for the cases (vii.β) and (vii.γ),which are analogous to the previous ones, presenting the final results in Table 4. This ends the proof of the case k = 4and the proof of the whole theorem.
Now, we illustrate the method of applying Theorem 3.4 to find J[f ], considering the case of self-maps of S2×S2.
Theorem 3.6.
Let f : S2×S2 → S2×S2 be a smooth map. Then J[f ] = 1.

Proof. By Theorem 3.4, J[f ] ∈ {1, 2}. We show that there are no self-maps of S2×S2 for which J[f ] = 2. First noticethat k = 2 here, which implies that the values of J[f ] are described by the cases (i) and (ii). By Table 2, J[f ] can be equalto 2 only in the following cases:(?) d ∈ {4, 6} and D = 1,(??) d = 6 and D = 0.
We exclude both of the above items by a use of cohomological ring of S2×S2. The non-zero cohomology groups(as well as the corresponding homology groups) of M = S2×S2 are the following: H0(M;Q) = Q, H2(M;Q) = Q⊕Q,
H4(M;Q) = Q. Notice that the induced maps on homology and cohomology have the same eigenvalues. Let f∗4 bea multiplication by a constant D ∈ Z, where D is the degree of f . Assume that the matrix

A = (a b
c d

)
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represents the induced homomorphism f∗2. Let us consider the cohomology ring of S2×S2: H∗(M;Q) =⊕
i∈{0,2,4}Hi(M;Q). If α and β are the generators of H2(M;Q), then α ∪ β is a generator of H4(M;Q).Using the fact that α2 = β2 = 0 and well-known properties of cohomology ring, cf. [14] for details, we obtain
f∗4(α ∪ β) = f∗2(α) ∪ f∗2(β) = (aα + cβ) ∪ (bα + dβ) = ad(α ∪ β) + bc(β ∪ α) = (ad+ bc)(α ∪ β) = D(α ∪ β)

and therefore
ad+ bc = D. (7)

On the other hand, the eigenvalues λ1, λ2 of A satisfy the equation x2− (a+d)x+ad−bc = 0. As they are conjugatedroots of unity, we get λ1λ2 = |λ1| = |λ2| = 1. Thus, by Vieta’s formula,
λ1λ2 = ad − bc = 1. (8)

Now consider the cases (?) and (??) separately.Case (?): For D = 1 we have by (7), ad+ bc = 1 and by (8), ad − bc = 1, so ad = 1 and bc = 0. The correspondingeigenvalues of A are then equal either 1 or −1 while roots of degree 4 or 6 could not appear.Case (??): For D = 0, similarly we have ad + bc = 0 and ad − bc = 1, which is however not possible for any
a, b, c, d ∈ Z.Finally, there are no self-maps of S2×S2 for which J[f ] = 2, and thus always J[f ] = 1.
4. Estimate for J[f ]
Assume that a manifold M satisfies dimHi(M;Q) ≤ k for each i. In this section we find an estimate from above for J[f ]in dependence of k for manifolds of arbitrary dimension m ≥ 4. By Θ(n), where n ∈ N, we will denote the number ofdistinct divisors of n and by dxe the smallest integer not less than x.
Theorem 4.1.
Let M be an m-dimensional smooth closed connected and simply-connected manifold with m ≥ 4. Consider a smooth
self-map f of M having periodic sequence of Lefschetz numbers of iterations. Let k > 1, if dimHi(M;Q) ≤ k for each i,
then

J[f ] ≤ k + ⌈ k2 log2 k
⌉
.

Proof. The proof consists of two parts. First, we determine the maximal number of basic sequences which may appearin the periodic expansion of {L(fn)}∞n=1, i.e. the maximal cardinality of the set O in formula (3). Next, we use Theorem 3.3to estimate the number of DD4(1) sequences that have to be used to realize all these basic sequences.Each group of primitive roots of unity of a prescribed degree d can produce, by the formula (5), at most Θ(d) non-zerobasic sequences of the form asregs(n), where s | d. As a consequence, taking into account the contributions from all suchgroups, we obtain #O ≤ # {s : s |d, φ(d) ≤ k}.
On the other hand, if s |d then φ(s) ≤ φ(d). Thus for s |d, if d satisfies the inequality φ(d) ≤ k , then also φ(s) ≤ k . Weget #O ≤ #{s : φ(s) ≤ k}.
Let F (k) = #{s : φ(s) ≤ k}. Then, F (k) can be represented in the following form:

F (k) = ζ(2)ζ(3)
ζ(6) · k + R(k),
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where R(k) < k/ log2 k and ζ(z) = ∑∞
n=1 1/nz is the Riemann zeta function [21] and ζ(3) (Apéry’s constant) satisfies

ζ(3) ∈ (1,202; 1,203) [2]. Taking into account that ζ(2) = π2/6 and ζ(6) = π6/945, cf. [1], we obtain
#O ≤ F (k) < 1,203 · π2/6

π6/945 · k + klog2 k < 2k + klog2 k . (9)
Now, to estimate J[f ] from above by a number A, we have to represent the sum of 2k+k/ log2 k basic sequences as a sumof A DD4(1) sequences. First of all, let us notice that 1 and 2 belong to the set {s : φ(s) ≤ k} and a1reg1(n)+a2reg2(n)is a DD4(1) sequence of the type (A), see Table 1. Furthermore, observe that by Theorem 3.3 there is a DD4(1) sequencewhich consists of at least two basic sequences apregp, aqregq with arbitrary coefficients ap and aq, p, q > 2, namelythe sequence of the type (F). Thus, we can always represent r basic sequences as a sum of one sequence of the type (A)and dr/2e − 1, DD4(1) sequences of the type (F). What is more, every DD4(1) sequence is also a DDm(1) sequence for
m ≥ 4 [8]. We get finally, by the formula (9), that for any manifold of dimension m ≥ 4,

J[f ] ≤ k + ⌈ k2 log2 k
⌉
.

5. Continuous and smooth categories: J[f ] equal to one

As it was mentioned in Introduction, for simply-connected manifolds the value of MF≤r(f) = min {#⋃k≤r Fix(gk ) : g∼f}is always equal either to 0 or to 1 and the first case holds if and only if all Lefschetz numbers of iterations are equalto zero, cf. [13, 16].If {L(fn)}∞n=1 is constantly equal to zero, then by the definition J[f ] = 0, thus minimizations in the smooth and continuouscategories are equivalent. We ask in which other cases this is still true. This question might be expressed by the useof the invariant J[f ] in the following way: which conditions on the manifold M should be satisfied to get J[f ] = 1 for allsmooth self-maps of M (with periodic Lefschetz numbers of iterations). We will prove that if for all i, dimHi(M;Q) ≤ k ,then, under the assumption that dimension of M is high enough, J[f ] = 1. By a prime power we mean a positive integerbeing a power of a prime number. We will denote by π∗(l) the number of prime powers not exceeding l, and by [x] theinteger part of x.
Definition 5.1.Let H be a subset of natural numbers. By LCM(H) we mean the least common multiple of all elements in H with theconvention that LCM(∅) = 1. We define the set H by: H = {LCM(Q) : Q ⊂ H}. Next, for natural s we denote by L2(s)any set of natural numbers of the form L, where #L = s+ 1 and 1 /∈ L, 2 ∈ L.
Theorem 5.2.
Let M be an m-dimensional, m ≥ 4, smooth closed connected and simply-connected manifold such that for each0 ≤ i ≤ m, dimHi(M;Q) ≤ k for a prescribed number k. If [(m−3)/2] + 1 ≥ π∗(k2), and {L(fn)}∞n=1 is not constantly
equal to zero, then J[f ] = 1 for all smooth self-maps of M with periodic sequence of Lefschetz numbers.

Proof. The case k = 1 holds by Remark 3.2. Let k > 1. If dimHi(M;Q) ≤ k , then we consider a representation ofLefschetz numbers in the form
L(fn) =∑

l∈N

bl regl(n).
We notice that bl 6= 0 implies φ(l) ≤ k . Now let l ∈ B = {s : φ(s) ≤ k}, we consider

L(fn) =∑
l∈B

bl regl(n). (10)
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We ask for which m the sequence (10) is a DDm(1) sequence, which is equivalent to the statement that J[f ] = 1. Let pbe a prime number, observe that
pα ∈ B =⇒ pα ≤ k2. (11)

Indeed, by the equality √s ≤ φ(s) which holds for s > 6, cf. [21], we get that if s ∈ B, then √s ≤ φ(s) ≤ k , thus s ≤ k2.We verify that for pα = s ≤ 6 the implication (11) also holds.Let P be the set of all primes. Define the set
G = {

pα : p ∈ P, pα ≤ k2, α ∈ N
}
.

By (11) we notice that B ⊂ G. On the other hand, it was proved in [12] that there exists a DDm(1) sequence of the form
cA(n) = ∑

k∈L2([(m−3)/2])ak regk (n),
where the coefficients ak could be arbitrary integers.Because 2 ∈ G (k ≥ 1), we may take L2([(m−3)/2]) = G, realizing by cA the sequence {L(fn)}∞n=1 under the conditionthat [(m−3)/2] + 1 ≥ #G = π∗(k2). This ends the proof.
Remark 5.3.The estimate for m (which guarantees that J[f ] = 1) given in Theorem 5.2 is rather rough. One can obtain a much betterestimate in the following way. Observe that if pα ∈ B then also p ∈ B, so under the condition pα ∈ B we get that
φ(p) ≤ k and φ(pα ) ≤ k , or equivalently p ≤ k + 1 and pα − pα−1 ≤ k . The last inequality implies

α ≤
[logp k

p − 1 + 1]. (12)
Let us denote the right-hand side of the inequality (12) by αp. Then, instead of the dependence (11) we can use thefollowing one:

pα ∈ B =⇒ p ≤ k + 1 and α ≤ αp.As a consequence, B ⊂ G1, where
G1 = {

pα : p ∈ P, p ≤ k + 1, α ≤ αp}.Finally, we can change the condition for m in Theorem 5.2, demanding that the following inequality is satisfied:
[
m− 32

] + 1 ≥ #G1. (13)
The condition (13) provides a better estimate for m because #G1 is much less than #G = π∗(k2).
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