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A B S T R A C T   

In this paper, the applicability of the cumulative strain energy density is explored as a fatigue indicator 
parameter for advanced high-strength steels subjected to strain-controlled conditions. Firstly, the cyclic 
stress–strain responses of nine steels, selected from three multiphase families, encompassing different elemental 
compositions and different heat treatment routes, were studied. Then, the predictive capabilities of the proposed 
model were compared with those of other strain-based and energy-based approaches. It was found that the 
cumulative strain energy density decreases as the strain amplitude increaes. It was also found that the cumulative 
strain energy density and the fatigue life can be related via a power function. In addition, the relationship be-
tween the cumulative strain energy and the fatigue life was not significantly affected by the elemental compo-
sition or the heat treatment route. Finally, the fatigue lives computed through the cumulative strain energy 
density concept were close to those of the other models but were slightly more conservative.   

1. Introduction 

Advanced high-strength steels with multiphase microstructures are 
pivotal materials in modern engineering [1,2]. This new generation of 
steels has attracted considerable attention over the last decades because 
multiphase microstructures can maximise the benefits of each phase 
while reducing or eliminating the shortcomings of a particular phase by 
the presence of other phases [3,4]. The alloy design of these sophisti-
cated materials is generally accomplished by optimisation of chemical 
compositions and by the definition of the most suitable routes of the 
multi-step heat treatments [2,5]. This makes the process laborious 
because the final mechanical properties are directly connected to the 
defined variables leading to complex problems. 

Their superior mechanical properties make them particularly 
attractive for different strategic industries, such as automotive, railway, 
aerospace, shipbuilding, and infrastructure, among others. In these 
specific sectors, mechanical components are often subjected to dynamic 
loads due to their service nature, which may lead to damage accumu-
lation at critical points. This damage accumulation, if not properly 

accounted for, can culminate in fatigue failure [6–10]. Thus, an efficient 
design against fatigue requires not only deep knowledge about the cyclic 
deformation behaviour but also the identification of adequate fatigue 
damage parameters capable of correlating the loading level with the 
fatigue lifetime [11–14]. 

The relationship between loading level and fatigue lifetime is 
generally defined using stress-based, strain-based, or energy-based ap-
proaches. Stress-based approaches are recommended for the high-cycle 
fatigue regime when cyclic plasticity is involved in localised regions. 
Strain-based approaches can be used most effectively in the low-cycle 
fatigue regime where significant plastic deformation exists. Finally, 
energy-based approaches, because they are defined through stress and 
strain variables, can deal with both low-cycle and high-cycle fatigue 
problems, which make them more attractive [15–19]. Due to this fact, 
this last group has received much attention and has inspired a number of 
alternative formulations [20–24]. 

As far as the alternative energy-based formulations are concerned, 
they are often based on the concept of the strain energy density of a 
single cycle, generally the half-life cycle. However, this snapshot, which 
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is assumed to be representative of the saturated state of the material, 
makes it more difficult to account for the typical transient cyclic 
stress–strain phenomena that take place in metallic materials under 
strain-control mode and that are likely to cause significant energy var-
iations in critical points even for constant-amplitude loading [25,26]. 
Thus, the cumulative strain energy density concept, which can be 
related to the total absorbed energy to failure, can inherently assess the 
energy changes caused by time-varying loads, which is an interesting 

outcome. 
Despite its high potential, very few studies have evaluated the fatigue 

performance of engineering materials under strain-controlled conditions 
using the cumulative strain energy density concept [27–30]. Halford 
[27] analysed a number of ferrous and non-ferrous metals and demon-
strated that the cumulative strain energy density is a decreasing function 
of the strain amplitude and can be related to the fatigue life via a power 
function. Li et al. [28] examined the influence of tempering temperature 
on high-strength spring steel and concluded that the higher the 
tempering temperature, the lower the fatigue damage rate. Long et al. 
[29] found that the Mn content has no significant effect on cumulative 
strain energy density in bainitic rail steels. 

Regarding the degree of accuracy of the cumulative strain energy 
density concept for low-cycle fatigue life prediction, limited work was 
done [31–35]. Shi et al. [31] evaluated the predictive capabilities of 
various energy-based models in high-performance structural steels and 
proved that cumulative-based parameters can provide reliable results. 
Martins et al. [32] and Sarkar et al. [33] also advocated that the cu-
mulative strain energy density is a reliable alternative to other classical 
strain-life and energy-life models for the estimation of fatigue durability 
in rail steels. Callaghan et al. [34] used this energy-based quantifier to 

Table 1 
Chemical composition of the tested steels (wt.%).  

Material C Si Mn Cr Ni Mo Al Fe 

Steel 1  0.27  1.7 0  1.9  0.4  0.4  0.6 Bal. 
Steel 2  0.27  1.7 2.3  1.9  0.4  0.4  0.6 Bal. 
Steel 3  0.27  1.7 3.2  1.9  0.4  0.4  0.6 Bal. 
Steel 4  0.21  1.8 1.1  0.7  0.14  0.19  – Bal. 
Steel 5  0.21  1.8 1.1  0.7  0.14  0.19  – Bal. 
Steel 6  0.21  1.8 1.1  0.7  0.14  0.19  – Bal. 
Steel 7  0.18  1.7 2.9  0.8  –  0.26  – Bal. 
Steel 8  0.18  1.7 2.9  0.8  –  0.26  – Bal. 
Steel 9  0.18  1.7 2.9  0.8  –  0.26  – Bal.  

Fig. 1. TEM micrograph images of the tested steels: (a) bainitic steel (Steel 2); (b) bainitic steel (Steel 3); (c) martensitic steel (Steel 5); (d) martensitic steel (Steel 6); 
(e) low-carbon steel (Steel 7); (f) low-carbon steel (Steel 9). BF: Bainitic Ferrite; M: Martensite; RA: Retained Austenite. 
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compute the fatigue life to crack propagation in ferritic steel at elevated 
temperature. More recently, Branco et al. [35] used the cumulative 
strain energy density to predict the crack initiation life in martensitic 
steels under multiaxial loading. 

In sum, systematic studies dealing with advanced high-strength 
steels are scarce in the open literature. Thus, this paper aims to 
explore the use of the cumulative strain energy density to assess the 
fatigue life in advanced high-strength steels subjected to strain- 

controlled conditions. First, nine different steels selected from three 
multiphase families with different elemental compositions and heat 
treatment routes were studied. Then, the predictive capabilities of the 
proposed model based on the cumulative strain energy density concept 
were compared with those of other strain-based and energy-based 
models. 

2. Materials and experiments 

The materials selected for this study included various advanced high- 
strength steels, selected from three multiphase families, namely bainitic 
steels, martensitic steels, and low-carbon steels. This wide range of 
materials aimed at studying the influence on cumulative strain energy 
density of different elemental contents and tempering temperatures. 
Table 1 summarises the chemical composition, in weight percentage, of 
the different high-strength steels utilised in this research. 

Regarding the heat treatment routes, these alloys were elaborated as 
follows:  

• The first group, Steel 1 to Steel 3, which comprised three bainitic 
steels with different Mn contents, was austenitised at 930 ◦C for 45 
min and then cooled from MS + 10 ◦C to MS − 20 ◦C to produce a 
bainitic microstructure (martensite start transformation, Ms, was 
equal to 390 ◦C, 370 ◦C, and 290 ◦C, respectively);  

• The second group, Steel 4 to Steel 6, which covered a martensitic 
steel tempered at three different temperatures, was austenitised at 
900 ◦C for 10 min, followed by tempering (at 320 ◦C, 350 ◦C, and 
380 ◦C, respectively) for 1 h, and then was cooled to room temper-
ature in air;  

• The third group, Steel 7 to Steel 9, which included a low-carbon 
multiphase steel tempered at three different temperatures, was aus-
tenitised at 900 ◦C for 10 min, followed by tempering (at 230 ◦C, 
275 ◦C, and 315 ◦C, respectively) for 2 h, and then quenched to room 
temperature at 25 ◦C. 

More detailed information about the alloy design process of these 
advanced high-strength steels can be found in the articles [5,36,37]. 

Fig. 1 shows the typical microstructures obtained by transmission 
electron microscopy (TEM) for the three selected multiphase families 
[5,36,37]. Based on the TEM analysis, we can conclude that:  

• The bainitic steel with the lowest content of Mn, Steel 1, was mainly 
formed by blocky ferrite and small amounts of bainitic ferrite plates, 
while the other two, Steel 2 and Steel 3, which had higher Mn con-
tents, exhibited bainitic ferrite plates and film-like retained austenite 
(see Fig. 1(a) and Fig. 1(b)); 

Fig. 2. Specimen geometry used in low-cycle fatigue tests (units: millimetres). Mean surface roughness in micrometres.  

Table 2 
Loading cases considered in the low-cycle fatigue tests.  

Material Strain amplitude, εa (%) Reversals to failure, 2Nf (reversals) 

Steel 1  0.60 8210   
0.70 4212   
0.80 3634   
1.00 1658 

Steel 2  0.60 10,340   
0.70 6258   
0.80 2864   
1.00 968 

Steel 3  0.60 26,740   
0.70 9066   
0.80 3792   
1.00 968 

Steel 4  0.52 35,222   
0.60 5996   
0.70 3248   
0.80 4404   
1.00 2374 

Steel 5  0.52 37,536   
0.60 17,180   
0.70 6244   
0.80 1378   
1.00 642 

Steel 6  0.52 37,536   
0.60 17,180   
0.70 6244   
0.80 1378   
1.00 642 

Steel 7  0.50 37,812   
0.65 7020   
0.80 2746   
1.00 1474 

Steel 8  0.50 12,083   
0.65 3294   
0.80 1595   
1.00 801 

Steel 9  0.50 9261   
0.65 2452   
0.80 925   
1.00 588  
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• The microstructure of the martensitic steels, Steel 4 to Steel 6, was 
relatively dense and contained laths of martensite along with resid-
ual austenite films. The width of the laths was small and there were 
high-density dislocations inside the laths. The increase of the 
tempered temperature resulted in both wider martensite laths and 
smaller dislocation densities (see Fig. 1(c) and Fig. 1(d));  

• The low-carbon steel, Steel 7 to Steel 9, was mainly composed of a 
multiphase microstructure formed by bainite and martensite. The 
increase of the austempering temperature led to a higher number of 

blocky retained austenite and also to thicker and coarser body- 
centred cubic transformation products (see Fig. 1(e) and Fig. 1(f)). 

A more comprehensive description of the microstructure features of 
the tested alloys can be found in the articles [5,36,37]. 

The low-cycle fatigue tests were run under strain-controlled condi-
tions at a strain ratio (Rε) of − 1 and a strain rate (dε/dt) of 6 × 10− 3 s− 1 

for strain amplitudes (εa) in the range 0.52%–1.0%. The cyclic stress–-
strain response was recorded using a 10 mm-long mechanical exten-
someter connected directly to the gauge section of the specimen. The 

Fig. 3. Cyclic stress–strain response under strain-controlled conditions of the tested steels for the same strain amplitude (εa = 0.8%): (a) Steel 1; (b) Steel 2; (c) Steel 
3; (d) Steel 4; (e) Steel 5; (f) Steel 6; (g) Steel 7; (h) Steel 8; (i) Steel 9. 
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specimen geometry is schematised in Fig. 2. The tests started in 
compression and stopped when the specimen reached the total failure, 
or the maximum tensile stress decreased 25% relative to the initial 
value. Table 2 summarises the loading scenarios and the fatigue lives for 
the different steels. 

3. Results and discussion 

This section is divided into three subsections. Firstly, the cyclic 
stress–strain response of the tested steels is briefly addressed. Then, the 
strain-life relationships and the cumulative strain energy density versus 
life relationships are obtained. Finally, the predictive capabilities of the 
proposed model based on the cumulative strain energy density are 
compared with those of other classical strain-based and energy-based 
approaches. 

3.1. Cyclic stress–strain response 

Fig. 3 plots, as an example, the low-cycle fatigue behaviour at a fixed 
strain amplitude (εa = ±0.8%) for various steels tested in this study. For 
the sake of comparability, the second loop (dashed lines) and the half- 
life loop (full line) are highlighted. Although the strain amplitude is 

fixed, the cyclic response, under strain-controlled conditions, is notori-
ously different, not only for the various families of advanced high- 
strength steels, but also for the same family produced with different 
features. Overall, we can see that these steels at this strain amplitude 
exhibit a strain-softening behaviour, i.e. the uncontrolled stress ampli-
tude decreases gradually during the test up to the total failure. 

The transient variations of the cyclic stress–strain response are 
generally better assessed using dependent parameters. Fig. 4 displays, as 
an example, the variation of stress amplitude (σa) with the number of 
cycles (Nf) at a fixed strain amplitude (εa = 0.8%, i.e. the same cases of 
Fig. 3) for the studied cases. In this representation, it can be seen that the 
cyclic stress–strain response exhibits three distinct stages, i.e. an initial 
stage with sudden variations of stress amplitude, followed by a domi-
nant stage, in some cases a saturated-like stage, characterised by smooth 
changes, and a final stage with a rapid decrease of stress amplitude up to 
the total failure. 

The variation of strain energy density with the number of cycles to 
failure at a fixed strain amplitude (εa = 0.8%, i.e. the same cases of 
Figs. 3 and 4) is shown in Fig. 5. The strain energy density is defined here 
as the sum of both the plastic and positive elastic components [39]. As 
shown, the more intense changes appear in the first cycles, as in the 
previous case. After that, the strain energy density varies smoothly until 
the final fracture. Despite the strain amplitude is fixed for all cases 
presented in Fig. 4 and Fig. 5, it is notorious a clear variation of the 
number of cycles to failure for the different tested steels. 

3.2. Stable stress–strain response 

Based on the conclusions drawn in the previous section, and as usual 
for high-strength steels, the stable stress–strain response was charac-
terised using the half-life cycles (see Fig. 3). The half-life cycles obtained 
in the experiments for all tested materials are displayed in Fig. 6. It is 
clear from the figure that the shapes of the hysteresis loops are not only 
material dependent but also strain path dependent. 

The cyclic stress–strain curve is an important tool to describe the 
stable material response. Fatigue design methods often require the 
knowledge of such curves to correlate the applied strain with the cor-
responding stress level [18,20,35]. The cyclic stress–strain curve can be 
written as follows: 

Δε
2

=
Δσ
2E

+
(Δσ

2K′

)1/n′

(1)  

where K’ is the cyclic strain hardening coefficient, and n’ is the cyclic 
strain hardening exponent. This curve can be drawn by connecting the 
tensile and compressive tips of the stable stress–strain loops collected at 
different strain amplitudes. As shown in Fig. 6, the tips of the stable 
hysteresis loops are very close to the fitted curves, either for the 
ascending or the descending branches. Thus, we can conclude that the 
Ramberg-Osgood model satisfactorily describes the shapes of the stabi-
lised hysteresis loops. The fitted constants for these materials, obtained 
via the least square method, are compiled in Table 3. 

From an engineering point of view, the fatigue resistance can be 
defined using stress, strain, and energy parameters. Under strain- 
controlled conditions, the two last are generally more attractive. 
Regarding the strain-life relationship, a convenient approach to corre-
late these two variables is through the Coffin-Manson-Basquin (CMB) 
model, which accounts for both the elastic and plastic strain compo-
nents: 

Fig. 4. Stress amplitude versus number of cycles at a fixed strain amplitude (εa 
= 0.8%) for the tested steels. 

Fig. 5. Strain energy density versus number of cycles at a fixed strain ampli-
tude (εa = 0.8%) for the tested steels (strain energy density calculated as the 
sum of both the plastic and the positive elastic components). 
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Δε
2

=
Δεe

2
+

Δεp

2
=

σ′

f

E
(
2Nf

)b
+ ε′

f

(
2Nf

)c (2)  

where Δε is the total strain range, Δεe is the elastic strain range, Δεp is 
the plastic strain range, σf’ is the fatigue strength coefficient, E is the 
Young’s modulus, b is the fatigue strength exponent, εf’ is the fatigue 
ductility coefficient, and c is the fatigue ductility exponent. Fig. 7 shows 
the fitted functions for the different steels as well as the experimental 
data collected from the half-life cycles. As can be seen in the figure, each 
steel exhibits a distinct behaviour and the differences tend to increase 
for higher strain amplitudes. The values of the unknowns, determined 
using the least square method, are listed in Table 4. 

Energy-life relationships are also very popular in fatigue design. Two 
of the most widespread energy-based approaches are the Smith-Watson- 
Topper (SWT) and the Liu models. Both models can also be established 
using the above-mentioned fatigue strength and the fatigue ductility 

Fig. 6. Stable loops and cyclic stress–strain curves: (a) Steel 1; (b) Steel 2; (c) Steel 3; (d) Steel 4; (e) Steel 5; (f) Steel 6; (g) Steel 7; (h) Steel 8; (i) Steel 9.  

Table 3 
Constants of the cyclic stress–strain curves.  

Material Cyclic strain 
hardening 

coefficient, K’ (MPa) 

Cyclic strain 
hardening 

exponent, n’ 

Steel 1 1684  0.1172 
Steel 2 1931  0.0722 
Steel 3 3085  0.1330 
Steel 4 1827  0.0748 
Steel 5 2588  0.1251 
Steel 6 1243  0.0158 
Steel 7 2301  0.1129 
Steel 8 2020  0.1008 
Steel 9 1827  0.0798  
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properties (see Table 4) and can be written by the following formulae, 
respectively: 

σmax
Δε
2

=
σ’

f
2

E
(
2Nf

)2b
+ σ’

f ε’
f

(
2Nf

)b+c (3)  

and 

ΔW = Δσ Δε =
4 σ′

f
2

E
(
2Nf

)2b
+ 4 σ′

f ε′

f

(
2Nf

)b+c (4)  

where σmax is the maximum stress, and Δσ is the stress range. The former 
model is based on both the maximum tensile stress and the strain 

amplitude applied on the critical plane, while the latter is related to the 
virtual strain energy density applied in the component. 

Although energy-life approaches are often used in fatigue design, the 
most popular approaches are based on a single hysteresis loop, generally 
collected at the half-life, which is assumed to be representative of the 
saturated cyclic stress–strain response. The use of the cumulative strain 
energy density, as a fatigue indentifier parameter, despite it is not new, 
is much less frequent, as already discussed above [27–30]. Nevertheless, 
this parameter, which is related to the total energy absorbed to fracture, 
has led to good results, either under uniaxial loading or multiaxial 
loading [31–35]. The cumulative strain energy density (WT) defined in 
accordance with the Ellyin’s concept [38], i.e. by the sum of both the 
positive elastic and the plastic components, can be formalised as follows: 

WT =
∑Nf

i=1

(
ΔW+

e + ΔWp
)

i =
∑Nf

i=1
ΔWT,i (5)  

where ΔW+
e is the positive elastic strain energy of the ith hysteresis loop, 

ΔWp is the plastic strain energy density of the ith hysteresis loop, and Nf 
is the number of cycles to failure. 

The variation of the cumulative strain energy density for the tested 
steels is presented in Fig. 8. As can be seen in the figure, this parameter is 
quite stable for the different tested steels and is almost independent of 
the Mn content for the bainitic steels (Fig. 8a) and also almost inde-
pendent of the tempering temperature for the martensitic steels (Fig. 8b) 
and low-carbon steels (Fig. 8c). It is also evident that the cumulative 
strain energy density is a decreasing function of the strain amplitude. 
The relationship between WT and 2Nf can be successfully fitted via 
power functions, i.e. straight lines on log–log scales: 

WT = κ
(
2Nf

)α (6)  

where Κ and α are two material constants obtained from the experi-
mental results. The unknowns computed in this case are compiled in 
Table 5. The dashed lines displayed in Fig. 8 were obtained for all points 
of each family (Steels 1 to 3 in the case of Fig. 8(a)); Steels 4 to 6 in the 
case of Fig. 8(b), and Steels 7 to 9 in the case of Fig. 8(c)) and can be 
interpreted as average functions. Overall, the average functions are 
quite close to the data points, which allows to correlate the cumulative 
strain energy density with the fatigue life for a given family using a very 
limited number of variables. The fitted constants for the average func-
tions are listed in Table 6. 

It is also interesting to note that the positive elastic strain energy 
density at the half-life cycle correlates closely with the cumulative strain 
energy density. As shown in Fig. 9, the dialectical relationship between 
these two variables can be established via power functions, i.e. 

WT = κe

(
ΔW+

e,HL

)αe
(7)  

where ΔW+
e,HL is the positive elastice strain energy density at the half-life 

cycle, and Κe and αe are material constants obtained by using a best- 
fitting technique. The material constants computed for the different 

Fig. 7. Total strain amplitude versus number of reversals to failure: (a) bainitic 
steels (Steels 1 to 3); (b) martensitic steels (Steels 4 to 6); (c) low-carbon steels 
(Steels 7 to 9). 

Table 4 
Constants of the strain-life curves.  

Material Fatigue strength 
coefficient, σf

’ 

(MPa) 

Fatigue 
strength 
exponent, b 

Fatigue 
ductility 
coefficient, εf

’ 

Fatigue 
ductility 
exponent, c 

Steel 1 1560  − 0.0722  0.4876  − 0.6080 
Steel 2 2109  − 0.0689  1.1015  − 0.8168 
Steel 3 2372  − 0.0738  0.1370  − 0.5535 
Steel 4 2240  − 0.0831  0.6927  − 0.7223 
Steel 5 1980  − 0.0674  0.0881  − 0.5014 
Steel 6 1716  − 0.0688  0.1970  − 0.5535 
Steel 7 2240  − 0.0829  0.6927  − 0.7227 
Steel 8 2260  − 0.0901  2.8636  − 0.8793 
Steel 9 2060  − 0.0795  4.0091  − 0.9764  
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materials are exhibited in Table 7. In fact, Martins et al. [32] have 
already reported a power relationship between the cumulative strain 
energy density and the elastic strain energy density for rail steels sub-
jected to uniaxial strain-controlled loading. For cyclic loading with σmin 
≤ 0 (R ≤ 0), the positive elastic strain energy density can be related to 
the maximum applied stress by: 

ΔW+
e,HL =

σ2
max

2E
(8)  

where σmax is the maximum applied stress at the half-life. This rela-
tionship is particularly useful because it allows a simple correlation 
between the maximum applied stress (which can be rapidly estimated 
from the cyclic curve) and the associated cumulative strain energy 
density. 

3.3. Fatigue life predictions 

In this study, the fatigue life predictions were carried out for all steels 
using five different models: 

(1) Coffin-Manson (CM) model (see Eq. (2)); 
(2) Smith-Watson-Topper (SWT) model (see Eq. (3)); 
(3) Liu model (see Eq. (4)); 
(4) Cumulative strain energy density (WT) model (see Eq. (6)); 
(5) Cumulative strain energy density model (WT,a) using average WT 

versus 2Nf functions. 
In the case of the model based on the cumulative strain energy 

density, i.e. the Model 4, the maximum applied stress (see Eq. (8)) was 
estimated from the cyclic curve (Eq. (1)) allowing the calculation of 
ΔW+

e,HL and, consequently, the value of the cumulative strain energy 
density (WT) through Eq. (7). Then, Eq. (6) was used to estimate the 
number of reversals to failure (2Nf). Regarding the Model 5, the 
approach was similar to the previous one, but Eq. (6) was solved using 
the average WT versus 2Nf functions (dashed lines of Fig. 8). As far as the 
SWT and the Liu models are concerned, the maximum stress (σmax) and 
the stress range (Δσ) of Eq. (3) and Eq. (4), respectively, were computed 
using the cyclic curve (see Eq. (2)). Concerning the CM model, since it is 
based on the total strain amplitude, no previous calculations were 
needed. 

Fig. 10 plots the experimental lives (2Nf,e) against the predicted lives 
(2Nf,p) obtained with the five above-mentioned models. Overall, all 
models led to good predictions, which is an interesting finding. The CM 
model is more accurate in this kind of analysis because the fatigue 
identifier parameter is defined directly from the strain amplitude, which 
is the controlled loading variable. We can also note that the SWT and the 
Liu models exhibit very similar predictions, which can be explained by 
the fact that under fully-reversed conditions, there is a direct 

Fig. 8. Cumulative strain energy density versus number of reversals to failure: 
(a) bainitic steels (Steels 1 to 3); (b) martensitic steels (Steels 4 to 6); (c) low- 
carbon steels (Steels 7 to 9). 

Table 5 
Constants of the cumulative energy-life curves.  

Material Coefficient α (MJ/m3) Exponent Κ 

Steel 1  567.21  0.4176 
Steel 2  383.24  0.4485 
Steel 3  145.92  0.5746 
Steel 4  343.46  0.6575 
Steel 5  112.81  0.7774 
Steel 6  81.90  0.7989 
Steel 7  239.95  0.6876 
Steel 8  395.01  0.6229 
Steel 9  161.95  0.7251  

Table 6 
Constants of the cumulative energy-life curves by steel family.  

Material Coefficient α (MJ/m3) Exponent Κ 

Bainitic steels  249.05  0.5096 
Martensitic steels  122.60  0.7651 
Low-carbon steels  261.71  0.6704  
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proportionality between both fatigue identifier parameters. Regarding 
the two models based on the cumulative strain energy density, the de-
gree of accuracy is also quite similar. 

In order to better compare the predictive capabilities of the tested 
models, a statisitical analysis based on the probability density function 
of the fatigue error was performed. The probability density function can 
be defined as follows: 

Z(x) =
1

δ
̅̅̅̅̅
2π

√ e− (x− μ)2/(2δ2) (9)  

where δ is the standard deviation, and μ is the mean value. The fatigue 
error (EN) was calculated via the following equation: 

EN = log10

(
2Nf ,e

2Nf ,p

)

(10)  

where 2Nf,w is the experimental fatigue life, and 2Nf,p is the predicted 
fatigue life. 

Fig. 11 shows the probability density functions of the fatigue errors 
for the different models considered in this study. Generally speaking, 
more accurate models are associated with mean values close to zero and 
lower standard deviations. As expected, the CM model exhibits the lower 
mean error and the lower standard deviation. Moreover, the SWT and 
the Liu models led to very similar probability density functions. Finally, 
the functions of the two models based on the cumulative strain energy 

density are slightly moved to the conservative side, which is interesting 
in the context of fatigue design. Moreover both models present slightly 
higher values of standard deviation. However, the results are acceptable, 
demonstrating that they are valid alternatives to the classical models. 

It should also be noted that the model based on the average functions 
(WT,a) is quite similar to that obtained from the individual fitting, which 
is a clear advantage since the cumulative strain energy density is almost 
independent of the Mn content or the tempering temperature, allowing a 
significant reduction of the number of low-cycle fatigue tests required to 
characterise the cyclic elastic–plastic behaviour of these families of 
advanced high-strength steels. In contrast, the other models (CM, SWT, 
or Liu) require individual fitting, which can be laborious, time- 
consuming, and expensive. In sum, the cumulative strain energy den-
sity is adequate to correlate the fatigue damage with the number of 
cycles to failure in advanced high-strength steels subjected to strain- 
control mode. 

4. Conclusions 

This paper addressed the use of the cumulative strain energy density 
as a fatigue indicator parameter in advanced high-strength steels sub-
jected to uniaxial cyclic loading. Nine different steels, selected from 
three multiphase families, encompassing different chemical composi-
tions and different heat treatment routes, were tested under strain- 
controlled conditions. The capabilities of the proposed model based on 
the cumulative strain energy density were compared with those of other 
classical models (namely the Coffin-Manson, Smith-Watson-Topper, and 
Liu models). The following conclusions can be drawn:  

• The cyclic stress–strain response of these alloys comprised three 
distinct stages: a first stage with rapid variations of stress amplitude 
and strain energy density, followed by a dominant stable stage, and a 
short final stage of intense changes up to the total failure;  

• The cumulative strain energy density versus the number of reversals 
to failure, unlike the classical strength-life and ductility-life re-
lationships, was not particularly affected by the chemical composi-
tion or the heat treatment routes; 

Fig. 9. Positive elastic strain energy density at the half-life (ΔWe+) versus cumulative strain energy density (WT) for the tested steels: (a) bainitic steels (Steels 1 to 3); 
(b) martensitic steels (Steels 4 to 6); (c) low-carbon steels (Steels 7 to 9). 

Table 7 
Constants of the WT versus ΔW+

e curves.  

Material Coefficient αe (MJ/m3) Exponent κe 

Steel 1 60.62 × 103  − 1.927 
Steel 2 650.8 × 103  − 2.944 
Steel 3 3.123 × 106  − 3.654 
Steel 4 5.584 × 106  − 3.491 
Steel 5 1.050 × 106  − 6.197 
Steel 6 6.659 × 106  − 8.539 
Steel 7 5.211 × 106  − 3.982 
Steel 8 1.259 × 106  − 2.940 
Steel 9 1.781 × 106  − 3.394  
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• The models based on the cumulative strain energy density (individ-
ual fitting or average functions) led to good fatigue life predictions, 
marginally worse than the other studied approaches, but slightly 
more conservative;  

• The model based on the average functions (WT,a) exhibited almost 
similar predictive capabilities than the WT model, which can be ad-
vantageous to reduce the time and cost associated with cyclic elas-
tic–plastic characterisation of advanced high-strength steels. 
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Fig. 10. Fatigue life predictions obtained with the different tested models: (a) CM; (b) SWT; (c) Liu; (d) WT; (e) WT,a.  
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