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Abstract By relying on the Euler–Bernoulli beam model and energy variational formula, we indicate crit-
ical temperature causes in the buckling of piezo-flexomagnetic microscale beams. The corresponding size-
dependent approach is underlying as a second strain gradient theory. Small deformations of elastic solids
are assessed, and the mathematical discussion is linear. Regardless of the pyromagnetic effects, the thermal
loading of the thermal environment varies in three states along with the thickness, which is linear, uniform,
and parabolic forms. We then establish the results by developing consistent shape functions that independently
evaluate boundary conditions. Next, we analytically develop and explore the effective properties of the stud-
ied beam concerning vital factors. It was achieved that piezomagnetic-flexomagnetic microbeams are more
affected by the thermal environment while the thermal loading is parabolically distributed across the thickness,
particularly when the boundaries involve simple supports.

Keywords Piezo-flexomagnetic microbeam · Critical temperature · Strain gradient theory · Analytical
solution

List of symbols

Hz Magnetic field component
ηxxz Gradient of the elastic strain
σxx Stress component
εxx Strain component
ξxxz Hyper stress
Bz Magnetic flux component
C11 Elasticity modulus
Mx Moment stress resultant
Txxz Hyper stress resultant
U Strain energy
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δ Symbol of variations
Nx Axial stress resultant
Ψ Magnetic potential
Iz Area moment of inertia
l Microscale parameter
α Thermal expansion coefficient
	T Temperature variations
T0 Environment temperature
T f Critical temperature
W Works done by external objects
u1 Cartesian displacements along x axis
u3 Cartesian displacements along z axis
L Length of the beam
h Thickness of the beam
u Axial displacement of the midplane
w Transverse displacement of the midplane
z Thickness coordinate
q31 Component of the third-order piezomagnetic tensor
g31 Component the sixth-order gradient elasticity tensor
f31 Component of fourth-order flexomagnetic
a33 Component of the second-order magnetic permeability tensor
N 0
x Initial total in-plane axial force

ψ Initial magnetic potential
A Area of cross section of the beam
Y Residue in the solution method
m Mode number

1 Introduction

Many mechanical structures are used in environments with high-temperature differences. It causes significant
temperature changes, stresses, and deformations. Applying heat load in some systems is inevitable, and in
others, it is accidental. Some structures are subjected to thermal loads frequently during the working period.
The effect of heat on the construction and performance of structures such as spacecraft, nuclear reactors, and
heat exchangers are examples of this type of heat loading.

On the other hand, a thermal load may be accidentally applied to a structure. An example of this is the fire
in urban and industrial buildings and facilities. Regardless of the effects of heat load, the structure’s design will
not be complete and safe. An important group of constructions among the applicable structures is the beam,
which forms a large part of a composite structure system. In cases where the mechanical design is composed
of lean elements, e.g., beams, one of the major problems caused by rising temperature is thermal buckling [1].
The thermal effects play an important role in structural mechanics, see, e.g., [2–6].

As solid phase supports, magnetic microparticles (MMP) promise many significant advances in experi-
mental works. New technology emerged by which magnetic separation can occur during magnetism. Different
molecules can be isolated or absorbed by these particles in many applications such as magnetic cell separation,
ribonucleic acid (RNA) purification, see, e.g., [7–9] and reference therein. One of the biotic and useful appli-
cations of MMPs is targeting cancer cells qua these particles can separate cells from human blood. However,
timeless usages are waiting to be found.

Today, due to the widespread advances in engineering sciences, the need for optimizations resulting from
small-scale technology is felt more and more. Microsensors are highly improved, high-performance materials
that are just one example of applications in the micro-industry. Devices display properties such as temperature,
pressure, traction, or current output the desired parameter. On the other hand, magnetic microsensors detect
changes or disturbances in the magnetic field and then, based on that, extract the required information such as
direction, presence, rotation angle, or potential [10–15].

Apart from the piezomagneticity, magnetic microsensors and generallymagnetic particles can have another
physical property, which is flexomagneticity. The difference is that flexomagnetic is a pervasive effect on all
materials with any symmetry, the discovery of which dates back to the current decade. Flexomagneticity is
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Thermal stability of piezo-flexomagnetic microbeams

the coupling between the polarization and the strain gradient, but piezomagneticity is the coupling between
the polarization and the strain itself [16–23]. The small-scale theme is the main debate in MMPs technology,
which shows the more effective role of flexomagneticity. In light of the new progress and developments which
emerge these years, particularly at a small scale, the flexomagneticity debate is increasing quickly.

Based on the research background performed on the mechanics of piezomagnetic-flexomagnetic struc-
tures, theoretical research can be found. These studies were preliminarily begun by Sidhardh and Ray [24]
and Zhang et al. [25]. In these introductory works, they showed studies on piezomagnetic-flexomagnetic
nanostructures by investigating bending properties. The deformations were assumed as the small, and linear
analysis was taken into consideration. Both published research employed the Euler–Bernoulli displacement
kinematic field to model the structure as a thin beam. Magnetization influences were regarding both reverse
and direct impacts. The acted static loading was vertically and uniformly imposed throughout the length of the
beam. The first research examined cantilever beams. However, the second one demonstrated a premier study
by evaluating several end conditions. The shortcoming of both works is a lack of considering size-dependent
effects. Though they simply inspected only surface effect, nonlocal or microstructural influences were not
figured out. Newly, Malikan and Eremeyev [26] carried out piezomagnetic-flexomagnetic Euler–Bernoulli
small-scale beams exposed in a vibrational mode. The linear frequency analysis was done while the size-
dependent impacts were explored according to the stress-driven nonlocal elasticity approach. Based on their
results, it was affirmed that the flexomagnetic feature is size-dependent.

Another research on piezomagnetic-flexomagnetic small size structures has been performed by Malikan
and Eremeyev [27] in which they studied the nonlinear model of natural frequencies of the structure. They
fulfilled size-dependent influences based on the nonlocal strain gradient elasticity model. In addition to these,
Malikan and Eremeyev [28] studied large deflections of piezo-flexomagnetic nano-size beams using two-step
analytical-numerical solution techniques. They discovered that analysis of a nonlinear model of bending of
a piezo-flexomagnetic nanobeam is seriously required to design nano-electro-mechanical systems (NEMS)
based on piezomagnetic-flexomagnetic properties. They demonstrated many new results, of which we can
refer to reducing the deflections as a result of the flexomagnetic effect. Malikan et al. [29] continued the
studies on magnetic nanoparticles involving both piezomagnetic and flexomagnetic features. The new study
investigated the post-buckling response of the structures, which led to some new results and achievements in
the field of smart nanosensors. More recently, Malikan et al. [30] investigated the porous states in the structure
of a piezomagnetic-flexomagnetic beam considering size influences. It was found that porosity affects the
flexomagnetic response of the materials.

This research attempts to estimate temperature impacts on magnetic structures to extend the accom-
plished works on piezomagnetic-flexomagnetic properties. In doing so, this article investigates a microscale
piezomagnetic-flexomagnetic beam-shaped sensor and peruses the size-dependent influences according to a
strain gradient model. The elastic strains are supposed to be linear, and the kinematic displacement compo-
nents are due to Euler–Bernoulli thin beam. Two presented boundary conditions are mathematically imposed,
namely clamped and simple supports. The assessments are then continued with changes in associated factors,
which effectively design the magnetic sensor, and the results are exhibited graphically by several figures.

2 Theoretical modeling

Let us discuss the appliedmodel inmore detail. Figures 1 and 2 show that themicroscale beams are installed into
clamped-clamped and simple-simple supports, respectively. The cross section of the beams is geometrically
square. The beam is placed in a magnetic field, which acts vertically. The thermal environment is also taken
into account and affects the beam in direction with the thickness only.

The beam is considered to act as the Euler–Bernoulli beam hypothesis as [31–34]

u1 (x, z) = u (x) − z
dw (x)

dx
(1)

u3 (x, z) = w (x) (2)

where we introduced axial displacement u (x) and deflection w (x) as functions of x coordinate, see Figs. 1
and 2.

The compatible components of strain–displacement relations have the following form [24–35]

εxx = du

dx
− z

d2w

dx2
(3)
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Fig. 1 A square microbeam containing PM and FM embedded in fully fixed ends

Fig. 2 A square microbeam containing PM and FM embedded in pivot ends

ηxxz = dεxx
dz

= −d2w

dx2
(4)

The nonzero stress σxx and hyper stress ξxxz components alongside magnetic induction can be expanded as
[24,25]

σxx = C11εxx − αC11	T − q31Hz (5)

ξxxz = g31ηxxz − f31Hz (6)

Bz = a33Hz + q31εxx + f31ηxxz (7)

where C11 is an elastic modulus, α is a coefficient of thermal expansion, 	T is the temperature change across
the cross section of the beam, Hz is the vertical component of the magnetic field, q31 is a piezomagnetic
modulus, g31 is a higher-order elastic modulus, f31 is a flexomagnetic modulus responsible for coupling
between magnetic flux Bz and strain gradient ηxxz , and a33 is a magnetic permeability.

The characteristics equation can be derived based on a virtual displacement in the system according to the
first variation in total energy relationship as below [36]

δU − δW = 0 (8)

where δU is the first variation of the energy functional and δW is the work of external actions.
To establish the strain energy in the global form, one can write

δU =
∫

V

(σxxδεxx + ξxxzδηxxz − BzδHz)dV (9)

Thus, based on Eqs. (5–7), Eq. (9) can be calculated by integrating part by part as follows

δU = δ�Mech
U1

+ δ�
Mag
U1

+ δ�Mech
U2

+ δ�
Mag
U2

(10)

where

δ�Mech
U1

= −
L∫

0

[
dNx

dx
δu +

(
d2Mx

dx2
+ d2Txxz

dx2

)
δw

]
dx (11)
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δ�
Mag
U1

= −
L∫

0

h/2∫

−h/2

dBz

dz
δΨ dzdx (12)

δ�Mech
U2

=
(
Nxδu − Mx

dδw

dx
− Txxz

dδw

dx
+ dMx

dx
δw + dTxxz

dx
δw

)∣∣∣∣
L

0
(13)

δ�
Mag
U2

=
L∫

0

(BzδΨ )

∣∣∣∣∣∣

h/2

−h/2

dx (14)

where the associated parameters would be

Nx =
h/2∫

−h/2

σxxdz (15)

Mx =
h/2∫

−h/2

σxx zdz (16)

Txxz =
h/2∫

−h/2

ξxxzdz (17)

which are axial, moment, and hyper stress resultants on beam elements.
The virtual work as results of an axial magnetic field and thermal environment can be expressed as [37,38]

W = −1

2

L∫

0

N 0
x

(
dw

dx

)2

dx (18)

δW = −
L∫

0

N 0
x

(
dδw

dx

dw

dx

)
dx (19)

We are allowed to write the relationship between magnetic potential and the magnetic component as

Hz = −dΨ

dz
(20)

Let us assume the magnetic field varies linearly in direction with thickness, hence

Ψ

(
+h

2

)
= ψ, Ψ

(
−h

2

)
= 0 (21)

where the closed-circuit beside the reverse effect of the field is investigated. Plugging Eqs. (7), (12), (20) and
(21) and some simplifications give [24,25]

Ψ = − q31
2a33

(
z2 − h2

4

)
d2w

dx2
+ ψ

h

(
z + h

2

)
(22)

Hz = z
q31
a33

d2w

dx2
− ψ

h
(23)

To appear Eqs. (5–7) in detail, we can take the help of Eqs. (3), (4), (22), and (23), thus

σxx = −z

(
C11 + q231

a33

)
d2w

dx2
+ q31ψ

h
− σ T (24)
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ξxxz = −
(
g31 + q31 f31z

a33

)
d2w

dx2
+ f31ψ

h
(25)

Bz = − f31
d2w

dx2
− a33ψ

h
(26)

We now express the stress and hyper stress resultants as

Nx = C11A
du

dx
+ NMag − NT (27)

Mx = −Iz

(
C11 + q231

a33

)
d2w

dx2
− MT (28)

Txxz = −g31h
d2w

dx2
+ f31ψ (29)

From the mathematical point of view, stress- and stress-gradient models of continua are based on the nonlocal
constitutive equations, i.e., the equations which relate stresses and strains using differential and/or integral
operators. These relate to long-range interactions between material particles. For example, considering a
crystalline lattice, they usually assume short-range interactions, i.e., interactions between closest neighbors
only. On the other hand, this is an assumption, and the analysis of interactions between other particles of the
lattice could bring a better description of such phenomena as strain localization. As another example, it is
worth to mention that composites and metamaterials with high contrast in material properties. For example,
homogenization of beam-latticematerials may lead to strain gradient continua. In a certain sense, such effective
media inherit properties of beams that resist bending. Finally, dependence on the gradient of strains is the key
property of such electromechanical couplings as flexoelectricity and flexomagneticity, where these phenomena
related to multipole interactions.

The second strain gradient of Mindlin will be implemented to attach the microstructural property into a
problem model [39–43]. It is crucial to note that the couple stress models [44–50] cannot be embedded into
the energy formulation while the problem is flexoelectric or flexomagnetic ones. This problem occurs because
both magnetic and couple stress terms in the energy formulation mathematically act similarly, and the couple
stress term would be pointless. Therefore, the second strain gradient is employed, which is not directly placed
in energy formulation. The second strain gradient relationship can be expressed as below

σi j = Ci jkl

(
1 ± l2

d2

dx2

)
εkl (30)

The model shown by Eq. (30) can be utilized in two parts, a model with a negative sign and another one with a
positive sign. The positive sign makes the model destabilizing [50,51], but the negative sign produces a stable
model.

There are two models for strain gradient approach introduced by Mindlin [39,40]. A model is named as
the first and another one as the second theory of strain gradient. It should be remembered that another form of
the first strain gradient theory can be couple stress models [45,46]. Furthermore, these theories relate to the
strain and its gradient.

Materials and structures with micro/sub-micro size subject to mechanical loads respond differently as
macro-materials. This is called the size-dependent response. This size dependency has been evaluated according
to the additional physical parameters famed as small-scale or length scale ones. The strain gradient theory
also includes a length scale parameter that its numerical values are still unknown for most of the structures.
Physically, the values of this parameter correlate with inner structures of materials. The advantage of using this
determinative factor is avoiding to use experiments that necessity to high costs.What ismore, it can help forecast
the physical response of micro/nano-sized structures. Until now, a few scientists harvested approximate values
for small-scale parameters existed in the microstructural analysis [52–55]. Usually, to identify the numerical
values for these extra parameters, there have been requiring laboratory works. Then, it is enough to compare the
experimental outcomes with the numerical results and match both analyses outputs by determining the values
of small-scale parameters. However, some researchers confirmed that these additional parameters cannot be
a material constant which means nobody can claim that material has its value for these parameters and the
values are linked with several environmental and boundary conditions [44]. The way suggested by a lot of
published works showed that the cost-effective path to study micro/nanostructures based on these length scale
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Fig. 3 Thermal loading across the thickness

parameters is implementing a logical amplitude for numerical amounts of the small-scale parameters. This
rational amplitude can be defined between zero to a value by which the results have no great or unreasonable
difference when the parameter value is zero compared to when it is chosen as a nonzero amount.

The stress resultants in the form of a second strain gradient model can be written as follows

Nx =
(
1 − l2

d2

dx2

) {
C11A

du

dx

}
− NMag − NT (31)

Mx =
(
1 − l2

d2

dx2

) {
−Iz

(
C11 + q231

a33

)
d2w

dx2

}
− MT (32)

Txxz =
(
1 − l2

d2

dx2

) {
−g31h

d2w

dx2
+ f31ψ

}
(33)

As stated by the Lorentz’ law, the transverse magnetic field can generate a longitudinal mechanical force.
Therefore,

NMag = q31ψ (34)

Assuming the variations of temperature in line with the thickness of the beam, the below relation can be
presented [46–57]

	T (z) =
(
z + h/2

h

)ϕ

T, −h/2 ≤ z ≤ h/2, 0 ≤ ϕ ≤ ∞ (35)

in which T is the temperature variation as

T = T f − T0 (36)

The temperature variation along the thickness has here three forms (Fig. 3) defined in the following

ϕ

⎧⎨
⎩

= 0 : Uni f orm
= 1 : Linear

> 1 : Parabolic
(37)

The temperature can cause a thermal load axially applied on the beam as below

NT = αC11

1 − ν

h/2∫

−h/2

	T (z) dz (38)

MT = αC11

1 − ν

h/2∫

−h/2

	T (z) zdz (39)

Afterward, the total longitudinal and moment forces performed on the system can be briefly shown as

N 0
x = NMag + NT (40)

Mx = MMech + MT (41)

in which the axial resultant is divided into magnetic and thermal parts. Moreover, the moment stress resultant
is sectioned into two parts, that is, mechanical and thermal ones.
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Taking into account Eqs. (11), (13) and (19) and embedding all in Eq. (8) result in the local governing
equations as follows

dNx

dx
= 0 (42)

d2Mx

dx2
+ d2Txxz

dx2
+ N 0

x
d2w

dx2
= 0 (43)

Writing Eqs. (42) and (43) based on Eqs. (31–33), (40) and (41) leads to two independent equations which in
order to solve the values of critical temperature, the second equation is required and sufficient as

C11A

(
1 − l2

d2

dx2

)
d2u

dx2
= 0 (44a)

D

(
l2
d6w

dx6
− d4w

dx4

)
+ (

NMag + βT
) d2w
dx2

= 0 (44b)

in which

D =
[
Iz

(
C11 + q231

a33

)
+ g31h

]
,

β = αC11h

(1 − ν) (1 + ϕ)

As it is obvious, Eq. (44a) is only based upon u and Eq. (44b) is in accordance with w only.

3 Solution approach

This section develops analytical solution methods for the present problem investigating two boundary condi-
tions. Clamped and simply-supported end conditions are satisfied here based on the two different admissible
functions describing these supports’ physical conditionsmathematically. An analytical process is demonstrated
[58,59]. Hence,

w (x) = W · X (x) (45)

The admissible function indices in Eq. (45) needed in the process are given [58,60].

SS : X (x) = sin
(π

L
x
)

(46)

CC : X (x) = sin2
(π

L
x
)

(47)

The associated notations denote, respectively, for simply-supported (S) and clamped (C) boundary condi-
tions. It is interesting to note that the end conditions can also be derived in a strain gradient phase as shown
by Tables 1 and 2.

Substituting Eq. (45) into Eq. (44) and integrating over the longitudinal domain will lead to

(K1 + T K2) X = 0 (48)

Table 1 Constitutive end conditions for CC

Strain gradient conditions at Local conditions
(0, L) (l = 0)

at (0, L)
w = 0 w = 0

T s
xxz

=
(
1 + l2 d2

dx2
)
Txxz = 0 Txxz = B d2

w

dx2 + f31ψ = 0
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Table 2 Constitutive end conditions for SS

Strain gradient conditions at Local conditions
(0, L) (l = 0)

at (0, L)
w = 0 w = 0

Ms =
(
1 + l2 d2

dx2
)
M = 0 M = −D d2

w

dx2 = 0

T s
xxz

=
(
1 + l2 d2

dx2
)
Txxz = 0 Txxz = B d2

w

dx2 + f31ψ = 0

*Upper letter “s” means strain gradient phase

Some manipulating and arranging give the linear algebraic equation in which there can be critical temper-
ature as the unknown parameter required to be determined. The coefficients in Eq. (48) can be expressed as
follows

K1 =
L∫

0

[λ1 (x) · Y (x)] dx (49)

K2 =
L∫

0

[λ2 (x) · Y (x)] dx (50)

in which

λ1 = D

(
l2
d6w

dx6
− d4w

dx4

)
+ NMag d

2w

dx2
,

λ2 = β
d2w

dx2

Consequently, let usmanipulate and simplify the equation based on the critical temperature load and admissible
functions as

T =
D

(
l2

L∫
0

(
d6

X(x)
dx6 · Y (x)

)
dx −

L∫
0

(
d4X(x)
dx4 · Y (x)

)
dx

)
+ NMag

L∫
0

(
d2

X(x)
dx2 · Y (x)

)
dx

β
L∫
0

(
d2

X(x)
dx2 · Y (x)

)
dx

(51)

One can write the thermal analytical buckling formula for CC as:

T = NMagL4 + 4DL2π2m2 + 16Dl2π4m4

βL4 (52)

And also for SS as:

T = NMagL4 + DL2π2m2 + Dl2π4m4

βL4 (53)

All the numerical results will be calculated regarding m =1.

4 Solution validity

Results’ discussion shall be begun with a validation example in order to find the solution process accuracy.
To do this, [61,62] are utilized, leading to tabulated results in Tables 3 and 4. It should be noted that this
comparison section is prepared for mechanical elastic buckling of a square macroscale Euler–Bernoulli beam
for which the elastic properties E =1 TPa, υ = 0.19 are put. It is also worthy to note that [61] applied an
exact solution method and [62] exerted the numerical differential transformed technique. We try to validate
both end conditions used in this article. Accordingly, we can observe a very good agreement and accordance
among the tabulated results.
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Table 3 For a SS beam

L/h [61] [62] Present

10 4.8447 4.8447 4.84473
12 3.3644 3.3644 3.36439
14 2.4718 2.4718 2.47180
16 1.8925 1.8925 1.89247
18 1.4953 1.4953 1.49529
20 1.2112 1.2112 1.21118

Table 4 For a CC beam

L/h [61] [62] Present

10 19.379 19.379 19.37895
12 13.458 13.458 13.45760
14 9.877 9.877 9.88721
16 7.4699 7.4699 7.56990
18 5.9811 5.9811 5.98115
20 4.8447 4.8447 4.84473

Table 5 Magneto-mechanical features of a microscale ferromagnetic sensor

CoFe2O4

C11 = 286 GPa, ν = 0.32
f31 = 10−9 N/A
α = 11.80 × 10−6 1/K (room temperature)
q31 = 580.3 N/Am
a33 = 157 × 106 N/A2

5 Discussion and results

The preparatory validation confirmed that the present analytical procedure could be transferred into further
problems. Thereupon, we are here focusing on the temperature by which the piezomagnetic-flexomagnetic
microscale beam buckles. At first, the structural specifications involving elasticity and magnetic features shall
be identified to solve the main problem. Such the properties can be seen in Table 5, which were picked up from
[63–65]

6 Microstructural effect

It was shown by literature and experimental works that when a particle size diminishes, the stiffness of the
material can be strongly affected, in which this influence causes in enhancing the stiffness [66]. In order to
consider this effect here, Fig. 4a, b is drawn for simple and clamp supports, respectively. It is worth noting
that the notations P, L, and U are dedicated to parabolic, linear, and uniform thermal loading distribution (TD)
along the thickness. Furthermore, in this paper, all the results of parabolic temperature distribution are extracted
for second-order nonlinearity expression. As expected, when the beam goes in micro-size, the stiffness value
becomes up, leading to further resistance and stability of theMMP against temperature. Depending on the type
of thermal loading, the intensity of this additive trend is different. For the parabolic variation of temperature,
it can be observed that the increasing slope is steeper. However, this case for uniform variation is smoother.
It should be pointed out that the microscale parameter has affected the thermal loading so that the increase in
the parameter increments the difference in the results of three cases. Thus, it can be concluded that the type
of thermal loading for a microscale beam is more significant than a macroscale one. The beam has the highest
stability against the parabolic case of temperature variation and the lowest stability to the uniform temperature
variation. Comparing the results of both ends supports brings us to this conclusion that the type of thermal
loading at less flexible end conditions is further important. This is obtained due to the more difference between
the three cases results at CC. Moreover, it is apparent that the clamped end support is more resistant than the
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Fig. 4 a Microscale parameter versus critical temperature for different cases of TD (Ψ = 0.1A, L/h = 20, SS). b Microscale
parameter versus critical temperature for different cases of TD (Ψ = 0.1A, L/h = 20, CC)

simple one, and further thermal stability is seen for CC. It should be remembered that all results in this paper
are presented for the first mode number.

7 Magnetic field effect

There are various reports on the effect of the magnetic field on micro- and nanoscale smart materials. For
the first time, this study will investigate a microbeam in a magnetic field considering both the effects of
piezomagnetic and flexomagnetic by the aid of Fig. 5a, b. To examine the magnetic potential, we inspect the
reverse effect of the magnetic field, from the external potential of zero to the potential value of one Ampere.
In this section, similar to the previous section, two figures are presented for the boundary condition of simple
and clamped, respectively, based on the three thermal loading modes. By looking at both figures, we can see
that the magnetic potential has a significant impact on the critical buckling temperature results, and this effect
leads to an increase in the amount of stability of the material against thermal load when the potential is high.
Interestingly, this incremental effect is not with the same slope in the three thermal loading items for both
boundary conditions, and for the parabolic thermal loading distribution, the results increase with a steeper
slope.
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Fig. 5 a Magnetic parameter versus critical temperature for different cases of TD (l = 0.1µm, L/h = 20, SS). b Magnetic
parameter versus critical temperature for different cases of TD (l = 0.1µm, L/h = 20, CC)

8 Slenderness ratio effect

One of the necessary and influential parameters for designing beams and columns in mechanical engineering
is the slenderness ratio of the beam. As a rule, this coefficient can also play an essential role in the designing
of beam-shaped microsensors. Therefore, in this section, we will underestimate this coefficient in the current
problem by presenting numerical results based on Fig. 6a, b. The figures are for simple and clamped boundary
conditions, respectively. All three cases of thermal loading are also considered in these two figures. It should
be noted that the range of slenderness ratio variations is considered between 10 and 25, which is the range of a
relatively thick to a thin beam. As can be seen, the greater the ratio of length to thickness of the beam, the lower
the thermal stability of the microsensor. This decrease in stability occurs in clamped boundary conditions with
a steeper slope, which indicates that the beam with this boundary condition is more sensitive to the value of
the slenderness coefficient. It can also be seen from the two figures that the larger the slenderness ratio, the
less important the type of thermal loading. This result is obtained due to reducing the difference between the
results of the three thermal loading states by increasing the slenderness coefficient.
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Fig. 6 a Slenderness ratio versus critical temperature for different cases of TD (Ψ = 0.1A, l = 0.1µm, SS). b Slenderness ratio
versus critical temperature for different cases of TD (Ψ = 0.1A, l = 0.1µm, CC)

9 Piezomagnetic-flexomagnetic effects

Comparing the mechanical behavior of a piezomagnetic-flexomagnetic microbeam (PFM) with an ordinary
and normal microbeam (MB) can be interesting. In order to address this issue, this section was prepared, based
on which four figures are presented. Figure 7a, b is prepared with micro-parameter changes in the horizontal
axis for the two boundary conditions of simple and clamp, respectively. However, Fig. 8a, b is drawn by
considering the magnetic potential changes in the horizontal axis and the two boundary conditions of simple
and clamp, respectively. The results for all three thermal loading cases were prepared separately for both smart
and ordinary microbeams. From Fig. 7a, b, it is quite clear that the biggest difference between the results of a
smart beam with a normal beam is when the thermal loading is nonlinear in the direction of thickness, and the
smallest difference is related to the uniform thermal loading. This difference is more evident in the results of
the two beams for the simple boundary condition. The examination of Fig. 8a, b also proves this. From these
two figures, it can be concluded that the higher the amount of external magnetic potential, the more important
the smart beam will be, which can be understood from the increase in the difference between the results of the
two beams with increasing the magnetic potential.
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Fig. 7 a Microscale parameter versus critical temperature for PFM effect (Ψ = 0.1A, L/h = 20, SS). b Microscale parameter
versus critical temperature for PFM effect (Ψ = 0.1A, L/h = 20, CC)

10 Conclusions

Herein we reported a distinct investigation on piezomagnetic-flexomagnetic micro-size beam-shaped sensors
based on thin beam theory. Concerning the strain gradient theory, the microstructural effect was studied.
The microbeam physical structure was defined based on magnetic microparticles. The constitutive equation,
which is dominant on the problem, was obtained by linear Lagrangian strain, and the critical temperature was
computed for clamped and simple end supports. The distribution of thermal loading in line with thickness was
in linear, uniform, and parabolic states. Influences of essential parameters were probed, and some vital points
were concluded and organized here as:

• The microbeam’s topmost thermal stability is in the parabolic case of thermal loading distribution and the
lowermost for the uniform one.

• The higher the magnetic potential, the greater the critical temperature of buckling.
• The type of thermal loading distribution at CC boundary conditions is further significant than the SS one.
• For lengthy beam-shapedmicrosensors, the effect of the type of thermal loading distribution is insignificant.
• The importance of piezomagnetic-flexomagnetic properties is further while the thermal loading distribution
is parabolic.

Acknowledgements V.A.Eacknowledges the support of theGovernment of theRussianFederation (ContractNo. 14.Z50.31.0046).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Thermal stability of piezo-flexomagnetic microbeams

300

400

500

600

700

800

900

1000

1100

0 0.2 0.4 0.6 0.8 1

C
rit

ic
al

 te
m

pe
ra

tu
re

 (K
)

Ψ (A)

PFM-P PFM-L

PFM-U MB-P

MB-L MB-U

700

900

1100

1300

1500

1700

1900

2100

0 0.2 0.4 0.6 0.8 1

C
rit

ic
al

 te
m

pe
ra

tu
re

 (K
)

Ψ (A)

PFM-P PFM-L

PFM-U MB-P

MB-L MB-U

(a)

(b)

Fig. 8 a Magnetic parameter versus critical temperature for PFM effect (l = 0.1µm, L/h = 20, SS). b Magnetic parameter
versus critical temperature for PFM effect (l = 0.1µm, L/h = 20, CC)

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit
line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Funding This study was funded by the Government of the Russian Federation within the MEGA grant program (Grant Number
14.Z50.31.0046)

Compliance with ethical standards

Conflict of interest Mohammad Malikan declares that he has no conflict of interest. Tomasz Wiczenbach declares that he has
no conflict of interest. Victor A. Eremeyev declares that he has no conflict of interest.

Ethical approval This article does not contain any studies with human participants or animals performed by any of the authors.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


M. Malikan et al.

References

1. Mohammadabadi, M., Daneshmehr, A.R., Homayounfard,M.: Size-dependent thermal buckling analysis of micro composite
laminated beams using modified couple stress theory. Int. J. Eng. Sci. 92, 47–62 (2015)

2. Naumenko, K., Altenbach, H.: Modeling high temperature materials behavior for structural analysis. Part I: Continuum
Mechanics Foundations and Constitutive Models. Advanced Structured Materials, vol. 28. Springer, Cham (2016)

3. Javanbakht, Z., Aßmus, M., Naumenko, K., Öchsner, A., Altenbach, H.: On thermal strains and residual stresses in the linear
theory of anti-sandwiches. ZAMM 99, e201900062 (2019)

4. Nazarenko, L., Stolarski, H., Khoroshun, L., Altenbach, H.: Effective thermo-elastic properties of random composites with
orthotropic components and aligned ellipsoidal inhomogeneities. Int. J. Solids Struct. 136, 220–240 (2018)

5. Nazarenko, L., Stolarski, H., Altenbach, H.: Thermo-elastic properties of random composites with unidirectional anisotropic
short-fibers and interphases. Eur. J. Mech. A/Solids 70, 249–266 (2018)

6. Altenbach, H., Bîrsan, M., Eremeyev, V.A.: On a thermodynamic theory of rods with two temperature fields. Acta Mech.
223, 1583–1596 (2012)

7. Olsvik, O., Popovic, T., Skjerve, E., Cudjoe, K.S., Hornes, E., Ugelstad, J., Uhlén, M.: Magnetic separation techniques in
diagnostic microbiology. Clin. Microbiol. Rev. 7, 43–54 (1994)

8. Berensmeier, S.: Magnetic particles for the separation and purification of nucleic acids. Appl. Microbiol. Biotechnol. 73,
495–504 (2006)

9. Franzreb, M., Siemann-Herzberg, M., Hobley, T.J., Thomas, O.R.T.: Protein purification using magnetic adsorbent particles.
Appl. Microbiol. Biotechnol. 70, 505–516 (2006)

10. Freitas, P.P., Ferreira, R., Cardoso, S., Cardoso, F.: Magnetoresistive sensors. J. Phys.: Condens. Matter 19, 165221 (2007)
11. Justino, C.I.L., Rocha-Santos, T.A., Duarte, A.C., Rocha-Santos, T.A.: Review of analytical figures of merit of sensors and

biosensors in clinical applications. Trends Anal. Chem. 29, 1172–1183 (2010)
12. Chen, L., Wang, T., Tong, J.: Application of derivatized magnetic materials to the separation and the preconcentration of

pollutants in water samples. Trends Anal. Chem. 30, 1095–1108 (2011)
13. Xu, Y., Wang, E.: Electrochemical biosensors based on magnetic micro/nano particles. Electrochim. Acta 84, 62–73 (2012)
14. Iranifam, M.: Analytical applications of chemiluminescence-detection systems assisted by magnetic microparticles and

nanoparticles. Trends Anal. Chem. 51, 51–70 (2013)
15. Fahrner, W.: Nanotechnology and Nanoelectronics, 1st edn, p. 269. Springer, Germany (2005)
16. Lukashev, P., Sabirianov, R.F.: Flexomagnetic effect in frustrated triangular magnetic structures. Phys. Rev. B 82, 094417

(2010)
17. Pereira, C., Pereira, A.M., Fernandes, C., Rocha, M., Mendes, R., Fernández-García, M.P., Guedes, A., Tavares, P.B.,

Grenèche, J.-M., Araújo, J.P., Freire, C.: Superparamagnetic MFe2O4 (M = Fe Co, Mn) Nanoparticles: Tuning the Particle
Size and Magnetic Properties through a Novel One-Step Coprecipitation Route. Chem. Mater. 24, 1496–1504 (2012)

18. Zhang, J.X., Zeches, R.J., He, Q., Chu, Y.H., Ramesh, R.: Nanoscale phase boundaries: a new twist to novel functionalities.
Nanoscale 4, 6196–6204 (2012)

19. Zhou, H., Pei, Y., Fang, D.: Magnetic field tunable small-scale mechanical properties of nickel single crystals measured by
nanoindentation technique. Sci. Rep. 4, 1–6 (2014)

20. Moosavi, S., Zakaria, S., Chia, C.H., Gan, S., Azahari, N.A., Kaco, H.: Hydrothermal synthesis, magnetic properties and
characterization of CoFe2O4 nanocrystals. Ceram. Int. 43, 7889–7894 (2017)

21. Eliseev, E.A., Morozovska, A.N., Khist, V.V., Polinger, V.: Effective flexoelectric and flexomagnetic response of ferroics.
In: Stamps, R.L., Schultheis, H. (eds.) Recent Advances in Topological Ferroics and their Dynamics, Solid State Physics,
vol. 70, pp. 237–289. Elsevier, Amsterdam (2019)

22. Kabychenkov, A.F., Lisovskii, F.V.: Flexomagnetic and flexoantiferromagnetic effects in centrosymmetric antiferromagnetic
materials. Tech. Phys. 64, 980–983 (2019)

23. Eliseev, E.A., Morozovska, A.N., Glinchuk, M.D., Blinc, R.: Spontaneous flexoelectric/flexomagnetic effect in nanoferroics.
Phys. Rev. B 79, 165433 (2009)

24. Sidhardh, S., Ray, M.C.: Flexomagnetic response of nanostructures. J. Appl. Phys. 124, 244101 (2018)
25. Zhang, N., Zheng, Sh, Chen, D.: Size-dependent static bending of flexomagnetic nanobeams. J. Appl. Phys. 126, 223901

(2019)
26. Malikan,M., Eremeyev, V.A.: Free vibration of flexomagnetic nanostructured tubes based on stress-driven nonlocal elasticity.

In: Altenbach, H., Chinchaladze, N., Kienzler, R., Müller, W.H. (eds.) Analysis of Shells, Plates, and Beams, vol. 134, 1st
edn, pp. 215–226. Springer Nature, Cham (2020)

27. Malikan, M., Eremeyev, V.A.: On the geometrically nonlinear vibration of a piezo-flexomagnetic nanotube. Math. Methods
Appl. Sci. (2020). https://doi.org/10.1002/mma.6758

28. Malikan, M., Eremeyev, V.A.: On nonlinear bending study of a piezo-flexomagnetic nanobeam based on an analytical-
numerical solution. Nanomaterials 10, 1–22 (2020). https://doi.org/10.3390/nano10091762

29. Malikan, M., Uglov, N.S., Eremeyev, V.A.: On instabilities and post-buckling of piezomagnetic and flexomagnetic nanos-
tructures. Int. J. Eng. Sci. 157 (2020) Article no 103395
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