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A B S T R A C T

In this paper, we retrieve some traveling wave, periodic solutions, bell shaped, rational, kink and anti-kink type
and Jacobi elliptic functions of Burger’s equation and Shallow water wave equation with the aid of various
integration schemes like improved 𝐹 -expansion scheme and Jacobi elliptic function method respectively. We
also present our solutions graphically in various dimensions.
Introduction

Nonlinear evolution equations (NLEEs) arising in nonlinear sciences
play an important role in understanding nonlinear phenomenon. Soli-
tons consist of huge applications in physics, communication systems,
optical science, applied mathematics and engineering problems. The
most arising and fast growing area of research is the optical solitons. A
soliton or solitary wave is a self reinforcing wave packet that maintains
its shape while it propagates at constant velocity. Solitons are caused
by a cancellation of nonlinear and dispersive effects in the medium.
Solitons are the solutions of a well-known class of weakly nonlinear
dispersive partial differential equations describing physical systems.
Soliton solutions have very interesting properties of some nonlinear
partial differential equations. A soliton is a localized traveling wave
solution of a nonlinear PDE that is remarkably stable [1–8]. In opti-
cal fibers, the solitons are the attractive field of research in applied
mathematics, telecommunication systems and in distinctive branches
of physics. A lot of research has been done on solutions of the solitons
in nonlinear optics [9–14]. Many high-dimensional nonlinear evolution
equations also contain some nonlinear structures such as the breath
wave and lump solutions. In low-dimensional models, nonlinear waves
can be classified from different aspects [15–17]. It is well known that
the nonlinear Schrödinger (NLS) equation is a fundamental model in
nonlinear physical systems, which plays a prominent role in a wide
range of physical subjects such as plasma physics. This work not only
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reveals the characteristics of single bright–bright soliton by theoretical
analysis, but also describes a wealth of new phenomena of two, three,
and four bright–bright solitons, including elastic collision, soliton re-
flection, parallel propagation, time-periodic propagation, and (space,
time)-periodic propagation [18–20].

The objective of this article is to execute the Improved F-expansion
method in accomplishing the traveling wave arrangements to NLEEs
within the mathematical physics through the DSW condition and the
Burgers condition in terms of functions that fulfill the Riccati condition
𝐹 (𝜉) = 𝑘 + 𝐹 2(𝜉).

The Burgers condition is the least order estimation for the one-
dimensional proliferation of weak waves in a fluid. It is additionally
utilized in vehicle frequency in high way activity. It is one of the
fundamental PDEs in fluid mechanics. Burgers condition is totally
fundamental. The wave arrangements of Burgers equation are single
and multiple-front arrangements (Wazwaz, 2009). The DSW condition
is an imperative wave demonstrate in material science (Inc, 2006).

Burgers condition was to begin with presented at Bateman within
1915 and afterward analyzed at Burgers within 1948. The condition
is utilized as a demonstrate in numerous areas such as, ceaseless
stochastic forms [21] dissipate water [22] stun waves, warm [23].
Burgers condition can onto considered to a rearranged frame of the
N-S condition onto frame item or the event consistency term [24].
Unused correct arrangements of the common Burgers condition are
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independently determined at a coordinate strategy or only condition
to the Bernoulli condition come the only condition [25] individually.
The couple correct arrangements are appeared will be equal [26].
In expansion, the recently determined arrangement can be effectively
decreased to straight [27] whereas the nonlinear term coefficient equal
to zero [28]. At last, inferred arrangement is compared with the irrita-
tion arrangement and some existing correct arrangements [29]. A few
numerical comes about are displayed and outlined [30,31].

The generalized Burger–Huxley (gBH) equation is a first-order non-
linear partial differential equation (NPDE) in time 𝑡 that allows for the
ropagation of a single-wave (single-mode) solution. The generalized
urger–Huxley condition may be a non-linear fractional differential
ondition of first arrange in time 𝑡 and peruses [32]:

𝑡 − 𝑈𝑥𝑥 − 𝜇𝑈𝑈𝑥 − 𝜈𝑈 (1 − 𝑈 )(𝑈 − 𝛾) = 0 (1)

By wave transformation

𝑈 = 𝑈 (𝜉), 𝜉 = 𝑥 + 𝑐𝑡 (2)

where 𝜙 = 𝜙(𝑥, 𝑡) and 𝜇, 𝜈, 𝛾 are common genuine scalars.
For 𝜇 = 0 and 𝛾 = 1, gBH is reduced to the Huxley model,

representing nerve pulse propagation in nerve fibers and liquid crystal
wall motion (Wang et al. 1990). Eq. (1) is the Burgers’ equation, which
describes the field of wave propagation in nonlinear dissipative models
for 𝜈 = 0 and 𝛾 = 1. Burger–Huxley Eq. (1) describes how convection
terms interact with diffusion transmission (Wang et al. 1990).

We will look at a partial differential equation with non-linearity,
a weakly nonlinear shallow water wave equation used to study wave
propagation in dispersive and weakly nonlinear media.

The model under consideration is:

𝑈𝑡𝑡 − 𝜆𝜎𝑈𝑥𝑥 +
1
2𝜎

(𝑈2
𝑡 )𝑥 −

𝜎2

3
𝑈𝑥𝑥𝑡𝑡 = 0, (3)

By wave transformation

𝑈 = 𝑈 (𝜉), 𝜉 = 𝑥 + 𝑐𝑡 (4)

where 𝑈 = 𝑈 (𝑥, 𝑡) represents the unification of the displacement and
velocity of the water particles, the gravitational force is represented by
𝜆. The wave height is represented by 𝜎. The Euler equation of motion,
he equation of dynamics and mass conservation, and kinematics con-
traints on the boundary of the domain consisting of the free surface
ave essentially illustrated the water problem for gravity waves.

We applied two integration schemes, namely IFE scheme [33] and
EF method [34] in this paper. IEF method is applicable to get some
olitary wave, periodic wave and rational function solutions and JEF
ethod provide Jacobi elliptic function solutions.

The paper is written in the following sequence: in Section ‘‘Contents
f Integration Schemes’’, we summarize IFE and JEF scheme. In Section

‘Mathematical analysis’’, we use IFE and JEF schemes to obtain some
olitary, periodic wave, bell shaped, kink and anti kink type solutions,
ational solutions and Jacobi elliptic solutions in terms of hyperbolic
nd trigonometric functions with their graphical representations. in
ection ‘‘Results and discussion’’ we discuss our results and lastly in
ection ‘‘Conclusion’’, we conclude our results.

ontents of integration schemes

nalysis of IFE method

Consider NLEE in the form [33].

(𝑈,𝑈𝑥, 𝑈𝑦, 𝑈𝑡, 𝑈𝑥𝑥, 𝑈𝑥𝑦, 𝑈𝑥𝑡,…) = 0,

here

(𝑥, 𝑦, 𝑡) = 𝑈 (𝜉), 𝜉 = 𝜇𝑥 + 𝜈𝑦 + 𝜀𝑡.

eplace in above equation to get ODE.
′ ′′ ′′′
2

(𝑈,𝑈 ,𝑈 , 𝑈 ,…) = 0, 𝑈 = 𝑈 (𝜉). 𝑈
Now we use following transformation,

𝑈 (𝜉) =
𝑚
∑

𝑖=0
𝑎𝑖𝐹

𝑖 +
𝑛
∑

𝑖=1
𝑏𝑖𝐹

−𝑖,

where 𝑚 can be find through homogeneous balance and 𝑎𝑖’ and 𝑏𝑖’s
re to be determined. We know the Riccati equation 𝐹 ′(𝜉) = 𝑘 + 𝐹 2(𝜉).
ubstitute these transformations into first equation to get periodic wave
nd solitary wave solutions. Now we represent the general solution of
iccati equation [35].

When 𝑘 < 0,

1 = −
√

−𝑘 tanh(−
√

−𝑘𝜉),

𝐹2 = −
√

−𝑘 coth(−
√

−𝑘𝜉).

hen 𝑘 > 0,

3 =
√

𝑘 tan(
√

𝑘𝜉),

𝐹4 =
√

𝑘 cot(
√

𝑘𝜉).

For 𝑘 = 0,

5 =
−1
𝜉
.

Analysis of JEF method

We have nonlinear evolution equation [14].

𝐺(𝑈,𝑈𝑡, 𝑈𝑥, 𝑈𝑥𝑡,…) = 0.

We use following transformations.

𝑈 (𝑥, 𝑦, 𝑡) = 𝑈 (𝜉), 𝜉 = 𝛼𝑥 + 𝛽𝑦 + 𝜀𝑡,

this can be transform into nonlinear ODE.

𝐺0(𝑈,𝑈𝜉 , 𝑈𝜉𝜉 ,…) = 0.

Now use these transformations.

𝑈 (𝜉) =
𝑚
∑

𝑖=0
𝑑𝑖𝐹

𝑖,

in which 𝑑𝑖’s are to be determined where 𝑖 = 0, 1, 2,… , 𝑚. By homoge-
neous balance we find ‘‘𝑚’’ and 𝐹 (𝜉) express in following substitution.
𝐹 ′ =

√

𝑟 + 𝑑𝐹 2 + 𝑒𝐹 4

2 + 𝑐𝐹 6

3 where 𝑟, 𝑐, 𝑑, and 𝑒 are real parameters.
We insert 𝐹 ′ in previous transformations to obtain system of equa-

ions then obtain the values of 𝑑𝑖’s.
If we assume 𝐹 (𝜉) = sn𝜉, cn𝜉, cs𝜉, its called JEF method.

athematical analysis

Putting Eq. (2) along its derivatives in Eq. (1) we get,

𝑈 ′ − 𝑈 ′′ − 𝜇𝑈𝑈 ′ − 𝜈𝑢2 + 𝜈𝑈𝛾 + 𝜈𝑈3 − 𝜈𝑈2𝛾 = 0, (5)

y comparing highest nonlinear term with highest derivative, we get
= 1 through homogeneous balance.

FE method

We use following transformation [33],

(𝜉) = 𝛴𝑚
𝑖=0𝑎𝑖𝐹

𝑖 + 𝛴𝑛
𝑖=1𝑏𝑖𝐹

−𝑖,

−1
(𝜉) = 𝑎0 + 𝑎1𝐹 + 𝑏1𝐹 . (6)

http://mostwiedzy.pl
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Putting Eq. (5) along its derivatives in Eq. (4), we get

𝐶(𝑎1𝐾 + 𝑎1𝐹
2 −

𝑏1𝐾
𝐹 2

− 𝑏1) − 𝜇(𝑎1𝐾 + 𝑎1𝐹
2 −

𝑏1𝐾
𝐹 2

− 𝑏1)

.(𝑎0 + 𝑎1𝐹 + 𝑏1𝐹
−1) − (2𝑎1𝐹𝐾 − 2𝑎1𝐹 3 −

2𝑏1𝐾2

𝐹 3
−

2𝑏1𝐾
𝐹

)

− 𝜈(𝑎0 + 𝑎1𝐹 + 𝑏1𝐹
−1)2 + 𝜈𝛾(𝑎0 + 𝑎1𝐹 + 𝑏1𝐹

−1) + 𝜈(𝑎0 + 𝑎1𝐹 + 𝑏1𝐹
−1)3

− 𝜈𝛾(𝑎0 + 𝑎1𝐹
1 + 𝑏1𝐹

−1)2 = 0 (7)

where 𝐹 ′ = 𝑘 + 𝐹 2 (see Figs. 1–20). Setting the coefficients of each
power of 𝐹 (𝜉) to zero as follows.

−2𝑎1 − 𝜇𝑎21 + 𝜈𝑎31, (8)

𝑐𝑎1 + 3𝜈𝑎0𝑎21 − 𝜇𝑎1𝑎0 − 𝜈𝑎21 − 𝜈𝛾𝑎21, (9)
𝜈𝛾𝑎1 − 2𝑎1𝐾 − 𝜇(𝑎1𝐾 − 𝑏1)𝑎1 − 𝜇𝑎1𝑏1

+𝜈(𝑏1𝑎21 + 2𝑎20𝑎1 + 𝑎1(2𝑎1𝑏1 + 𝑎20)) − 2𝜈𝛾𝑎0𝑎1 − 2𝜈𝑎0𝑎1, (10)
𝜈𝛾𝑎0 + 𝑐(𝑎1𝐾 − 𝑏1) − 𝜇(𝑎1𝐾 − 𝑏1)𝑎0 − 𝜈𝛾(2𝑎1𝑏1 + 𝑎20)

+𝜈(4𝑎0𝑎1𝑏1 + 𝑎0(2𝑎1𝑏1 + 𝑎20)) − 𝜈(2𝑎1𝑏1 + 𝑎20), (11)
−2𝜈𝑏1𝑎0 + 𝜈(𝑏1(2𝑎1𝑏1 + 𝑎20) + 2𝑎20𝑏1 + 𝑎1𝑏

2
1) + 𝜇𝑏1𝐾𝑎1

−𝜇(𝑎1𝐾 − 𝑏1)𝑏1 + 𝜈𝛾𝑏1 − 2𝑏1𝐾 − 2𝜈𝛾𝑏1𝑎0, (12)
3𝜈𝑏21𝑎0 − 𝑐𝑏1𝐾 − 𝛽𝑏21 + 𝜇𝑏1𝐾𝑎0 − 𝜈𝛾𝑏21, (13)

−2𝑏1𝐾2 + 𝜈𝑏31 + 𝜇𝑏21𝐾. (14)

We get,

Set 1:

𝐾 = −1
16𝑎21

, 𝑐 =
−1 + 𝜈𝛾𝑎21

𝑎1
, 𝜇 =

−2 + 𝛽𝑎21
𝑎1

𝑎1 = 𝑎1, 𝑎0 =
1
2
,

𝑏1 =
1

16𝑎1
.

e get

1(𝜉) =
1
2
+ 𝑎1𝐹 + 1

16𝑎1
𝐹−1.

When 𝑘 < 0,

𝑈1 =
1
2
− 𝑎1

√

−𝑘𝑡𝑎𝑛ℎ(
√

−𝑘𝜉) − 1

16𝑎1(
√

−𝑘𝑡𝑎𝑛ℎ(
√

−𝑘𝜉))
, (15)

and

𝑈1 =
1
2
− 𝑎1

√

−𝑘𝑐𝑜𝑡ℎ(
√

−𝑘𝜉) − 1

16𝑎1(
√

−𝑘𝑐𝑜𝑡ℎ(
√

−𝑘𝜉))
. (16)

When 𝑘 > 0,

𝑈1 =
1
2
+ 𝑎1(

√

𝑘𝑡𝑎𝑛
√

𝑘𝜉) + 1

16𝑎1(
√

𝑘𝑡𝑎𝑛(
√

𝑘𝜉))
, (17)

nd

1 =
1
2
− 𝑎1(

√

𝑘𝑐𝑜𝑡
√

𝑘𝜉) − 1

16𝑎1(
√

𝑘𝑐𝑜𝑡(
√

𝑘𝜉))
. (18)

When 𝑘 = 0,

𝑈1 =
1
2
− 𝑎1(

1
𝜉
) + 1

16𝑎1
(−1

𝜉
)−1. (19)

Set 2:

𝑘 = 𝑘, 𝑎0 = (𝜇2 − 𝜈2)𝑘, 𝑎1 = 0, 𝑎2 = 0, 𝑏1 = 0, 𝑏2 = (𝜇2 − 𝜈2)𝑘2.

we get

𝑈2(𝜉) = (𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘2𝐹−2. (20)

When 𝑘 < 0,

𝑈 = (𝜇2 − 𝜈2)𝑘 − (𝜇2 − 𝜈2)𝑘3(coth(−
√

−𝑘𝜉))2, (21)
3

2

and

𝑈2 = (𝜇2 − 𝜈2)𝑘 − (𝜇2 − 𝜈2)𝑘3(tanh(−
√

−𝑘𝜉))2. (22)

When 𝑘 > 0,

𝑈2 = (𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘3(cot(
√

𝑘𝜉))2, (23)

and

𝑈2 = (𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘3(tan(
√

𝑘𝜉))2. (24)

When 𝑘 = 0,

𝑈2 = (𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘2 1
𝜉2

. (25)

Set 3:

𝑘 = 𝑘, 𝑎0 = 2(𝜇2−𝑛𝑢2)𝑘, 𝑎1 = 0, 𝑎2 = 𝜇2−𝜈2, 𝑏1 = 0, 𝑏2 = (𝜇2−𝜈2)𝑘2.

e get

3(𝜉) = 2(𝜇2 − 𝜈2)𝑘 + (𝛼2 − 𝛽2)𝐹 2 + (𝜇2 − 𝜈2)𝑘2𝐹−2. (26)

hen 𝑘 < 0,

3 = 2(𝜇2−𝜈2)𝑘−(𝜇2−𝜈2)𝑘(tanh(−
√

−𝑘𝜉))2−(𝜇2−𝜈2)𝑘3(coth(−
√

−𝑘𝜉))2,

(27)

nd

3 = 2(𝜇2−𝜈2)𝑘−(𝜇2−𝜈2)𝑘(coth(−
√

−𝑘𝜉))2−(𝜇2−𝜈2)𝑘3(tanh(−
√

−𝑘𝜉))2.

(28)

hen 𝑘 > 0,

3 = 2(𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘(tan(
√

𝑘𝜉))2 − (𝜇2 − 𝜈2)𝑘3(cot(
√

𝑘𝜉))2, (29)

nd

3 = 2(𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝑘(cot(
√

𝑘𝜉))2 − (𝜇2 − 𝜈2)𝑘3(tan(
√

𝑘𝜉))2. (30)

hen 𝑘 = 0,

3 = 2(𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2) 1
𝜉2

+ (𝜇2 − 𝜈2)𝑘2𝜉2. (31)

Set 4:

𝑘 = 𝑘, 𝑎0 =
−2
3
(𝜇2−𝜈2)𝑘, 𝑎1 = 0, 𝑎2 = (𝜇2−𝜈2) 𝑏1 = 0, 𝑏2 = (𝜇2−𝜈2)𝑘2.

we get

𝑈4(𝜉) =
−2
3
(𝜇2 − 𝜈2)𝑘 + (𝜇2 − 𝜈2)𝐹 2 + (𝜇2 − 𝜈2)𝑘2𝐹−2. (32)

When 𝑘 < 0,

𝑈4 =
−2
3
(𝜇2−𝜈2)𝑘−(𝜇2−𝜈2)𝑘(tanh(−

√

−𝑘𝜉))2−(𝜇2−𝜈2)𝑘3(coth(−
√

−𝑘𝜉))2,

(33)

nd

4 =
−2
3
(𝜇2−𝜈2)𝑘−(𝜇2−𝜈2)𝑘(coth(−

√

−𝑘𝜉))2−(𝜇2−𝜈2)𝑘3(tanh(−
√

−𝑘𝜉))2.

(34)

hen 𝑘 > 0,

4 =
−2
3
(𝜇2 − 𝜈2)𝑘− (𝜇2 − 𝜈2)𝑘(tan(

√

𝑘𝜉))2 − (𝜇2 − 𝜈2)𝑘3(cot(
√

𝑘𝜉))2, (35)

and

𝑈 = −2 (𝜇2 − 𝜈2)𝑘− (𝜇2 − 𝜈2)𝑘(cot(
√

𝑘𝜉))2 − (𝜇2 − 𝜈2)𝑘3(tan(
√

𝑘𝜉))2. (36)
4 3
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Fig. 1. The graphical presentation of 𝑈1(𝜉) given by Eq. (13).
Fig. 2. The dynamical behavior of the solution 𝑈1(𝜉) given by Eq. (14).
Fig. 3. The shape profile of 𝑈1(𝜉) given by Eq. (15).
Fig. 4. The graphical presentation of 𝑈1(𝜉) given by Eq. (16).
4
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Fig. 5. The shape profile of 𝑈2(𝜉) given by Eq. (17).

Fig. 6. The shape profile of 𝑈2(𝜉) given by Eq. (19).

Fig. 7. The graphical presentation of 𝑈2(𝜉) given by Eq. (20).

Fig. 8. The shape profile of 𝑈2(𝜉) given by Eq. (21).
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Fig. 9. The graphical presentation of 𝑈2(𝜉) given by Eq. (22).

Fig. 10. The graphical presentation of 𝑈2(𝜉) given by Eq. (23).

Fig. 11. The shape profile of 𝑈3(𝜉) given by Eq. (25).

Fig. 12. The graphical presentation of 𝑈2(𝜉) given by Eq. (26).
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Fig. 13. The graphical presentation of 𝑈2(𝜉) given by Eq. (27).
Fig. 14. The graphical presentation of 𝑈2(𝜉) given by Eq. (28).
Fig. 15. The graphical presentation of 𝑈2(𝜉) given by Eq. (29).
Fig. 16. The shape profile of 𝑈4(𝜉) given by Eq. (31).
7
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Fig. 17. The graphical presentation of 𝑈2(𝜉) given by Eq. (32).
Fig. 18. The graphical presentation of 𝑈2(𝜉) given by Eq. (33).
Fig. 19. The graphical presentation of 𝑈2(𝜉) given by Eq. (34).
Fig. 20. The graphical presentation of 𝑈2(𝜉) given by Eq. (35).
8
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Fig. 21. The graphical presentation of 𝑈 (𝜉) given by Eq. (44).
When 𝑘 = 0,

𝑈4 =
−2
3
(𝜇2 − 𝜈2)𝑘 − (𝜇2 − 𝜈2) 1

𝜉2
+ (𝜇2 − 𝜈2)𝑘2𝜉2. (37)

JEF method

For JEF method, we use this transformation [36].

𝑈 (𝜉) = 𝛴𝑚
𝑖=0𝑎𝑖𝐹

𝑖

𝑈 (𝜉) = 𝑎0 + 𝑎1𝐹 + 𝑎2𝐹
2 (38)

Putting Eq. (4) along its derivatives in Eq. (3) and set 𝐹 ′ =
√

𝑟 + 𝑎𝐹 2 + 𝑏𝐹 4

2 + 𝑐𝐹 6

3 in Eq. (3), then we get,

𝑎1𝑎𝐹 + 𝑎1𝑏𝐹
3 + 𝑎1𝑐𝐹

5 + 2𝑎2𝑟 + 4𝑎2𝑎𝐹 2 + 3𝑎2𝑏𝐹 4

+ 8
3
𝑎2𝑐𝐹

6 − 𝑏1𝑎𝐹
−1 − 𝑏1𝐹

3𝑐 − 𝑏1𝐹𝑏

−𝜏(𝑎0 + 𝑎1𝐹 + 𝑎2𝐹
2) − 𝜉(𝑎0 + 𝑎1𝐹 + 𝑎2𝐹

2)2 = 0. (39)

Setting the coefficients of each power of 𝐹 (𝜉) to zero as follows.

3𝑎2𝑏 − 𝜉𝑎22, (40)

−𝑏1 + 𝑎1𝑏 − 2𝜉𝑎1𝑎2, (41)
−𝜉(2𝑎0𝑎2 + 𝑎21) + 4𝑎2𝑎 − 𝜏𝑎2, (42)

−2𝜉𝑎0𝑎1 − 𝑏1𝑏 + 𝑎1𝑎 − 𝜏𝑎1, (43)
−𝜉𝑎20 − 𝜏𝑎0 + 2𝑎2𝑟. (44)

By solving simultaneously above equations we get,

𝑐 = 𝑏2

𝑟
, 𝑟 = 𝑟, 𝜏 = 0, 𝜉 = 0, 𝑎0 = 𝑎0, 𝑎1 =

𝑏1𝑏
𝑎

, 𝑎2 = 0.

So,

𝑈 (𝜉) = 𝑈 = 𝑎0 +
𝑏1𝑏
𝑎

𝐹 . (45)

Depending on 𝑎, 𝑏, 𝑐, 𝑟 in Eq. (𝐹 ′), we obtained different type of
traveling wave solutions.

Case 1:
𝑎 = −(1 + 𝑚2), 𝑏 = 2𝑚2, 𝑟 = 1, 𝑐 = 0.
We get,

𝑈 = 𝑎0 −
2𝑏1𝑚2

1 + 𝑚2
𝑠𝑛(𝜁, 𝑚),

As 𝑚 → 1 this generate shock wave (see Fig. 21).

𝑈 = 𝑎0 −
2𝑏1𝑚2

1 + 𝑚2
𝑡𝑎𝑛ℎ(𝜁 ). (46)
9

Case 2:
𝑎 = 2𝑚2 − 1, 𝑏 = 2, 𝑟 = −𝑚(1 − 𝑚2), 𝑐 = 0.
We obtained,

𝑈 = 𝑎0 +
2𝑏1

2𝑚2 − 1
𝑑𝑠(𝜁, 𝑛)

As 𝑚 → 1 this generate (see Fig. 22).

𝑈 = 𝑎0 +
2𝑏1

2𝑚2 − 1
𝑐𝑜𝑠𝑒𝑐ℎ(𝜁 ) (47)

Case 3:
𝑎 = 2 − 𝑚2, 𝑏 = 2, 𝑟 = 1 − 𝑚2, 𝑐 = 0.
We get,

𝑈 = 𝑎0 +
2𝑏1

2 − 𝑚2
𝑐𝑠(𝜁, 𝑛),

As 𝑚 → 1 this generate (see Fig. 23).

𝑈 = 𝑎0 +
2𝑏1

2 − 𝑚2
𝑐𝑠𝑐ℎ(𝜁 ). (48)

Case 4:
𝑑 = 2𝑚2 − 1, 𝑒 = −2𝑚2, 𝑟 = (1 − 𝑚2), 𝑐 = 0.
We obtained,

𝑈 (𝜉) =
−2(2𝑚2 − 1)𝛽3 + 2(2𝑚2 − 1)𝛼2𝛽 − 2𝜖

6
−

−2𝑚2(𝛼2 − 𝛽2)
2

cn2(𝜉, 𝑚).

As 𝑚 → 1 this generate (see Fig. 24).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
+ (𝛼2 − 𝛽2) sech2(𝜉). (49)

Case 5:
𝑑 = 2 − 𝑚2, 𝑒 = −2, 𝑟 = (𝑚2 − 1), 𝑐 = 0.
We get,

𝑈 (𝜉) =
−2(2 − 𝑚2)𝛽3 + 2(2 − 𝑚2)𝛼2𝛽 − 2𝜖

6
−

−2(𝛼2 − 𝛽2)
2

dn2(𝜉, 𝑚).

As 𝑚 → 1 this generate (see Fig. 25).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
+ (𝛼2 − 𝛽2) sech2(𝜉). (50)

Case 6:
𝑑 = 𝑚2−2

2 , 𝑒 = 𝑚2

2 , 𝑟 = 1
4 , 𝑐 = 0.

We get,

𝑈 (𝜉) =
−2(𝑚

2−2
2 )𝛽3 + 2(𝑚

2−2
2 )𝛼2𝛽 − 2𝜖

6
−

𝑚2

2 (𝛼2 − 𝛽2)

2
sn2(𝜉, 𝑚)

(1 ± dn(𝜉, 𝑚))2
.

As 𝑚 → 1 this generate (see Figs. 26 and 27).

𝑈 (𝜉) =
𝛽3 − 𝛼2𝛽 − 2𝜖

6
−

(𝛼2 − 𝛽2)
4

tanh2(𝜉)
(1 ± sech(𝜉))2

. (51)
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Fig. 22. Graphical presentation of 𝑈 (𝜉) given by Eq. (45).
Fig. 23. The shape profile of 𝑈 (𝜉) given by Eq. (46).
Fig. 24. The graphical presentation of 𝑈 (𝜉) given by Eq. (47).
Fig. 25. The shock wave of 𝑈 (𝜉) given by Eq. (48).
Case 7:
𝑑 = 𝑚2−2

2 , 𝑒 = 𝑚2

2 , 𝑟 = 𝑚2

4 , 𝑐 = 0.
We get,

𝑈 (𝜉) =
−2(𝑚

2−2
2 )𝛽3 + 2(𝑚

2−2
2 )𝛼2𝛽 − 2𝜖

−
𝑚2

2 (𝛼2 − 𝛽2)
10

6 2
×
dn2(𝜉, 𝑚)

(𝑚2 + 1)2(sn2(𝜉, 𝑚) ± dn(𝜉, 𝑚))2
.

As 𝑚 → 1 this generate (see Figs. 28 and 29).

𝑈 (𝜉) =
𝛽3 − 𝛼2𝛽 − 2𝜖

−
(𝛼2 − 𝛽2) sech2(𝜉)

. (52)

6 4 (tanh2(𝜉) ± sech(𝜉))2
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Fig. 26. The shock wave of 𝑈 (𝜉) given by Eq. (49).
Fig. 27. The shock wave of 𝑈 (𝜉) given by Eq. (49).
Fig. 28. The shock wave of 𝑈 (𝜉) given by Eq. (50).
Fig. 29. The shock wave of 𝑈 (𝜉) given by Eq. (50).
11

http://mostwiedzy.pl


Results in Physics 43 (2022) 106048F. Ashraf et al.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

Fig. 30. The shock wave of 𝑈 (𝜉) given by Eq. (51).
Fig. 31. The shock wave of 𝑈 (𝜉) given by Eq. (51).
Case 8:
𝑑 = 𝑚2+1

2 , 𝑒 = −1
2 , 𝑟 = −(1−𝑚2)2

4 , 𝑐 = 0.
We get,

𝑈 (𝜉) =
−2(𝑚

2+1
2 )𝛽3 + 2(𝑚

2+1
2 )𝛼2𝛽 − 2𝜖

6

−
−1
2 (𝛼2 − 𝛽2)

2
(𝑚cn(𝜉, 𝑚) ± dn(𝜉, 𝑚))2.

As 𝑚 → 1 this generate (see Figs. 30 and 31).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
+

(𝛼2 − 𝛽2)
4

(sech(𝜉) ± sech(𝜉))2. (53)

Case 9:
𝑑 = 𝑚2+1

2 , 𝑒 = 𝑚2+1
2 , 𝑟 = 𝑚2−1

4 , 𝑐 = 0.
We get,

𝑈 (𝜉) =
−2(𝑚

2+1
2 )𝛽3 + 2(𝑚

2+1
2 )𝛼2𝛽 − 2𝜖

6
−
(𝑚

2+1
2 )(𝛼2 − 𝛽2)

2
dn2(𝜉, 𝑚)

(1 ± 𝑚sn(𝜉, 𝑚))2
.

As 𝑚 → 1 this generate (see Figs. 32 and 33).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
−

(𝛼2 − 𝛽2)
2

sech2(𝜉, 𝑚)
(1 ± tanh(𝜉))2

. (54)

Case 10:
𝑑 = 𝑚2+1

2 , 𝑒 = 1−𝑚2

2 , 𝑟 = 1−𝑚2

4 , 𝑐 = 0.
We obtain,

𝑈 (𝜉) =
−2(𝑚

2+1
2 )𝛽3 + 2(𝑚

2+1
2 )𝛼2𝛽 − 2𝜖

6
−
( 1+𝑚

2

2 )(𝛼2 − 𝛽2)

2
cn2(𝜉, 𝑚)

(1 ± 𝑚sn(𝜉, 𝑚))2
.

As 𝑚 → 1 this generate (see Figs. 34 and 35).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
−

(𝛼2 − 𝛽2)
2

sech2(𝜉, 𝑚)
(1 ± tanh(𝜉))2

. (55)

Case 11:
𝑑 = 𝑚2+1 , 𝑒 = (1−𝑚2)2 , 𝑟 = 1 , 𝑐 = 0.
12

2 2 4
We get,

𝑈 (𝜉) =
−2(𝑚

2+1
2 )𝛽3 + 2(𝑚

2+1
2 )𝛼2𝛽 − 2𝜖

6
−

( (1+𝑚
2)2

2 )(𝛼2 − 𝛽2)

2

×
sn2(𝜉, 𝑚)

(dn(𝜉, 𝑚) ± 𝑚sn(𝜉, 𝑚))2
.

As 𝑚 → 1 this generate (see Fig. 36).

𝑈 (𝜉) =
−2𝛽3 + 2𝛼2𝛽 − 2𝜖

6
−

(𝛼2 − 𝛽2)
2

tanh2(𝜉)
(sech(𝜉) ± 𝑠𝑒𝑐ℎ(𝜉))2

. (56)

Results and discussion

In this manuscript we use IFE and JEF to get solitary wave, periodic
wave, bell-shaped, kink and anti-kink type, rational and Jacobi elliptic
solutions in terms of hyperbolic and trigonometric functions and plot
their 3D and contours graphs.

Conclusion

We obtained various types of solutions i.e solitary wave, periodic
wave, bell shaped, kink and anti-kink type, rational solutions and
Jacobi elliptic functions of Burger’s and weakly nonlinear Shallow
water wave differential equation. In this paper, we used IFE and JEF
architectonic. First method gives solitary wave solutions, bell shaped,
kink and anti-kink type solutions and second one gives Jacobi elliptic
functions in terms of hyperbolic and trigonometric functions and ratio-
nal solutions with their graphical representations like 3-D and contours
graphs. Furthermore, our constructed solutions illustrate how simple,
reliable, and consistent this method’s solution process is existing soli-
tary wave solutions, single soliton solutions, periodic solutions, and
kink solutions are obtained if the parameters adopt particular values.
The finding appear that the improved F-expansion approach could be a
promising device since it can offer a number of solutions with different
one of a kind physical contour. To the best of our knowledge, these
results were obtained first time for these models.
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Fig. 32. The graphical presentation of 𝑈 (𝜉) given by Eq. (52).
Fig. 33. The graphical presentation of 𝑈 (𝜉) given by Eq. (52).
Fig. 34. The graphical presentation of 𝑈 (𝜉) given by Eq. (53).
Fig. 35. The graphical presentation of 𝑈 (𝜉) given by Eq. (53).
13
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Fig. 36. The graphical presentation of 𝑈 (𝜉) given by Eq. (54).
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