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Abstra
t

We report on the stru
ture and mass transport properties of liquid Al-Cu alloys predi
ted by two re
ently-

developed empiri
al many-body potentials: MEAM [Jelinek et al., Phys. Rev. B 85 245102 (2012)℄ and

EAM-ADP [Apostol et al., Phys. Rev. B 83 054116 (2011)℄, and by the well-known Gupta potential. Total

and partial pair 
orrelation fun
tions, angular distribution fun
tions, densities, 
oordination numbers and

self-di�usion 
oe�
ients are 
ompared with published experimental and ab initio results for a number of

temperatures above the liquidus. Prevalent lo
al orderings are 
hara
terized by means of Voronoi analysis.

Densities and the temperature 
oe�
ient of density are 
ompared with experiment for di�erent 
omposi-

tions of the alloy. All three studied potentials, and EAM-ADP and MEAM in parti
ular, display marked

di�
ulty in des
ribing mixed (Al-Cu) intera
tions. EAM-ADP mispredi
ts Cu-ri
h alloys to re-solidify at all

temperatures studied, while MEAM's predi
tions for the density and its temperature dependen
e are poor

for Al-ri
h 
ompositions. Overall, the best des
ription of liquid Al-Cu is o�ered by the Gupta potential,

whi
h is found to give a reasonable pi
ture of short-range order and predi
ts mass transport 
oe�
ients and

densities in moderately good agreement with experiment.
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1. Introdu
tion

Aluminum alloys are ubiquitous. Owing to their low density, good forgeability and high thermal 
on-

du
tivity, they are used extensively in the air
raft industry [1℄, both as bulk stru
tural materials (fuselage

frames, 
hassis), and for high-performan
e me
hani
al parts and devi
es (engine 
ylinder heads and impellers,

propellers, hydrauli
 systems) [2℄. A high yield-strength-to-density ratio, low 
orrosibility and weldability


ontribute to their prevalen
e in shipbuilding (hulls, de
khouses, bilges, tanks) [3℄ and, 
oupled with high

temperature resistan
e, in the automotive industry (engine 
ylinder blo
ks, tru
k frames, suspension struts)

[4, 5℄.
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The addition of 
opper as main alloying element 
an serve to improve the hardness and strength of an

aluminum alloy through pre
ipitation hardening [4, 6℄. High-strength Al-Cu alloys thus �nd appli
ations in

aerospa
e engineering [7℄, and their high fra
ture toughness and resistan
e to 
ra
k propagation are desirable

in the 
onstru
tion of light-weight armoured systems [8, 9℄.

The thermophysi
al properties of the melt from whi
h Al-Cu alloys are obtained and the 
onditions under

whi
h solidi�
ation pro
eeds in an under
ooled alloy fundamentally in�uen
e the resultant stru
ture of the

solid alloy [10℄. A number of experimental investigations of the solidi�
ation of Al-Cu shed light on how

the mi
rostru
ture depends on the solidi�
ation rate (e.g. Ref. [5℄) and how it is in�uen
ed by dynami
al

pro
esses on the mi
ros
ale (e.g. melt 
onve
tion [6℄). However, a thorough atomi
-s
ale understanding

of solidi�
ation in Al-Cu alloys remains elusive, as s
attering and di�ra
tion experiments la
k ne
essary

atomi
-level resolution [11℄.

Another route to the elu
idation of stru
ture and dynami
s of liquid Al-Cu is through atomi
-s
ale 
om-

puter simulation. Classi
al parti
le-method (mole
ular dynami
s (MD) and Monte Carlo (MC)) simulations

of metalli
 systems enjoy a steady gain in popularity sin
e the introdu
tion of many-body empiri
al poten-

tials (sometimes referred to as pair fun
tionals [12℄) in the 1980s. Most notable examples in
lude the Gupta

potential [13℄, the Finnis-Sin
lair model [14℄, the Sutton-Chen potential [15�17℄, the e�e
tive medium theory

(EMT) approa
h [18, 19℄, Er
olessi's glue potential [20℄ and the embedded atom method (EAM) [21�23℄.

The above-mentioned �metal� potentials all set out to des
ribe metalli
 bonding by in
luding a lo
al vol-

ume or density dependen
e [24℄, thereby 
ir
umventing known de�
ien
ies of simple pair potentials, su
h as

poorly predi
ted va
an
y formation energies and mispredi
ted isotropy of elasti
 
onstants [12℄.

Dire
t appli
ation of atomi
-s
ale simulations to dynami
al pro
esses (nu
leation, di�usion, quen
hing,

age hardening, 
ra
k propagation) that are of interest in Al-Cu alloys fa
e a number of 
onsiderable di�
ul-

ties. The limited (sub-µs) times
ales a

essible to MD 
al
ulations pose problems in simulating pro
esses

that require statisti
al averaging of long traje
tories, su
h as melting or re-
rystallization [25, 26℄. Su
h sim-

ulations, out of sheer ne
essity, employ heating or 
ooling rates in the order of 1011 K/s or higher [11℄, far in
ex
ess of experimental values. In model 
al
ulations time-dependent nu
leation e�e
ts have been observed

to lead to nu
leation rates that are orders of magnitude o� 
ompared to experiment [27℄. Finite-size e�e
ts,

a 
onsequen
e of length-s
ale limitations of atomi
-s
ale simulations, also lead to un
ertainties regarding

the 
onvergen
e of obtained results with respe
t to the size of the simulation 
ell [27℄. Finally, and perhaps

most importantly, all empiri
al potentials assume parti
ular fun
tional forms as models of the ele
troni


intera
tions that are not a

ounted for expli
itly in 
lassi
al methods. This is known to lead to their

poor transferability, i.e. empiri
al potentials give qualitatively wrong predi
tions when they are 
onfronted

with phases they have not been parameterized for. O

asionally even 
ommon stru
tures pose unexpe
ted

di�
ulties for seemingly reasonably-transferable potentials (see Refs. [28, 29℄ for dis
ussion).

All the above di�
ulties notwithstanding, some ambitious e�orts have been undertaken very re
ently in

the �eld: Yanilkin et al. [7℄ studied dislo
ation mobility in Al-Cu alloys under load, and Singh et al. [30℄

examined the intera
tions of dislo
ations with pre
ipitates known to o

ur in age-hardened Al-Cu alloys. The

fa
t that both of these investigations had to resort to multis
ale modeling to properly des
ribe the relevant

phenomena serves to illustrate di�
ulties fa
ed by dire
t appli
ation of MD to the study of dislo
ation

dynami
s in these systems.

Some 
omputational e�orts have been devoted to the study of the liquid metalli
 state either for pure

Al and Cu [31℄, or for alloys 
ontaining Cu [32, 33℄. The only 
omputational study of liquid Al-Cu is

due to Wang et al. [34℄, who give insight into the stru
ture of liquid Al-Cu from ab initio-driven mole
ular

dynami
s, their results 
ompare favourably with experimental results, where these are available. An overview

of approa
hes for 
al
ulating thermophysi
al properties of under
ooled alloys and a dis
ussion of limitations

of both experimental and 
omputational approa
hes is given by Lv et al. [10℄. Morris et al. [29℄ give a

short summary of 
hallenges fa
ed by atomi
-s
ale simulations of alloy melts, in
luding an observation that

inhomogeneities in the melt 
an apparently persist well above the eute
ti
 temperature.

Another reason why metalli
 alloys pose 
onsiderably more di�
ulties for 
omputer simulation 
ompared

to pure metals, is due to the 
omplexities of the unlike-atom intera
tions that are often 
ru
ial for 
orre
tly

modeling 
hemi
al ordering. It is not always obvious how to 
onsistently treat these �mixing� intera
tions

[28, 35℄, whi
h are pre
isely the intera
tions that usually play a 
ru
ial role in metalli
 [30℄ and non-metalli
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[36℄ binary systems alike. A systemati
 approa
h in the form of a 
omposition-dependent potential for

treating mixed systems has been proposed [37℄.

The di�
ulties asso
iated with poor transferability of empiri
al fun
tional forms 
an be over
ome by

using ab initio MD (AIMD), whereby ele
troni
 e�e
ts are modeled dire
tly through expli
itly 
onsidering

the ele
troni
 wavefun
tion (e.g. Hartree-Fo
k, HF), its radi
ally simpli�ed expansion in terms of atomi


orbitals (tight-binding), or the ele
troni
 density (density-fun
tional theory). Su
h approa
hes require a

signi�
antly larger 
omputational e�ort 
ompared to empiri
al potentials, and usually s
ale unfavourably

(O(N3) or worse) with system size. This, in turn, ne
essitates the use of radi
ally small simulation 
ells and

short times
ales, exa
erbating the �nite-size [27℄ and �nite-time [26, 29℄ artifa
ts.

With the above points in mind, it is no surprise that 
onsiderable e�ort is being expended into improving

upon existing potentials � by seeking new parameterizations through �ts to ab initio-derived properties

(e.g. Ref. [25℄), by identifying and in
luding physi
ally relevant 
omponents missing from the des
ription

(su
h as long-range for
es [38℄ in standard EAM), or by generalising existing formalisms to in
lude angular

dependen
e (modi�ed EAM (MEAM) or EAM-ADP potentials) [1, 35, 39, 40℄, and se
ond-nearest-neighbor

e�e
ts [28℄ (2NN-MEAM).

Although newly-developed potentials are usually diligently tested by 
omparing sele
ted properties with

experiment or with ab initio 
al
ulations, the s
ope of su
h tests is typi
ally limited to stru
tures and

properties that are of interest to the group developing the potential. How well, or whether at all, the

potential transfers to other stru
tures or phases and reprodu
es di�erent properties is not typi
ally assessed.

The aim of this work is to 
ompare the predi
tions of three markedly distin
t potentials for the Al-Cu

system with available experimental and ab initio data. In this paper we fo
us entirely on the liquid state,

anti
ipating future work devoted to the simulation of quen
hing in the Al-Cu system, for whi
h a reliable

des
ription of the initial liquid state will be indispensable.

The paper is organized as follows. In Se
tion 2 we brie�y review available experimental and ab initio

data that were available to us as referen
es to 
ompare against. We devote Se
tion 3 to a more detailed

des
ription of the three potentials that we set out to 
ompare. Se
tion 4 summarizes the details of the set-up

of our simulations. Results are presented in Se
. 5, while Se
tion 6 is devoted to 
on
lusions.

2. Referen
e data

We now turn to the justi�
ation of the 
hoi
e of experimental and ab initio data that we used to


ompare the empiri
al potentials against. Experimental data on Al-Cu alloys that would be dire
tly usable

for 
omparison against 
omputer simulation is admittedly s
ar
e. Below we list relevant experimental work,

with a rationale for using, or not, parti
ular results as experimental referen
e in this work.

Mass transport properties of liquid Al-Cu have been investigated re
ently � with Brillo et al. [41℄ and

Pleva
huk et al. [42℄ reporting vis
osity measurements, while quasi-elasti
 neutron s
attering (QNS) [41, 43℄

and 
old neutron inelasti
 s
attering [44℄ have been used, with varying su

ess, to measure the dependen
e

of the self-di�usion 
oe�
ient, D, on temperature. The signi�
ant s
atter (in ex
ess of 50%) in reported

experimental values of the self-di�usion 
oe�
ient for Al-Cu has been blamed on non-negligible �uid �ow in

the liquid (an ex
ellent review of available results and a detailed analysis of experimental di�
ulties is given

by Lee et al. [45℄), at the same time model assumptions used to derive D(T ) from QNS data are disputed

[41, 43℄. Time-resolved X-ray radiography has been used to derive interdi�usion 
oe�
ients in Al-Cu melts

[46℄. These un
ertainties in the experimental determination of the self-di�usion 
oe�
ient are too large to

allow meaningful 
omparisons of D(T ) between simulation and experiment.

Ele
tri
al 
ondu
tivity (measured by Pleva
huk et al. [42℄) is not a

essible to 
lassi
al mole
ular dy-

nami
s simulations.

Vis
osities reported by Pleva
huk et al. [42℄ are valuable; however, we found through repeated numeri
al

experiments that obtaining su�
iently-
onverged vis
osities from simulations is next to impossible for the

Al-Cu system, regardless of employed formalism, due to extremely long 
orrelation times.

Only two sets of experimental data 
ould be reliably 
ompared against simulation � total pair 
orrelation

fun
tions obtained from XRD, reported by Wang et al. [34℄ for a single alloy 
omposition, and density and

its temperature dependen
e [42, 47℄ for a variety of 
ompositions. We used both as referen
e.
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With bleak prospe
ts for 
omparison against experiment, we in
lude in our referen
e set the ab initio

results reported by Wang et al. in Ref. [34℄. These results were obtained using the plane-wave formula-

tion of DFT, employing Vanderbilt ultrasoft pseudopotentials. Although a number of simpli�
ations were

employed (using Γ-point sampling only, using lo
al-density approximation (LDA) for ex
hange-
orrelation)

and the time- and length-s
ales (
ell sizes) were ne
essarily limited, Wang et al. were diligent in verifying

that their results were well-
onverged with respe
t to the size of the system, and, 
ru
ially, 
ompared the

total pair 
orrelation fun
tion against high-energy syn
hrotron XRD experiments, demonstrating ex
ellent

agreement. While the fa
t that total pair 
orrelation fun
tions agree does not 
on
lusively prove that the

above DFTMD results are a

urate, it provides very strong support for these 
al
ulations. The wide spe
-

trum of reported results (total and partial pair 
orrelation fun
tions, angular distribution fun
tions, results

of Voronoi tesselation analysis) is also to our advantage, as these properties are readily 
omparable against


lassi
al mole
ular dynami
s simulations. For these reasons we 
hose to the use results of Ref. [34℄ as main

referen
e values in this work.

For the sake of making the test as stringent as possible, we endeavour to 
ompare a diverse set of

properties � densities and their temperature 
oe�
ients for a number of alloy 
ompositions; mass transport

properties (di�usion 
oe�
ients and their temperature dependen
e), and the short-range order of Al60Cu40,

whi
h we will study in detail through the examination of pair 
orrelation fun
tions, angular distribution

fun
tions, 
oordination numbers and spe
ies-resolved Voronoi analysis.

3. Potentials studied in this work

We 
arefully sele
ted three potentials for study, with ea
h representing a distin
t 
lass of approa
hes,

and their fun
tional forms di�ering markedly. The Gupta potential 
onstitutes the simplest of the three

des
riptions; however, it has a remarkably solid theoreti
al basis. The parameters for mixed intera
tions were

obtained using 
ustomary mixing rules, with no dedi
ated parameterization of the mixed intera
tions. This

potential does not in
lude angular terms. The EAM-ADP potential, with its expli
it in
lusion of angular

dependen
e, 
an be regarded as a model of moderate 
omplexity. Cru
ially, it is a strongly-dedi
ated

potential, with a parameterization oriented towards reprodu
ing the θ and θ′ phases of Al-Cu alloys. The

MEAM potential is 
hara
terized by the highest degree of 
omplexity. It too is angular-dependent, and,

additionally, the energy is 
al
ulated with regard to a referen
e stru
ture. The properties of binary Al-Cu


ompounds were expli
itly used in its parameterization. Compared to EAM-ADP, it is meant as a more

general potential.

We follow with a more detailed des
ription of ea
h of the potentials and the parameterizations used in

this work.

3.1. Gupta potential

The Gupta potential [13℄ is a relatively simple many-body potential based on the se
ond-moment approx-

imation to tight binding [48, 49℄. The 
ohesive energy per atom is obtained as a sum of two 
ontributions

� an attra
tive band term EB

i , and a repulsive term ER

i , with the total 
ohesive energy E



of the system of

N atoms given by

E



=
N∑

i

(
EB

i + ER

i

)
. (1)

Gupta derives the band term by assuming the density of states to be represented by a step fun
tion and

by 
onsidering d ele
trons only. All d-d overlap and transfer integrals are subsequently negle
ted for se
ond

and higher neighbors. The exponential dependen
e of the transfer integrals follows that of Friedel [48℄ and

Du
astelle [50℄. In a further simpli�
ation it is assumed that the the s-d 
ontribution, if not negligible, 
an

be approximately a

ounted for by a suitable res
aling of the nearest-neighbor d-d term. Under the above
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assumptions the 
ontribution to the band term from atom i takes the form

EB

i = −


ξ2si

∑

j 6=i

ρj(rij)




1/2

= −


ξ2si

∑

j 6=i

exp

(
−2qsjsj

(
rij
r0sjsj

− 1

))


1/2

, (2)

where ξ, q, and r0 are adjustable parameters, and the sum over j 
an be identi�ed with the ele
troni


density asso
iated with atom i. A dependen
e of the parameters on the 
hemi
al spe
ies of atoms i and j
is indi
ated with subs
ripts si and sj respe
tively.

The repulsive potential, whi
h in the underlying tight-binding pi
ture arises from the intersite hopping

integrals, is represented by a Born-Mayer repulsive term:

ER
i =

∑

j 6=i

φij(rij)

=
∑

j 6=i

Asisj exp

(
−psisj

(
rij
r0sisj

− 1

))
, (3)

where A is a further adjustable parameter.

The values of the parameters are typi
ally determined by �tting to the bulk equilibrium distan
e, elasti



onstants and 
ohesive energies [51, 52℄. In this work we use the Al and Cu parameters proposed by Cleri

and Rosato [53℄. The parameters for mixed (Al-Cu) intera
tions were obtained using well-known Lorentz-

Berthelot mixing rules (A
AlCu

was obtained as a geometri
 mean, and p
AlCu

and r0
AlCu

were obtained as

arithmeti
 means of the respe
tive single-spe
ies parameters). Note that the 
ontribution of atom j to the

ele
troni
 density at the site of atom i was taken to depend only on the spe
ies of j � hen
e the pair of

subs
ripts sjsj in (2). It was thus not ne
essary to determine mixed parameters ξ
AlCu

or q
AlCu

. Under su
h

des
ription the potential has 13 parameters, these are given in Table 1.

Parameter Al-Al Al-Cu Cu-Cu

A (eV) 0.1221 0.10217496 0.0855

ξ (eV) 1.3160 N/A 1.224

p 8.612 9.786 10.960

q 2.516 N/A 2.278

r0 (Å) 2.8637 2.70985 2.5560

Table 1: Parameters of the Gupta potential used in this work.

The Gupta potential has been used to study a variety of systems, among these: nano
lusters (Pb [54℄,

Zn [54℄ and Cd [55℄, Na [56℄, Pt [24℄, Ni [57℄, Pd [57℄, Au [57, 58℄, Ag [57℄), where it o

asionally proved

problemati
 [57℄; surfa
es [59℄, where for Ag it was found to give more realisti
 predi
tions 
ompared to

EAM; liquid and amorphous metals [60℄; and systems with non-trivial 
ompetition between h
p and b



phases (e.g. Zr [61℄, where it su

essfully reprodu
ed thermal expansion and phonon dispersion 
urves).

We did not en
ounter examples of the use of the Gupta potential to model the Al-Cu system in the

literature. Our preliminary 
al
ulations indi
ated its good ability to reprodu
e the experimental dependen
e

of density on temperature for Al and Cu in the high-temperature region that is of interest in this work.

We 
hose to study the Gupta potential in the hope that it would o�er a reasonable des
ription of other

thermodynami
al propreties of the liquid Al-Cu system.
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3.2. EAM-ADP potential

The angular-dependent variant of the embedded-atom method (EAM-ADP) was proposed by Apostol

and Mishin [1℄ in 2011. In this model the total potential energy of the system is given by

E
tot

=
1

2

∑

i

∑

j 6=i

φsisj (rij) +
∑

i

Fsi(ρi)

+
1

2

∑

i,α

(µα
i )

2
+

1

2

∑

i,α,β

(
λαβ
i

)2
− 1

6

∑

i

ν2i , (4)

where

ρi =
∑

j 6=i

ρsj (rij). (5)

The indi
es i and j denote atoms, while si and sj 
orrespond to their atomi
 spe
ies (Al or Cu). The

supers
ripts α, β ∈ {1, 2, 3} denote Cartesian dire
tions. The quantities µα
i and λαβ

i are given by

µα
i =

∑

j 6=i

usisj (rij)r
α
ij , (6)

and

λαβ
i =

∑

j 6=i

wsisj (rij)r
α
ijr

β
ij , (7)

while νi is the tra
e of λ
αβ
i , i.e.

νi =
∑

α

λαα
i . (8)

The interpretation of the �rst two terms in (4) is the same as in the original EAM. As these terms des
ribe

the behavior of the individual alloy 
omponents in isolation, the fun
tional forms 
hosen by Apostol and

Mishin for φ
AlAl

, φ
CuCu

, ρ
Al

, ρ
Cu

, F
Al

(ρ) and F
Cu

(ρ) 
orrespond to those already determined by Mishin

et al. for pure Al [62℄ and pure Cu [63℄.

The remaining three terms in (4) exhibit a non-radial 
hara
ter and serve to des
ribe the e�e
ts resulting

from the mixing of Al and Cu, that is the varying 
hemi
al 
hara
ter in an alloy. These terms signi�
antly

a�e
t the energeti
s of non-
ubi
 phases of Al-Cu. Apostol and Mishin admit that there is no rigorous

physi
al justi�
ation for the form of these terms; rather the terms in question were added to introdu
e an

angular dependen
e and, thereby, to in
rease the �exibility of the EAM des
ription.

For like pairs of atomi
 spe
ies the fun
tions u and w in (6)-(7) vanish, i.e.:

u
AlAl

(rij) ≡ 0, u
CuCu

(rij) ≡ 0, (9)

and

w
AlAl

(rij) ≡ 0, w
CuCu

(rij) ≡ 0. (10)

The 
ross-fun
tions u
AlCu

and w
AlCu

, and the form of φ
AlCu

were parameterized through �tting to

experimental and ab initio results. The quantities �tted in
luded the energies of formation of the eight most

signi�
ant phases of Al-Cu and the stru
tural (latti
e 
onstants) as well as me
hani
al properties (elasti



onstants) of the θ i θ′ phases. This makes ADP an ideal 
andidate for studying pre
ipitation hardening in

Al-Cu alloys.

Sin
e its in
eption, the ADP potential has been used in studies of the dynami
al properties of dislo
ations

in Al-Cu alloys [7℄, to study the me
hanisms of motion of dislo
ations through Guinier-Preston (GP) zones

[7℄, in mole
ular-dynami
s simulations that served as base for a hierar
hi
al multis
ale model for studing

aging and hardness in pre
ipitation-hardened Al-Cu alloys [30℄, and in a study of di�usion bonding of the

Al-Cu interfa
e [64℄.
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3.3. MEAM potential

In the modi�ed embedded-atom method (MEAM) [65, 66℄ approa
h, the total potential energy of the

system is given by

E
tot

=
1

2

∑

i

∑

j 6=i

φij(rij) +
∑

i

Fi(ρi). (11)

The interpretation of both terms is the same as for the original EAM. The embedding energy is given by

Fi(ρi) =

{
AsiE

0
siρi ln (ρi) for ρi ≥ 0,

−AsiE
0
siρi for ρi < 0.

(12)

In (12), the sublimation energy E0
and the parameter A are subs
ripted with si, whi
h serves to remind

the Reader that these quantities depend on the atomi
 spe
ies.

The ba
kground ele
troni
 density is given by

ρi =
ρ
(0)
i

ρ0i
G(Γi), (13)

where

G(Γ) =

{ √
1 + Γ for Γ ≥ −1,

−
√
|1 + Γ| for Γ < −1.

(14)

The fun
tion Γi is given as a sum

Γi =

3∑

k=1

tki

(
ρ
(k)
i

ρ
(0)
i

)
, (15)

where ρ
(k)
i are partial ele
troni
 densities of zero and higher orders. The assumption of the above form for

the ele
troni
 density is what markedly distinguishes the MEAM model from other EAM-like des
riptions.

The quantity ρ0i plays the role of a s
aling fa
tor, de�ned by the 
hoi
e of a referen
e stru
ture. The

partial ele
troni
 densities of higher orders serve as 
orre
tion terms, taking into a

ount the 
hanges in the

ele
troni
 density resulting from the deviation of the 
hara
ter observed in the lo
al environment of atom i
from that of the referen
e stru
ture. The 
orre
tion terms vanish for the 
ubi
 
ase (
hosen as referen
e).

All the 
ontributions to the density ρi display a marked lo
al 
hara
ter, depending only on the position of

atom i and of its nearest neighbors (1NN-MEAM model). The in
lusion of the se
ond 
oordination shell

gives rise to the so-
alled 2NN-MEAM models [67, 68℄.

The distin
t 
hara
ter of the MEAM potential is also apparent from the 
onstru
tion of the pairwise

term, whi
h is given by

φij(rij) = φij(rij)Ssisj . (16)

In the above expression the quantity Ssisj represents the so-
alled s
reening fun
tion, whose form is more

general than a two-body (pairwise) term. The subs
ripts sisj only serve to indi
ate its dependen
e on the

spe
ies of atoms i and j. The s
reening fun
tion is 
onstru
ted in su
h a way that it assumes a value of 1

when atoms i and j are not s
reened and are within the 
uto� distan
e, and a value of 0 when atoms i and
j are fully s
reened or are further away than the 
uto� distan
e. The role of the s
reening fun
tion is to

modulate pairwise intera
tions, enfor
ing their smooth trun
ation.

The form of φij(rij) is atypi
al too, with a dependen
e on the 
oordination numbers Zi and Zj of atoms

i and j. Cru
ially, this quantity is also 
al
ulated with regard to a referen
e stru
ture, similarly to the

manner in whi
h this has been done for ρi. Due to the 
omplexity of the expressions for φij(rij), Ssisj (rij),

ρ0i , ρ
(0)
i and ρ

(k)
i and tki (where k ∈ {1, 2, 3}), they will not be given in full in this work. For details the

Reader is referred to e.g. Ref. [35℄.

The �exibility of the MEAM model allows it, in prin
iple, to be highly transferable. By virtue of being

able to automati
ally swit
h the forms used to 
al
ulate the embedding energy and the energy of pairwise

intera
tions, MEAM potentials set out, in the framework of a single formalism, to 
orre
tly reprodu
e the
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properties of a number of distin
t phases, in
luding stru
tures as distin
t as b

 and h
p (even with non-ideal

c/a ratios) [66℄, and to des
ribe systems generally 
onsidered di�
ult, su
h as Zr or Ti [69℄.

In 2012 Jelinek et al. [35℄ presented a 1NN-MEAM type potential for aluminum, sili
on, magnesium,


opper and iron. This potential has been based on potentials available for pure elements, with formation

energies of stable binary 
ompounds obtained from ab initio 
al
ulations used in the parameterization.

A

ording to the authors, this potential should 
orre
tly des
ribe binary or ternary systems of the 
omponent

elements (Al, Si, Mg, Cu and Fe). We were unable to �nd appli
ations of this potential to the Al-Cu system

in the literature (yet). However, having in mind the strengths of the MEAM approa
h (transferability

resulting from self-adaptability), we 
hose the potential of Jelinek et al. as one of the des
riptions to be

tested in this work.

4. Computational details

We fo
us entirely on the liquid state. We devote most of our attention to Al60Cu40, for whi
h, we believe,

reliable referen
e results 
an be obtained from Ref. [34℄. The 
hoi
e of referen
e data di
tates, in turn, the

temperatures we studied (973 K to 1323 K, with a step of 50 K). For other alloy 
ompositions we 
ompare

against the experimental results of Pleva
huk et al. [42℄, sampling a temperature range of 1000 K. . . 1300 K,

again with a step of 50 K.

All simulations in this work employ mole
ular dynami
s, with all presented results sampling the NpT
ensemble, at zero external pressure. Temperature and pressure were 
ontrolled using a Nosé-Hoover [70�72℄

thermostat in the formulation of Shinoda [73℄. Average temperatures during sampling were found to lie

within 1 K of the target temperature, with a standard deviation of 10-20 K. Velo
ity res
aling was used

only during equilibration.

Our detailed proto
ol is as follows. We began with equilibration at 2500 K for 50 ps, where velo
ity

res
aling was applied simultaneously with temperature and pressure 
ontrol. At this stage velo
ity res
aling

was turned o�, and the system was kept at 2500 K for a further 250 ps to ensure homogeneity, using only

the thermo- and barostat. Ea
h system was subsequently 
ooled to the target temperature at a rate of

1 K/ps, and then equilibrated (in the absen
e of velo
ity res
aling) for a further 50 ps. This was followed

by sampling over 250 ps at the target temperature. The variations in the dimensions of the simulation 
ell

were monitored to ensure that no atom ever self-intera
ted with its own periodi
 images. All 
al
ulations

were performed with the LAMMPS [74℄ pa
kage, using a timestep of ∆t = 1 fs.

Initial 
on�gurations at the mixing temperature T = 2500 K were generated as f

 
rystals. Ea
h system


omprised 4000 atoms, with the spe
ies (Al or Cu) of ea
h atom in the f

 latti
e randomized. Periodi


boundary 
onditions were used. Densities d were determined from linear relationships for densities of pure

Al and Cu in the liquid state as a fun
tion of temperature:

d(T ) = d
m

+ d
T

(T − T
m

) , (17)

where d
m

is the density at the melting temperature T
m

, and d
T

is the temperature 
oe�
ient of density.

Following Ref. [75℄ we used the following values: dAl
m

= 2.375 g 
m

−3
, dAl

T

= −2.33 × 10−4
g 
m

−3
K

−1
,

TAl

m

= 933.47 K, dCu
m

= 8.020 g 
m−3
, dCu

T

= −6.09× 10−4
g 
m

−3
K

−1
, TCu

m

= 1357.77 K. Ideal mixing was

assumed for the determination of the initial density:

d̃
AlCu

(x, T ) = (1− x) d̃
Al

(T ) + x d̃
Cu

(T ), (18)

where d̃ 
orrespond to atomi
 densities, and x is the atomi
 
ontent of Cu. We reiterate that the above

pro
edure was only used to generate initial 
on�gurations, and the system was allowed to relax through

the use of the NpT ensemble with zero external pressure. The same pro
edure was used in the referen
e


al
ulations by Wang et al. [34℄.

The potentials used in this work di�er not only with regard to their 
onstru
tion, but also with regard

to the employed 
uto� radius. For the EAM-ADP and MEAM potentials the 
uto� radius is di
tated by

the model, i.e. it has been determined during the parameterization of the potential. For the EAM-ADP
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potential the 
uto� radius is 6.28 Å, while for the MEAM potential it is 5.0 Å. This is not to say that these
potentials are short-ranged, with no intera
tions between atoms separated by more that several Å � one has

to keep in mind that the a
tual intera
tion range is longer due to the presen
e of the many-body term that

introdu
es 
oupling between neighbors of neighbors. For the Gupta potential one is free to 
hoose the 
uto�

radius. In this work Gupta intera
tions were trun
ated to zero at 12.0 Å using a smooth 
uto� whereby

both φij(r) and ρi(r) were smoothly trun
ated using a 
uto�-fun
tion of the form

f



(r) =





1 for r < r
m

− r
d

,
1
2 − 1

2 sin
(

(r−r
m

)π
2rd

)
for r

m

− r
d

≤ r ≤ r
m

+ r
d

,

0 for r > r
m

+ r
d

,

(19)

with rm = 11 Å and rd = 1 Å for all pairs: Al-Al, Al-Cu, and Cu-Cu.

Cal
ulations for ea
h temperature and ea
h potential were repeated three times (with randomness imbued

by the sele
tion of initial velo
ities) to give insight into the repeatability of results. All presented results

represent averages over the three sets of runs, unless indi
ated otherwise.

5. Results

5.1. Pair 
orellation fun
tions

We begin with a 
omparison of pair 
orrelation fun
tions for four temperatures: 1023 K, 1123 K, 1223 K,

and 1323 K, all of whi
h lie above the liquidus point for Al60Cu40. Results obtained by Wang et al. [34℄ from

DFTMD 
al
ulations are in ex
ellent agreement with experimental data, parti
ularly for lower temperatures.

For higher temperatures the DFTMD 
al
ulations overestimate the height of the �rst peak to a small degree.

Fig. 1 
ompares the experimental and ab initio results of Ref. [34℄ with our 
al
ulations using the

three empiri
al potentials. Of 
ourse only total pair 
orrelation fun
tions are a

essible to experiment.

Moderate agreement is observed in total pair 
orrelation fun
tions for the Gupta and MEAM potentials,

both of whi
h somewhat overestimate the nearest-neighbor distan
e and the height of the �rst peak, with

the Gupta potential yielding better agreement with experiment and DFTMD results for the �rst peak,

and MEAM yielding moderately better agreement for the se
ond peak (where both potentials overestimate

its position). The EAM-ADP potential 
learly leads to an overstru
turing, predi
ting deep minima, well-

pronoun
ed peaks and the presen
e of an unexpe
ted shoulder at around 4 Å. For the Al-Al pair 
orrelation
fun
tion (
f. Fig. 1b) only the Gupta potential remains in reasonable agreement with ab initio 
al
ulations,

although it slightly overestimates the positions and heights of both the �rst and se
ond peak. MEAM 
learly

mispredi
ts arti�
ially strong Al-Al intera
tions, leading to an overestimation of the height of the �rst peak

by as mu
h as 80%, and of the se
ond peak by about 25%, although the positions of both peaks are in good

agreement with DFTMD. The predi
tions of EAM-ADP are similar to those of the Gupta potential for the

�rst peak, while at larger distan
es a tenden
y to overstru
ture again be
omes apparent. The situation is

similar for the Cu-Cu pair 
orrelation fun
tions (
f. Fig. 1
), where MEAM dramati
ally overestimates the

strength of like (Cu-Cu) intera
tions, in 
onsequen
e overestimating the height of the �rst peak by as mu
h

as 200%. The Gupta potential provides, relatively, the best agreement with DFTMD, although it too seems

to overestimate the Cu-Cu binding. The results of EAM-ADP disagree entirely. For mixed (Al-Cu) pair


orrelation fun
tions (
f. Fig. 1d) agreement of ea
h of the empiri
al potentials with ab initio results is poor,

with the Gupta potential performing best, reprodu
ing the broad se
ond peak and, to a degree, the �rst

peak. MEAM underestimates the strength of Al-Cu intera
tions, leading to a diminished and mispla
ed �rst

peak. ADP-EAM does reprodu
e the positions of the peaks, but signi�
antly overestimates their heights.

All the three empiri
al potentials studied have 
lear di�
ulty treating mixed intera
tions in Al60Cu40,

with the predi
tions of the Gupta potential en
umbered by the smallest errors. We feel obliged to point out

that the plane-wave pseudopotential DFTMD des
ription that serves as a referen
e here 
an also o

asionally

su�er from a dependen
e of the intera
tions, and thus stru
tures, on the pre
ise pseudopotential used. A


omprehensive study of the e�e
t of the pseudopotential (and perhaps the ex
hange-
orrelation fun
tional)

on the obtained stru
ture would be invaluable, but is outside the s
ope of this work. Here we were more
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Figure 1: Total (panel a) and partial (panels b-d) pair 
orrelation fun
tions of the liquid Al60Cu40 alloy for

four temperatures. Values for 1123 K, 1223 K and 1323 K were shifted by an integer number of units, this

is indi
ated with dashed horizontal lines. MEAM results (in red) are trun
ated at the potential 
uto�.

alarmed by the tenden
y of EAM-ADP to overstru
ture and felt it warranted further attention. On 
loser

inspe
tion we dis
overed that the pair 
orrelation fun
tions obtained with this potential for our system were

poorly reprodu
ible. This is demonstrated in Fig. 2, where we separately plot the total and mixed (Al-Cu)

pair 
orrelation fun
tions obtained from three sets of 
al
ulations with di�ering initial 
onditions. For a

thoroughly equilibrated liquid system we would expe
t ma
ros
opi
 properties not to di�er appre
iably

between produ
tion runs, and this is indeed the 
ase for the results obtained with the Gupta potential and
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the MEAM potential.

5.2. Mass transport properties

To further investigate this issue, we 
al
ulated the self-di�usion 
oe�
ients of Al and Cu in the alloy

using the Einstein relation for the eight temperatures for whi
h they are reported in Ref. [34℄. The results

are shown in Fig. 3, where we purposefully plot the results of ea
h of the three produ
tion runs separately,

to demonstrate the reprodu
ibility for the Gupta and MEAM potentials and the dependen
e on initial 
on-

ditions seen with EAM-ADP. The extremely low values of the self-di�usion 
oe�
ient 
on�rm our suspi
ions

� the EAM-ADP system pro
eeded to re-solidify in ea
h of our 
al
ulations, even for temperatures as high

as 1323 K. With the 
ooling rate obviously insu�
iently low for re-
rystallization, the three systems be
ame

�trapped� in three di�erent lo
al minima. The appearan
e of this unfortunate e�e
t means that subsequent

results obtained with EAM-ADP for Al60Cu40 do not 
orrespond to a true liquid state and should not be

interpreted as su
h. Instead, EAM-ADP must be assumed not to be able to des
ribe liquid Al60Cu40 below

(at least) 1323 K. Further results obtained with this potential will, however, be shown for the sake of 
om-

pleteness. In order to remind the Reader of the above de�
ien
y, subsequent plots will be augmented with

error bars to indi
ate the di�eren
es between the three sets of 
al
ulations. These di�eren
es will generally

be seen to be negligible for the Gupta and MEAM potentials and appre
iable for EAM-ADP. We will brie�y

return to the issue of reprodu
ibility in Se
tion 5.5.

We pro
eed by noting a very good agreement in both the absolute values and the slope of D(T ) be-
tween the Gupta potential and DFTMD results, and moderate agreement for MEAM, whi
h underestimates

the di�usion rate and slightly overestimates the temperature dependen
e. In all 
ases the temperature

dependen
e is desribed well by the Arrhenius relation

D(T ) = D0 exp (−E
a

/k
B

T ). (20)

We summarize the a
tivation energies E
a

and pre-exponential fa
tors D0 in Table 2.

Approa
h EAl

a

DAl

0 ECu

a

DCu

0

(kJ/mol) (
m2/s) (kJ/mol) (
m2/s)

EAM-ADP 86.9 0.00187 76.4 0.00047

MEAM 61.1 0.00521 43.9 0.00129

Gupta 27.9 0.00084 27.7 0.00079

DFT[34℄ (referen
e) 20.6 0.00036 19.7 0.00028

Table 2: A
tivation energies and pre-exponential fa
tors des
ribing mass transport in Al60Cu40.

5.3. Overview of short-range order

We begin our analysis of short-range order in the liquid Al60Cu40 alloy by 
omparing, against the

results of Ref. [34℄, the frequen
ies with whi
h the most 
ommon stru
tural motifs o

ur. We also brie�y


ompare the ratios of the 
oordination numbers of Al and Cu atoms. Following Wang et al. we employed

Voronoi tesselation[76℄ as a means of stru
ture identi�
ation. When applied to liquid systems, Voronoi

tesselation runs into di�
ulties related to distinguishing nearest neighbors from se
ond-nearest neighbors.

At higher temperatures the presen
e of se
ond-nearest neighbors, whi
h are instantaneously driven 
lose

to the 
enter of the Voronoi polyhedron by thermal motions, leads to the appearan
e of spurious fa
es

in the polyhedron, whi
h hinders analysis. A popular approa
h for �ltering out se
ond-nearest-neighbor


ontributions 
onsists in eliminating Voronoi fa
es with small surfa
e areas. Another, simpler approa
h

relies on using a distan
e 
uto� during tesselation. This approa
h has been used by Wang et al., with a

�xed 
uto� of 3.56 Å, 
orresponding to the �rst minimum of the total pair 
orrelation fun
tion. For the

sake of fa
ilitating 
omparison, in this work we followed an analogous approa
h. However, sin
e we 
ompare

three di�erent potentials, ea
h of whi
h predi
ts di�erent positions of the �rst g(r) minimum, it be
omes
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ne
essary to introdu
e some kind of 
ross-
alibration so that the three potentials 
an be treated on the same

footing. We a
hieved this by tuning the tesselation 
uto� length separately for ea
h potential and ea
h

temperature su
h that the average geometri
al 
oordination number (i.e. the mean number of fa
es in the

Voronoi polyhedron, following the appli
ation of a radial 
uto�) was identi
al to that of Wang et al.. Our

dependen
es of average 
oordination numbers on temperature are thus, for every potential, by 
onstru
tion,

identi
al to those of Ref. [34℄, Fig. 8a therein.

In Fig. 4 we plot the Al/Cu 
oordination number ratio predi
ted by the three potentials under study.

Only the Gupta potential agrees with the DFTMD results in predi
ting that the 
oordination number of Al

is larger than the Cu 
oordination number, with the reverse predi
tion made by EAM-ADP and MEAM.

All three potentials underestimate this quantity, although the trend of it de
reasing roughly monotoni
ally

with temperature is 
orre
tly re
overed. EAM-ADP is again seen to have rea
hed three di�erent �frozen�


on�gurations starting from three di�erent initial 
onditions.

In Fig. 5 we show the frequen
y histograms of individual Voronoi polyhedra for T = 973 K, where the

dis
repan
ies between the predi
tions of the empiri
al potentials were the most pronoun
ed. The standard

signature notation 〈f3, f4, f5, f6〉 is used, where fi denotes the number of fa
es with i edges. Apart from

total histograms (panel a), results for Al-
entered (panel b) and Cu-
entered (panel 
) polyhedra are shown.

These results are dire
tly 
omparable to those shown in Fig. 5 of Ref. [34℄, although we reprodu
e those

referen
e results in our plot for ease of 
omparison. We fo
us on the 12 types of Voronoi polyhedra whi
h are

the most abundant in the studied alloy and en
ompass over 60-70% of all the identi�ed polyhedra, depending

on temperature. The same polyhedra were reported by Wang et al., and they are 
ommonly regarded as

main stru
tural motifs in liquid metals.

For the sake of brevity we do not present a detailed breakdown for the remaining two temperatures

studied by Wang et al. (1073 K and 1323 K); however, we dis
uss the results for these temperatures brie�y

in terms of an averaged stru
ture des
ription mismat
h, a s
alar measure de�ned as

m =
∑

v∈V

∣∣∣∣
fv − f refv

f refv

∣∣∣∣ f
ref

v =
∑

v∈V

∣∣fv − f refv

∣∣ . (21)

Here, with fv we denote the frequen
y of the o

urren
e of polyhedra of type v, with v running through

all twelve 
onsidered polyhedra types (〈0, 2, 8, 0〉, . . . , 〈0, 3, 6, 4〉). The referen
e frequen
y of Ref. [34℄ is

denoted with f refv . The measure m 
an be viewed either as a sum of relative errors, with ea
h term weighted

with the 
orresponding frequen
y f refv , or as a total error of a des
ription, informing about a fra
tion of

atoms for whi
h the predi
ted lo
al environment is in disagreement with the referen
e, and thus about how

erroneous, in an average sense, the obtained stru
ture is. In Fig. 6 we separately show the values of m for

the total stru
ture, and for Al-
entered and Cu-
entered polyhedra.

Even a 
ursory glan
e at Fig. 6, panel a), makes it apparent that the EAM-ADP potential in
orre
tly

des
ribes the short-range order of liquid Al-Cu alloys, with a des
ription mismat
h of about 16% for all

the three studied temperatues, while for the remaining two potentials m is approximately 11% (for lower

temperatures), and as low as 7% for 1323 K. While the spe
ies-averaged errors obtained for the MEAM and

Gupta potential are 
omparable, we deem the predi
tions of the MEAM potential to be signi�
antly worse.

This is eviden
ed by very large errors for Al-
entered polyhedra, with a mismat
h of approximately 14-15%

for 973 K and 1073 K, and 9% for 1323 K, whi
h is more than twi
e as large as for the Gupta potential. We


on
lude that, when the heterogeneity of the studied systems is taken into a

ount, the MEAM potential

o�ers a poor des
ription of the lo
al order in liquid Al-Cu, with its low spe
ies-averaged mismat
h apparently

a result of judi
ious error 
an
ellation between Al-
entered and Cu-
entered stru
tures. This is easily seen

on the example of 〈0, 2, 8, 1〉 polyhedra, whose frequen
y the MEAM potential signi�
antly overestimates

for Al-
entered polyhedra (
f. Fig. 5, panel b), while simultaneously signi�
antly underestimating it for

Cu-
entered polyhedra (panel 
 therein), resulting in an a

eptably low total error (
f. panel a).

The above examination of the stru
ture mismat
h allows us to 
on
lude that, out of the three studied

potentials, the Gupta potential manages best to reprodu
e the 
orre
t short-range order, being the only

potential that simultaneously des
ribes well the lo
al environment of the Cu atoms (m in the order of 9,

8, and 5%), and of the Al atoms (m as low as 7, 6, and 4%). The only de�
ien
y of the Gupta potential
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in this 
ontext lies in its inability to o�er a quantitatively 
orre
t des
ription of lo
al i
osahedral ordering,

with an overestimation of the frequen
ies of i
osahedral and i
osahedron-like stru
tures, for both Al- and

Cu-
entered polyhedra. In Fig. 5 this is manifested in the large heights of bars denoted with 〈0, 0, 12, 0〉
(
orresponding to i
osahedra) and 〈0, 1, 10, 2〉 (
orresponding to 
apped i
osahedra), as well as 〈0, 2, 8, 0〉,
〈0, 2, 8, 1〉 and 〈0, 2, 8, 2〉 (
ommonly regarded as Voronoi polyhedra of i
osahedron-like stru
tures). We shall

denote the set of the above signatures as I. We point out that it is the errors in the frequen
ies of polyhedra

v ∈ I that are largely responsible for the dis
repan
y between the des
ription o�ered by the Gupta potential

and the referen
e des
riptors obtained from DFT.

To further the point, in Tab. 3 we juxtapose, for three temperatures, the values of measures 
hara
-

terising the lo
al i
osahedral ordering, namely f
i
os

=
∑

v∈I fv, whi
h is a measure of the total frequen
y

of i
osahedron-like motifs, and m
i
os

=
∑

v∈I

∣∣fv − f refv

∣∣
, whi
h measures the error in the des
ription of

i
osahedral ordering. It now be
omes 
lear, that the error in the des
ription of i
osahedral ordering m
i
os

is mainly responsible for the total error m in the Gupta potential's des
ription of the short-range order.

We point out that any 
ontribution to m
i
os


an at most (in the worst-
ase s
enario) be
ome twi
e as large

in m, whi
h follows from how the measure m is 
onstru
ted. The values shown in Tab. 3 demonstrate

that the Gupta potential 
onsistently overestimates the tenden
y towards i
osahedral ordering. This 
an be

explained by the spheri
ally-symmetri
 form of this potential (the fun
tion des
ribing the ele
troni
 density

term), whi
h is expe
ted to favour i
osahedron-like stru
tural motifs.

Temperature f
i
os

(%) m
i
os

(%) m (%)

DFT

14
Gupta

Al-
entered

973 K 16.77 20.58 3.81 6.82

1073 K 15.58 19.06 3.46 6.02

1323 K 14.25 15.84 1.64 3.67

Cu-
entered

973 K 11.42 15.46 5.01 9.06

1073 K 10.35 13.97 4.19 7.96

1323 K 9.23 11.06 2.32 5.24

Table 3: Measures des
ribing i
osahedral ordering obtained for the Gupta potential.

The fa
t that the Gupta potential overfavours i
osahedral stru
tures is also seen from the angular dis-

tribution fun
tion ADF(Θ) (
f. Fig. 7), where the position of the �rst maximum is shifted towards the


hara
teristi
 i
osahedron/tetrahedron 60° angle. As a result, the height of the �rst maximum is also overes-

timated. Consequently, the position of the se
ond maximum is shifted towards the 108° angle, 
hara
teristi


for the pentagonal stru
ture also present in an i
osahedron, with the height slightly underestimated. Overall,

the agreement in ADF(Θ) between the Gupta potential and the referen
e DFT results remains moderately

good, ex
eeding that of the MEAM potential and of the EAM-ADP potential in parti
ular.

While the spe
ies-averaged plots of ADF(Θ) for the MEAM potential appear qualitatively similar to

those of the Gupta potential (and thus to the referen
e DFT results), a more detailed examination of the

short-range order based on Voronoi analysis unequivo
ally demonstrated that this agreement is 
oin
idental,

and the stru
ture obtained from the MEAM potential shows more serious dis
repan
ies from the referen
e

when the lo
al environment is examined for ea
h atomi
 spe
ies separately.

In the 
ase of the EAM-ADP potential the agreement in ADF(Θ) with the referen
e results is very poor,

with extraneous maxima being predi
ted, whi
h 
orrespond to right and straight angles. This is eviden
e

that for the temperature range studied here the EAM-ADP potential strongly overfavours 
ubi
al and/or

tetragonal motifs, yielding an in
orre
t des
ription of lo
al ordering.

The above examination of lo
al stru
ture predi
tion 
an be summarized by stating that the Gupta

potential is the least in
orre
t in its reprodu
tion of the stru
tural variety of Al-Cu alloys at temperatures
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slightly above the liquidus. In the 
ontext of its remarkably simple form, the dis
repan
ies of the Gupta

potential 
an be thought of as extraordinarily low.

5.4. Density

We now turn to the last quantity studied in this work � density and its temperature dependen
e. Our

aim was to brie�y study how the three potentials of interest des
ribe 
ompositions other than Al60Cu40. We


ompare liquid densities for three 
ompositions for whi
h experimental data due to Pleva
huk et al. [42℄ is

available � these are 4, 20 and 30 wt p
t Cu. We also in
lude a 
omparison for Al60Cu40 (
orresponding to

Al-61 wt p
t Cu) against the DFTMD results of Ref. [34℄.

We employed the same simulation proto
ol as for Al60Cu40 (mixing at 2500 K, 
ooling to target temper-

ature at a 
onstant rate, sampling the NpT ensemble at target temperature and zero external pressure). We


al
ulated the density d(T ) for seven temperatures T = 1000, 1050, . . . , 1300 K. Like before, we repeated

ea
h 
al
ulation three times with di�erent initial 
onditions. The 
al
ulated densities and linear �ts to their

temperature dependen
e a

ording to (17) are shown in Fig. 8. The results of the �ts (predi
ted densities

d
m

at melting point, and temperature 
oe�
ients d
T

of density) are summarized in Table 4.

Alloy Referen
e data EAM-ADP MEAM Gupta

(wt % Cu) T
m

d
m

d
T

d
m

d
T

d
m

d
T

d
m

d
T

4 922 2.43 -3.20 2.53 -2.47 1.55 5.10 2.49 -2.88

20 873 2.71 -4.05 2.98 -2.99 2.66 -0.67 2.83 -3.25

30 836 2.93 -4.02 3.35 -3.50 3.25 -4.02 3.10 -3.53

61 933 4.33 -2.51 5.19 -1.65 4.37 -6.19 4.24 -4.85

Table 4: Density and its temperature dependen
e for Al-Cu alloys. The melting temperature T
m

is

given in K, density at melting point d
m

in g 
m

−3
, and the temperature 
oe�
ient of density d

T

in 10−4

g 
m

−3
K

−1
. For the �rst three 
ompositions the referen
e is the experimental work of Pleva
huk et al. [42℄,

the last 
omposition is 
ompared against DFTMD results of Wang et al. [34℄.

Alloy EAM-ADP MEAM Gupta

(wt % Cu)

∣∣∣∆d
m

d
m

∣∣∣
∣∣∣∆d

T

d
T

∣∣∣
∣∣∣∆d

m

d
m

∣∣∣
∣∣∣∆d

T

d
T

∣∣∣
∣∣∣∆d

m

d
m

∣∣∣
∣∣∣∆d

T

d
T

∣∣∣

4 4.1% 23% 36% 260% 2.4% 10%

20 9.1% 26% 1.8% 83% 4.4% 20%

30 14% 13% 11% 0% 5.8% 12%

61 20% 34% 0.92% 150% 2.1% 93%

Table 5: Relative error in the 
al
ulated di�usion 
oe�
ient at melting temperature d
m

and in the temper-

ature 
oe�
ient of the density d
T

. Referen
e values mirror those of Tab. 4.

We 
on
lude that the Gupta potential is the most a

urate in its predi
itions for the density of liquid

Al-Cu in a broad range of 
ompositions. Typi
al relative errors (summarized in Table 5) for this potential

are in the order of 2 − 6% (for d
m

) and 10− 20% (for d
T

), with densities slightly overestimated 
ompared

to experiment. We note that the errors in the predi
tions of the Gupta potentials are parti
ularly small for

the low-Cu 
omposition, whi
h is of greatest te
hnologi
al signi�
an
e.

The EAM-ADP potential also overestimates the density, to a larger degree. The errors are roughly twi
e

as big (for d
m

) or 
omparable (for d
T

) to those of the Gupta potential. Cu-ri
h alloys in parti
ular are
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poorly des
ribed, with errors in the density as large as 20%. We note that the dependen
e of the stru
ture

on the initial 
ondition, previously observed for higher Cu 
ontents, disappears for Al-ri
h alloys.

The MEAM potential fares parti
ularly badly for Al-ri
h alloys � for Al-4 wt p
t Cu it wildly under-

estimates densities (d
m

is 36% o�) and predi
ts a reverse trend for the temperature dependen
e. Also

worrying is its tenden
y for the predi
tions to vary between 
al
ulations whi
h di�ered only with regard to

the initial 
onditions. This is eviden
ed a spread in the di�usion 
oe�
ients obtained from three di�erent

runs (
f. Fig. 8, panels a and b). Indeed, below 30 p
t wt Cu MEAM predi
ts an unphysi
al spontaneous

solidi�
ation of the alloy into a foam-like stru
ture 
ontaining relatively large voids surrounded by several-

atom-thi
k �laments (
f. Fig. 9), with a roughly uniform distribution of Cu atoms. The result is disastrously

low density and a reverse predi
tion for the dependen
e of density on temperature. We presume that the

�exible, auto-swit
hing form of this potential leads to unphysi
alities for disordered systems with highly-

variable lo
al 
hemi
al 
omposition. Our results indi
ate that the transferability of this potential to liquid

systems is severely limited and it is not a good 
andidate for studying liquid Al-Cu. We note that with

in
reasing Cu 
ontent the predi
tions of the MEAM potential improved, and the above artifa
ts were no

longer present.

5.5. Reprodu
ibility of results

We now brie�y return to the issues of reprodu
ibility of the obtained results, with parti
ular fo
us on the

behavior of the EAM-ADP potential at low temperatures. In previous se
tions we have already highlighted

the signi�
ant s
atter in results for all the studied properties for EAM-ADP, in 
ontrast to very good

reprodu
ibility a
hieved with the Gupta and MEAM potentials for the Al60Cu40 system. Referring to the

extremely low values of the di�usion 
oe�
ient predi
ted by EAM-ADP (
f. Fig. 3) we proposed to explain

these surprising results by a spurious re-solidi�
ation of the alloy, ea
h time to a di�erent lo
al energy

minimum. Below we strengthen our explanation by examining the 
alori
 
urve for the 
ooling pro
ess for

the three studied potentials, whi
h we present in Fig. 10.

The dependen
e of total energy on temperature is seen to be linear for the Gupta potential and almost

linear for the MEAM potential, indi
ating the absen
e of a phase transition. Moreover, the 
urves 
orre-

sponding to di�erent initial 
onditions overlap almost ideally, demonstrating that these potentials generate

reprodu
ible liquid states.

In the 
ase of the EAM-ADP potential we observe a 
hange in the slope of E
tot

(T ) between 1500 K and

1250 K, whi
h is indi
ative of a stru
tural 
hange. Careful examination reveals that at this temperature

range the system gradually transitions from a liquid to a solid state. The employed 
ooling rate is su
h that

the observed stru
tural 
hange 
orresponds neither to a pure 
rystallization nor to typi
al glassi�
ation.

What is more, the resultant stru
ture does not resemble any typi
al phase of Al-Cu, and is di�erent for

ea
h set of initial 
onditions. This observation is supported by the variation in the measures of stru
tural

order seen in Figs. 1, 2, 4 and 5, and the 
alori
 
urves shown in Fig. 10. The 
alori
 
urves 
orresponding

to di�erent initial 
onditions be
ome 
onsiderably distin
t below 1500 K, with energy di�eren
es of almost

0.04 eV/atom at 973 K.

6. Con
lusions

The predi
tions of three empiri
al many-body potentials were 
ompared with ab initio results and exper-

iment for liquid Al-Cu alloy systems of various 
ompositions. Ea
h of the potentials struggled to 
orre
tly

reprodu
e the 
orre
t pi
ture of lo
al ordering, whi
h 
on�rms the notion that liquid metalli
 alloys 
onsti-

tute di�
ult systems.

EAM-ADP mispredi
ted the Al60Cu40 alloy to solidify at all studied temperatures (up to 1323 K),

despite the fa
t that the melting temperature of this alloy is 933 K [34℄, with self-di�usion a
tivation energies

overestimated approximately fourfold. Consequently, the predi
ted short-range order was poorly des
ribed,

both in the vi
inity of Al and Cu atoms, with 
ubi
 ordering strongly overfavoured; the tenden
y for Al-Cu

pairing in the �rst 
oordination shell was overestimated, with Al-Al and Cu-Cu pairing overestimated in the

se
ond shell. The densities obtained for Cu-ri
h alloys were in parti
ularly poor agreement with experiment,
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with errors as large as 20%. To give justi
e to EAM-ADP, we point out that this potential was designed to

study pre
ipitation hardening, thus fo
using mainly on the 
orre
t des
ription of the stability of θ and θ′

phases and not on the liquid phase.

The MEAM potential 
orre
tly predi
ted Al60Cu40 to be in the liquid phase for the temperatures studied.

Mass transport properties were in qualitative, but not quantitative agreement with DFT results, with self-

di�usion a
tivation energies overestimated by a fa
tor of 2.2 for Cu and threefold for Al. This potential had

marked di�
ulty in 
orre
tly 
apturing the 
hemi
al ordering of the alloy � the strength of Al-Al and Cu-Cu

intera
tions was dramati
ally overestimated, whi
h was eviden
ed by the heights of the �rst maxima in the


orresponding partial pair 
orrelation fun
tions being radi
ally (sometimes by a fa
tor of 3) larger than the

referen
e values. The same di�
ulties, e.g. a parti
ularly poor des
ription of lo
al order in the vi
inity of Al

atoms, were exposed by spe
ies-resolved Voronoi analysis. Even with the above dis
repan
ies, the spe
ies-

averaged pi
ture of the stru
ture and dynami
al properties of Al60Cu40 were in better agreement with DFT,


ompared to EAM-ADP. However, as the 
omposition of the alloy was varied, the MEAM potential 
ould

not 
orre
tly des
ribe alloys with low Cu 
ontent.

The Gupta potential, despite its 
on
eptual simpli
ity, performed the best out of the three potentials.

Mass transport properties were in good agreement with DFT results (a
tivation energies overestimated by

40%). Pair 
orrelation fun
tions, although far from ideal, were 
losest to those obtained from DFT and

experiment. Out of the three potentials it was the only one to display a modi
um of agreement for partial

pair 
orrelation fun
tions. The des
ription of the short-range order, parti
ularly when de
omposed into


ontributions from Al and Cu 
enters, was too the most a

urate among the three potentials. The main

de�
ien
y in the des
ription of the lo
al ordering lay in its inability to quantitatively 
apture the fra
tions of

atoms with i
osahedral and i
osahedron-like ordering, whi
h is not surprising given the absen
e of angular

terms in the model. Densities were overestimated slightly, but less so than by the remaining potentials.

Densities at melting temperature were in very good agreement (errors below 6%) with referen
e values for

all 
ompositions studied.

The apparent low transferability of EAM-ADP and of MEAM to liquid systems deserves further attention,

perhaps warranting a study of the spe
i�
 reasons underlying the de�
ien
ies, with a view to improving

parameterizations, or, if ne
essary, fun
tional forms themselves, aiming to extend the range of appli
ability

of empiri
al potentials to larger subsets of the Al-Cu phase diagram. A study like that falls outside the s
ope

of this work, whi
h instead fo
uses on highlighting the problem areas. For EAM-ADP problems be
ome

evident in Cu-ri
h systems, in parti
ular for low temperatures. For MEAM the des
ription is impaired for

Al-ri
h systems, in the entire liquid temperature range, but to a lesser extent. Neither of these potentials

o�ers a qualitatively 
orre
t pi
ture of the liquid state of Al-Cu a
ross all 
ompositions and temperatures. In

defense of EAM-ADP and MEAM, we point out that these potentials have been designed with fo
us on solid

phases (and spe
i�
 solid phases in the 
ase of EAM-ADP), as eviden
ed by the 
hoi
e of quantities used

during parameterization. In this 
ontext, and with poor transferability of empiri
al potentials being widely

re
ognized, the observed failings are perhaps less surprising. The main result of this work is 
on�rming the

non-transferability and examining how it manifests, with parti
ular attention paid to lo
al ordering.

In the view of the above, we �nish with two broad 
on
lusions. First, for studies of liquid Al-Cu at the

empiri
al potential level we �rmly deem the Gupta potential to 
onstitute the model of 
hoi
e, with more


omplex models o�ered by EAM-ADP and MEAM yielding predi
tions in poorer agreement with DFT and

experimental results. Se
ond, despite re
ent e�orts and advan
es, a 
oherent and transferable des
ription

of the Al-Cu system remains elusive, and there is still a need for novel and thoroughly validated 
lassi
al

models.
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Figure 2: Total (panel a) and Al-Cu (panel b) pair 
orrelation fun
tions of the Al60Cu40 alloy obtained

with EAM-ADP for four temperatures for three di�erent initial 
onditions. Values for 1123 K, 1223 K and

1323 K were shifted by an integer number of units, this is indi
ated with dashed horizontal lines.

18

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


 0.002

 0.005
 0.01
 0.02

 0.05
 0.1
 0.2

 0.5
 1
 2

 5
 10

1323−1 1223−1 1123−1 1023−1

D
A

l(T
) 

(1
0−

5  c
m

2 /s
)

T
−1 (K−1)

a)

1273−1 1173−1 1073−1 973−1

DFT14

EAM−ADP
MEAM
Gupta

 0.002

 0.005
 0.01
 0.02

 0.05
 0.1
 0.2

 0.5
 1
 2

 5
 10

1323−1 1223−1 1123−1 1023−1

D
C

u(
T

) 
(1

0−
5  c

m
2 /s

)

T
−1 (K−1)

b)

1273−1 1173−1 1073−1 973−1

DFT14

EAM−ADP
MEAM
Gupta

Figure 3: Self-di�usion 
oe�
ient of Al (panel a) and Cu (panel b) in liquid Al60Cu40 alloy as a fun
tion

of temperature (points). Lines are results of Arrhenius �ts to the datapoints.
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Figure 4: Coordination number ratio (Al to Cu) of liquid Al60Cu40 for eight temperatures. Points represent

averages over three 
al
ulations with di�ering initial 
onditions, error bars denote minimum and maximum

values obtained from the three 
al
ulations.
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Figure 5: Frequen
y distributions of the most abundant stru
tures in liquid Al60Cu40 at 973 K � averaged

over atomi
 spe
ies (panel a), with Al as 
enters (panel b), with Cu as 
enters (panel 
). The bars represent

averages over three 
al
ulations with di�ering initial 
onditions, error bars denote minimum and maximum

values obtained from the three 
al
ulations. Heights of the bars in panels b and 
 add up to the heights

shown in panel a.
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Figure 6: Stru
ture des
ription mismat
h between the predi
tions of the three studied potentials and

DFTMD results (Ref. [34℄), 
al
ulated as a weighted relative error (
f. (21)) in the fra
tions of the most

abundant stru
tures in liquid Al60Cu40 � averaged over atomi
 spe
ies (panel a), with Al as 
enters (panel

b), with Cu as 
enters (panel 
).

21

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


0.000

0.010

0.020

0.030

0.040

0.050

 30  60  90  120  150  180

A
D

F
(Θ

)

Θ (°)

1023

1123

1223

1323

DFT14

EAM-ADP
MEAM
Gupta

Figure 7: Angular distribution fun
tion of liquid Al60Cu40 for four temperatures. Values for 1123 K, 1223 K

and 1323 K were shifted for 
larity, this is indi
ated with dashed horizontal lines.
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Figure 8: Temperature dependen
e of the density of Al-Cu alloys: Al-4 wt p
t Cu (panel a), Al-20 wt p
t Cu

(panel b), Al-30 wt p
t Cu (panel 
), and Al-61 wt p
t Cu (Al60Cu40, panel d). Points 
orrespond to results

of MD simulations, the lines are results of linear �ts. The dotted bla
k line denotes experimental results of

Pleva
huk et al. [42℄. Crosses in panel d denote densities obtained from DFTMD by Wang et al. [34℄.
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Figure 9: Example of an unphysi
al, foam-like stru
ture predi
ted by the MEAM potential for Al-Cu alloys

with low Cu 
ontent. Bonds are drawn between atoms 
loser than 3.6 Å (position of the �rst g(r) minimum).

Cu atoms are shown as larger spheres, Al atoms � as smaller spheres. Atoms and bonds are shaded a

ording

to their y 
oordinate as a visual 
ue. The illustration was generated using OVITO [77℄.
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Figure 10: Total energy of the Al60Cu40 system during 
ooling, averaged over 2.5 ps windows. For EAM-

ADP the 
hange in slope between 1500 K and 1250 K is eviden
e of re-solidi�
ation, and the forking of the


urves is due to the system being trapped in a di�erent lo
al energy minimum in ea
h of the runs. Both

problems are absent in simulations with the Gupta or MEAM potentials.
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