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University of Technology, Narutowicza 11/12, 80-233 Gdańsk, Poland; muhammad.bilal.hafeez@pg.edu.pl
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Abstract: The non-isothermal couple stress fluid inside a reverse roll coating geometry is considered.
The slip condition is considered at the surfaces of the rolls. To develop the flow equations, the
mathematical modelling is performed using conservation of momentum, mass, and energy. The
LAT (lubrication approximation theory) is employed to simplify the equations. The closed form
solution for velocity, temperature, and pressure gradient is obtained. While the pressure and flow
rate are obtained numerically. The impact of involved parameters on important physical quantities
such as temperature, pressure, and pressure gradient are elaborated through graphs and in tabular
form. The pressure and pressure gradient decreases for variation of the couple stress parameter
and velocity ratio parameter K. While the variation of the slip parameter increases the pressure and
pressure gradient inside the flow geometry. Additionally, flow rate decreases for the variation of the
slip parameter as fluid starts moving rapidly along the roller surface. The most important physical
quantity which is responsible for maintaining the quality of the coating and thickness is flow rate.
For variation of both the couple stress parameter and the slip parameter, the flow rate decreases
compared to the Newtonian case, consequently the coating thickness decreases for the variation of
the discussed parameter.

Keywords: couple stress fluid; non-isothermal flow; slip condition; heat transfer; lubrication approx-
imation theory (LAT); reverse roll coating; shooting technique; analytic solution

1. Introduction

The roll coating is familiar in engineering and is an industrial procedure in which a
shrill (thin) liquid layer is consistently deposited onto a movable surface (substrate). In
coating industries, roll coating has attained a crucial reputation from current/previous few
years, as it is extensively used at industrial level. The roll elements effect significantly the
virtuous degree of control over the coating layer thickness and permit fluid coating onto
a web easily [1]. Coating is widely involved in manufacturing of adhesive tapes, plastic
films, wallpapers, magazines and books, protection of metals and fabrics, photographic
films, foils, wrappings, X-ray films, magnetic records, beautification and protection of
materials, etc. Numerous procedures exist to achieve a layer of fluid on a surface (sub-
strate) continuously. Therefore, choice of scheme is determined by various factors, for
instance, fluid rheology, surface nature, desired thickness of layer, the liquid used, the
cover consistency, and the speed of covering a substrate, etc. [2,3]. The flowing fluid is
a primary monitoring factor for uniformity and thickness of the sheet among rotating

Coatings 2021, 11, 1249. https://doi.org/10.3390/coatings11101249 https://www.mdpi.com/journal/coatings

https://www.mdpi.com/journal/coatings
https://www.mdpi.com
https://orcid.org/0000-0001-9154-5791
https://orcid.org/0000-0002-9384-8582
https://orcid.org/0000-0002-5539-4225
https://doi.org/10.3390/coatings11101249
https://doi.org/10.3390/coatings11101249
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/coatings11101249
https://www.mdpi.com/journal/coatings
https://www.mdpi.com/article/10.3390/coatings11101249?type=check_update&version=1


Coatings 2021, 11, 1249 2 of 14

rolls. The coating thickness mainly depends upon the gap between the rolls and their
speeds. Generally, the nip distance among two rotating rolls is smaller than the radii of
both rolls. The roll coating consists of three main types depending upon the direction of
rolls, namely reverse roll coating (RRC), metering roll coating (MRC), and forward roll
coating (FRC) [4,5]. In forward roll coating, both the rolls move in the same direction, while
in case of reverse roll coating, rolls and the web move in opposite directions [6,7].

Mostly, the thickness of the fluid film should be uniform and continuous. A proba-
ble problem in the roll coating apparatus is surface instabilities during coating that are
inadequate and should be waived to attain a smooth-coated layer, as analyzed by re-
searchers [8,9] for Newtonian cases. A numerical technique based on the finite element
method was adopted by Chandio and Webster [10] by considering the estimation of free
surface in time. They analyzed the transient instabilities through variable speed ratio
and concluded that the rise in speed of foil could increase the instabilities of flow instead
of roll speed. The flow instabilities, such as cascading and ribbing, were examined by
Coyle et al. [11] for reverse roll coating. They used finite element method for the experimen-
tal consequences to describe the fluid dynamics of reverse roll coating. Jang and Chen [12]
considered the finite-volume and volume of fluid-free surface methodology to investigate
the significance of fluid characteristics in the reverse roll coating process. They considered
the non-Newtonian power-law fluid model to investigate the roll coating process, the
range of power-law index was taken as 0.95 to 1.05. They paid the main deliberation
on coating thickness and roll speed effect on ribbing instabilities and concluded that the
coating thickness of film increases as the power law index increases.

The pioneering work associated to roll coating was done by Greener and Middle-
man [13]. They established a mathematical model when the sheet and roll together were
moving with the same speed by taking the assumption of small roll curvature. They
attained the analytical and numerical solutions for both Newtonian and non-Newtonian
fluids through lubrication theory. A comprehensive study related to roll coating and film
theory was deliberated in the book by Middleman [14] and by Kistler and Schweizer [15].
Marcio et al. [16] employed the viscocapillary model with lubrication approximation theory
(LAT) for the analyzation of fluid flow between deformable counter-rotating roll and a
rigid body. Coyle et al. [17] presented two models for the study of sheet thickness using
forward-roll coating. One model consisted of asymptotic expansion for small gap-to-roll
diameter, while the second was based on Galerkin’s finite element method for the solution
of full Navier–Stokes equations. To investigate the ink flow performance during printing
press, Taylor and Zettlemoyer [18] adopted the lubrication approximation theory (LAT) and
attained the results for force and pressure distribution. LAT has also been used by Greener
and Middleman [19] for the analysis of viscous and viscoelastic fluids in reverse roll coat-
ing. Lately, Sajid et al. [20] employed LAT for the solution of emerging equations of third
grade fluid in blade coating by taking both plane and exponential coaters. LAT has also
been applied by Sajid et al. [21] for the analysis of viscous fluid. They considered applied
magnetic field normal to flow, while slip condition was taken at the surface of the blade,
and concluded that the slip parameter and magnetic field are controlling factors for the
sheet velocity. Oldroyd’s four-constant fluid model was investigated by Shahzad et al. [22]
for blade coating. They employed LAT for the simplification of dimensionless governing
partial differential equations. They accomplished that the coating thickness and its quality
hinges on the load on the blade and pressure. Wang et al. [23] carried out a viscous fluid
model for the analysis of a flexible blade coater by assuming the magnetic field normal
to flow, besides slip condition at the blade surface. Lubrication theory has been utilized
for the simplification of associated equations. They determined that the fluid velocity
and blade deflection are controllable factors under the existence of magnetic field and
slip. Kanwal et al. [24] employed LAT for the solution of governing flow equations by
using viscous nanofluid, which consists of copper nanoparticles, with a porous substrate,
in this case, a flexible blade coater is used for the analysis. They adopted two distinct
models that may differ in dynamics viscosities. It was accomplished that the nanoparticle
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volume fraction increases the pressure and pressure gradient while having slight effects on
velocity. The technique of LAT was used by Kanwal et al. [25] for the investigation of flow
rheology of micro-rotation and coupling number of micropolar fluid in blade coating. The
shooting method was adopted for the solution and the obtained results were compared
with Newtonian fluid. It is observed that the pressure increases for the coupling number
and micro-rotation parameter in comparison with Newtonian fluid, besides the coating
thickness, as the coupling number increases. The analysis of Johnson-Segalman fluid is
presented by Kanwal et al. [26] for blade coating by considering plane coater. To simplify
the governing flow equations, LAT has been adopted. Shooting method was employed
for the solution of equations and concluded that the load on the blade is the controlling
factor for thickness quality. Taylor [27] applied LAT to simplify the scraping problem. He
concluded that the inertial terms are negligible for Re << 1. This suggests that the flow
within the region is just a Stokes flow. The free surface flows arising in thin film coating
application and polymer processing are modeled as cavity (lid-driven) problems. The
detailed studies on cavities flows and their application to thin film flows are discussed
in [28–32].

In the present article, the reverse roll coating process is adopted for couple stress fluid.
Stokes [33] was the first one who proposed the theory of couple stress as a generalization
of classical Navier–Stokes theory, which permits couple stresses and body couples within
fluid. The fundamental equation of couple stress fluid presents a material constant that can
be treated as a function of liquid molecular dimensions. According to his perception, couple
stress effects are likely to occur significantly in fluids with extensive molecules. To model
the different industrial fluid flows, couple stress theory is utilized for instance, polymeric
fluids with suspensions, paints, lubricants, colloidal fluids, molten alloy and magmas,
etc. [34–37]. Generally, the paints and coating materials have products with immense
molecular weight. In these types of materials, the polymer sequence may be a million
times the diameter of the water. Consequently, it is predicted that the couple stresses
may emerge in remarkable magnitudes in alike fluid flows. The non-isothermal couple
stress fluid model was analyzed by Mughees et al. [38] in a blade coating. It is observed
that the increase in couple stress parameter boosts up the load and reduces the coating
thickness. Basically, the non-isothermal flow invokes the fluid flows with temperatures that
are not constant, and the change in temperature is the cause of variation in fluid properties,
for instance, viscosity and density, etc. The analysis for non-isothermal couple stress
fluid was carried out by Ali et al. [39]. They solved the equations numerically through
hybrid numerical method and obtained the results that the pressure increases as the couple
stress effects increases. Couple stress fluid model was presented by Ali et al. [40] for the
investigation of roll coating through LAT, whereby they perceived that the pressure in nip
region is greater than the Newtonian case. Ali et al. [41] investigated the non-isothermal
magnetohydrodynamics (MHD) viscoplastic fluid in reverse roll coating process and
simplified the involved equations through LAT. They concluded that, for the temperature
distributions, Brinkman’s number and ratio of velocities are controlling factors. The results
reveal the strong efficiency of the velocities ratio and viscoplastic parameter for pressure
and velocity. The theoretical investigation of pseudoplastic polymer was carried out
by Ali et al. [42] by considering reverse roll coating. They used LAT for simplification
of flow equations and obtained the required results through perturbation technique. It
is demonstrated that material parameters are controlling factors for coating thickness,
pressure, separation force, flow rate, and power input.

The present attempt is to analyze the non-isothermal couple stress fluid in reverse
roll coating process by considering the slips at the roll surface. The problem formulation,
mathematical modeling, problem simplification, solution to the problem, and results along
with the conclusion based on the analysis are presented in following sections.
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2. Problem Formulation

A two dimensional non-isothermal, incompressible couple stress fluid is considered
between the rolls which are rotating in opposite directions, as shown in Figure 1. We have:

• The velocities of the rolls are defined as U f = Rω f and Ur = Rωr.
• U f and Ur are the velocities of forward and reverse roll, respectively, and R is the

radius of the rolls.
• ω is the angular velocity and the subscripts r and f denote the reverse and forward,

respectively.
• The gap between the two rolls is 2H0.

• K =
U f
Ur

is the velocities ratio.
• It is assumed that fluid may slip at the surface of the rolls. That is, the Navier slip

conditions are taken at the surface of the rolls.
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2.1. Governing Equations and Mathematical Modeling

In view of the flow situation under consideration, the velocity field V∗ is defined as

V∗ = [u∗(x∗, y∗), v∗ (x∗, y∗), 0] (1)

With the help of Equation (1), the two dimensional couple stress equations are written
as [32]

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0 (2)

ρ

(
u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗

)
= −∂p∗

∂x∗
+ µ

(
∂2u∗

∂x∗2 +
∂2u∗

∂y∗2

)
− η

(
∂4u∗

∂x∗4 +
∂4u∗

∂y∗4

)
, (3)

ρ

(
u∗

∂v∗

∂x∗
+ v∗

∂v∗

∂y∗

)
= −∂p∗

∂y∗
+ µ

(
∂2v∗

∂x∗2 +
∂2v∗

∂y∗2

)
− η

(
∂4v∗

∂x∗4 +
∂4v∗

∂y∗4

)
(4)
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ρcp

(
u∗

∂T
∂x∗

+ v∗
∂T
∂y∗

)
= k

[
∂2T
∂x∗2 +

∂2T
∂y∗2

]
+φ (5)

where

ρ = fluid density
µ = viscosity coefficient
η = couple stress fluid material constant
cp = specific heat
k = thermal conductivity
T = Temperature

and the dissipation function φ is defined as

φ = µ

[
2

((
∂u∗

∂x∗

)2
+

(
∂v∗

∂y∗

)2
)
+

(
∂u∗

∂y∗
+

∂v∗

∂x∗

)2
]
+ η

(∂2v∗

∂x∗2 −
∂2u∗

∂x∗∂y∗

)2

+

(
∂2v∗

∂x∗∂y∗
− ∂2u∗

∂y∗2

)2
 (6)

The appropriate boundary conditions are defined as

u∗ = U f − 1
µ

(
µdu∗

dy∗ − η
d3u∗
dy∗3

)
, ∂2u∗

∂y∗2
= 0, at y∗ = −h∗(x∗)

u∗ = Ur +
1
µ

(
µdu∗

dy∗ − η
d3u∗
dy∗3

)
, ∂2u∗

∂y∗2
= 0, at y = h∗(x∗)

(7)

The condition ∂2u∗/∂y∗
2
= 0 simply means that there is zero rotation of polymer

molecules near the surfaces of the rolls.
Problem simplification
Introducing the dimensionless variables, we have

y = y∗
H0

, p =
[

p∗H0
µU f

]√
H0
R , x = x∗√

RH0
, u = u∗

U f
,

v = v∗
U f

√
R

H0
, ξ =

√
H0
R , γ = H0

l , θ = T−T0
∆Tc

, Re =
ρU f H0

µ

Gz =
√

H0
R

ρcpU f H0
k , Br =

µU2
f

k∆Tc

(8)

where
Re = Reynolds number
Br = Brinkman number
Gz = Graetz number
ξ = the geometric parameter
γ = H0

l = dimensionless couple stress parameter

l =
√

η
µ = material constant having the dimensions of length

Our calculations are based on geometrical information that indicates that a major
dynamic phenomenon occurs in the reverse roll coating near the nip. The minimum gap at
the nip is 2H0 between rolls. Assuming almost parallel flow, then it may be advantageous
to suppose that the common fluid motion is mainly in the x direction, while minimal
fluid velocity is in y directions. Aside from that, a change in velocity in the y direction is
dominant over a change in velocity in the x direction. An order of magnitude analysis is
performed to simplify the problem and to find the velocity characteristics and pressure
scale. As a result of which u, x, and y are identified as

u ∼ U, y ∼ H0 and x ∼ L

From above discussion, one can conclude ξ� 1.
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With the help of the above relation and Equation (8), Equations (2)–(6) are simplified as

1
γ2

∂4u
∂y4 −

∂2u
∂y2 = −∂p

∂x
(9)

0 =
∂p
∂y

(10)

0 =
∂2θ

∂y2 + Br
(

∂u
∂y

)2
+

Br
γ2

(
∂2u
∂y2

)2

(11)

The boundary conditions in dimensionless form take the form

u = 1− β
(

du
dy
− 1
γ2

d3u
dy3

)
,

∂2u
∂y2 = 0, at y = −h(x) (12)

u = −K + β

(
du
dy
− 1
γ2

d3u
dy3

)
,

∂2u
∂y2 = 0 at y = h(x) (13)

θ(x, y) = 0 at y = −h(x) (14)

θ(x, y) = 1 at y = h(x) (15)

Here, K = Ur
U f

, velocity ratio of the forward to reverse and h(x) = 1 + x2

2 [20].

2.2. Solution to the Problem

To get the expression for velocity, Equation (9) is solved using boundary conditions
(12) and (13)

u =
1
2

(
1− K− (1 + K)y

h− β +
dp
dx

(
2
γ2 − h2 + 2hβ+ y2 − 2 cos h(γ y) sec h(γh)

γ2

))
(16)

Flow rate can be obtained by integrating the Equation (16) from –h to h and expressed
in Equation (18)

λ =
1
2

∫ h

−h
u dy (17)

λ =
h
2
(1− K) +

1
2

dp
dx

(
2 h
γ2 −

2 h2

3
(h− 3β)− 2 tan h(γh)

γ3

)
(18)

From Equation (18), the expression for pressure gradient is obtained and expressed as

dp
dx

= − 3γ3(2 λ+ h(K− 1))
2 γ h(−3 + γ2h(h− 3β)) + tan h(γh)

(19)

λ can also related to simple material balance as [20]

2λH0U f = −Ur Hr + U f H f (20)

Ct = 2λχ + K (21)

where
H0 = half of the nip gap separation
Hr = reverse roll fluid thickness
H f = forward roll fluid thickness
χ = H0

Hr

Ct =
H f
Hr

(coating thickness)
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To calculate the pressure distribution and coating thickness, we need to figure out
the value of λ. In order to derive the value of λ, pressure is subjected to the Swift-Stieber
boundary condition. According to which, at transition point x = xt, both pressure gradient
and pressure vanishes, and lubricant flow turns into transverse. Upon setting dp

dx = 0,
one gets

ht = 1 +
x2

t
2

= − 2λ
K− 1

(22)

The Equation (19) cannot be solved analytically. To solve it numerically, the other
boundary condition for the pressure is assumed as [20] p = 0 at x → −∞ . The value of λ
is found by the root finding algorithm and the following equation is then used to get the
pressure numerically.

p =
∫ xt

−∞
− 3γ3(2 λ+ h(K− 1))

2 γ h(−3 + γ2h(h− 3β)) + tan h(γh)
dx (23)

Invoking Equation (16) into Equation (11), the expression for temperature distribution
is obtained as follows

γ =
1

24γ4h(h− β)2



12γ4h3 + 3γ4Brh3(1 + K)2

−24γ4h2β+ 12γ4hβ2

+12γ4h (h− β)y
+12γ4β(β− h)y− 3γ4Br h (1 + K)2y2

+2Br
(

dp
dx

)2
h (h− β)2

30 + γ2(h− y)(h + y)(
6 + γ2(h2 + y2))− 6 sech(γh)(

cosh(γh)(4 + cos h(γh) sec h(γh))
−4 γ y sinh(γ y)

)
−24 γ y tanh(γh)


−4γBr

(
dp
dx

)
(K + 1)(h− β) γ3h y(h− y)(h + y)

+6h sech(γh)sinh(γh)
−6 y tanh(γh)





(24)

The Nusselt number (Nu) at the upper wall is defined as

Nu =

∣∣∣∣dθdy

∣∣∣∣
h

(25)

3. Results and Discussion

Using an incompressible non-isothermal couple stress fluid, the reverse roll coating
process is examined in this study. The slip is taken at the surfaces of the rolls. The LAT is
employed to simplify the equations. The closed form solution is obtained for velocity and
pressure gradient. While the pressure gradient and flow rate is calculated numerically by
using shooting technique.

Tables 1 and 2 are generated to find the numerical values of λ (flow rate), ζt (transition
point), and Ct (coating thickness) for the variation of couple stress parameter γ. When the
couple stress parameter increases there is an increase in flow rate, hence coating thickness
value increases. Notice that results for large values of the couple stress parameter matches
with the Newtonian one, which are calculated by Greener and Middleman [20], see Table 1.
In Table 3, the numerical values of flow rate, transition point, and coating thickness are
calculated for the variation of the slip parameter. There is a decrease in flow rate when
the values of the slip parameter increase, hence the coating thickness and transition point
decreases. Physically this means, due to the slip condition, fluid moves rapidly along
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boundary walls which increases the velocity of the fluid near the boundary and hence the
flow rate decreases.

Table 1. Effects of the couple stress parameter γ on flow rate, transition point, and thickness β = 0,
x = 2.

γ λ ζt Ct

1 0.514336 0.534732 2.15734
2 0.533152 0.607919 2.23261
3 0.541463 0.637576 2.26585
4 0.545322 0.650887 2.28129

Newtonian 0.551585 0.671931 2.30654

Table 2. Effects of the couple stress parameter γ on flow rate, transition point, and thickness at
β = 0.02, χ = 2.

γ λ ζt Ct

1 0.508474 0.510223 2.13429
2 0.530000 0.596284 2.22000
3 0.538869 0.628468 2.25547
4 0.542939 0.642698 2.27175
5 0.545073 0.650037 2.28029

Table 3. Effects of the slip parameter β on flow rate transition point and thickness at γ = 2 = χ.

β λ ζt Ct

0 0.533152 0.607919 2.23261
0.01 0.531608 0.602246 2.22643
0.02 0.530000 0.596284 2.22000
0.04 0.526470 0.583363 2.20628
0.06 0.522807 0.568845 2.19123
0.08 0.518630 0.552288 2.17452

In Figures 2–4, the pressure is plotted for the variation of the involved parameters. In
Figure 2, the pressure is plotted against x for the variation of couple stress parameter γ. As
the γ increases, the pressure starts decreasing, and for γ→ ∞ , the Newtonian curve can
be retrieved. The velocity ratio K has the same effects on pressure as of the couple stress
fluid parameter, but the impact is greater than γ, see Figure 3.
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The impact of slip parameter on pressure is plotted in Figure 4. The pressure is
minimum when β = 0, when the values of β increased the pressure increased, as shown in
Figure 4.

In Figures 5–7, the dp/dx is plotted against the axial direction x for the variation
of involved parameters. Effects of the couple stress parameter on pressure gradient is
plotted in Figure 5. Here the two main regions can be noted, namely the upstream where
dp/dx > 0 and downstream region where dp/dx < 0. From the figure, it can be observed
that the pressure gradient decreases as the couple stress parameter increases, while from the
point near x = −0.5 to onward, a reverse trend can be seen. The velocity ratio parameter K
behaves the same as the couple stress parameter γ, but its impact is much higher than that
of γ, see Figure 6. Figure 7 plots the effects of the slip parameter on the pressure gradient.
The slip parameter has opposite effects to that of γ and K. In addition, a comparison is
made between the slip and no slip effects. It can be seen from Figure 7 that dp/dx is
minimum when no slip is present (i.e., at β = 0). However, when the value of β increases,
the pressure gradient increases.

Figures 8–10 show how the involved parameter effects the temperature distribution
in the reverse roll coating process at Br = 2. The temperature is zero at the lower roll,
when the Y increases it starts increasing, and at upper roll its value is maximum. The
transformation Y = y/h is used to normalized the temperature equation. In Figure 8, the
temperature is plotted along radial direction Y at x = 0.25; temperature is a decreasing
function of the couple stress parameter. While the variation of K and β has opposite effects
on temperature than that of γ, see Figures 9 and 10 respectively.
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4. Conclusions

A non-isothermal couple stress fluid is investigated in the reverse roll coating process.
A mathematical model is developed and simplified using LAT. The closed form solution for
physical parameters like pressure gradient, velocity, and temperature is obtained. While
pressure and flow rate is obtained numerically using the root finding algorithm. For large
values of the couple stress parameter, the Newtonian results are recovered. The main
findings of the study are listed below:

• The pressure and pressure gradient decreases for increasing values of the couple stress
parameter, and for large values of γ the results for the Newtonian case are recovered.

• The effect of velocity ratio K on pressure is the same as for the couple stress parameter
but the impact is greater than γ.

• The impact of the slip parameter β on the pressure and pressure gradient is opposite
to that of K and γ (i.e., the pressure and pressure gradient increase for increasing
values of β). This is because the fluid moves rapidly along the rollers due to slip and,
consequently, the pressure and pressure gradient increase.

• The temperature profile decreases with increasing values of γ.
• The variation of the slip parameter and velocity ratio increase the temperature.
• The flow rate decreases compared to the Newtonian case for the variation of the couple

stress parameter γ, which results in decreasing the coating thickness.
• The flow rate is maximum for the no slip condition and starts increasing when the

value of β increases. Hence, the coating thickness is a decreasing function of the
slip parameter.

• At β = 0, and for γ→ ∞, the numerical results of flow rate are recovered and
matched with Greener and Middleman [20].
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