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Abstract

In this paper we introduce a new homotopy invariant — the cohomological span of £S-Conley index.
We prove the theorems on the existence of critical points for a class of strongly indefinite functionals with
the gradient of the form Lx + K (x), where L is bounded linear and K is completely continuous. We give
examples of Hamiltonian systems for which our methods give better results than the Morse inequalities.
We also give a formula for the £S-index of an isolated critical point, which is an extension of the classical
Dancer theorem for the case of £S-index.
© 2015 Elsevier Inc. All rights reserved.

MSC: 37B30; 58E05

Keywords: Conley index in Hilbert spaces; Strongly indefinite operator; Critical point theory

1. Introduction

The purpose of this paper is to present a new homotopy invariant, the cohomological span
of LS-Conley index, and to show how this invariant can be applied to obtain existence and
multiplicity results for strongly indefinite functionals.

The existence problem for solutions of differential equation can be restated in the terms of
existence problems for critical points of functionals defined on Hilbert spaces. This approach
leads to consider strongly indefinite functionals, i.e. both stable and unstable manifolds at a

E-mail address: jmaksymiuk @mif.pg.gda.pl.

http://dx.doi.org/10.1016/j.jde.2015.07.002
0022-0396/© 2015 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2015.07.002
http://www.elsevier.com/locate/jde
mailto:jmaksymiuk@mif.pg.gda.pl
http://dx.doi.org/10.1016/j.jde.2015.07.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2015.07.002&domain=pdf

A\ MOST

J. Maksymiuk / J. Differential Equations 259 (2015) 5640-5666 5641

critical point are of infinite dimension. There are many methods developed to deal with such a
functionals including both variational and topological methods (e.g. [1-7]).

In this paper we are going to work with £S-Conley index — the extension of classical Conley
index for Hilbert spaces presented by K. Geba, M. Izydorek and A. Pruszko in [8]. Further
development of this theory was given by Izydorek in [9]. He defined the cohomology groups of
LS-index and gave the examples how this theory can be applied for the existence problems for
periodic solution of Hamiltonian systems. Applications to PDE were given later by M. Izydorek
and K. Rybakowski in [10].

In 1984, E. Dancer proved in [11] that if p is a critical point of F:R” — R then the classical
Conley index of { p} has the homotopy type of a k-fold suspension of some space connected with
null space of V2F(p). In this paper we prove a similar statement for £S-index (Theorem 3.8).
This is a crucial observation for further results when we deal with cohomological span.

Let X be an isolating neighborhood. The cohomological span of £LS-index & s(X) is defined
to be a pair

[ (hes(X) = (y (hes(X)), ¥ (hes(X))),

where y (hps(X)) and ¥ (h s (X)) stand for the numbers of the first and the last nontrivial coho-
mology groups of £LS-index /i £5(X). In some cases, if InvX is an isolated critical point then the
difference |I' (X)| =¥ (hes(X)) — y (hes(X)) can be globally bounded by some constant M.
Hence, if for some set X we have |I" (X)| > M then X does not contain only critical point (see
Corollary 4.8). This observation, combined with examining certain long exact sequences, gives
us the existence results. Given examples show that in some situations our theory allows to find
more critical points than another widely-applied method, i.e. examining Morse inequalities.

To be more precise, assume that S is an isolated invariant set and S; C S is an isolated critical
point. Suppose that Morse polynomials of S; and S are P(r,S;) =% + ¢! and P(t, S) =1,
m > M. In this case, the Morse equation

P+l ="+ A +0)00)

is not satisfied. Therefore, there exists at least one critical point in S, say p, different to Si.
Letting P (¢, {p}) = ™ and Q(r) = 1° we obtain equality 1+ + " = " + (1 4+1) Q(t), which
is true for all 7.

On the other hand we have |[I" (S1)| =2, [T (S)|=1,y (S) =y (S1) =m — 1 and

ITOI+ITEDI+y ) -y (S) —2=m=M.

Theorem 4.16 follows that S\ S; contains at least two critical points. This result cannot be
obtained by examining Morse equation (cf. Section 5).

This paper is organized as follows. In Section 2 we recall basic definitions and facts about
the £S-Conley index theory. We refer the reader to [8,9] for more details. In the next section
we prove the formula for £S-index of an isolated critical point. In Section 4 we introduce the
cohomological span and next we prove the theorems concerning the existence of critical points.
Finally, in Section 5 we give simple examples to show how our theory works when asymptotically
linear Hamiltonian systems are considered.
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2. LS-Conley index

To make this paper self-contained we briefly recall basic facts from £S-Conley index theory.
The main references for this section are [8,9].

2.1. The LS-index
Let E be a real Hilbert space and L: E — E be a linear bounded operator.
Definition 2.1. We say that a pair (E, L) is a base pair if
(E1) L gives asplitting E = @~ , Ex onto finite dimensional, mutually orthogonal L-invariant
subspaces,
(E») oo(L) =0 (L)NiRisisolated in o (L),
(E3) L(Eg) C Ey, Ey is a subspace corresponding to og(L), and L(Ey) = Ej for all k > 0.
It follows easily that if (E, L) is a base pair then L is a Fredholm map of index 0. Let E" =
Di—o Ex. We will denote by P" (resp. P,) the orthogonal projection from E onto E" (resp. Ej).
Let A be a compact space. A continuous map f: E x A — E is completely continuous if it

maps bounded sets to relatively compact sets.

Definition 2.2. A family of flows n:R x E x A — E is a family of LS-flows if there exists a
completely continuous map U:R x E x A — E such that n(t, x,A) = elx + U@, x)).

Definition 2.3. A family of maps f: E x A — E is a family of £S-fields if there exists a com-
pletely continuous and locally Lipschitz continuous map K: E x A — E such that f(x, 1) =
Lx+ K(x,A).

If A = {Xo} then we drop A out from notation and we call n an LS-flow and f an L£LS-field.
If :R x E x A — E is afamily of £LS-flows and X C E then we define

Inv(X x A,n) ={(x,A)e X x A:n(t,x,)) e X, t e R}.
The set Inv(X x A, n) is the maximal n-invariant subset of X.

Theorem 2.4. (See 2.3, [8].) Let 1 be a family of LS-flows. If X C E is closed and bounded then
S =Inv(X x A) is a compact subset of X X A.

Let f: E — E be a vector field. We say that f generates a (local) flow n if
n=—fon, n(0,x)=x.
We say that an LS-field f is subquadratic if there exist a, b > 0 such that
(K (x),x)| <allx|>+b, forallx € E.

Theorem 2.5. (See 2.6, [8].) If f is a subquadratic LS-field then f generates an LS-flow.
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Definition 2.6. We say that a closed and bounded subset X C E is an isolating neighborhood for
n if Inv(X, n) C int(X).

To simplify notation we write Inv(X, f) or Inv(X) instead of Inv(X, n). Let v:N U {0} —
N U {0} be a fixed map and define p: N U {0} — N U {0} by setting

n—1
p(0)=0and p(n) = Zv(i), n>1.
i=0
Let {£,)52,, ¢ be a sequence of compact pointed spaces and let {en: SYWE, — Ent }zin ) be

a sequence of maps.

Definition 2.7. We say that a pair £ = ({8,1}20:”(8), {8,1};'11”(5)) is a spectrum if there exists
ng > n(€) such that ¢, is a homotopy equivalence for all n > ny.

One can define a notion of maps of spectra, homotopy of spectra, homotopy type of spectra,
etc. For fixed v we denote by Spec(v) the category of spectra. We refer the reader to [8,9] for
more details. In order to define the homotopy type [£] of spectra £ € Spec(v) one only needs
a sequence {&,} such that S*™¢&, ~ &, for sufficiently large n. The homotopy type [£] is
uniquely determined by {&,}.

Given two spectra £, £’ € Spec(v) their wedge £ v £’ is defined to be £¥ € Spec(v) such that
EY =&, vE and

el YW (E v EY > SYMWE, v SYME > E i VE L =EX .

For £ € Spec(v) and £’ € Spec(u) we define smash product £ A £ to be €% € Spec(v + )
such that £ =&, A &) and

g8 ST (E N E) — §YME,NSHVE! - Eu i NEL L =ES .

Let O = ({On};'lozo, {on}f’io) be a spectrum such that O, consists only of the base point,
0, maps the base point into the base point. We call O the trivial spectrum.

The spectrum &£ has the homotopy type of O if &, is homotopy equivalent to one-point space
for n sufficiently large. Obviously, the trivial spectrum is an object of Spec(v) for arbitrary v.

Definition 2.8. Let vg(n) = 0. The spectrum £ is an object of Spec(vy), if there exists ng > n(&)
such that &,41 ~ &, provided n > ny.

Fix k € Z. Assume that there exists n € N U {0} such that k + p(n) > 0. Let n(S¥) be the
smallest number for which the above inequality holds. Define

k __ k+p(n)y00 kyoo
= (17082, s R st )

where 0,11‘ = id gk+p(+1) .
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Definition 2.9. We call S* the k-dimensional sphere in the category Spec(v).

If k > 0 then n(S*) = 0. Hence, if k > 0 then S* is an object of Spec(v) for arbitrary v. Let
& € Spec(v). Note that

[€1= [S*1 = 312 maxin(e).n(sy) YnznoEn = 87T

If £ € Spec(v) and S! € Spec(vp) then the spectrum S! A € € Spec(v) has a homotopy type
of the suspension S& introduced in [8].

Let m~(A) denote the Morse index of a linear map A: E — E, i.e. the maximal dimension of
a subspace of E on which (Ax, x) is negative definite.

Setv(n) =dimE, | =m~(L|g,,,). Let f: E — E be an LS-field. For simplicity we assume
that f is globally subquadratic. Let n denote the £LS-flow generated by f and let X C E be an
isolating neighborhood for 5. Define

fu:E" - E", f,(x)=Lx+ P"K(x)
Let n, be the flow induced by f;.

Lemma 2.10. (See 4.1, [8].) There exists ny € N U {0} such that if n > ng then X" = X N E" is
an isolating neighborhood for the flow ny,.

It follows that there exists an index pair (Y, Z") in X" and the (classical) Conley index
of Inv(X", n,) is the homotopy type of the pointed space Y"/Z". The sequence {&,}5°
{Y"/Z"};2,, uniquely determines the homotopy type of spectrum &.

nno_

Definition 2.11. Let n be an LS-flow generated by an £LS-field f and let X C E be an isolated
neighborhood for n. Define o 5(X, n) = [£]. We call A, s5(X, n) the LS-Conley index of X with
respect to 7.

Note that h(X",n,) = [Y"/Z"]. The following theorem gives the basic properties of the
LS-index.

Theorem 2.12. (See 4.4, 4.5, [§].)

1. (nontriviality) Let n be an LS-flow and X C E be an isolating neighborhood for n. If
hrs(X,n) #[O] then Inv(X, n) # 0.

2. (continuation) Let A be a compact, connected and locally contractible metric space. Assume
that : R x E x A — E is a family of LS-flows. Let X be an isolating neighborhood for a
flow m). =n(-, -, A) for some ) € A. Then there is a compact neighborhood U, C A, A € U,
such that

hes(X,nu) =hes(X,m), forall p,v e Uy.

If E is finite dimensional and L = 0 then (E, L) is a base pair and every locally Lipschitz map
fE — E isan LS-field. In this case an £S-index is represented by a spectrum in Spec(vp) and
hrs(X, f)isequal to h(X, f), the classical Conley index.
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By abuse of notation, we write h ,s(Inv(X), f) instead of h.s5(X, 1), provided 1 is the flow
generated by the £LS-field f and X is an isolating neighborhood for 7.

2.2. Cohomological LS-Conley index

The main reference for this section is [9]. Throughout and subsequently H denotes the (re-
duced) Cech cohomology with coefficients in Z. Let £ = ({Sn | o &) {en}2, ( 5)) be a spectrum
in Spec(v). For a fixed g € Z consider a sequence of cohomology groups

HITPM (&), n > n(E).

Define a sequence of homomorphisms #,,

. Z+P(Vl+l) . (S*)v(n) .
hy: HITPOHD (g Ly ——— HItPOD(gvingy ——  HItPM(E)

where S* denotes the suspension isomorphism.

Definition 2.13. The g-th cohomology group of a spectrum & is defined to be H(€) =
Lm{H 0" (£,), hn}.
<«

Since &,41 =~ S"™E, for sufficiently large n, we see that h,: HItP+D (£, )— HItP(1)(£,)
is an isomorphism. The sequence of groups HtP( (€,) stabilizes and there is ng € N such that
HY(E) ~ HITP™(E,) for all n > ng. Notice that cohomology groups of £ may be nonzero for
both positive and negative integers (see [9]).

We say that the spectrum £ is of finite type if H*(€) is finitely generated and almost all groups
are trivial.

Clearly, for the trivial spectrum O we have HY(0) = 0, for all ¢ € Z. If Sk is the
k-dimensional sphere in Spec(v) then

HY (gk) ~ 1:141+ﬂ(n)(8rkl) ~ [_V]61+,0(n)(Sk+p(n))7
for all n > n(S¥). Hence, H1(S*) = Z if ¢ = k and H1(S%) =0 if ¢ # k.
Proposition 2.14. If S* € Spec(v) and &y € Spec(vg) then H1(SF A £y) = HI7(&).

Proof. Let £, = SP™ A &o.n- Then € = {&,} € Spec(v). Moreover H1(&E) ~ I-VI‘IJ”’(")(S”(”) A
Eo.n) = H1(&p ). For n sufficiently large we have

HY(SK A ) = HITPW (SkHo00 A g4 ) ~ FITPM=k(§p A g4 )~ HI7F(&y )
and H1 % (&) ~ HI™%(&). O

For the pair of spectra (£, .A) we define the g-th cohomology group H?(£/A) as an inverse
limit of the {H (£, /.Ay), vn} and the g-th cohomology group of (£, . A) as HY(E, A) = H1(E/A).
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There is a long exact sequence

g—1
. L) HY(E, A) —— HI(E) —— HI(A) 5—q>

Assume that all groups in the above sequence are of finite rank and trivial for all g less
than some fixed gg € Z. Denote by r9(£) the rank of H?(E) and by d?(E, A) the rank of
im{87: H1(A) — H?TY(E, A)}. Let

P(t.&)=) ri(&),

qe’

O, €, A= dI(E A,

q€7

Lemma 2.15. (See 3.5, [9].)
Pt,E/A+ P, A)=Pt,E)+A+1D0(,E, A

Since the P(¢, &) and Q(¢, £, A) are well defined for the homotopy type of spectra, we can
substitute £, A, £/.A by its homotopy type (see [9]).

2.3. Morse inequalities

Let n be an LS-flow generated by an LS-field f and assume that X C E is an isolating
neighborhood for 5. Set § = Inv(X, n).

Definition 2.16. The finite collection {M (;r): & € I1} of compact invariant sets in S is said to
be a Morse decomposition of § if there exists an ordering 7wy, ..., w, of IT such that for every
xeS\ Unen M (7r) there exists indices 1 <i < j <n such that w(x) € M (7;), a(x) € M(7;).
The sets M (r;) are called Morse sets.

We allow the situation that a Morse decomposition consists of finite number of empty sets. The
index of M (7)) = ¢ can appear in any place in the ordering 71, ..., ,. We adopt the convention
that the empty set is an isolating neighborhood of the empty set and the £S-index of the empty
set is a homotopy type of the trivial spectrum.

Theorem 2.17. (See 4.2, [9].) Let {M (x): 7 € 1} be a Morse decomposition of S. There are
closed subsets X1,...,. X, =X=X,..., X:—l of X such that:

1. X;, X;‘ are isolating neighborhoods for 1,
2. Inv(X;NX | n=M(m),i=1,...,n

If one of the sets M (r;), M (;ri+1) is empty, then we can assume that X; = X; 1, X;"_l = Xl’k
and X; N X7 | =0.

Let (A, A*) be an attractor—repeler pair in S. Since A and A* are isolated and invariant, there
are isolating neighborhoods X 4 and X’g for n such that A =Inv(X 4, ) and A* =Inv(X%, n).
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Theorem 2.18. (See 4.3, [9].) There exist spectra Ea, Ea+ and Es representing LS-Conley in-
dices of X a, X’j and X g such that the sequence

q—1 84
. —— H1(Epx) ——> HY(Es) ——> HY(EH) — ...

is exact.

From the above theorem and Lemma 2.15 we obtain:

P(t,[Ea«) + P (1, [E4aD) =P (¢, [EsD + (A + 1) Q).

Let {M(m;):m =1...n} be a Morse decomposition of S. Denote by [Ep(x,)] the LS-index of
Inv(X;NX ;"_1). From 2.17 we have an attractor—repeler pair

(Inv(X;—1, m), Inv(X; N X1, )

in Inv(X;, n) and

P(t, [£x,., ]) + P(t, [5M(,,,.)]) - P(t, [sx,]) (4000
Adding these equations we obtain the following theorem.

Theorem 2.19. (See Morse inequalities, 4.7, [9].) Under the above assumptions,

n

Z P(fv [5M<m>]) = P(t, [é’s]) +(1+0)0@),

i=1
where Q(1) =Y 1, Qi (1).

Remark 2.20. Recently, an alternative approach of computing cohomological Conley index was
introduced by M. Starostka in [12], where author defines an index pair directly in a Hilbert
space.

3. Dancer theorem for £LS-index
3.1. E-Morse index

Let (E, L) be a base pair. Set v(n) =dimE, ; and define p(n) as in the previous section.
Assume that A: E — E is a linear and self-adjoint £LS-field. Set X; =im A and X, =ker A. We
will denote by Q the orthogonal projection from E onto X7, and by 7" the orthogonal projection
from X onto X{ N E™, n € NU{0}. Since A is Fredholm, E = X| @ X,. For x € E we will write
x = x1 + xp where x| € X1, xp € X».

The following lemma is due to W. Kryszewski and A. Szulkin. For the proof we refer the
reader to [13] (pp. 3198-3200).
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Lemma 3.1.

1. There exists ng € NU {0} such that for all n > np, P&Z
phism.

2. For all n € NU {0} the spaces X1 N E"™ and P" X, are orthogonal. Moreover, E" = (X1 N
E™) ® P"X,.

3. For all n € NU {0} the spaces X1 N E,, and P,X» are orthogonal. Moreover, E,, = (X1 N
En) ® Py X5,

4. P —T"—0in L(X1, E).

5. There exist ¢ > 0 and no > 0 such that |T" Axy|| > c||x1], for all n > ny and x; € X; N E".

: Xy — P"X3 is a linear isomor-

Definition 3.2. Bounded linear operator A: E — E is said to be hyperbolic if

inf{lx —Al:x €iR,A€0(A)} > 0.
The set of all hyperbolic operators is an open subset of the space of linear bounded operators
(see [14]).
We denote by i®(A) the nullity of A, i.e. the dimension of ker A.

Definition 3.3. The E-Morse index of linear self-adjoint £LS-field A is defined to be
i (A)= lim (m_(TnA|xlmE") - /0(”)) .
n—o0

Definitions of i~ (A) is similar to definition of the M. given by Kryszewski and Szulkin. In
case of self-adjoint £S-fields these indexes are equal (see formula (5.1) in [13] and following
remarks).

Lemma 3.4.

TnaenU)Yazng m (T Ay qpni)) =m™ (T" Ay, nEn) + v(n)

Proof. The idea of the proof is adapted from [13]. Let K = A — L. Since A is an LS-field,
K is compact. Note that P"T!X, = P"X, @ P,11X,. Hence dim P, X, = dim P"*1 X, —
dim P"X> =0, n > np by Lemma 3.1. This gives Ep+1 = (X1 N Ey41) @ Pry1 X2 =X1NEyy1
and

XINE" = (X1 NE") @ Ent1.
Sety+ze€(X1NE")® E,+1. Forn>np define D":[0,1] x X1 N E"l 5 X n E"H by:

DNy +2)=1—-0DT" " A(y 4+ 2) + 1(T" Ay + L2).

Forn>ng,t€[0,1]and y +z € X1 NE"™ ||y +z| <1, we get:


http://mostwiedzy.pl

A\ MOST

J. Maksymiuk / J. Differential Equations 259 (2015) 5640-5666 5649

Dy(y+2) — D (y+2)
=t(T" M A(y +2) — T"Ay — L2)
—t (_(p"+1 “ T Y A(y 4 2) 4 (P" — T") Ay + P"1A(y +2) — P" Ay — Lz) .

Since y,z € E"t!, L(E,) = E, and z = P, 1z,

P Ay 4+2)—P"Ay—Lz=P"""L(y+2)+ P""'K(y+2) — P"Ly— P"Ky — Lz
=P""'K(y+2)— P"Ky= Py 1Ky+ P""'KPyy1z.

It follows that
IDG(y +2) = D' (y + Dl < IP"H = T AL + [P = T" [ All + | Pay1 K | + | K Pogr .
Note that || P,+1 K || = O, | K Py+1]| = 0 and P" — T" — 0 uniformly on X. Finally,
|Dg — D'l = 0, n — oo.
From Lemma 3.1 it follows that, for large n, the operator Dj = Tn+! A|x,ngn+1 1s hyperbolic.

Since hyperbolic operators form an open set, there exists n4 € N U {0} such that, forall n > ny4
and ¢ € [0, 1] the operator D} is hyperbolic. This shows that m ™ (D}') is constant. Thus

m™(T" VA x npns) =m ™ (T" Ajx,nen + Lig,,) =m ™ (T" Ajx,nen) + v(n),
which completes the proof. O
The next theorem follows directly from Lemma 3.4.
Theorem 3.5. The E-Morse index i~ (A) is finite. Moreover,
iT(A)=m~ (T"Ax,ngr) — p(n), foralln>ng.
The index i~ (A) can take any integer values. Let {e, } be an arbitrary basis of E. Set

L(ezp—1) = —ean—1, L(eay) =€,

and set E, to be the space spanned by e,_1, e2,,. Note that (E, L) is a base pair and v(n) =1,
pn)=n.

1. If Ay =L then i®(A;) =0,i"(41) =0.
2. If Ay =L +idp» then i%(A) = Sdim E", i~ (A2) = —n.
3. If A3 = L % 2idgn then i%(A3) =0, i7(A3) = Fn.

Observe that {0} C E is an isolated invariant set for the flows generated by A;, j =1,2,3.
Moreover h2s({0}, A;) has the homotopy type of i~ (A ;)-dimensional sphere in the category
Spec(v).
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3.2. LS-index of an isolated critical point
Let &: E — R. We assume that

(D1) e C*(E,R),
(Dy) VO (x)=Lx+ K(x), where K e C'(E, E) isa completely continuous function,
(D3) p € E is an isolated critical point of &.

Without loss of generality, we can assume p = 0. The Hessian A = V2®(0) =L + DK(0) is
a self-adjoint and Fredholm map as a sum of Fredholm and compact map. Since A is Fredholm,
E=X® X».

Suppose i%(A) # 0. According to the splitting lemma (Theorem 8.3, [15]), there exist r > 0,
a local homeomorphism %: B(0,7) — E and a map u: B(0,r) N Xo — X1, u € C! such that
h(0) =0, u(0) =0, Du(0) =0 and

1
P (h(x)) = 5(Ax1, x1) + P (x2 + ulx2)),

where x = x1 + x2 € B(0, r). Moreover, (I — Q)V®(x2 +u(xz)) =0, provided ||xz| <.
Set B(xp) = ®(x2 4+ u(x2)). The map B is C? and 0 € X, is an isolated critical point of B.
Define W: B(0,r) —> R by W(x; 4+ x3) = %(Axl,xl) + B(x3). Then
VW (x)=Ax; +VB(x2) =Lx 4+ (—Lx + DK(0)x; + VB(x2)),
where —Lx, + DK (0)x; + V B(x2) is compact. It follows easily that 0 is an isolated critical point
of W. Chose r¢ < r such that X = B(0, rp) is an isolating neighborhood for the flows generated

by V® and VW with {0} = Inv(X, V&) = Inv(X, VW¥). We can extend the field VW to E by
setting

VU (x)=Lx+ u(x)(—Lx, + DK(0)x; + VB(x2)),

where p: E — R is a smooth function, equals 1 on X and vanishing outside B(0, r). Obviously,
VW is a subquadratic LS-vector field.

Lemma 3.6.
hes(X, VW) =hps(X, VO)
Proof. Define H: X x [0, 1] — R by
1 1
H(x,2)= E(Am, x1) + 5/\(2 — M) {Au(x2), u(x2))
+AG(x2 +u(x2)) + (1 —A)G(x1 + x2 + Au(xy)),

where G(v) = ®(v) — %(Av, v). This family has been introduced by Dancer in [11]. One can
prove that
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1. VH(x,0)=V®(x)and VH(x,1) = V¥ (x),
2. VH is a continuous family of LS-fields,
3. Inv(X x [0,1], VH) ={0} x [0, 1].

For more details we refer the reader to [ 13]. Now the conclusion follows from Theorem 2.12. O

Set Y = X N X, C X;. The set Y is an isolating neighborhood for the flow np generated by
V B. Choose an index pair (Np, Lg)inY.

Definition 3.7. We will denote by B the spectrum in the category Spec(vp) such that n(B) =0
and By = Np/Lp.

The homotopy type of B is independent of the choice of an index pair (Np, Lp). Let
(Pl';(z)*VB(z) = Pl’;(ZVB ((Pl’;(z)—lz> and let (P\';(z)*ﬂB denote the flow induced by

(Pl’j(z)*VB(z) on P"X,. Then P"}(Z(Y) C P"X; is an isolated neighborhood for (P&z)*'?B
and

h (Pl, (). (Pfy)sms ) = h(Y. ns),

provided n > npg. If iO(A) =0 then X, = {0} and A is an isomorphism. We can set B =0 and
B = O. Now, we can formulate the main theorem of this section.

Theorem 3.8. If ®: E — R satisfies assumptions (D1)—(D3) then

hes(p), V) =[S AB].

Proof. It is sufficient to prove that /i,5(X, VW) = [si ) A B]. Let [E] = hres(X, VW), € €

Spec(v). We can assume that X N E” is an isolated neighborhood for the flow generated by VW,
provided n > n(€). Assume that n > max{n4,npg,n(€)}.
Iin(A) =0then X1 =FE,X>,=0, B=0and T" = P". From Lemmas 3.1 and 3.4 we get

Ey > §mT (P Ajpn) _ gim (A)+p(n)

Thus [£] =[S W]. Let i°(A) # 0. It follows from Lemma 3.1 that E" = (X; N E") @ P"X>
and P"X, >~ Xp. Forxi+ P"x, e X" =XN({(X{NE") & P"X,) we obtain
VW, (x1 + P"x3) = P"A(x1 + P"x3) + P"VB(Q(x] + P"x2))
=T"Ax; + (Pk,)«VB(P"x2)
+ (P" —=T")Ax; + P"AP"xy+ P" (VB(QP"x3) — VB(x)) .

Again, by Lemma 3.1 sup{||(P" — T")Ax]:x; € X"} — 0.
Note that (P|’§(2)’1 (X N P"X5,) C X» is compact. Since P" — I uniformly on compact sub-
sets of X»,

sup{|| P"AP"xz|: P"x, € X"} —> 0
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and

sup{[| P" (VB(QP"x3) — VB(x2)) |l: P"x; € X"}
< Lpsup{||QP"xz — x2||: P"x2 € X"} = 0,

where L p is the Lipschitz constant for V B. It follows that
sup{||V®, (x1 + P"x2) — T" Ajx,nEn X1 — (Pl’}(z)*VB(P"xz)H:xl + P'x, € X"} — 0.

For n sufficiently large, X N E™ is an isolated neighborhood for the flow generated by
TnA|X1nEn + (P|r5(2)*VB and

& ~h(X",VW,) =h (x", T" A x,nen + (P&z)*VB) .

By Lemma 3.1, for sufficiently large n, X N X; N E” is an isolated neighborhood for the flow
generated by T" A|x,ng». Furthermore,

WX N Xy N E" T" Ay npn) = [S" T Amnen)

From Lemma 3.4 it follows that the sequence {Smi(TnA‘X I“E")} defines a spectrum in Spec(v)
and its homotopy type is equal to [S’ (4)]. Note that

h (X N P"X,, (Pl';(z)*VB) ~ By,
Since X1 N E" and P" X, are orthogonal,
h (X”, T" Ajx,nen + (P"}(z)*VB) ~ ST W) A By

Hence hips(X, V¥) =[S W AB]. O
4. The cohomological span
Let £ € Spec(v) be a spectrum of finite type.

Definition 4.1. The cohomological span of spectrum £ is defined to be a pair
re=(r©.7©).
where
y (£) =min{g € Z: H1(E) # 0} and ¥ (§) = max{q € Z: H1(£) # 0}.

If all groups HY(€) are trivial then we set I" (£) = @.
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Definition 4.2. The length of I'(€) # ¥ is defined tobe [I" (E)| =¥ (£) —y (E)+ 1. ForI' (£) =9
we set [I" (£)| =0.

Given two spectra &1, &1 € Spec(v) such that " (£)), ' (&) # 0.
Definition 4.3.
FEN<T &)=y &)=y E@)Ay €)=y (&).
As a special case of the above, we define:
FEN<T(&) =y E) =y &)

Definition 4.4. The gap between spans I' (£1) < I' (£2) is defined to be g(&1, &) =y (£2) —
¥ (€.

Suppose that : E — R satisfies (D1)—(D3) and let the notation be as in the preceding section.

Recall from Theorem 3.8 that hzs (X, V®) = [S" 4 A B], where B € Spec(vp). It follows
easily that

_ [ G @).im @A) if i%(A) =0,
Flhes(X, Vo)) = { cither (i~ (4) +y (B),i~(A) + 7 (B) or @ if i%(A) > 0.

Moreover, if i°(A) > 0 then | (hzs(X,V®))| = [T (B)| and HIT D (h,ps(X, VP)) =
H(B), for all g € Z. Note that ¢ ¢ [0,i°(A)] implies H?(3) = 0. Next proposition is analo-
gous to Theorem 4 in [11].

Proposition 4.5. Assume that p is a degenerate critical point of ® and pa» = Qp. Then

_J G (A),i"(A) if p2 is a local minimum of B,
Fihes(X, V) = { (= (A) +i%A4), i (A) +i°A) if ps is a local maximum of B.

If pa is neither a maximum nor minimum of B then either I' (hps5(X, V®)) =0 or
iT(A) + 1<y (hes(X, V) <7 (hes(X, V) <i™ (A) +i%(A) — 1.
Corollary 4.6.

1. Ifi%A)=0,1,2 then 0 < T (hps (X, V®))| < 1.
2. Ifi%A) > 2 then 0 < |T" (hp5(X, V®))| <i®A) — 1.

Remark 4.7. M. Styborski proved in [14] (with a slightly different assumptions on L) the fol-
lowing formula relating £S-index to the Leray—Schauder degree:

x(hes(X, V®)) =deg,s(VP, X, 0),
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where x (hps(X, VO)) = quz(—l)q rank (Hq (hes(X, V<I>))). Clearly, if i%(A)=0,1,2 and
I'(hes(X,V®)) # () then

rank H4(hp5(X, V®)) = (—1)? deg,5(VP, int X, 0),
where g =y (hes(X, V®)) (see also [11]).

Set § = Inv(X, V®). In what follows, to simplify the notation, we will write CH?(S) or
CHY(X) instead of HY(h,s(X,V®)) and I' (S) or I' (X) instead of I" (h o 5(X, VD)).

4.1. Existence of the critical points
Suppose that : E — R satisfies the following assumptions:

(®1) ®eC*E,R),

(Pr) VO(x)=Lx+K(x), K e C/(E,E) is completely continuous,

(®3) X is an isolating neighborhood for the flow generated by V&, § = Inv(X),
(®4) Crit(®) N S is finite,

(®s) there exists a constant M = M (P, S) > 0 such that

M > dimker V2®(p), for all p € Crit(®) N S,

(dg) there are K > 1 critical points Sy, ..., Sxg C S of ® and

hes(S, V) #\/ hes(Sp, V).
K

By (®4) every critical point of @ is isolated. It follows from (Ps) that for every critical
point p € Crit(®) dimension of ker VZ®(p) is finite. Assumption (Pg) implies that the set §’ =
S\ (S1U...U Sk) is nonempty. Since we deal with the gradient flow, the set S” contains only
critical points and connecting orbits. In particular, if S’ is not a one point set and S’ N Crit(®) # ¢
then S’ contains at least two critical points.

Let X be an isolating neighborhood for the flow generated by V®. Directly from Corollary 4.6
we get

Lemma 4.8. IfInv(f() is one point set then |F()~()| <1, provided M =0, 1,2, and |F()~()| <
M — 1, provided M > 2.

Assume that Crit(®) NS = {p1, ..., py}. Clearly, there exists 1 <i; < N such that Sy, =
{pi,}. Without loss of generality we can assume that ®(p;) < ®(p;) for i < j. Note that
the family {{p,-}:i = 1...N} is a Morse decomposition of S. Define a new family {M;:k =
1,...2K + 1} of Morse sets as follows

i1—1 i1—1

m=Utav U c(tpi). tr),
i=1

O<i<j

Mo, = {pi,} = Sk,
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i1—1 if+1—1

M= v U c(tpi). toid),
i=ip+1 ik<i<j
N N
M= J du J c(tph ).
i=ig+1 ix<i<j

Here C({p}, {¢g}) stands for the set of connecting orbits between {p} and {g}. It is possible
that all of the sets M1, M3, ..., Mk +1 are empty. In this case, the only critical points in § are
S1, ..., Sk. However, if M4 # @ then M>j41 contains at least one critical point and this point
is different from known critical points S, ..., Sk.

It is clear that the family {M;:k =1, ...,2K + 1} is a Morse decomposition of S. Note that
if p € Moy then ®(Myy) < ®(p) < ®(Magy2).

Remark 4.9. The above construction is a special case of more general procedure described in
Section 2.2 of [16].

Applying Theorem 2.17 to {My:k = 1,...,2K + 1} we get isolating neighborhoods
X1,...,X2k+1 = X such that for each k = 1,...,2K, pair (Inv(Xy), My+1) is an attractor—
repeler pair in Xy41. Note that M} =Inv(X1) and S = Inv(X2x+1).

If for some k the set Mogy is empty then we have CHY(Mp;4+1) =0 and CH? (X2x+41)
~ CH?(Xyy), for all g € Z. We obtain the long exact sequence

89-1 591

0 CH?(Xok41) — CHY(X) 0

If the set Mo+ is non-empty then Theorem 2.18 gives us the long exact sequence for
(Inv(Xx), My+1). Combining the above we get the following diagram of long exact sequences:

-1
L CHA(S) —— CHY(X2) —— CHI (M) — s -

-1
e L CHI(S,) —— CHI(X ) — CHI (X)) — .

H O

q—1 q
e CHY (Magiy) — CHY (Xog1) — CHY (Xop) —— -

g—1
S CHY (Mag 1) — CHI(S) —— CHY (Xag ) — -

If for some k = 0,...,K we have I'(Ma;4+1) # @ then there is ¢ € Z such that
CHY(M>j4+1) is nontrivial. Then, the set Mk is non-empty and contains at least one criti-
cal point.

Lemma 4.10. Assume that ' (Mag+1) # 0 for some 0 <k < K.

1. If M =0, 1,2 then the set Maxy1 contains at least #{q € Z: CHY(Mak+1) # 0} critical
points.
2. If M > 2 and |T" (Mak41)| > M — 1 then the set My contains at least two critical points.
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Proof. In the case M > 2 conclusion follows directly from Lemma 4.8. Let M =0, 1, 2 and let
Cy = M4+ NCrit(®) and Cy = {q € Z: CHY(M>y41) # 0}. Suppose that Cyy < Cp.

As before, the family {Q1, ..., Oc;,} = Mak+1 NCrit(P) is a Morse decomposition of Moy 1.
By 2.17 and 2.18, renumbering the points if necessary, we have:

-1
L CHI(Q,) —— CHI(X,) —— CHI (Xpy) — ..

2

-1
S CHY(Qu11) — CHY (Xpy1) — CHI(X,) — s
891 84
w——— CHY(Qc,,)) — CHY(My+1) =~ CHY(Xcpy—1) —— - -~

If CHY(M>;41) # 0 then at least one of the groups CH?(Q,) is nonzero. Otherwise,
CHY1(X,) =0, for all n, and

q—1 q
5—>0ﬁCHq(M2k+])HOS—>
This contradicts the exactness of (2). Therefore, we have at least Cgy nonzero groups

CHT(Qn)s ..., CHIU (Qp, ).
Since |I" (Q,)| <1, Cyy > Cpy. A contradiction. O

In the case M > 2, when nontrivial cohomology groups of M1 are “far enough”, we can
obtain better estimations for the number of critical points in Moy 1.

Lemma 4.11. Let M > 2 and 1 < k < K. Suppose that there exists q1 < ... < gy such that
gi+1 — qi > M — 1 and CHY (Mpky1) # 0. Then the set Mpyy1 contains at least N critical
points.

Proof. If N =1 then the conclusion follows from the nontriviality of the £S-index of Mo .
Let Cpr = tMog+1 N Crit(P). Suppose that N > 1 and Cpy < N. As before, we have a Morse
decomposition {P, ..., Pc,,} = Mak4+1 N Crit(P) of Moi4+1. Now, one can obtain a diagram
similar to (2). From the exactness of the rows, every nontrivial group C H% (Mpi1) gives at
least one nontrivial group C H?% (P};). Since Cy < N and gj+1 — g; > M — 1, at least one of the
lengths |I" (P;)]| is greater than M — 1. A contradiction. O

Example 4.12. (Cf. p. 230, [17].) Suppose that Sy, ..., Sxg C S are all critical points of ® such
that h,.5(Sk) = [\/ak SVk] and hps(S) = [S’"]. Theorem 2.19 implies Zle apt ="+ 1+
Q). Setting 1 = 1 we get Y p_, ax = 1+20(1). Hence, Y K_, a is odd.

In particular, if K is even and all of the Sy are nondegenerate (in this case axy = 1) then ® has
additionally at least one critical point. Similar result for the classical Conley index was obtained
in [17] under the assumption that all critical points of ® are nondegenerate.
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Remark 4.13. Note that our theory do not require any nondegeneracy conditions. The only as-
sumption on known critical point is to be isolated.

4.2. The case K =1

We first consider the case K = 1, i.e. there is exactly one known critical point. Since (®g)
reduces to

hes(S, V@) # hps(S1, VO),

it follows from properties of £LS-index that the set S” = S\ S} contains at least one critical point.
Since K = 1, we have three-element Morse decomposition {M1, S1, M3} of S. Thus, the dia-
gram (1) reduces to the two-row diagram below

-1
2 CHI(S) — CHY(X2) — CHY (M) — -
o o G
2 CHY(My) — CHY(S) — CHY(Xy) —2 -

Lemma 4.14. If for some q € 7Z, CHY(S) 22 CHY(S}), then at least one of the groups
CH?Y~Y(My), CHY(M,), CHY(M3), CHITY(M3) is nontrivial. In particular:

1. if CHY(Sy) =0 then CHY (M) # 0 or CHY(M3) #0,
2. if CHI(S) =0 then CHI~\(My) # 0 or CHI*1(M3) # 0.

Proof. If CHY~Y(M;) = CHY(M,) = CHY(M3) = CHYt (M) = 0 then from exactness of
the rows in (3) we get CHY(S1) ~ CH?(X3) and CHY(S) ~ CHY(X3). A contradiction.

Assume that CHY(S;) = 0. Then CHI(S) # 0 and CHY(M3) #0 or CHY(X3) # 0. It
follows that CHY(X,) — CH?(M;) is a monomorphism. Hence C H?(M1) # 0. Similar ar-
guments apply in the case CHY(S) =0. O

Now we give conditions under which the set S’ contains at least two critical points. We first
consider M =0, 1,2,i.e. | (S| <1.

Theorem 4.15. Assume that M =0, 1,2 and T (S) # 0.

1. If T (S) = 0 then the set S’ contains at least #{q € Z: C H1(S) # 0} critical points.
2. If T (S)) # @ then the minimal number of critical points in the set S’ is equal to:

#lg € Z2CHI(S) #0}+ 1 if g(S1,5) > 1org(s,S)>1,
t{g € Z: CHI(S) #0) if g(S1,8)=10rg(S,S1)=1,
8{lg e Z:CHI(S)#0} — 1 if g(S1,S)=0o0rg(S,S) =0.

Proof. Lemma 4.10 shows that the minimal number of critical points in the set S’ is greater than
or equal to the number of nonzero groups CH? (M) and CHY(M3).

If " (S1) = ¢ then our statement follows from Lemma 4.14, since each nonzero cohomology
group of § gives at least one nonzero cohomology group of M| or M3.
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Suppose that I" (S1) # @. Since M =0, 1,2, [T' (S1)| =1 and y (S1) = ¥ (S1). We prove only
the case I" (S1) < " (S). The other case is similar and the details are left to the reader.

Let g(S1,S) > 1. By Lemma 4.14, if ¢ = y (S1) then at least one of the groups CHI Y(M)),
C H?t'(M3) are nonzero. Similarly, if ¢ € [y (S), ¥ (S)] and CHY?(S) # 0 then CHY (M) #0
or CH?(M3) #0. Since 7 (S1) < ¥ (S) — 1, we have at least fi{g € Z: C H4(S) # 0} + 1 nonzero
groups. N

The cases g(S1, S) =1 and g(S1, §) = 0 follow directly by Lemma 4.14. O

If in above theorem we assume that the gap between S; and S is equal to 0, I" (S1) # @ and
the only nonzero group C H?(S}) is not isomorphic to CHY(S), ¢ = y (S1), then one can prove
that the set S’ contains at least ft{g € Z: C H4(S) # 0} critical points. This simple exercise is left
to the reader.

Now, we turn to the case M > 2. If ' (S§1) =@ and |T" (S)| > M — 1 then by Lemma 4.14 we
have two (non-exclusive) possibilities: the cohomology groups of M and M3 are simultaneously
nonzero or one of the numbers |I" (M1)|, |T" (M3)]| is greater than M — 1.

In the first case, by the non-triviality of £LS-index of M, M3 and in the latter by Lemma 4.10
we have the existence of at least two critical points in the set S’.

Theorem 4.16. Assume that M > 2, T (S1) # @, T'(S) # @ and |T (S)| < M — 1. The set S’
contains at least two critical points if one of the following cases occurs:

1. T'(S) <T'(S1) and T (S)| + T (S)| + g(S, S1) —2> M — 1;
2. T(S) <T(S) and T (S)| + T (S| +g(S1,8) —2> M — 1.

Proof. We only prove the first statement. The latter follows by the similar argument. Since
[ (S]) #T(S), S’ contains at least one critical point. If for some g1, g2 we have CH' (M) #0
and C H%2(M3) # 0 then the proof is finished.

Assume that I" (S}) < I (S). Since CHXSV(81) # 0= CHY®V(S), Lemma 4.14 shows that
CHYSY = (M) £0 or CHYSV T (M3) £ 0. Similarly, CH? ) (8)) = 0 £ CH?®) (S) implies
that CH? ) (M3) % 0 or CHYS) (M) #0.

Suppose that CHY(M3) =0,q € Z. Then y (M1) <y (S1) — 1 <y (S) < ¥ (M}). Hence,

ITMDIZy M) —y M) +1=yS)—ySH)+1+1
27—y O +1+y S —y S +14+-y (S +y ()
> DS+ T (S| +g(S1,8) > M+ 1.
Therefore, the set M| C S’ contains at least two critical points. Similarly, if CHY (M) =0,q € Z
then y (M3) <y (S1) + 1 <y (S) <y (M3). Hence,
IT(M3)| = 7 (M3) —y (M3) + 127 () —y (S) — 1 +1
>y -y O +1+yS)—ySD+1+-ySD)+y (S -2
> DI+ TSI+ g(S1,8) —2>M—1.

Therefore the set M3 C S’ contains at least two critical points. O
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If in above theorem we assume that |[I" (S)| > M — 1 and the gap between S; and S is “big
enough” then one can show that the set S’ contains at least three critical points.

Theorem 4.17. Assume that M > 2, T (S1) # @ and |T" (S)| > M — 1. The set S’ contains at least
three critical points if one of the following cases occurs:

1. T'(S) <T'(S1) and g(S, S1) > M — 1;
2. T'(S1) <T'(S) and g(S51,S) > M — 1.

Proof. We give the proof only for the case I" (S) < I" (S1). Since I' (S) # I" (S1), there is at least
one critical point in the set S’

By Lemma 4.14 and the assumption g(S, S1) > M — 1 we obtain that M or M3 has nonzero
cohomology groups at dimensions

ge{ly(SD—-LySD+1L ge{y (S -Ly ) +1}, g=y (S andg =y ().

If both M/ and M3 have nontrivial cohomology groups then the set S’ contains at least two critical
points. If the cohomology groups of M; (resp. M3) are trivial then |I" (M3)]| (resp. |I" (M1)]) is
greater than M — 1. Hence, by Lemma 4.10, the set " contains at least two critical points.
Assume that CHY(M3) = 0, for all g € Z. Then we have at least three nonzero cohomology
groups of My: CHZ(S)(Ml), CHYS)(My) and CHY(M,), for some g € {y (S1)—1,% (S1) — 1}.
Suppose that M; contains only two critical points, say Pj, P,. Then {P;, P»} is a Morse de-
composition of the set M and |I" (Py)|, [T’ (P2)| < M — 1. We have the exact sequence:

-1
2 CHI(Py) — CHI(My) — CHI(P) —— -

From non-triviality of C HY (M) it follows that C H?(P;) or C H(P») is nontrivial. Moreover,
IT'(P1)| > M — 1 or [I" (P2)| > M — 1. Therefore, the set M| contains at least three critical
points. The above remains true if we exchange the roles of M| and M3.

Observe that if ' (M) # @ and " (M3) # @ then |I" (M1)| > 2 or |I" (M3)| > 2. Suppose

that for some ¢i,¢2,93 € [Z(Sl) -1,y (S1)+ 1] U {Z(S)’ )7(S)] the groups CHY' (M),
CH% (M) and C H?(M3) are nonzero. We can assume that g1, ¢», g3 are pairwise different and
any two of them are not simultaneously in [Z(S‘) -1,y (S1) + 1]. Since |[I" (M1)| > M — 1 and

LS-index of M3 is nontrivial, the set S’ contains at least three critical points. As before we can
exchange the roles of M; and M3. O

4.3. The case K > 2

Now, we turn to the case when more than one critical point is known. By (®g), we have
S'=8\(S1U...USk) #0D. As opposed to the situation K = 1, it is possible that the set S’ do
not contain any critical points and consists of connecting orbits only.

We first give conditions which ensure the existence of at least one critical point in §’.

Lemma 4.18. Suppose that for some q € Z the following groups are trivial:

CHY(S), CHI (Sp), fork #1
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and CHY(S1) # 0. Then, at least one of the groups:
CHY™ (M), CHI (M), fork=0,..., K,

is nonzero.

Proof. On the contrary, assume that all of these groups are trivial. Diagram (1) takes the follow-
ing form:

591 89
0——— CHI(S|) —— CHY(Xp) — CHI(M}) —— -

591 84
<o ————3 CHI(S) —— CHY(Xp) —> CHY (X)) ————0

sa—1 54
v ——— CHY(Mpg41) — CHY(Xpp41) —> CHY (X)) ———— 0

sa—1 89
©——— CHY(Sx) — CHY(X2g) — CH?(Xag 1) ———0

sq-1 o1
<o ——>CHI(Myg 1) —— 00— CHI(Xag) —— 0

Since in the above diagram all of the groups C H4(Xy) are trivial, CH4(S;) = 0. A contradic-
tion. O

Lemma 4.19. Assume that for some q € 7 the following groups are trivial:
CHITY(S), CHI™Y(S), fork < ko and CHIT'(Sy), for k > ko
and CHY(Sy,) # 0, for ko # 1. Then, at least one of the groups:
CHIY " (Muyt1), fork=0, ..., ko; CHI ' (May41), fork=ko, ..., K,

s nonzero.

Proof. On the contrary, assume that all of these groups are zero. Since CH?~'(S;) and
CHY~Y(M;) are trivial. From diagram (1) we obtain that all groups CHI '(Xy), k =
2,...,2ko— 1 are trivial. Similarly, since CHq‘H(S) and CHq+1(M2K+1) are trivial, all groups
CHIt! (Xk) are trivial, provided k = 2ko, ...,2K + 1. Thus, CH?(Sy,) is trivial. A contradic-
tion. O

Lemma 4.20. Assume that for some q € Z the following groups are trivial:
CHI(S;)=0,k=1,...,K

and CH1(S) # 0. Then, at least one of the groups:
CHY(M+1), k=0,...,K;

is nonzero.
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Proof. On the contrary, assume that all of these groups are zero. Then, all groups CHY(X}) =0,
k=0,...,2K are trivial. Hence CH?(X»g) = 0. A contradiction. O

Lemma 4.21. Assume that for some q € Z and n € N the following groups are trivial:
CHY™ 'Sy, CHI "™ (S ), k=1,...,K —1.

IfCHY ' (M) =0,k=0,..., K — 1 and all the cohomology groups of the sets Moy, k =
0,..., K are trivial in dimensions from q — 1 to q +n + 1 then each of the following sequences:

84

-1 +n
0 L CHI(Sy) — CHI(Xy) — CHI(S)) CHI(8) 50

—1 +n
0 L CHI(S) — CHI(Xo) — CHY (Xop—2) —2 s CHIP (X))

—1 +n
02 CHI(Sx) —— CHI(S) — CHI (X2x—2) L"'HCH%_”(XZK*Z) 0

is exact.

Proof. By exactness of the rows in the diagram (1) we get CH?(S1) ~ CH4(X3), CH? (X2k+1)
~ CHY(Xy) and CHY(S) ~ CH?(X»k). Hence we can drop the odd rows from the dia-
gram (1), which completes the proof. O

All of the above lemmas guarantee the existence of at least one critical point in the set §'.
Repeated application of the above lemmas for different ¢ may lead to the situation when some
set Mok possess more than one nonzero cohomology group. If |I" (Myi+1)]| is big enough, say
greater than M — 1, then the set M54 contains more than one critical point by Lemma 4.11.

Now we examine three situations when at least two critical points can be obtained. Set Sp = S.
Suppose that I" (S) # @, |T' (S)| <M — 1 and

F(Sko) < F(Skl) <...=< F(SkK),
where k; =0,1,..., K and k; #k;, provided i # j.
Definition 4.22. We say that spans I" (S), k =0, 1, ... K, satisfy condition (A), if:
8(Sk;» Sjuy) —2>M —1, forallk; =0,..., K — 1.

Theorem 4.23. Assume that the condition (A) holds. Then the set S’ contains at least K + 1
critical points.

Proof. Fix 0 <k; < K. Let g =y (S;) and n =¥ (S;) — ¥ (Sk) = [T (Sk;)| — 1. Since the
cohomology groups of Sy, are trivial in dimensions ¢ — 1 and g + n 4+ 1, the conditions of
Lemma 4.21 are satisfied. For kj # k; all the cohomology groups of Si; are trivial in dimensions
from g to g + n. The set Sy, possess at least one nonzero cohomology group in dimensions from
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q to g +n. Itis easy to check that sequences in Lemma 4.21 are not exact. Thus forall 0 <i < K
there exist 0 < k; < K and Z(Ski) —-1<q; <y (Sk,-) + 1 such that C HY (Mo, +1) # 0.
Note thatif i < j then ¢; < g;. For arbitrary i < K we obtain:

Gi+1 =4 > ¥ (Stir) =1 =7 (Sk) = 1= (S Sip) —2> M — 1.
For each k =1, ..., K we denote by A2;41 the number of nonzero groups C H9 (Mo, +1) such
that k = k;. By Lemma 4.11 each set M4+ contains at least sy critical points. Hence, we

have at least Zf: 1 hok+1 = K + 1 critical points in the set . O

If in the above theorem we assume that M =0, 1,2 and g(S,_,, S;,) > 1 then similar argu-
ment, using Lemmas 4.21 and 4.10, gives us at least K + 1 critical points in the set S’.

Definition 4.24. We say that spans I" (S;), k=0, 1, ... K, satisfy condition (B), if:
L |0 (k)| 4 &8CSty Ski) > 25 &(Skis Skipy) > 1
2. |7 (Sk;)| + 8 (St Skjin) > 25 8(Skyys Sk) > 1s
3. g(Skl.,Skj)—2>M— 1, forsome 0<i < j<K.

Note that if the condition (B) holds then there may exist sets Si, such that

oo <D (S5 ) < T (Sk) <o <T(Sk,) <. <T(St;) < T (Skjpy) < -

Theorem 4.25. Assume that the condition (B) holds. Then the set S’ contains at least two critical
points.

Proof. From (1), we have at least one nonzero cohomology group of some set Mo in di-
mensions from y (Sk,-) —1ltoy (Sk,-) + 1. Similarly, from (1), we have at least one nonzero
cohomology group in dimensions from y (Sx;) — 1 to y (Sk;) + 1.

If these nonzero groups are groups of different sets My | then there is at least two critical
points in S’. If there are two nonzero groups of some set Moy then

[T (Mag41)| =¥ (Mojt1) — y (Makq1) + 1
>y (Si;)—1—7(Sk)—1+1=g(S. S,)—1>M—1.

It follows that M>x1 consists of at least two critical points. O
Definition 4.26. We say that spans I" (S;), k =0, 1, ... K, satisfy condition (C), if:
I (Sky)| + &(Sky» Sky) > 25 8(Skgs Sky) —2> M — 1

or

IT (k)| 4+ 8CSkkas Skie) > 25 8(Skge_ys Skx) —2>M — 1.
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Theorem 4.27. Assume that the condition (C) holds. Then the set S’ contains at least two critical
points.

We omit the proof, since it follows the similar line. One can find more similar conditions and,
using above lemmas, prove analogical theorems, but we restrict ourselves to those given above.

Example 4.28. (Cf. Ex. 5.1, [9].) Let N > 2, K =2 and suppose that

hes(Sk) =[8*, hrs(Sk) =[S A (S' v SHland hes(S) = [S™].

If m # 3 then the equality 263 +t* =" 4+ (1 4+ 1) Q(¢) does not hold for any ¢ and for any Q.
Thus, there exists a critical point p € 8. If we set P(t, {p}) =t> + " and Q(t) =1t> + > then
the equality

P28+ ="+ 1 +0)00)

holds for any 7. In this case, if either 2 —m > M — 1 or m — 4 > M — 1 then the set S’ contains
at least two critical points.

Suppose that m =3 and @ (Sk,) < P(Sk,). Then My = Sk, and My = Sk, . The equality 213 +
t* =134 (1 +1)Q(r) holds if we set Q(t) = 13.

Since CH(S,), CH>(S) =0 and CH3(S1) # 0, at least one of the groups: CH3 (M),
C H>(M3), C H’(Ms) is nonzero, by Lemma 4.18. One can show that at least one of the groups:
CHZ(Ml), CHZ(M3), CH4(M5) is nonzero. Thus, there exists at lest one critical point in the
set 8.

If we assume that M =0, 1, 2 instead of M > 2 then the set S’ contains at least two critical
points.

5. Applications to Hamiltonian systems

In this section we give some examples for which our abstract theorems can be applied.
Namely, we prove the existence of periodic solution of certain Hamiltonian system. Given a
Hamiltonian H € C*(R?M x R) which is 27 -periodic in 7. Consider the Hamiltonian system

z=JVH(z,1) “)

0 —I
I 0
RN -valued functions. It is well known that z € E is 27 -periodic solution of (4) if and only
if it is a critical point of the functional ® € C?(E, R) defined by

where J = |: :| Denote by E = H'/2(S', R?V) the Sobolev space of 2m-periodic

2
DP(z) = %(Lz, 2E — / H(z, t)dt 5)
0
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where

2

(Lz,z)g = /(—Ji, z)dt.

0

It is shown in [8,9] that (E, L) is a base pair and V® is an LS-field. Functional ® is strongly
indefinite and satisfies assumptions (®1)—(Pg). The constant M in (Ps) is equal to 2N — 1.

If A is a symmetric 2n x 2n matrix and z = J Az is a linear Hamiltonian system then the vector
field Vd 4 corresponding to that system is linear. The E-Morse index i ~ and nullity i® of V® 4
defined in Section 3 are equal to the generalized Morse index and nullity for linear Hamiltonian
systems defined by Amann and Zehnder in [3] (see also [18]). We will use the symbol i~ (A)
(resp. i”(A)) to denote E-Morse index (resp. nullity) corresponding to V& 4.

Throughout the rest of this section we assume that the Hamiltonian H is asymptotically linear
at infinity, i.e. there is R > 0, ||z|]|g > R implies H(z,t) = %(Aooz, zZ) + hoo(z, 1), where Ag
is linear, symmetric and VA (z, t) is bounded. It is clear that if X, is a closed ball of a large
radius then X, is an isolating neighborhood.

Proposition 5.1. (See [8].) If i®(Ass) = O then

hes(Xoo) = [8"7(%)] :
In [9,13] the existence of additional critical points follows from examining the Morse equa-
tion from Lemma 2.15. Now, we show that in some cases our method gives better results than

those obtained by only examining the Morse equation.

Proposition 5.2. Let N > 2. Assume that 0 is an isolated critical point of ®. If I ({0}) = (k + 1,
k +2) and

i (Ax) ¢ [k — (2N —3),k +2N]
then (4) has at least two periodic solutions (in addition to the trivial one).
Proof. Note that
T (OD] + IT" (Xoo) | + ({0}, Xoo) =2 >2N — 1
and
IT' (Xoo)| + T ({OD] + g(X 0. {0}) =2 > 2N — L.
Now, Theorem 4.16 implies that there exist at least two critical points in the set S\ {0}. O

Example 5.3. Let N =2 and H be such that

H(x1, x2, y1, y2) = k1y? +ka(x3 + y3) +x3 = 3x1(x3 + y3)
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if x7 +x3 +y} +y3 <r,0 <r <R, where ki, k> € Z\ {0}. In this example H (z) = $(Az,z) +
h(z), where A = diag{0, k2, k1, k2}, and h(x1, x2, y1, y2) = x7 — 3x1(x3 + y3).

It is easy to show that O € E is a critical point of ®. Following the procedure given in [8] one
can show that

hes((0), VO) =[S W A (s'v $7)].
Assume that
i (Axo) €[i”(A) — (2N —3),i (A) +2N]

In this case the equality P(¢, {0}) = P(¢, Xo0) + (1 + 1) Q(?) is not satisfied. Therefore, there
exists at least one critical point, say p, different to 0. Letting

P, (ph)=1" ) and Q1) =" D!
we obtain equality P (¢, {0}) + P(t, {p}) = P(t, Xoo) + (1 + 1) Q(t), which is true for all 7.
On the other hand, the above proposition implies that (4) has one more solution. This result
cannot be obtained by examining Morse equation.
Example 5.4. Let N = 2 and assume that there is K > 2 known critical points of ® with
hes(S) =18 A (ST v ).
Moreover, assume that h,5(S) = [SOK+TDH!] Since hps(S) # \/ hrs(Sk), the set S is
nonempty. The equality
K
Z(tﬁk-H 1 0k+2y — (SEFDH L (1 Ly o(r)
k=1

does not hold, there exists a critical point p € §’. Setting P(t, p) = t*K+D+1 and Q(r) =17 +

... 1%+ e obtain the equality
K
S () P p) = F D L (14 ()
k=1
which holds for all 7.
Since I' (S) = (6k + 1,6k +2) and I'"(S) = (6(K + 1)+ 1,6(K 4+ 1) + 1), gaps between
spans of S, ..., Sk and S are greater than 2N — 1 = 3. Hence, the condition (A) holds. There-

fore, there are at least K + 1 critical points in the set S’.
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