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number of bags) at most I[? We provide a complete complexity classification of the problem
in terms of k and [ for general graphs. Contrary to the original pathwidth problem, which
is fixed-parameter tractable with respect to k, the generalized problem is NP-complete for
any fixed k > 4, and also for any fixed | > 2. On the other hand, we give a polynomial-
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Graph searching time algorithm that constructs a minimum-length path decomposition of width at most
Path decomposition k < 3 for any disconnected input graph. As a by-product, we obtain an almost complete
Pathwidth classification for connected graphs: the problem is NP-complete for any fixed k > 5, and

polynomial for any k < 3.
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1. Introduction

The notions of pathwidth and treewidth of graphs have been introduced in a series of graph minor papers by Robertson
and Seymour, starting with [36]. Since then the pathwidth and treewidth of graphs have been receiving growing interest due
to their connections to several other combinatorial problems and numerous practical applications. In particular, pathwidth is
closely related to interval thickness, the gate matrix layout problem, the vertex separation number, the node search number,
and narrowness; see, e.g., [16,26-28,30,33].

In this paper we focus on computing minimum-length path decompositions of bounded width. More formally, the input
to the decision version of this problem consists of a graph G and two integers k and I. The question is whether there
exists a path decomposition P of G such that the width of P is at most k and the length of P is at most I. Clearly, this
decision problem is NP-complete, because the pathwidth computation problem itself is an NP-hard problem, as shown by
Arnborg et al. [1]; see also Brandenburg and Herrmann [13]. On the other hand, it can be decided in linear time whether
the pathwidth of a given graph G is at most k for any fixed k, and if the answer is affirmative, then a path decomposition of
width at most k can be also computed in linear time; see, e.g., the works of Bodlaender and Kloks [6,9,11]. However, as we
prove in this paper, finding a minimum-length path decomposition of width k is an NP-hard problem for any fixed value of
k > 4, which answers one of the open questions stated in [13]. For a detailed analysis of the complexity of the pathwidth
computation problem, see, e.g., [8,29].
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To the best of our knowledge, no algorithmic results are known for minimum-length path decompositions. However,
some research has been done on simultaneously bounding the diameter and the width of tree decompositions. In particular,
Bodlaender [5] gives a (parallel) algorithm that transforms a given tree decomposition of width k for G into a binary tree
decomposition of width at most 3k + 2 and depth O(logn), where n is the number of vertices of G. A more detailed
analysis of the trade-off between the width and the diameter of tree decompositions can be found in work of Bodlaender
and Hagerup [10]. Recently, Li et al. [31] reported on the problem of computing tree decompositions with a minimum
number of bags. We also note that minimum-length path decompositions of width k can be computed for k-connected
graphs; see [22,23]. For other optimization criteria studied in the context of path decompositions, see, e.g., [14,17-19,35].

We briefly note that pathwidth has a number of equivalent counterparts with alternative formulations of our generalized
problem. For example, finding the pathwidth of a graph is equivalent to computing its node search number. Through this
correspondence, the pathwidth is related to several other search numbers of a graph such as the edge search number,
the mixed search number or the connected search number; see e.g. [15,26-28,33] for details. The parameter | studied in
this paper corresponds to the search time equal the number of steps in a node search strategy; see [13]. Our generalized
problem can also be reformulated as a problem of finding an interval supergraph H of a given graph G such that the
maximum clique in H is of size at most k (i.e., the interval thickness of G is bounded by k) and H has an interval diagram
of length at most [, where the length of an interval diagram equals the number of distinct left endpoints of intervals in the
diagram. The equivalence of interval thickness and pathwidth was shown by Bodlaender [7].

Applications of minimum-length path decompositions include step-wise tile assembly (see Manuch et al. [32]), the part-
ner units problem (see Aschinger et al. [2]), scheduling and register allocation (see [24,34,37]) where the length corresponds
to schedule completion time, and the above-mentioned graph searching games (see, e.g., [3,20] for surveys).

1.1. Preliminaries

We now formally introduce the graph theoretic notation used, and the problems studied in this paper. Let G =
(V(G), E(G)) be a simple graph and let X C V(G). We denote by G[X] the subgraph induced by X, ie., G[X]= (X, {e €
E(G) \ e C X}) and by G — X the subgraph obtained by removing the vertices in X (together with the incident edges)
from G, i.e.,, G — X =G[V(G) \ X]. Given v € V(G), Ng(v) is the neighborhood of v in G, that is, the set of vertices adjacent
to v in G, and Ng(X) = ((Uyex Nc(v)) \ X for any X C V(G). We say that a vertex v of G is universal if Ng(v) = V(G) \ {v}.
A maximal connected subgraph of G is called a connected component of G. A graph G is connected if it has at most one
connected component. Given a subgraph H of G we refer to the set of vertices of H that have a neighbor in V(G) \ V(H) as
the border of H in G, and denote it by §c(H). We define C¢(X) to be the set of connected components H of G — X, called
X-components, such that Ng(V (H)) = X. (Note that C;(X) may be empty even if G — X has connected components.) Thus,
for each H € C;(X), every vertex in X has a neighbor in V (H). Moreover, let Cé(X) C C¢(X) denote the set of connected
components of G — X that consist of a single vertex, and let C#(X) = Cg(X) \ C(]; (X). We sometimes drop the subscript G
whenever G is clear from the context.

For a positive integer n, we denote by K, a complete graph on n vertices, and by P, a path graph on n vertices. For any
graph G, any of its complete subgraphs is called a clique of G. We now define a path decomposition of a graph.

Definition 1.1. A path decomposition of a simple graph G = (V(G), E(G)) is a sequence P = (Xy, ..., X;), where X; C V(G)
foreachi=1,...,l, and

(PD1) Uy Xi =V (G),
(PD2) for each {u, v} € E(G) there exists i € {1, ...,1} such that u, v € X;,
(PD3) for each i, j,k with 1 <i < j <k <l it holds that X; N X} € X;.
The width (respectively the length) of the path decomposition P is width(P) = max;—1,__;|Xi| — 1 (len(P) =1, respectively).
The pathwidth of G, pw(G), is the minimum width over all path decompositions of G. The size of P, denoted by size(P), is
given by size(P) = YL_, [X¢|.
We observe that condition (PD3) is equivalent to the following condition:
(PD3’) for each i,k with 1 <i<k <l if ve X; and v € X;, then ve X forall i < j <k.

We also make the following useful observation:

Observation 1.2. Let P = (X1, ..., X|) be a path decomposition of a graph G. Ifa € X; and b € X for some 1 <i < j <|, then any
path P between a and b in G has a non-empty intersection with each Xy fori <k < j.

Given a simple graph G and an integer k, in the problem PD (Path Decomposition) we ask whether pw(G) < k. In the
optimization problem MLPD-coNsTR (Minimum-Length Path Decomposition) the goal is to compute, for a given simple graph
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Table 1
The complexity results for MLPD(k)-cONSTR obtained in this paper. Corollary 2.3 is a direct consequence of a theorem of Gustedt [25]; see the end of
Section 2.

Connected graphs General graphs
MLPD (k)-CONSTR k<3 polynomial-time (Theorem 5.11) polynomial-time (Theorem 5.11)
k=4 ? NP-hard (Theorem 2.1)
k>5 NP-hard (Theorem 2.2) NP-hard (Theorem 2.2)
MLPD-CONSTR [>2 NP-hard (Corollary 2.3)

G and an integer k, a minimum-length path decomposition P of G such that width(P) <k. In the corresponding decision
problem MLPD, a simple graph G and integers k, [ are given, and we ask whether there exists a path decomposition P of G
such that width(P) <k and len(P) <1

Finally, in the optimization problem MLPD(k)-cONSTR the goal is to compute, for a given simple graph G, a minimum-
length path decomposition P of G such that width(P) < k. The corresponding decision problem MLPD(k) the input consists
of a simple graph G and an integer | and the question is whether there exists a path decomposition P of G such that
width(P) <k and len(P) <1.

Note that the difference between MLPD-coNsSTR and MLPD(k)-coNsTR (and, similarly, MLPD and MLPD(k)) is that in the
former k is a part of the input while in the latter the value of k is fixed.

1.2. Overview of our results and organization of this paper

In this paper, we investigate the complexity of MLPD(k)-coNsTR for different values of k and we make a remark on
the complexity of MLPD-coNsTR for a fixed value of | (see the last row in Table 1). We also make a distinction between
connected and general (i.e., possibly disconnected) graphs. Our results are summarized in Table 1. Note that in all cases
we fix either k or | (but not both). Observe that the case of [ =1 is trivial. Also, computing a minimum-length path
decomposition of a graph of pathwidth k =1 is trivial, since any such a graph G is the disjoint union of caterpillars (i.e.,
paths with pending edges) and isolated vertices; letting i denote the number of isolated vertices of G, the minimum length
of a path decomposition of G is |E(G)| + [i/2]. In order to prove these results, we deal with the problem MLPD(k) where k
is fixed. We first show that MLPD(4) is NP-complete for general graph and then we conclude that this implies that MLPD (k)
is NP-complete for all k > 4 for general graphs and for all k > 5 for connected graphs (Section 2).

In the remainder of the paper, we construct a polynomial-time algorithm for MLPD(3)-cONSTR. We begin by showing
in Section 3 an algorithm for MLPD(k)-CONSTR, k = 1, 2,3, for connected graphs. The algorithm recursively calls algo-
rithms for MLPD(k’)-coNsTR for each k' < k for general (possibly disconnected) graphs. We prove that the algorithm for
MLPD (k)-CONSTR is running in polynomial time provided that the algorithms for MLPD(k’)-coNsTR for each k' < k are all
polynomial-time. There is a trivial algorithm for MLPD(0)-CONSTR.

To deal with disconnected graphs we extend this algorithm to the so-called chunk graphs in Section 4. A chunk graph
has at most one ‘big’ connected component with three or more vertices and all its other connected components are either
isolated vertices or isolated edges.

Finally, in Section 5 we show that MLPD(k)-CONSTR, k = 1, 2, 3, for disconnected G essentially reduces to MLPD(k)-CONSTR,
k=1,2,3, for chunk graphs of G. Though each chunk graph of G includes at most one big component of G, the isolated
vertices and the isolated edges of G can be distributed between these big components to form chunk graphs of G in many
different ways. We show how to obtain an optimal distribution and thus optimal decomposition of G into chunk graphs.
Then, we show how to construct a solution to MLPD(k)-CONSTR, k =1, 2, 3, for G from the solutions of MLPD(k)-CONSTR,
k=1, 2,3, for the chunk graphs of G.

2. MLPD (k)-cONSTR is NP-hard for k > 4

In this section, we prove that the problem of finding a minimum-length path decomposition of width k > 4 is NP-hard.
To that end, we first show that MLPD(4) is NP-complete, by presenting a pseudopolynomial-time transformation from
the strongly NP-complete 3-PARTITION problem [21] to MLPD(4). The input to 3-PARTITION is an integer b and a set S =
{w1,..., w3y} of positive integers, where b/4 < w; < b/2 for all i. The answer to 3-PARTITION is YES if and only if there
exists a partition of the set {1,...,3m} into m sets Si,..., Sy, each of size 3, such that ZieS}- wj=>b foreach j=1,...,m.

Given an instance of 3-PARTITION, we construct a disconnected graph G(S,b) in a few steps. In what follows, m will
always denote the number of required parts of the partition, i.e.,, m =|S|/3.

First, for each i € {1,...,3m}, we construct a connected graph H; as follows. Take w; copies of K3, denoted by K;’q,
q=1,...,w;j, and w; — 1 copies of K4, denoted by K;’q, g=1,...,w; — 1. (The copies are taken to be mutually disjoint.)
Then, for each ¢=1,..., w; — 1, we identify two different vertices of K;? with a vertex of K37 and with a vertex of K;’qﬂ,

respectively. This is done in such a way that each vertex of each K;’q is identified with at most one vertex from other
cliques. Thus, in the resulting graph H;, each clique shares a vertex with at most two other cliques. Informally, the cliques
form a ‘chain’ in which the cliques of size 3 and 4 alternate. See Fig. 1(a) for an example of H; where w; =3.
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(b)
P} P3

Ks K3 K3

Fig. 2. G((1,1,1, 2,2, 3),5) together with P of width 4 and length 17 (m=2,b=>5).

Second, we construct a graph H,, , as follows. Take m + 1 copies of Ks, denoted by K1, ..., K,’j"“, and m copies of the
path P, of length b (P, has b edges and b+ 1 vertices), denoted by P}, ..., P}'. (Again, the copies are taken to be mutually

disjoint.) Now, for each j=1,...,m, identify one endpoint of Pé with a vertex of K;, and identify the other endpoint with

a vertex of Ké“. Moreover, do this in a way that ensures that, for each j, no vertex of K é is identified with the endpoints
of two different paths. See Fig. 1(b) for an example of H3 4.

Let G(S,b) be the graph obtained by taking the disjoint union of the graphs Hi, ..., H3n and the graph Hp, . The input
to the MLPD(4) problem is the graph G(S, b) and the integer [ =1 — 2m + 2mb.

The subgraphs K39, K;? are called the cliques of H;, and the K3 are called the cliques of Hp, . For brevity, all these
cliques are called the cliques of G(S,b). Similarly, P;Pﬂ1 are called the paths of G(S,b). Observe that the number of
cliques of G(S,b) is exactly I. If P is a path decomposition of G(S,b) and a bag of P contains all vertices of a clique of
G(S, b), then we say that the bag contains this clique.

Before we continue, we illustrate the construction of the path decomposition in the proof of Theorem 2.1.

Example. Let S = (1,1,1,2,2,3) (so, m=2), b=5.2 A solution to this instance of 3-PaRTITION is S; = {1,2,6}, and
Sz ={3,4,5} (clearly w1 + wy + wg = w3 + w4 + ws = 5). The graph Hgs, and the corresponding path decomposition
‘P constructed by the algorithm from the proof of (i) are given in Fig. 2 (the gray color is used for some bags only to make
it easier to distinguish the particular bags of this decomposition).

We now state and prove Theorem 2.1.
Theorem 2.1. The problem MLPD(4) is NP-complete.

Proof. We will prove the theorem by proving that the answer to 3-PARTITION is YES for S and b, if and only if the answer to
MLPD(4) is YEs for G(S,b) and | =1 — 2m + 2mb. First, we prove that if there exists a solution to 3-PARTITION for the given
S and b, then there exists a path decomposition P of G(S, b) such that width(P) <4 and len(P) =1.

(i) If the answer to 3-PARTITION is YES for S and b, then the answer to MLPD(4) is YEs for G(S,b) and [ =1 — 2m + 2mb.
Let S1,..., Sm be a solution to 3-PARTITION. We say that a vertex of P}, j=1,...,m, at distance d —1 from the endpoint
of Pl’7 identified with a vertex of K é is the d-th vertex of P{J. We construct a path decomposition P as follows.
> STEP 1. Let P be initially the empty list.
> STEP 2. For each j=1,...,m do the following:

> STEP 2.1. Append V(Ké) to P, and set p :=0.
> STEP 2.2. For each i € S; do the following:

2 Note that we drop the assumption that b/4 < w; < b/2 for all i in this example.
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> STEP2.1(A). For each g =1, ..., w;, first append V(K;*q)u{u, v} to P, and if ¢ < wj, then also append V(Ki’q)u{v}
to P, where u and v are the (p 4 q)-th and (p + q + 1)-st vertices of P;, respectively.

> STEP 2.1(B). Set p :=p + w;.
> STEP 3. Append V (KT to P.
See Fig. 2 for an example of this construction. (Informally, the triangles K;’q are placed together with edges of P{) into
common bags of P.) It can easily be checked that, at the end of this algorithm, len(P) =m+1+ Z'}Ll Ziesj Qwi—1)=
m+142mb —3m =1 and, hence, P consists of | bags. Moreover, each bag has size 5. We leave it to the reader to verify
that P is a path decomposition of G(S, b).

Before proving the reverse implication we need a few additional claims.

(ii) If P is a path decomposition of G(S, b) of width 4 and length | =1 — 2m + 2mb, then each bag of P contains exactly one clique
of G(S, b).
Each clique of G(S,b) has size at least 3. Moreover, any two cliques of G(S,b) share at most one vertex, and no two
cliques of size 3 share a vertex. Thus, each bag of P = (X, ..., X;) contains at most one clique of G(S, b). However, it
follows immediately from (PD1)-(PD3) that for every clique K of G(S, b), there exists i € {1,...,1} such that V(K) C X;.
Thus, since | equals the number of cliques of G(S, b), each bag of 7P must contain exactly one clique of G(S, b).

We now show that we may assume without loss of generality that in a path decomposition of width 4 of G(S,b), the
cliques K1, ..., Kg”“ appear in this order in the bags of the path decomposition.

(iii) Let P = (X1, ..., X)) be a path decomposition of width 4 of G(S, b) and let c1, ..., cmy1 be selected so that X, contains Ké for
eachi=1,...,m+1.Then,ci <Cy3 <--+ <Cm41 0rCy >C2 >+ > Cy+1-
Suppose for a contradiction that the lemma does not hold. Thus, there exist t1, t2,t3, 1 <tj <ty <t3 <1, such that X,
contains Ké", i=1,2,3, where neither j; < j, < j3 nor j; > j, > j3. Consider the case when j; < j; < j3 — the other
cases are analogous. Take a shortest path P between a vertex of I(é'1 and a vertex of Ké3. Since j; < j1 < j3, V(P) and
V(I(éz) are disjoint. By Observation 1.2, there exists v € V(P) N X¢,. Thus, X, contains both v and V(Kéé), contrary to
the fact that |X,| < width(P) +1=5.

Moreover, the bags with the vertices of each H; form an interval of P that falls between two cliques of Hy, p.

(iv) If P is a path decomposition of width 4 and length | of G(S, b), then for each i € {1,...,3m} thereexist sandt (1 <s <t <)
such that V(H;) € Xs U---UX;, V(Hy) N Xp # 0 for each p =s, ..., t, and no clique of Hy, , is contained in any of the bags
Xs, ooy Xpo
This follows from Observation 1.2, and width(P) =4 and V(H;) NV (Hpp) =9 for eachi=1,...,3m.

We are now ready to prove the reverse of (i).

(v) If the answer to MLPD(4) is YES for G(S, b) and | =1 — 2m + 2mb, then the answer to 3-PARTITION is YES for S and b.

Let P = (X1,...,X;) be a path decomposition of width 4 and of length | of G(S,b). By (ii), each bag of P contains
exactly one clique of G(S, b). Since each clique of G(S, b) has size at least 3 and width(?) =4, no bag of P contains
the endpoints of two or more edges of a path Pj, j=1,...,m, and the endpoints of any edge of Pi can only share a
bag with some clique I(i’q, ie{l,...,3m}, qe{1,..., w;}. Moreover, the total number of edges of the paths of G(S, b)
equals mb (mb is also the number of cliques K;’q), which implies that the endpoints of each edge of each path of
G(S,b) share a bag with a unique K;’q for some i€ {1,...,3m}and qe{1,..., w;}.

Let X¢; = V(Ké) for each j=1,...,m+ 1. By (iii), c; <cy <--- <Cjy1 OFr €1 > C2 > --- > Cj41. Since (X,..., X1) is a
path decomposition of G(S,b), we may assume without loss of generality that the former occurs. Then, the endpoints
of all b edges of a path Pj, j=1,...,m, must be included in the bags Xej1s oo Xej—1s because otherwise the con-
nectedness of Pi and Observation 1.2 would imply a vertex of Pg in either X¢; or X;,, or both, which results in a path
decomposition of width at least 5, a contradiction. Therefore, exactly b cliques in {K;’q ‘ ie{l,...,3m},qe{1,...,w;}}
must be included in the bags Xc;+1,...,Xc;,,—1. Moreover, (iv) implies that for each i € {1,...,3m} there exists
jefl,....,m} such that V(H;) € X¢j+1 U ---U Xc;,,—1. Define for each j=1,...,m S;={ie{l,...,3m} | V(H) <
Xc}.+1 U---u XCH],]}. Due to the above arguments, Zies,- w; =b for each j=1,...,m. Therefore, the answer to
3-PARTITION iS YES.

The theorem now follows from (i) and (v). O
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We have shown so far that MLPD(4) is NP-complete. Let k > 1. Observe that a disconnected graph G has a path decompo-
sition of width k—1 and length [ if and only if the connected graph obtained from G by adding a universal vertex has a path
decomposition of width k and length [. It follows that if MLPD(k — 1) is NP-complete, then MLPD(k) remains NP-complete
even when the input is restricted to connected graphs. This observation, together with Theorem 2.1, immediately implies
the following theorem:

Theorem 2.2. The problem MLPD (k) is NP-complete for each k > 4. Moreover, for k > 5, the problem MLPD (k) remains NP-complete
when the input is restricted to connected graphs. O

We conclude this section with a remark on the complexity of MLPD when the input consists of the graph G and the
pathwidth k > 1, but the length parameter [ is fixed. The following result, Corollary 2.3, is a direct consequence of the
NP-completeness of the vertex separator problem defined in [25]. The input to this vertex separator problem is a simple
graph G and an integer k. The problem is to determine whether there exist sets X and Y that satisfy conditions (PD1) and
(PD2) of a path decomposition (i.e., they cover all vertices and edges of the input graph) and max(|X|, |Y|) < k. This can
be directly reformulated as the problem of finding a path decomposition of length 2 and width at most k. (Note that the
terminology used in [25] is quite different from the terminology used in this paper.)

Corollary 2.3. The problem MLPD with | > 2 fixed is NP-complete. O

3. MLPD(k)-coNSsTR for connected graphs, k < 3

Section 2 dealt with the entries marked with “NP-hard” in Table 1. In the remainder of this paper, we will prove the
“polynomial-time” entries in the table. Therefore, from now on, all path decompositions that we deal with have width at
most 3. The main result of this section is the following theorem.’

Theorem 3.1. Let k € {1, 2, 3}.

If:  foreachk' €{0, ...,k — 1}, there exists a polynomial-time algorithm that, for any graph G either constructs a minimum-length
path decomposition of width k’ of G, or concludes that no such path decomposition exists,

then: there exists a polynomial-time algorithm that, for any connected graph G, either constructs a minimum-length path decompo-
sition of width k of G, or concludes that no such path decomposition exists.

We take several steps to prove this theorem. In Section 3.1 we formulate an algorithm that outlines the main idea of
our method, but whose running time is not necessarily polynomial. This algorithm constructs a directed graph G, whose
directed paths leading from its source s to its sink t correspond to path decompositions of width k of G. Moreover, the
length of a directed s-t path in G equals the length of the corresponding path decomposition of G. Hence, our problem
reduces to computing a shortest path in Gi. The running time of this algorithm is, in general, not polynomial since the size
of G, may be exponential in the size of G. Hence, the remainder of Section 3 is devoted to providing a different construction
of Gy that preserves the above-mentioned relation between the shortest paths in G, and the path decompositions of G, and
ensures that the size of Gy is polynomial in the size of G. To that end we develop some notation and obtain several
properties of minimum-length path decomposition of width at most 3 of a connected graph (Sections 3.3 and 3.4). Finally,
Section 3.5 provides the polynomial-time algorithm and proves its correctness. Our proof of Theorem 3.1 is constructive
provided that the algorithms from the ‘if’ part of this theorem exist. We deal with the latter in Sections 4 and 5.

3.1. A generic (non-polynomial) algorithm

Let G be a graph. We say that P = (Xi,..., X)) is a partial path decomposition of G if P is a path decomposition of
G I:Ui':l X,}. Define span(P) = U£=1 X;j to be the span of P and denote Gp = G[span(P)]. Gp is called the subgraph of G
covered by P.

It follows that P is a path decomposition of the induced subgraph Gp and V(Gp) = span(P). Notice that Gp =G
if and only if P is a path decomposition of G. Also note that any prefix of a path decomposition of G is a partial path
decomposition of G.

We say that a partial path decomposition P = (X1, ..., X)) extends to a partial path decomposition P’ = (X}, ..., X}),
with I' >, if X; = X! for all i € {1,...,1}. We define the frontier of P to be §(P)={xe V(Gp) | x has a neighbor in V(G) \
V(Gp)}

Consider the following generic and potentially exponential-time algorithm for finding a minimum-length path decompo-
sition of width at most k for a given graph G. We construct an auxiliary directed graph G, whose vertices are pairs (F, X),

3 We recall that the case k=1 can be solved directly.
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where F is an induced subgraph of G, X € V(F), and |X| < k+ 1. Each pair (F, X) represents the (perhaps empty) collection
P(F, X) of all partial path decompositions P = (X1, ..., Xien¢p)) of width at most k that have the common property that
Gp =F and Xjen(p) = X (i.e., the subgraph of G covered by P is F and the last bag of P is X). Notice that the partial
path decompositions within P(F, X) may be of different lengths. There is an arc from (F, X) to (F/, X’) in G if and only
if every partial path composition in P(F, X) extends to some partial path decomposition in P(F’, X") by adding exactly one
bag, namely X’. We will also add to G a special source vertex s and a sink vertex t. There is an arc from the source vertex
s to every pair (F, X) with F = G[X], and an arc from every pair (F, X) with F =G to the sink vertex. For convenience, let
P(s) contain the path decomposition of length 0. We have the following result:

Lemma 3.2. It holds P € P(G, X) for some X C V(G), where len(P) <1, if and only if there exists a directed s-t path in Gy of length
atmostl+ 1.

Proof. We argue by induction on [ that there exists a directed s-v path of length [ in Gy, where v = (F, X) is a vertex of G,
if and only if a partial path decomposition of length | belongs to P(F, X). In the base case of I =0 we have that v =s and
the claim follows directly from the definition of P(s). Suppose now that the induction hypothesis holds for some [ > 0.

Let P’ be an s-v’ path of length [+ 1 in Gy. Let (v,v’) be the last arc of P’. Let P be the path P’ without (v, v’).
Thus, P is an s-v path of length I in Gi. By the induction hypothesis, there exists a partial path decomposition P € P(v)
of length I. Since (v, V') € E(Gy), P extends to some partial path decomposition P’ € P(F, X) by adding exactly one bag,
namely X. Thus len(P’) =len(P) + 1 as required.

Suppose now that P’ € P(F, X) and len(P’) =1+ 1. Let P’ = (X1, ..., X41). By definition of Gy, F = Gps and X;;1 = X.
Thus, v = (Gpr, Xj+1). Now, let P = (X1,..., X)) and v = (Gp, X)). Since every partial decomposition in P(Gp, X]) extends
to some partial decomposition in P(Gpr, X;y1) by adding X1, (v, v') € E(Gy). By the induction hypothesis, there exists an
s-v path P in G of length I. Then, P together with the arc (v, v’) forms the desired s-v’ path of length [+ 1 in G;,. O

Having constructed Gi, we find a shortest path from s to t in Gi. Let s, (F1, X1),..., (F;, X)), and t be the consecutive
vertices of this path. Then, by Lemma 3.2, this path corresponds to a path decomposition (X1, ..., X;) of G. This clearly
gives an exponential-time algorithm for finding a minimum-length path decomposition. In the reminder of this section,
we redefine the graph Gy to reduce its size for connected G and k € {1, 2, 3}. Note that a series of path decompositions
that correspond to consecutive vertices of the shortest path resembles the concept of crusades introduced by Bienstock and
Seymour in [4].

3.2. From generic algorithm to polynomial running time: an informal description

The aim of this section is to introduce some intuition on the construction of G, whose size is bounded by a polynomial
in the size of G. The formal definition of Gy is given in Section 3.5.

Our approach is to represent the pairs (F, X) in an alternative way. We encode the graph i in such a way that for a
fixed set X € V(G) the number of vertices of G of the form (F, X) is polynomially bounded. Since |X| <k+ 1 and k is
fixed, this reduces the number of vertices to a number bounded by a polynomial in the size of G. As a result, however,
some path decompositions of G no longer have corresponding s-t paths in G, though we prove that minimum-length path
decompositions of G still have corresponding shortest paths in Gi. The alternative encoding is as follows.

We represent a pair (F, X) by a pair (X, R(X)), where R(X) is a function that maps each non-empty subset S C X into
a triple (G, f, ) with the following properties:

(1) G is a set with at least max {|C%(S)| — 12,0} components in C£(S),
(2) f:CE(S) — {0, 1} is a function such that f(H) = f(H’) for all H, H' € G, and f(H) =1 implies that V(H) C V (F),

(3) 1= |Uceci(s) V(O NV(F)
partial path decomposition in P(F, X).

, i.e., | equals the number of single-vertex components in C(l;(S) that are covered by any

We will show that it is possible to reconstruct (F, X) from (X, R(X)). The vertex set of our final auxiliary graph G consists
of all pairs (X, R(X)). Note that not every pair (F, X) can be represented by a pair (X, R(X)) satisfying properties (1)-(3).
However, it turns out that it suffices to consider only the pairs (F, X) that can in fact be represented in this way. We will
see (in the proof of Theorem 3.1) that the number of such pairs (X, R(X)) is bounded by a polynomial in the size of G.
The arcs of G, will have weights and, informally speaking, the weight of an arc (v, v') equals the number of bags that are
added while extending any partial path decomposition in P(v) to a partial path decomposition in P(v’). Hence, unlike in
the generic construction of G, some arcs in the new directed graph introduce several bags of a path decomposition. We
will show that the vertices that we drop from the generic graph are irrelevant for the length minimization, and that G, has
the property that there exists a clean path decomposition P with len(P) <! if and only if there exists an s-t path in Gy of
length at most I. (See Lemma 3.21 and Lemma 3.22.) The clean path decompositions are defined in Section 3.4 where we
also observe that among all minimum-length path decompositions of G there always exists one that is clean.
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Fig. 3. lllustration of a bottleneck set S = {x} and the corresponding S-branches.

3.3. Bottleneck sets and bottleneck intervals

In this section we consider a path decomposition P = (Xq, ..., X;) of a connected graph G, and a fixed set S C V(G).
Recall that Cg(S) is the collection of connected components H of G — S such that every vertex in S has a neighbor in V (H).
We call the components in C{(S) S-branches, while the vertices of the graphs in Cé(S) are called S-leaves. Finally, let
CE(S)| =c.

We begin by investigating the relative order in which the vertices of S and S-branches appear in, and disappear from,
the bags in P = (Xj,..., X;). For a (connected or disconnected) subgraph H of G, define

ap(H)y=min{i | X;NV(H)#9¥} and Bp(H)=max{i | X; NV (H)#0}.

For v € V(G), we abbreviate ap(G[{v}]) and Bp(G[{v}]) as ap(v) and Bp(v), respectively. (Note that these coincide with
the definitions of first(v) and last(v) in [12].) For convenience we define

@p(S) =max{ap(v)} and Bp(S)=min{fpr(v)},
ves veSsS

for any non-empty S C V(H). Hence, S C X; if and only if i € {ap(S),..., Ep(S)}. Whenever P is clear from the context,
we drop it as a subscript. Clearly, we have that

V(H)QXQ(H)U-“UXﬁ(H). (1)

Informally, X4 Hy can be interpreted as the first bag that contains a vertex of V(H), and «(H) as the start of H. Similarly,
XgH) is the last bag that contains a vertex of V(H), and the B(H) as the completion of H. By Observation 1.2, if H is
connected, then any bag between these first and last bags must contain a vertex of V (H). By definition, the converse is also
true: no bag X; with i outside the interval [w(H), 8(H)] contains a vertex of V (H). The following lemma relates the start
and the completion of an S-branch H and the start and completion of x € S.

Lemma 3.3. Let G be agraph and let P = (X1, ..., X;) be a path decomposition of G. Let S € V(G), let x € S and let H be an S-branch.
Then, the following statements hold:

(i) fa(x) <a(H),thenx e Xj forall x(x) <i <« (H);
(ii) a(x) < B(H);
(iii) If B(x) = B(H), then x € X; for all B(H) <i < B(x);
(iv) a(H) < B(x).

Proof. By definition of an S-branch, there exists v € V(H) that is adjacent to x. Since {v, x} € E(G), it follows from (PD2)
that there exists t such that {v,x} C X;. Clearly, «(H) <t. To prove (i), note that the assumption o (x) < «(H) implies
that a(x) <t. Since x € X4y and x € X;, it follows from (PD3’) that x € X; for all a(x) <i <t. In particular, x € X; for all
a(x) <i<a(H), as required. To prove (ii), observe that x € X; implies that «(x) <t, and v € X; implies that t < 8(H). Thus,
a(x) < B(H).

Parts (iii) and (iv) follow from (i) and (ii) applied to P’ = (X,..., X1). O

Some S-branches may start even before the whole of S appears in the bags of P; see X in Fig. 3. Also, some S-branches
may complete even after the whole of S no longer appears in the bags of P; see X3 in Fig. 3. We now show that, in either
case, this can only happen for a few S-branches whose number is limited by k. To that end, we adopt the convention
that Hy,..., Hc denote the S-branches in C{(S) ‘start-ordered’, i.e., ordered so that a(H1) < a(H2) <--- < a(H¢), and
H',..., HS denote these S-branches ‘completion-ordered’, i.e., ordered so that ﬁ(Hl) < ,B(HZ) <-... < B(H®). We have the
following lemma.
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Fig. 4. Coloring of S-branches. Note that red and blue branches may or may not overlap.

Lemma 3.4. Let G be a graph, let P = (X1, ..., X;) be a path decomposition of width k of G, and let S C V (G), where ¢ > k. Then, the
following two statements hold:

() a(Hj) > a(x) foralli>k+1andallx €S,
(ii) B(H") <B(x) foralli<c—kandallxeS.

Proof. For (i), since o(H1) <o (Hp) <--- <a(H,), it suffices to show that a(Hy41) > a(x). So suppose for a contradiction
that at(Hy41) < a(x). Hence, a(Hj) < a(x) for all j=1,...,k+1. It follows from Lemma 3.3(ii) that, for each j=1,...,k+1,
there exists v; € V(H;j) N Xq(». In particular, it follows that {v1,..., V41, X} € Xq(x), implying that [Xgx)| >k + 1, contrary
to the fact that P has width k. This proves (i). Next, (ii) follows from (i) applied to P’ = (X,..., X1). O

We now focus on S-branches H such that o (x) < a(H) < S(H) < B(x) for all x € S, since by Lemma 3.4 there is only
a constant number of branches that do not meet this condition for fixed k. As we cannot guarantee the existence of these
S-branches for S with small ¢ = |C£(S)|, we limit ourselves to special sets S referred to as bottlenecks.

A set S C V(G) is a bottleneck set if S # ¢ and ¢ > 13. We denote by S the collection of all bottleneck sets of G. Note that
if pw(G) <1, then G has no bottleneck sets. Also note that, if pw(G) = 2, then for any bottleneck S of size 1, all components
in Cg(S), except possibly two, are paths whose endpoints are adjacent to the vertex in S.

Example. To illustrate this concept, consider the graph G in Fig. 3. The sets X1, ..., X13 form a path decomposition of G.
The set S = {x} is a bottleneck set. There are 13 S-branches, namely, the connected components of G — {x}. Notice that
G — {x} has no components consisting of exactly one vertex, and therefore there are no S-leaves.

The bottleneck sets are a key for a couple more reasons. First, if G has no bottleneck set, then the size of the auxiliary
generic graph from Section 3.1 can be easily bounded by a polynomial in the size of G since the number of S-branches is
then bounded by a constant for any S. On the other hand, if G contains even a single bottleneck set S, then the number
of vertices (F, X) such that S € X in Gy can be exponential. This follows from an observation that the number of induced
subgraphs F with S C 8¢ (F) is exponential in |CZ(S)|. However, we prove that all, except a constant number, S-branches in
CE(S) are in consecutive bags X;, ..., Xj such that S € X, for each p=i—1,...,j+ 1. We refer to the interval between
i and j as the bottleneck interval of S and formally define it later. Since the S-branches in the bottleneck interval of S
always share bags with the whole S we can recursively reduce the computation of a minimum-length path decomposition
of width k of G to the computation of a minimum-length path decomposition of width k — |S| for the branches in the
bottleneck interval of S. This is another key reason behind the bottleneck sets. Also observe that |S| < k. Hence, the number
of bottlenecks is bounded by a polynomial in the size of G.

For any bottleneck set S and a path decomposition P, we define Ip(S) = {t1(S),...,t2(S)}, where t;(S), the starting
time, and t2(S), the ending time, are as follows:

t1(S) =min {«(H) | H is an S-branch and S € X (1) N Xa(H)—1} »
t2(S) =max {B(H) | H is an S-branch and S € Xg(u) N Xp(H)+1} -

We call Ip(S) the bottleneck interval associated with the set S. Informally, let X;, ..., X; be all bags in P such that each of
them contains S. Then, t1(S) is the start of the earliest S-branch to start in {i + 1,..., j — 1} and t2(S) is the completion
of the latest S-branch to complete in {i + 1,..., j — 1}. For example, in Fig. 3, we have t1(S) =3 and t»(S) = 11 for the
bottleneck set S = {x}.

Notice that Ip(S) depends on the path decomposition P. Whenever P is clear from the context we write I(S) instead
of Ip(S). We show in Lemma 3.5 that t1(S) and t,(S) are well defined and that t1(S) < t2(S), which implies I(S) # @. Given
the bottleneck interval I(S), we color each S-branch H as follows: (see also Fig. 4)
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color H green if t1(S) <a(H) < B(H) <t2(S);
color H red if a(H) <t1(S) < B(H) <t2(S);
color H blue if t1(S) <a(H) <t2(5) < B(H);
color H purple if a(H) <t1(S) <t2(S) < B(H);
color H gray if B(H) < t1(S);

color H black if a(H) > t(S).

There are exactly two gray S-branches, exactly two black branches, and the remaining branches are green for the bottleneck
set S ={x} in the graph G in Fig. 3.

Since t1(S) <t2(S) and «(H) < B(H), each S-branch is assigned exactly one color. Notice also that there exist S-branches
H and H’ (possibly equal) such that «(H) =t1(S) and B(H') =t,(S).

Lemma 3.5. Let G be a connected graph, let P = (X1, ..., X)) be a path decomposition of width k <3 of G, and S € S a bottleneck
set. Then, I(S) is well-defined and non-empty, and:

(i) there is at least one green S-branch;
(ii) the number of S-branches colored red, purple or gray is at most 2k;
(iii) the number of S-branches colored blue, purple or black is at most 2k.

Proof. Let H{, H;, ..., Hc be the S-branches start-ordered. Since S is a bottleneck set, we have ¢ > 13. We first claim that

a(G[S]) <=a(Hg) < B(G[SD forallge {k+1,...,c}. (2)

Let g e {k+1,...,c} be selected arbitrarily. By Lemma 3.4(i), «(x) < «t(Hg) for each x € S. Thus, by Lemma 3.3(i), x € Xo(H,)
for all x € S. Hence, S C Xa(Hg) and (2) follows.
Second, we claim that

a(G[S]) <a(Hg) < B(G[S]) forallqg e {2k +1,...,c}. 3)

To prove this, it suffices to show that o(Hak4+1) > @ (G[S]). Suppose otherwise, i.e., oo(Hok4+1) < a(G[S]). Since, by (2),
o (Hiy1) = a(G[S]), we obtain that a(Hyi1) = -+ = a(Hpky1) = a(G[S]). This implies that X, g[sj) contains a vertex of
each S-branch Hg with g e {(k+1,...,2k 4 1}. Thus, [Xu (sl = |S| +k+ 1, contrary to the fact that |Xq syl <k + 1. This
proves (3).

By applying this argument to P’ = (X, ..., X7), we conclude that

a(G[S]) < B(HY) < B(G[S]) forallq € {1, ...,c — 2k}. (4)

Let A=CE(S)\ ({H1,..., Hy) U {H 21 . HS)). By (3) and (4), a(G[S]) < a(H) < B(H) < B(G[S]) for all H € A, and
|A| > ¢ — 4k > 1. Thus, t1(S) and t,(S) are well-defined, and satisfy t1(S) < min{e(H): H € A} and t2(S) > max{8(H): H €
A}. Tt trivially follows that t1(S) < t(S) and hence I(S) is non-empty. For (i), notice that any H € A receives the color
green. Finally, (3) implies (ii), while (4) gives (iii). O

Example. Consider the graph G in Fig. 5. G has three bottleneck sets, namely {s1}, {s2} and {s1, s»}. For the bottleneck {s1},
we have {s1} C X; for each i =4,...,38. Then, t;({s1}) =5, because «(Hs) =5, and ty({s1}) = 37, because B(G[{s2} U
V(Hq13) U---UV(Hs37)]) = 37. Thus, all {sq}-branches are green except for Hq, ..., H4, which are either gray (H{, Hy, H3)
or black (Hy). For {s1,s2} we have: {s1,s2} C X; for each i =13,...,37, t1({s1,52}) = 14 and ty({s1, s2}) = 25. The branch
Hq3 is gray and the remaining {s1, sp}-branches, namely Hia4, ..., Hy5 are green. Thus, I({s1, s2}) C I({s1}). Finally, {s2} € X;
for each i =13,...,37, t1({s2}) = 26 and ty({s2}) = 36. Hence, I({s2}) € I({s1}) and I({s2}) N I({s1,s2}) = @. The green
components in C{({s2}) are Has, ..., H3g, the component Hsz is black, and the {sz}-branch G[{s1} UV (H1)U--- UV (H2s)]
is purple.

By definition, any bottleneck S has at least 13 S-branches. The proof of Lemma 3.5 shows that this number guar-
antees the existence of green S-branches for a bottleneck S. In the next section, we show that we can limit ourselves
to the a special class of path decompositions, referred to as clean path decompositions, which have no red and no
blue S-branches for any bottleneck S. However, gray and black S-branches are unavoidable since it may happen that
1(S) & {a(G[S]), ..., B(G[S])} as is the case in the example in Fig. 5. We also remark that the restriction to clean path
decompositions would make it possible to consider bottleneck sets as those having at least 7 (rather than 13) S-branches.
Though this would improve the complexity of our polynomial-time algorithm, we do not make this attempt to optimize its
running time.
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Fig. 5. A simple graph G with a path decomposition P, width(P) = 3.

3.4. Well-arranged path decompositions

We showed in the previous section that green S-branches appear only in the bottleneck interval I(S) of S € S. However,
red, blue and purple S-branches may also appear in I(S). (We say that an S-branch H appears in I(S) if there is t € I(S)
such that X; N V(H) # @.) Our goal in this section is to show that the search for minimum-length path decompositions
of width k < 3 can be limited to a class of well-arranged path decompositions with no red and blue S-branches for any
S € S. Moreover, any path decomposition in this class suspends all purple branches in I(S) so that only vertices of pur-
ple S-branches that appear already in {1,...,t1(S) — 1} may appear in I(S) for any S € S. We now formally define the
well-arranged path decompositions.

Let P = (Xj,..., X;) be a path decomposition of G. We say that a subgraph H of G waits in step i, 1 <i <[, if X;N
V(H) € Xj_1 N V(H). (In the latter statement we take Xo = @.) If H does not wait in step i, then we say that H makes
progress in step i. For an interval I C {1,...,1}, we say that a subgraph H of G waitsin I if H waits in all steps i € I, and we
say that H makes progress in I otherwise.

Definition 3.6. For S € S, we say that a path decomposition is well-arranged with respect to S if all components in G — S,
except possibly S-leaves and green S-branches, wait in the interval I(S). (Recall that not every component of G — S is
necessarily an S-component.) A path decomposition is called well-arranged if it is well-arranged with respect to every
bottleneck set.

In this section, we will show that for every graph G it is true that if G has a path decomposition of length I and width
at most k, then G has a well-arranged path decomposition of length [ and width at most k.

To show the existence of well-arranged path decompositions, we will choose our path decomposition to be minimal in
a certain sense. To make this precise, let us first order, for a given path decomposition P of G, the bottleneck sets of G as
S1,...,Sp such that for all i, j e {1,..., p} withi < j:

t1(Si) <t1(Sj), and if t1(S;) =t1(S;), thent2(S;) <t2(Sj). (5)

That is, we order the bottleneck sets by starting time t1(S) and, in case of a tie, by ending time t,(S). We associate with P
the vector at(P) = (|I(S1)I, ..., [I(Sp)D.-

Definition 3.7. A path decomposition P of G is called clean if, among all path decompositions of width at most width(P)
and length at most len(P) of G, the following holds:

(C1) size(P) is minimum;
(C2) subject to (C1), the vector «(P) is lexicographically smallest.
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We explicitly note the following:

Observation 3.8. If a graph has a path decomposition of width at most k and length at most , then it has a clean path decomposition
of width at most k and length at most L.

3.4.1. Basic characteristics of clean path decompositions
We now prove some characteristics of clean path decompositions. The proofs will require the following lemma that
strengthens Observation 1.2 for connected H.

Lemma 3.9. Let G be a graph, let P be a path decomposition of G, and let H be any connected subgraph of G. Then, for each t €
{a(H), ..., B(H) — 1}, we have |X; N Xep1 NV (H)| > 1.

Proof. Let t € {x(H), ..., B(H)—1} be given. Define A = (XgmyU...UX)NV(H) and B = (X¢11U...UXgH)) NV (H). Since
XoHy NV (H) and Xgyy N V(H) are non-empty, it follows that A and B are non-empty. Moreover, AU B =V (H) by (1). If
AN B =4, then (A, B) is a partition of V(H); by (PD2) it then follows that there are no edges between A and B, contrary
to the fact that H is connected. Thus, there exists v € AN B. By (PD3’), v € X; N Xty1 and hence v € (XN X)) NV (H). O

We begin by showing that any S-branch, S € S, that starts in I(S) does so with two vertices at a time; similarly, any
S-branch that completes in I(S) does so with two vertices at a time.

Lemma 3.10. Let G be a connected graph, let P be a clean path decomposition, S € S, and let H be an S-branch. The following
statements hold:

(i) Ifa(H) € I(S), then |V (H) N Xe(y| = 2.
(ii) If B(H) € I(S), then |V (H) N Xp(m)| > 2.

Proof. (i) By the definition of a(H), we have |V (H) N Xq | = 1. Suppose for a contradiction that V (H) N XgHy = {v}. It
follows from (PD2) that, for every u € Ny (v), there exists 7(u) € {«¢(H), ..., B(H)} such that {u, v} € X (). By the assump-
tion that Xy NV (H) = {v}, it follows that 7 (u) # o(H). Moreover, by Lemma 3.9, we have |Xym)+1 N Xow) NV (H)| > 1,
which implies that v € Xy (H)+1. Finally, because o (H) € I(S), we have S € Xy (H)+1. Now construct a new path decomposi-
tion P’ from P by replacing bag Xy 1)y by Xa(m) \ {v}. Then, (PD1) still holds for P’ because v € Xy (#)+1. To check (PD2),
notice that the only edges that might violate this condition are the ones of the form {u, v} where u is a neighbor of v. Any
neighbor u of v is either in S or in Ny (v). For u € S, we have {u, v} € Xy (H)+1; for u € Ngy(v), we have {u, v} € X¢ (). Thus,
(PD2) holds for P’. Finally, v is the only vertex that might violate (PD3’). However, since v ¢ X for j < a(H), condition
(PD3’) holds for v. Thus, P’ is a path decomposition with size(P’) < size(P), contrary to the fact that P is clean. This
proves (i). Part (ii) follows from the symmetry, i.e., by applying (i) to the reverse of P. O

For any S € S, by Lemma 3.5, I(S) is well-defined and hence the definition of I(S) implies that there exists some
S-branch that starts at t1(S), and similarly there exists some S-branch that completes at t;(S). Together with Lemma 3.10
and the fact that k < 3, this gives the following useful corollary:

Corollary 3.11. Let G be a connected graph, let P be a clean path decomposition of width k < 3 of G, and S € S. Then, the following
statements hold:

(i) thereis exactly one green S-branch H such that |X¢, sy NV (H)| > 2.
(ii) there is exactly one green S-branch H such that | X¢, sy NV (H)| > 2.

We say that H in (i) determines t1(S), and similarly, H in (ii) determines t;(S).
Moreover, the following lemma shows that if an S-branch H, S € S, makes progress in step t € I(S) of a clean path
decomposition, then X; must contain at least two vertices of V (H).

Lemma 3.12. Let G be a connected graph, let P be a clean path decomposition, S € S, and let H be an S-branch. Then, for any t € I(S),
if H makes progress in step t, then | X; NV (H)| > 2.

Proof. Clearly, since H makes progress in step t € I(S), we have t € {¢(H), ..., B(H)} N I(S). If t = «(H), then the result
follows from Lemma 3.10. So we may assume that t € {¢(H) + 1,..., B(H)} N I(S). Then, there exists a vertex u € (X; \
Xi—1) N V(H). However, by Lemma 3.9, we have |X; N X;—1 N V(H)| > 1. Thus, there is a vertex v € X; N X;—1 N V(H) and
v # u. Therefore, {u, v} € X; N V(H), as required. O
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Finally, Corollary 3.11 and k < 3, give the following upper bounds on the numbers of red, blue and purple S-branches for
Sed.

Lemma 3.13. Let G be a connected graph, let ‘P be a clean path decomposition of width k <3 of G, and S € S. Then, the following
statements hold:

(i) there is at most one red or purple S-branch;
(ii) there is at most one blue or purple S-branch;
(iii) if there is a red, purple, or blue S-branch, thenk =3 and |S| = 1.

Proof. By Corollary 3.11, there exist green S-branches Hy and Hy (possibly H1 = H3) such that {u;, vi} € X¢,s) NV (H;) for
each i =1, 2. Suppose that there exists an S-branch that is red or purple and let HY, ..., H; be all S-branches that are red
or purple. By Lemma 3.9, for each i =1, ...,r there exists u; € V(H;) N X, (s). Hence, SU {u1, vi} U {u}, ..., u;} € Xiy(s). BY
the definition of the coloring, u} ¢ {u, v} for each i € {1,...,r}. Thus, r <1, which proves (i).

For (ii), suppose that there exist ¢ > 1 S-branches that are blue or purple. Denote those S-branches by H7, ..., Hg. By
Lemma 3.9, for each i=1, ..., q there exists u} € V(H]') N X;,(s). Hence, SU{uz, v2}U{uf, ..., u]} € X, (s). By the definition
of the coloring, uf ¢ {uz, vo} for each i € {1,...,q}. Thus, ¢ <1 and (ii) follows.

Finally, if r=1 or g =1, then SU{uy, vi,u}} S X¢ sy or SU{ua, va, u]} C Xi,(s), respectively. Because | Xg;(s)| <k+1 <4,
i=1,2, this implies that k=3 and |S| =1, as required in (iii). O

3.4.2. The absence of red and blue S-branches

We now show that clean path decompositions lack red and blue components. We start with the following lemma,
which provides a convenient way of re-arranging a path decomposition. Notice that this lemma applies to all components
of G — S (i.e.,, S-branches, but also S-leaves and other components of G — S that are not S-components). Note also that
we can always add empty sets to the beginning and/or the end of a path decomposition, so that the condition that the
path decompositions be of length exactly |I(S)| is less restrictive than one may think at first glance. (Recall that S is the
collection of all bottleneck sets of G.)

Lemma 3.14. Let G be a connected graph, let P = (X1, ..., X;) be a path decomposition of width k <3 of G, and S € S. Write
t1 =t1(S) and ty = t5(S). For each component H of G — S, let Q" = (Y{!, ..., Y[1) be a path decomposition of length |1(S)| for the
graph

HS,Py=H| | XnVH) |,
tel(S)

satisfying the following conditions:

(i) if ep(H) <ty, then X¢, NV (H) S Y and
(ii) if Bp(H) > ta, then X, NV (H) C Y /.

Define P’ = (X1,...,Xt1_1, SUlUy Yt’f,...,SU Uy Yfz’, Xt2+1,...,Xl), where the unions are taken over all components H of
G — S. Then, P’ is a path decomposition of G of width at most k.

Proof. For convenience, define P; = (X1,...,X,-1), Py = (SUUy Yt’;',...,SUUH Yt’;') and P} = (Xt41,.... Xi). Re-
call from Lemma 3.5 that Ip(S) # ¢, and hence P, is not an empty list. Moreover, define Z = G — e/, (s) Xt i€,
Z is the subgraph of G induced by all vertices not appearing in any bag X; with t € Ip(S). Notice that V(G) =
V(Z)USUUy V(H(S, P)). Write P’ = (X],..., X)).

To check (PD2), let {u, v} € E(G). There are a few possibilities. If v € V(Z), then, by (PD2) for P, there exists some t such
that {u, v} € X¢; since v ¢ X; for all s € Ip(S), it follows that t ¢ I>(S), and hence X| = X, so that {u,v}e X/. If u,v eSs,
then {u,v} € X/ . If u,v € V(H(S,P)) for some component H of G — S, then (PD2) for Q¥ implies that {u,v} € Y} for
some t € Ip(S), and hence {u, v} C X{. Finally, if u € S,v € V(H(S, P)) for some component H of G — S, then by (PD1)
for OF, v e Yt” for some t € I'p(S), and hence {u, v} C X{. This establishes (PD2). Note that (PD1) follows from (PD2)
because G is connected.

Finally, in order to verify (PD3’), let v € V(G). If v € SU V(Z), then notice that X{ N (SUV(Z)) =X; N (SUV(Z)) for
all t € {1,...,1}, and hence property (PD3’) for v follows immediately from the fact that (PD3’) holds for P. So we may
assume that v € V(H(S, P)) for some component H of G —S. Let 1 <i <i’ <I be such that ve X/ and v € X;,. We need to
show that v e X} for all j € {i,...,i'}. Notice that, because v € V(H(S, P)), there exists t* € Ip(S) such that v € X+. Let us
go through the cases:
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All bags containing vertices from
green S-branches

Bags containing at least two

vertices of the blue S-branch H’

T " 8]

Bags containing at least two
vertices of the red S-branch H

Fig. 6. P is not well-arranged with respect to S.

(1) i<i <ty orty <i<i'. Then, X;. = Xj for all je{i,...,i'}, and hence the fact that v € X} follows directly from (PD3’)
for P.

(2) ty <i<i' <t;. Then, ve Y/ and v € Y}/ and hence the fact that v € Y]H € X), j=i,....7 follows directly from (PD3')
for oM.

(3) i <t; <i <ty. Then, v € X;. Hence, by (PD3’) applied to i,t; and P, it follows that v € Xjforall jefi,...,t1}. In
particular, also v € X;,. Since v € X;, we have a(H) < t;. Thus, by condition (i) in the statement of the lemma, it
follows that v € Yt’;’ C Xj,. Now it follows from (2) applied to t1,i’ that v € X} for all je{tq,...,i'}.

(4) t1 <i <ty <. It follows from (3) and the symmetry (through P’ = (X}, ..., X1)) that v € X; for all je{i,...,i'}.

(5) i <ty <ty <i. It follows from (3) applied to i,t; that v € X} for all je{i,..., t2}, and it follows from (4) applied to

tp,i’ that v € X;. for all j e {ty,...,1'}, as required.
This proves the lemma. O
We make the following observation about shortening path decompositions.

Observation 3.15. Let G be a connected graph and let P = (X1, ..., X;) be a path decomposition of G. Denote Xo = X;+1 = 0. Then,
the deletion of any bag X;, t € {1, ..., 1}, satisfying X; € X;—1 N X1 results in a path decomposition of width at most width(P) of G.

We now prove the main result of this subsection. This result is the first step towards proving that clean path decompo-
sitions are well-arranged.

Lemma 3.16. Let G be a connected graph and S € S. Let P = (X1, ..., X;) be a clean path decomposition of width k < 3 of G. Then,
there are no blue and no red S-branches.

Proof. First note that by Lemma 3.13(iii), if k < 2, then there are no red and no blue S-branches, and hence there is nothing
to prove. So we may assume from now on that k = 3. Write t; = t1(S) and t; = t2(S). Suppose for a contradiction that there
is a red or a blue S-branch H. We will construct a new path decomposition P’ of width k < 3 and length [ for G, which
satisfies size(P’) < size(P), contrary to the fact that P is clean.

It follows from Lemma 3.13(iii) that there are no purple S-branches and |S| = 1. It also follows from Lemma 3.13 that
there may exist at most one blue S-branch and at most one red S-branch. Let H be the red S-branch, if any exists; otherwise
let H be the empty graph. Similarly, let H” be the blue S-branch, if any exists; otherwise let H' be the empty graph. Notice
that, by assumption, H and H’ are not both empty graphs.

Since G is connected, the fact that |S| =1 implies that every component of G — S is an S-component. Let R C Ip(S)
be the set of steps t such that |X; NV (H)| > 2, let B C Ip(S) be the set of steps t such that |X; NV (H')| > 2, and let Z =
Ip(S)\ (RUB). Letr{ <rp <--- <1, be the steps in R, let by <by <--- < by be the steps in B, and let z; <z <--- < zs
be the steps in Z. We show that R UB = @ first. Suppose for a contradiction that R U # . Corollary 3.11 and k = 3 imply
t1,t2 € Z, so that z;y =tq, zs =t2, and RN B =@ (see Fig. 6).

For t € Ip(S), write X; =S¢ U Ry U By U Z;, where S; contains the vertex of S and all S-leaves in X;, Ry = X; N V(H),
By =X¢NV(H"), and Z; = X; \ (St UV (H)UV (H")). Thus, R; consists of the vertices of the red S-branch H (if any) in X, B¢
contains the vertices of the blue S-branch H’ (if any) in X;, Z; contains the vertices in X; that belong to green S-branches
in X;. Note that S;, Ry, Z; and B; are pairwise disjoint.

Construct P’ from P by replacing the bags X¢,, ..., X,, of P by the bags

S URr.....Sr,URp,. Sz UZz,...,S;,UZs., Sp UBp,.....Sp UBp,. (6)
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Let P = (X’,...,X{) be the result of the replacement. Let 7:Ip(S) — Ip(S) be the permutation function that maps
(t1,....t2) to (r1,...,1p,21,...,2s,b1,...,bg). We will show that P’ is a path decomposition of width at most 3 of G
that satisfies size(P’) < size(P).

We first claim that |X[| <4 for all t € {1,...,1}. To see this, note that X/ = X; for all t ¢ I'»(S), and hence |X[| <4
trivially holds. Also, X{ C X for all t € I'p(S), thus again |X{| < 4.

Next, we claim that size(P’) < size(P). It suffices to show that |X;r(t1)| <|X¢ | or |X7’T(t2)\ < | X, |. By assumption, at least
one of B, R is non-empty. If B # ¢, then since H’ is a blue S-branch there exists w € X;, N V(H’). By Corollary 3.11(ii),
|Xr, NV (H")| =1, thus, 7 (t;) € RU Z. Therefore, Xz/r(tz) C Xt,, and w ¢ X;T(tz) by (6) which proves |X7/T(t2)| < |X¢,|. Similarly,
if R # 0, then since H is a red S-branch there is u € X;, NV (H). By Corollary 3.11(i), |X;, NV (H)| =1, thus, w(t;) e ZUB.
Therefore, XJ’T(m C X, and, by (6), u ¢ X7/1<t1) which proves |X7/T(t1)\ < |X¢, |. Thus, indeed size(P’) < size(P).

We now argue that P’ is a path decomposition of G. For every S-component J such that V(J) N X; # @ for some

t € Ip(S) define

Js.m=1| U xnvn|,
telp(S)

i.e., J(S,P) is the subgraph of J induced by all vertices that appear in bags of P in the interval Ip(S). We have, by
Observation 3.15:

o OH = (Rrys .. Rey, 9, ..., 9) is a path decomposition of length |Ip(S)| of H(S, P);

o OH = @,....90, Bpy,--., Bpy) is a path decomposition of length |I»(S)| of H'(S, P);

o for any green S-branch H*, ot =@,....9, Z;, NVHY,...,Z;;, NV(H*),0,...,0) is a path decomposition of length
[Ip(S)| of H*(S,P);

e for J being an S-leaf v, ap(v) € I(S), Q) = Sy N{Vv}, ..., Sz N{v}) is a path decomposition of length [Ip(S)| of
J(S,P).

In order to apply Lemma 3.14, it remains to show that X, NV (H) C X{l and X, NV(H") S X{Z. Notice that X, "V (H) =
Ry, and X{l = Sy, URy,. Thus, it suffices to show that R, € R;,. This is trivial if there is no red S-branch. Otherwise,

because |R¢,| =1 and H waits in {tq,...,r1 — 1}, it follows that Ry, =--- = Ry, —1. By Lemma 3.9, |R;,—1 N Ry | > 1 and
hence R;, C Ry,. Similarly, it suffices to show that By, C Bbq. Again, this is trivial if there is no blue S-branch. Otherwise,
because |Bp, 11| =1 and H' waits in {bg +1,...,t2}, it follows that By, 41 =--- = Br,. By Lemma 3.9, |Bp, N Bp, 1] > 1 and

hence B, C Bbq.

Thus, by Lemma 3.14, P’ is a path decomposition of G, which proves that R U B = @. Therefore if H is non-empty,
then Xy, NV(H) =--- = Xgu) N V(H) = {v}. (Otherwise, H makes progress in Ip, and thus Lemma 3.12 implies R # ¢,
a contradiction.) Since «(H) < t1, we have X, 1 N Xy, NV (H) ={v} by Lemma 3.9. Moreover, by definition of t1, S € X, 1.
Therefore, deleting v from the bags X;,,..., Xg) would result in a path decomposition P’ of G such that size(P’) <
size(P), since t1 < B(H), contrary to the fact that P is clean. Thus, no red S-branch exists. The proof that no blue branch
exists follows by symmetry (take (X, ..., X7) instead of P = (X1,...,X))). O

3.4.3. Clean path decompositions are well-arranged

We now show that clean path decompositions are well-arranged, and thus, by Observation 3.8, we may limit our search
for a minimum-length path decomposition to well-arranged path decompositions. Then, we give the third key property of
clean path decompositions.

Lemma 3.17. Let G be a connected graph and let P = (X1, ..., X;) be a clean path decomposition of width k < 3 of G. Then, P is
well-arranged.

Proof. Let Sq,..., S, be the bottleneck sets of G ordered as in (5). We will prove by induction on m that P is well-arranged
with respect to the bottleneck sets S1,..., Sy, for each m=0, ..., p. Thus, the case m = p is the result of the lemma. The
base case m =0 is trivial. For the general case, let 1 <m < p and assume inductively that P is well-arranged with respect
to S1,...,Sm_1. Let & (P) be the vector with the first m entries of o (P).

Now suppose for a contradiction that P is not well-arranged with respect to Sp,. The latter implies that some compo-
nent H of G — Sy, which is neither an S;;-leaf nor a green S;;-branch, makes progress in some step in Ip(Sy). It follows
from Lemma 3.16 that there no red and no blue S;;-branches. Thus, H is either not an S;;-component or a purple S;;-branch.
We deal with these two cases separately.

CAse 1: H is not an Sp-component. If |S;,| =1, then every component of G — S;; is an Sp-component, so it follows that
|Sm| > 2. Therefore, by Lemma 3.13(iii), there are no purple S;-branches. By Corollary 3.11, some green S;,-branches make
progress in steps t1(Sm) and t2(Sm). Thus, k=3, |Sy| =2, and X, (s,,) and X¢,s,,) contain no vertices of H. Denote Sy, =
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{s1,s2}. Let r1 = ap(H) and r; = Bp(H). Since H makes progress in some step in Ip(Sm), t1(Sm) <11 <12 < t2(Sm). We
may assume that H is selected in such a way that r, is as large as possible. Define

Pl=(Xt,s Xe—1, Xrpttsooos XeySm)s Xipsooos Xrgs Xey(smyt15 -5 Xi).-

The proof that P’ is a path decomposition of G follows from the following key observations. First, only the vertices of Sy,
green Sp-branches, Sp-leaves, and components of G — Sy, that are not S;;-components can appear in X (s, - - - Xtz (Sm)-
Second, no vertex of H appears outside of X;,,..., Xp,. Third, |[X; N V(H)| > 1 for each t € {r1,...,1r2}, |Sm| =2 and the
assumption that r, is as large as possible, imply that no G — Sy, component H' # H with [V (H)| > 2 (this clearly includes
Sm-branches) makes progress in steps ri,...,r2. Thus, no bag X; for t € {r{,...,ry} contains a vertex of a component
H' # H of G — Sy, with |V(H)| > 2, because otherwise we could reduce the size(P) and thus contradict (C1). Indeed,
[XeN(SmUV(H))| >3 for each t € {rq, ..., 2} because H is connected, and, by Lemma 3.12, |X; N (S UV (H))| > 3 for some
t €{ri,...,r2}. This implies that H’ makes no progress in any step in {r1,...,r2} and either V(H)N(X; U---UX; 1) =0
or V(H) N (Xr,41 U---U X)) = ¢. The latter implies that removal of the vertices of H' from the bags X;,,..., X, of P
provides a valid path decomposition of G with smaller cost, which gives the required contradiction with (C1). Therefore,
each vertex in X; \ (Sm UV (H)), t € {r1,..., 12}, belongs to a component H # H of G — S;; with |V (H)| =1 (this clearly
includes Sy;-leaves). Therefore, Xy _1 N Xy, = S = Xy, N Xp,41. Finally, by Corollary 3.11, some green S;-branch makes
progress in step t(Sm). Therefore, since k=3 and |S;;| =2, we have Sy = X, (5,) N Xty (Sy)+1-
We claim that . (P’) <1 & (P), which contradicts (C2). To prove this claim, it suffices to show that

t1(Si) = t1(S;) and t5(Si) < t2(Si) (7)

for all i=1,...,m, with strict inequality t,(S;) < t2(S;) for i =m.

First note that ap(x) = ap(x) and Bp(x) = Bp(x) for each x € Sy. Thus, @p(Sm) = @p (Sm) and Bp(Sm) = Bp' (Sm).
Let H' and H” be the green Sp-branches that determine t1(Sp) and t3(Sp) in P, respectively. We have ap/(H') = ap(H)
and Bp/(H") < Bp(H"). By definition, there is no Sp-branch J such that @p(Sm) < ap(J) < t1(Sm) or t2(Sm) < Bp(J) <
//S\p(Sm). Also, we proved that there are no vertices of Sp-branches in X,,,..., Xy,, thus the Sp-branches H and H”
determine t}(Sy;) and t5(Sm) in P’, respectively. Therefore, t](Sy) = t1(Sm) and t,(Sm) < t2(Sm), thus the inequality
t5(Si) < t2(S;) for i=m in (7) is strict.

Now consider S;, with i € {1,...,m — 1}. Because i <m, we have that t1(S;) <t1(Sy). By definition of t1(S;),

S; C X; for some t < t1(Sm). (8)

Let uq,uz € V(H') N X, (s,,- Since k =3, we have X (s, = {s1, 52, u1, uz}. Let H; and H} be the green S;-branches that
determine £1(S;) and t(S;) in P, respectively. If S; contains a vertex that is not in X, (s,,), then, by (8), £2(S;) < B\p(Si) <
t1(Sm). Thus, Hj and H{ determine t{(S;) and t,(S;) in P’. Therefore, t;(S;) =t1(S;) and t5(S;) =t2(S;) and (7) holds for
the i. So we may assume that S; C X, (s,. If uj € S; for some j € {1,2}, then t1(S;) > &@p(S;) > t1(Sm), a contradiction.
Thus, S; C {s1, S2}. By the symmetry and the fact that S; # S;;;, we may assume that S; = {s1}.

Since @p(Si) < @p(Sm) and Bp(Sm) < Bp(Si), we have @p(Sy) = @p/(Si) and Bp(Si) = p(S). Also, since t;(S;) <
t1(Sm), H} determines t(S;) in P’. Thus, t(S;) = t1(S;). By definition, there is no S;-branch J such that t3(S;) < gp(]) <
//3\7)(5,'). Thus, both for t2(Sm) < Bp(H) =t2(S;) and for Bp(H}) =t2(S;) < r1, H] determines t}(S;) in P'. Thus, in both
cases t5(Si) =t2(S;) and (7) holds for the i. Finally, suppose that ri < 8p(H]) < t2(Sp). We show that this case leads
to a contradiction with the inductive assumption that P is well-arranged with respect to S;. Consider the component H*
in G — S; that contains s,. Since |S;| =1, all G — S; components are Sj-components. Moreover, |V (H*)| > 2 because H*
includes also u; and up, and hence H* is an S;-branch. We have, Sp(H*) > Ep(si), because otherwise H* is a green
Si-branch, and Bp(H*) > Bp(s2) = Bp(Sm) > t2(Sm) > Bp (H). Therefore, since, by definition of H/, Bp(J) < gp(H/) for
any green S;-branch J, we get a contradiction. However, gp(H*) > //3\7;(5,-) and Lemma 3.16 imply that H* is a purple
Si-branch (observe that ap(H*) < t2(S;), since ap(H*) < ap(sy) < &p(Sm) < t1(Sm) <11 < t2(S;)). Moreover, H* makes
progress in t1(Spy) for Sp-branch H' makes progress in t1(Sp) and H’ is a subgraph of H*. This contradicts the fact that P
is well-arranged with respect to S; for t1(Sy) € I'p(S;) (observe that t1(S;) <t1(Sm) <11 <t2(51)).

CASE 2: H is a purple Sy-branch. By Lemma 3.13, |Sy| =1, and k = 3. Denote S;; = {s}. Every component in G — S, is
either an Sy;-branch or an Sp;-leaf. Because H makes progress in Ip(Sy;), Lemma 3.12 implies that |X; NV (H)| > 2 for
some t € Ip(Sy). Let ry € I'p(Spy) be the latest step such that [X,, NV (H)| > 2 and let r; <r, be the earliest step such that
|Xe NV (H)|>2 for all t =rq,...,1p. For each t € Ip(Sp), write X; = Z; U R; U A¢, where Z; is the set containing S;; and
all Sy;-leaves contained in X;, Ry = X; N V(H), and A; = X; \ (R; U Z;). Notice that A; contains precisely the vertices in X;
that belong to green S;,-branches. By Corollary 3.11, some green S;-branches make progress in steps t1(S;) and t2(Sp).
Thus, Observation 1.2, k = 3, and definition of purple Sp-branch imply |R¢, (s,,)| = |R¢,(s,,)| = 1. Therefore, t1(Spm) <11 <12 <
t2(Sm).

By Observation 1.2, definition of purple Sp,-branch, and the choice of r1 and rp, we have |Ry _1| =1, and [R¢| =1 for
all t e {rp +1,...,t2(Sp)}. The latter also implies that |Z, UA;| <3 for all t € {r; +1,...,t2(Sm)}. Construct P’ from P by
replacing the bags X;,, ..., X¢,(s,,) by
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Zryt1 UA+1 UR -1, ooty Zty(Sm) UAtz(Sm) URy -1, ZyyURy, ..., Zr, URy,. 9)

Clearly, P’ satisfies width(P’") < 3. We claim that no green S,;-branch H” makes progress in a step t € {rq, ..., r}. Indeed,
if this were the case, then |X; N V(H”)| > 2 and, by the choice of r; and rp, we would have |X; N (Z; U R;)| > 3, which
is not possible because width(P) < 3. Thus, if V(H”) N X; # @ for some green Sp-branch H”, then V(H”) N X; = {v} for
some vertex v and each t € {r1,...,r2}. Hence, again due to the minimality of size(P), we have that v € Ay,41. This and
Lemma 3.14 imply that P’ is a path decomposition of G. If A; # @ for some t € {r1,...,r2}, then, by (9), size(P’) < size(P),
which contradicts (C1). So, A =@ for all t € {rq,...,12}.

We claim again that o, (P’) <t an(P). As in Case 1, it suffices to show that (7) holds for all i =1,...,m, with strict
inequality t}(S;) < t2(S;) for i =m. First note that ap/(s) = ap(s) and Bp/(s) = Bp(s). Thus, ap(Sm) = dp/(Sm) and
B\p(Sm) = Epf(sm). Let H and H” be the green S,-branches that determine t{(Sp) and t;(S;) in P, respectively. We
have ap/(H') = ap(H') and Bp (H") < Bp(H”). By definition, there is no Sp-branch J such that &p(S) < ap(J) < t1(Sm)
or t2(Sm) < Bp(J)) < EP(S). Moreover, we proved that there are no vertices of green S;,-branches in X;,..., X;,, and by
Lemma 3.16 there are no red and blue Sp-branches, thus Sp-branches H' and H” determine t}(Sy) and t,(Sy) in P,
Therefore, t}(Sm) =t1(Sm) and t5(Sm) < t2(Sm), thus the inequality for i =m in (7) is strict.

Now consider S; with i € {1,...,m — 1}. Because i < m, we have that t1(S;) < t1(Sm). By definition of t;(S;), this
implies (8). Let uq,uz € V(H') N X¢(s,)- Let w be the unique vertex of H in X s,). Since k =3, we have X,(s,) =
{s,w,uq,up}. If S; contains a vertex that is not in X¢,(s,,, then, by (8), t2(S;) < Bp(S;) < t1(Sm). Thus, t1(S;) = t1(S;)
and t,(S;) =t2(S;) and (7) holds. So we may assume that S; C X;,(s,,)- If uj € S; for some j € {1, 2}, then t1(S;) > &p(Si) >
t1(Sm), a contradiction. Thus, S; C {s, w}. Since S; # Sp,, this implies that either S; = {s, w} or S; = {w}.

If S; = {s, w}, then, by Corollary 3.11, H' makes progress in t1(Sy;). However, H’ is a component in G — S; which is not an
Si-component. Thus, t1(S;) < t2(S;) contradicts that P is well-arranged with respect to S; (observe that t1(Spy) € Ip(Si)).
If t1(Sm) > t2(S;), then t,l (Si) =t1(S;) and t’z(si) =1t,(S;) and (7) holds.

Consider S; = {w}. Let H,f ang Hlf’ be the green S;-branches that deteimine £ (Si) and t»(S;) in P, respectively. Since
ap(Si) < t1(Sm) and t2(Sm) < Bp(Si), we have &p(S;)) =dp/(S;) and Bp(S;) = Bp/(Si). Since t1(S;) < t1(Sm), Hj de-
termines t7(S;) in P’. Thus, t{(S;) =t1(S;). By definition, there is no S;-branch J such that t3(S;) < Bp(Si) < ,/3\77(5).
Thus, both for t2(Sm) < Bp(H]) =t2(S;) and for Bp(H]) =t2(S;) <r1, H determines t}(S;) in P’. Thus, in both cases
t5(Si) = t2(S;) and (7) holds. Now suppose that r1 < Bp(H]) < t2(Sm). We show that this case leads to a contradic-
tion with the inductive assumption that P is well-arranged with respect to S;. The S;-component H* that contains s
is an S;-branch for it includes also u; and up. Thus, gp(H*) > Ep(S,-), because otherwise H* is a green S;-branch
and Bp(H*) = Bp(s) > t2(Sm) > Bp(H), which contradicts the choice of H{ as the branch that determines t{(S;).
However Bp(H*) > //3\1)(5,') and Lemma 3.16 imply that H* is a purple S;-branch (observe that ap(H*) < t3(S;), since
ap(H*) <ap(s) =aA(Sm) <t1(Sm) <11 <t2(S;)). Moreover, H* makes progress in t1(Sy,) for H' makes progress in t1(Sm)
and H’ is a subgraph of H*. This contradicts the fact that P is well-arranged with respect to S; for t1(Sp) € Ip(S;). O

A collection B of sets is called strictly nested if for all X, X" € B, (X # X’) and (either XN X' =@, or X C X', or X’ C X).

Lemma 3.18. Let G be a connected graph and let P = (X1, ..., X)) be a clean path decomposition of width k < 3 of G. Then, the
collection {I(S): S € S} is strictly nested.

Proof. Let S and S’ be two distinct bottleneck sets. We may assume without loss of generality that |S| > |S’|. Write I(S) =
{t1,...,t2} and I(S') = {t},...,t}}. Suppose for a contradiction that (I(S) = I(S")) or (I(S) N I(S") # %, I(S) ¢ I1(S') and
I1(S") € I(S)). Perhaps by taking (X, ..., X1), we may assume that t; <t} <t; <t}. By definition of ¢, there exists a green
S’-branch H' that determines . Fix z € Xt; NV (H’). By Lemma 3.16 there are no red or blue S-branches, and by Lemma 3.17
any purple S-branch and any component in G — S that is not an S-component waits in I(S), thus it follows that z is a vertex
of an S-component H which is either an S-leaf or a green S-branch.

We first show that H is a green S-branch. Let x € S\ S’ (such x exists because |S| >|S’| and S # S'). If x and z are in the
same connected component (i.e,, in H’) in G — §’, then t] = a(H’) < a(x) < d(S) <t; <t}, a contradiction. Thus, x and z
are in different connected components of G — S’. This implies that any path between x and z passes through a vertex in S’.
Now suppose for a contradiction that H is an S-leaf. Then V (H) = {z} and the edge (x, z) € E(G) is a path between x and z
that does not pass through a vertex in S’ since neither x nor s belong to S’. Therefore, H is a green S-branch, thus includes
some vertex w # z.

Now, since we just shown that (x,z) ¢ E(G), we can chose w so that (x, w) € E(G). Therefore, w € S\ S or at least
one vertex on any path between w and z in H must be in S’. Thus, S’ N V(H) # @. This, however, implies that S(H) >
B\(S/ ) >t} > tp, contrary to the fact that B(H) <t (which follows from the fact that H is a green S-branch). This proves
the lemma. O

3.5. An algorithm for connected graphs

In this section we turn the generic exponential-time algorithm from Section 3.1 into a polynomial-time algorithm that
finds a minimum-length path decomposition of width at most k of G for given integer k <3 and connected graph G. Recall
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that it can be checked in linear time whether pw(G) < k; see [6,9]. We formulate the algorithm in this section and prove
its correctness in the next section.
Let k € {1, 2,3} and let G be a connected graph. For every non-empty set S C V(G), |S| <k + 1, define

Q) ={G. f.D | GSCL(S),IGI = ICES) - 12,
f:CE(S) = (0,1}, f(H)= f(H')forallH,H €G,
1e{0,....1ctOIY) (10)

if SeS (ie, if S is a bottleneck set), and

QS)={®@, f.1) | f:CE(5) = 10,1}, L€{0, ..., ICL(SIN (11)

if S¢ S. Every triple in Q(S) provides information on which S-components have been covered (completed) by a partial
path decomposition. Here, f(H) =1 means that H has been covered.

The first entry, G, represents the collection of green S-branches. By Lemma 3.5, in any path decomposition, every bottle-
neck set S has at most 12 non-green S-branches, thus there are at least |G| > |C£(S)| — 12 green S-branches. Moreover, by
the definition of a bottleneck, there must be at least one green S-branch. Thus, G is always non-empty for S € S. Since we
only define the coloring of S-components for bottleneck sets S, G is set to be empty for S ¢ S.

The second entry, f, keeps track of which S-branches have been covered by a partial path decomposition ( f assigns 1
to those S-branches). Notice that we require that either all green S-branches are covered, or none of them are covered. The
third entry, [, counts the number of S-leaves that are covered by a partial path decomposition.

Note that for |S| > 1, there may exist connected components in G — S that are not S-components, and thus Q(S) does
not provide any information about whether such components have been covered or not by a partial path decomposition.
This information, however, is not lost since it is provided by Q(S’) for some S’ & S.

Next, for X C V(G), define R(X) to be the set of all functions R:2%X \ {#}} — Uscx Q(S) such that R(S) € Q(S) for each
S C X, S#. Thus, each R € R(X) selects a triple from Q(S) for each non-empty set S € X. Now define the following
edge-weighted directed graph G, with weights w: E(Gy) — Z. The vertex set of Gy is

V(G ={(X,R) | XS V(G),IX| <k+1,ReR(X)}Us,t}.

In the following we denote s = (%, %) and C}(S) = {vi(S) | i=1,...,|CL(S)|}. Notice that if S # S’, then CL(S) and CL(S")
are disjoint.

Every vertex v € V(Gi) represents a set ), of the vertices of G covered by any partial path decomposition that cor-
responds v. We first show how to define V), for any given vertex v = (X, R) € V(Gi). For each non-empty S C X, write
R(S) = (Gs, fs,ls). Now, V), is given by

Vw=XxU J [viS).....v) U | v |. (12)
SCX,S£0 HeCL(S)
fs(H)=1

We are now ready to formally define the edge set of G and the corresponding edge weights. The informal comments follow
the definition. Let there be an edge from v to t if and only if V, = V(G); the weight of such an edge is set to zero. Then, let
there be an edge from v = (X,R) € V(Gy) to v/ = (X', R") € V(Gy) (v # V) if and only if V, TV, (X' \Sc(GCDHY]D)NVy =0
and one of the two following conditions holds:

(G1) Vyy\ Vy € X’ and 8¢ (G[Vy]) = X' NV,. Set w(v,v') = 1. We refer to the edge (v, v’) as a step edge.
(G2) Yy \ Vy € X, and there exists a bottleneck set S € X N X" with R'(S) = (G§, f¢,I5) such that:
(G2a) Vy \ Vy =Ys, where Ys = {v[;41(5),..., v, S}y UHEG’S V(H), and R(S) = (Gs, fs,ls).
(G2b) 3¢(G[Vy]) =S, where S=XnNX'.
(G2c) X' =S.
(G2d) there exists a path decomposition P = (X, ..., X;) of width

width(P) <k — |S| (13)

for a possibly disconnected graph G = G[Ys]. Set w(v,v') =, where f is taken as small as possible. (In other
words, we take P to be of minimum length.)
We refer to the edge (v, v’) as a jump edge and to S as the bottleneck set associated with (v, v’). We refer to any path
decomposition (X; US, ..., X; US) as a witness of the jump edge.
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We naturally extend the weight function w to the subsets of edges, i.e., w(F) =)_,.r w(e) for any F C E(Gy).

An s-t path in Gy allows to construct a sequence of bags as follows. We start with an empty sequence in s. Then,
whenever that path passes through a directed edge (v,v’) in G, we append the bag X/, if (v,v’) is a step edge, or a
sequence of bags (X/,...,Xg), where X| = SuUX; forall i=1,...,t if (v,v') is a jump edge, to the sequence. We stop
reaching t.

In the next section, we prove the following theorem that is analogous to Lemma 3.2 for the generic exponential-time
algorithm:

Theorem 3.19. Let k € {1, 2, 3} and let G be a connected graph. There exists an s-t path of weighted length | in Gy, if and only if there
exists a path decomposition of width at most k and length | of G.

Before we give a formal proof of the theorem, we provide some informal insights into the definition of G, and the above
construction of a path decomposition for an s-t path in Gy, and we show how Theorem 3.19 implies Theorem 3.1.

The conditions (G1), (G2b), and (G2c) guarantee that X’ includes the border of G[V,]. This is intended to guarantee
(PD2) and (PD3) in Definition 1.1 for the partial path decompositions built for step edges and jump edges. For the latter the
border is added to each bag of the path decomposition P and thus it is carried forward till the last bag of the partial path
decomposition. This is clearly necessary since, by (G2a) and (G2d), P includes only the vertices of green S-branches and
S-leaves; however, both S and possibly other vertices (for instance, those of purple S-branches) belong to both the border
of G[V,] and the border of G[V,/]. Finally, the condition (X' \ 8¢(G[Vy])) NV, =@ guarantees that vertices in V), without
neighbors in V(G) \ V, are not carried forward for it is unnecessary. Assuming the correctness of Theorem 3.19, we can now
prove Theorem 3.1.

Proof of Theorem 3.1. It follows from Theorem 3.19 that a solution to the problem MLPD(k)-CONSTR can be obtained by
constructing Gy and finding a shortest s-t path P in Gi. This approach leads to a polynomial-time algorithm, because Gy can
be constructed in time polynomial in n, where n = |V (G)|, given polynomial-time algorithms that find minimum-length path
decompositions of widths 0,1, ...,k—1 for disconnected graphs. Indeed, consider any non-empty S C V(G) with |S| <k+1.
Recall that ¢ = |CE(S)|. If S is a bottleneck set, then, by (10), the number of subsets G of green S-branches, the number of
functions f, and the number I of leaves do not exceed c'2, 213, and n — 2c, respectively; thus, |Q(S)| < (n — 2¢) x c12 x 213,
Similarly, if S is not a bottleneck set, then, by (11), we have that |Q(S)| < (n — 2c) x 2!3. Since ¢ < (n — |S|)/2, it follows
that |Q(S)| < 2n'3. Thus, the cardinality of codomain and domain of any function R € R(X) do not exceed 2¥t2 x n!3 and
2k+1 respectively, for a given X C V(G). Hence, |R(X)| = 0 (n'3*2"") for any given X C V(G). Finally, since |X| <k + 1,
we have that |V (Gy)| <n®@9. Therefore, |V (Gy)| is bounded by a polynomial in n. Each jump edge of Gy, k > 0, can be
constructed in polynomial time by using an algorithm that for any, possibly disconnected, graph finds its path decomposition
of width not exceeding k — |S|, |S| > 0, whenever one exists. Finally, note that pw(G) = 0 implies that G = K. This proves
Theorem 3.1. O

Our algorithm can be significantly simplified for k < 3. If k =1, then Gy contains no jump edges, and any path decompo-
sition P = (Xq, ..., X)) for G such that X; # X;+1,i=1,...,l— 1, solves MLPD(1)-coNsTR. If k = 2, then each bottleneck is
of size 1. However, since our focus is on settling the border between polynomial-time and NP-hard cases in the minimum-
length path decomposition problem, we do not attempt to optimize the running time of the polynomial-time algorithm.

It remains to prove Theorem 3.19. We start with an observation and then we prove (in Lemma 3.21 and Lemma 3.22,
respectively) both directions of Theorem 3.19.

Observation 3.20. For each v = (X, R) € V(Gy), it holds that 5¢(G[Vy]) C X.

Proof. Suppose for a contradiction that there exists a vertex u € §g(G[V,]) \ X. By border definition §¢(G[V,]) € V), thus
(12) implies that there exists a non-empty set S € X such that u is in some S-component H, and V (H) C V). Also by the
definition, u has a neighbor u’ € V(G) \ V, which, by S € X CV,, implies that u’ ¢ S. Therefore, since each neighbor of u is
either in S or in V(H), we get u’ € V(H). But, by (12), this implies that u’ € V,, a contradiction. O

Lemma 3.21. Let k € {1, 2, 3} and let G be a connected graph. Let P = vo-v1-V2—...-Vvy be an s-t path in G, of weighted length .
Then, there exists a path decomposition P of G with width(P) <k and len(P) < ¢.

Proof. Since P is an s-t path, we have vo =s and v, =t. For brevity, we will write (X;, R;) =v;, Vi =V, and G; = G[V;]
foreachi=0,...,m—1. Also, for each i =0,...,m—1, let P; =vg-vq-...-v; denote the prefix of P formed by the first i
edges, and let ¢; be the weighted length of P;.

We prove, by induction on i =0, ...,m — 1, that there exists a path decomposition P; of G; that satisfies width(P;) <k,
len(P;) = ¢;, and 8¢ (G;) is contained in the last bag of P;. The claim is trivial for i = 0. Indeed, because Vy = ¥, we may
take Py to be a path decomposition of length 0. For the generic case, suppose that the claim holds for some i, 0 <i<m—1.
We now prove that it holds for i + 1. We have two cases, depending on the type of the edge (v;, vit1).
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Cask 1: (vi, viy1) is a step edge. Recall that, by the definition of the step edge, we have

3¢ (Gi) = Xip1 NV, (14)

We claim that Pj1 := (Py, Xi11) is a path decomposition of G;1 of width at most k and of length len(P;11) < £iy1 =4£; +1.
We will verify the conditions (PD1), (PD2), and (PD3).

(i) Since (vi, viy1) is a step edge, we have Vi;1 \ Vi € Xj+1. Moreover, by (12), Xj11 € Vi41. Since, by the construction
of the edge set of Gy, V; € V41, it follows that V11 = V; U Xj41. Thus, by the induction hypothesis, span(Pjy1) =
V; U Xi11 =Vi+1. Hence, (PD1) follows.

(ii) Let {x,y} € E(Gj+1). Note that x,y € V(Gj1+1) = Vit1 = Vi U Xj4+1. We claim that some bag of P;;; contains both x
and y. If x and y are both in ), then this follows from the induction hypothesis. If x and y are both in V;1 \ V;, then
{x, ¥} € Xi4+1, as required. So we may assume that x € Vi1 \ V; and y € V;. Thus, y has a neighbor, i.e,, x, in G that is
not in Vj;, and it follows that y € 3¢ (G;). Hence, by (14), y € Xi41. Thus, since Vit1 \ V; € Xi4+1 (by the definition of a
step edge), we have {x, y} C Xj,1, as required. This settles condition (PD2).

(iii) By (14), for all j <i we have X; N X;41 C Xjy1 NV =38¢(G;). Thus, by Observation 3.20, X; N X1 € X; which implies
XjNXiy1 € XjNX; for j <i. Therefore, since P; is a path decomposition of G;, by the induction hypothesis we have
XjNXit1 € XjNX; € X, for each j < p <i. This proves that (PD3) holds for P 1.

Finally, it follows from the induction hypothesis and from the fact that |X;1| <k+1 that every bag of P; 1 has size at most
k + 1. Moreover, w(v;, viy1) = 1. Thus, ¢;1+1 = ¢; + 1. On the other hand, len(P;;+1) = len(P;) + 1. However, by the induction
hypothesis, len(P;) = ¢;. Thus, len(P;+1) = £i+1. Therefore, P;;1 is a path decomposition of G;;1 with width(P;+1) <k and
len(Pj+1) = £iy+1. Moreover, by (14), 8¢(Gi+1) € Xj+1, which completes the proof of Case 1.

CASE 2: (v, vit1) is a jump edge. Let S, Ys and _75 =(X1,..., )_(;) be as in (G2). Note that, by the definition of P in (G2d),
span(P) =Ys. Let S be defined as in (G2b), i.e., S = X; N X;;+1. We claim that

Pir1:=(P;,SUX1,SUXa,...,SUX;) (15)

is a path decomposition of Gj;1 of width at most k and of length len(Piy1) = £iy1 = ¢; +t. Since S € X; €V, (G2a) and
(G2d) imply that SNX;=¢ for all j=1,...,t. Thus SUXq,...,SUX; 7) is a path decomposition of the subgraph G[Ys U S].
We now verify that P;,1 satisfies the condltlons (PD1), (PD2), and (PD3).

(i) Note that, by (G2c), S = X;11. By (15), (G2b), (G2d) and by the induction hypothesis,

span(Pip1) =span(P;) UYsUS =V, UYsUXj1 =V UYs = Vig1. (16)

Thus, P;y1 satisfies (PD1).

(ii) Let {x, y} € E(Gj1+1). We claim that some bag of P;;; contains both x and y. By (16), x€V; or x€ Ys, and y € V; or
yeYs. Let x eV first. If y € V;, then the claim follows from the induction hypothesis. If y € Ys, then y € )_(j for some
je{1,...,t), because, by (G2d), P is a path decomposition of G[Ys]. Moreover, if y € Ys, then, by (G2a) x € 8¢(G;),
and, by (G2b), x € S. Hence, by (15), the (¢; + j)-th bag of P;,; contains both x and y. Let now x € Ys. The case when
y € V; follows by the symmetry. Hence, y € Ys and the claim follows from the fact that P is a path decomposition
of G[Ys]. This proves condition (PD2) for P;.

(iii) To prove (PD3) for P;; 1, we prove the equivalent (PD3’) instead. Let x € Viy1. By (16), xe Ys or xe V. If x e Y5 =

span(P), then (PD3’) follows from (15), the fact that P is a path decomposition of G[Ys] and Y is disjoint from V; US.
The latter is due to (G2a), (G2b) and (G2c).
Thus, let x € V;. If x € V;\ S, then by (15), (PD3’) follows from the induction hypothesis for 7;. It remains to consider
x € S. Then, by (G2b), S C X;. Thus, x € X;. Now, let j be the smallest index in {1,. len(P,)} such that x appears
in the j-th bag of P;. Then, due to the induction hypothesis, x appears in each bag X] , i =1],...,len(P;). Moreover,
by (15), S is included in each bag Xj, j'=len(P) +1,...,len(P;) +1, thus so is x € S. Therefore, x appears in each
bag Xy, j/=j,...,len(P;) +t which proves (PD3’).

To complete the proof we need to show that each x € §¢(G;+1) belongs to the last bag of P;. To that end we observe that
by (15) and by V; € Vi1,

8¢(Giy1) S 8c(G)UYsUS. (17)

By (G2b), 5¢(G;) = S. We now argue that x ¢ Ys. Suppose for a contradiction that x € Ys. The set Ys contains only the
vertices of S-components. Therefore, any neighbor of x belongs either to Ys or to S, and thus belongs to Vi1 (observe that
by (G2) S € S). Hence, x ¢ 8¢ (G;,1) which leads to a contradiction. This proves that x € 8G(Gi;1) € S and thus x appears in
the last bag of Pj 1.
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Finally, it follows from the induction hypothesis and condition (G2d) that every bag of P;;1 has size at most k+ 1. More-
over, w(vi, viz1) =t. Thus, £;41 = £; +t. On the other hand, by (15), len(P;;1) = len(P;) +t. By the induction hypothesis,
len(P;) = ¢;. Thus, len(Pj+1) = £i+1, which completes the proof of Case 2. O

Lemma 3.22. et k € {1, 2, 3}. Let G be a connected graph and let ¢ > 0. If there exists a path decomposition of width at most k and
length ¢ for G, then there exists an s-t path P of weighted length at most £ in Gy.

Proof. Let P = (X1, ..., X¢) be a path decomposition of G with width(?) < k. By Observation 3.8, we may assume that P
is a clean path decomposition. Let P; = (X1, ..., Xj) for each i € {1, ..., ¢} and let for brevity Py be an empty list. For every
S €S, let Gs be the set of green S-branches. Note that all vertices of each S-branch in Ggs are in X, sy U--- U Xg,(s). For
S C V(G) such that |S| <4 and S ¢ S, set Gs := @. Furthermore, for a non-empty S C X, let lis be the number of S-leaves
in span(P;), i=1, ..., £. Finally, for every non-empty S C Xj,i=1,...,¢, and for each H € C(Z;(S) define the function f; as

follows:
i 1 if V(H) Cspan(P;);
1 H :{ 1
fs(H 0 otherwise.

Now, let < be the partial order on S defined by S < S’ if and only if I(S) C I(S'), where S,S" € S. Let Sy,...,Sp be all
maximal elements of <. By Lemma 3.18, the sets I(Sq) for g=1, ..., p are pairwise disjoint. Thus, without loss of generality,
we assume that 1 <t1(S1) < t2(S1) < t1(S2) <t2(S2) < ... < t1(Sp) <t2(Sp) < L.

Define

1={0,...,¢}\ {t1(Si), ..., t2(5;) — 1}
i=1,....p

and denote I = {s1,...,S;}, where s; < sy < --- < s;. Observe that, by Lemma 3.18, for each i € I and for each
SCXi, S#¢, the function f_'é satisfies the condition in (10). Thus, the following is a sequence of vertices of Gy:
P = s—(Xs,, Rs;)~(Xs, Rs;)=...=(Xs,, Rs,)-t, where fi and [ are used in each Ry, i € I, ie, Ri(S) = (Gs, fi,I5) for each
non-empty S C X;. Denote s = (4, #) = (Xo, Ro). In the reminder of the proof, we show how to obtain an s-t path of length
£ in Gy from the sequence P.

We first prove that Gp, = G[Vy,;] and 8(P;) = 6¢(G[Vy,;]), where v; = (X;, R;), for each i € I. By definition, G[Vy,] =
Gp =G and V(G[Vs]) =@ = V(Gp,) and hence let 0 <i < ¢ in the following. We have §(P;) C X; by (PD2) and (PD3).
Moreover, §(P;) # ¥ since G is connected and i <I. Set S = §(P;). Then, for each connected component H in G — S,
either V(H) C span(P;) or V(H) N span(P;) = @. Otherwise, V(H) N §(P;) # @, which is in contradiction with H being a
component in G — S. Then, if H is a connected component in G — S but not an S-component such that V(H) C span(P;),
then there exists a non-empty S’ & S such that H is an S’-component. Again, for this S’-component either V (H) C span(P;)
or V(H) Nspan(P;) = . This proves that Gp, = G[Vy,] which implies §(P;) =8¢ (G[Vy,]) for each i e I.

Let i € I be selected in such a way that i + 1 € I. Now we argue that ((X;, R;), (Xi+1, Ri+1)) € E(Gy). Clearly, span(P;) C
span(P;y1) and span(Piy1) \ span(P;) € Xjy1. Hence, Vy; € Vy,,, and Vy, ., \ Vy; € Xj11. By (PD2) and (PD3), §(P;) <
Xit1 N span(Py). Thus, since P is a clean path decomposition, §(P;) = X1 N span(P;). This implies that §¢(G[Vy,;]) =
8(Pi) = Xi+1 N Vy,. Therefore, we just proved that there is a step edge from (X;, R;) to (Xit+1, Riy1) in Gy.

We now consider i€ I and je I such that j>i+1and {i+1,...,j—1}NI=0. Hence, there exists q € {1, ..., p} such
that t1(S¢q) =i+ 1 and t2(Sq) = j. By Lemma 3.17,

XH_]U-~-UX]':(X,‘ﬂXj)UV(qu)UA, (18)

where A is the set of all Sq-leaves in Xit1,..., Xj. Let Y = V(Gs,) U A for convenience. We claim that there is a jump edge
between (X;, R;) and (X;\ 'Y, Rj) in Gi. Note that Sq € X; N X;. By (18), X;\ Y = X; N X; thus (G2c) is met. By deleting the
nodes other than those in Y from each bag Xj;1,..., X; we obtain a path decomposition of length j —i for the union of
Sq-branches in Gs, and Sq-leaves in A. The width of this path decomposition is at most k — |X; N X;| since X; N X; belongs
to each bag X;, for t=i+1,..., j, and no vertex in X; N X; belongs to Y. This implies condition (G2d).

By Lemma 3.17, condition (G2a) is met. As shown earlier, §(P;) = X1 Nspan(P;). By (PD3), X; N X C X1, and by (18),
Xiy1\Y € X; N X;. Thus, §(P;) = X; N XjNspan(Py) = Xi N Xj = X;\ Y =86(G[Vy;]) and (G2b) is met.

Finally, clearly V‘,j \ Vy; € Xj\ 'Y, because Y # . Moreover, by (G2b), X; \ Y = 8¢(G[Vy;]), which implies ((X;\Y)\
86 (G[Vy; 1)) N Vy; = . Thus, we just proved that there is a jump edge from (X¢,(s,)—1, Re;(s)—1) t0 (Xj\'Y, Rey(s,)) with
t<j—iin G.

By definition of G, and since ¢ > 0 there is a directed edge (v¢,t) in G, and its weight is zero. Therefore, we have
shown how to build an s-t path of weighted length at most ¢ in G, from the sequence P. O

4. MLPD(k)-coNnsTR for graphs with one big component, k < 3

In this section and in Section 5, we apply the results from Section 3 to develop an algorithm for general graphs. We
will do it in two steps. This section adapts the algorithm from Section 3 so that it can handle graphs that consist of one
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Fig. 7. (a) A path decomposition of length 11 of G; (b) minimum-length path decomposition of G.

component with more than two vertices and perhaps a number of isolated vertices and isolated edges. We call such a graph
a chunk graph. Section 5 uses the algorithm for chunk graphs to obtain an algorithm for general graphs.

To be precise, let G be a graph. A connected component of G is called big if it has at least three vertices, and it is called
small otherwise. Clearly, small components are either isolated vertices or isolated edges; we refer to them as K;-components
(isolated vertices) and K;-components (isolated edges). A chunk graph is a graph that has exactly one big component.

Our polynomial-time algorithm for chunk graphs needs to meet additional restrictions on the sizes of the first and the
last bags of the resulting path decompositions. Thus, we need to extend the path decomposition definition as follows. Let
e1, ey be integers. We call a path decomposition P = (Xq, ..., X;) a (e1, e2)-path decomposition if |X;| <e; and |X;| <ej.
The main result of this section is:

Theorem 4.1. Let k € {1, 2, 3}.

If:  foreachk' €{0, ...,k — 1}, there exists a polynomial-time algorithm that, for any graph G either constructs a minimum-length
path decomposition of width k’ of G, or concludes that no such path decomposition exists,
then: there exists a polynomial-time algorithm that, for any given chunk graph C and for any e1, e; € {2, ..., k+ 1}, either constructs

a minimum-length (e, e2)-path decomposition of width at most k of C, or concludes that no such path decomposition exists.

Here, by a minimum-length (e1, e2)-path decomposition of width at most k of C, we mean a path decomposition that is
shortest among all (eq, e2)-path decompositions of width at most k of C.

We extend the notion of clean path decompositions to (e, e)-path decompositions. We say that a (e1, ez)-path decom-
position P of G is clean if, among all (e1, ep)-path decompositions of G, it satisfies conditions (C1) and (C2) in Definition 3.7.

Before continuing with the algorithm, we want to point out that, in general, a minimum-length path decomposition of a
chunk graph cannot be obtained by simply constructing a minimum-length path decomposition of its big component, filling
up non-full bags (if any), and adding new bags containing the vertices of the small components. The following example
illustrates this fact.

Example. Consider the following graph C, which is the disjoint union of the graph G in Fig. 7, two isolated edges, and
three isolated vertices. Fig. 7(b) shows a minimum-length path decomposition of G (its length is 10). Since all bags are of
size 4 in this decomposition, the small components must use two additional bags, resulting in a path decomposition of C of
length 12. The verification that each bag is of size 4 in any minimum-length path decomposition of G is left for the reader.
Now, consider a path decomposition of G of length 11 in Fig. 7(a). There are two bags of size 2 and three of size 3 in
this decomposition which readily accommodates all small components resulting in a path decomposition of C of length 11.
In other words, the addition of three Ki-components and two K;-components does not increase the length of the path
decomposition in Fig. 7(b) if those components are inserted properly, but it increases the length of the one in Fig. 7(b) by
two.

4.1. An algorithm for chunk graphs

Let 1 <k <3 be an integer, let 2 <eq,ex <k-+ 1 and let C be a chunk graph with a big connected component G,
K1-components Kl,...,K‘]J1 and K,-components I(l,...,l(gz. Let G be the auxiliary graph for G defined in Section 3.5.
For every v € V(Gy) \ {t}, define W (v) = {(v,1, j) | ief0,...,q1},j€1{0,...,q2}}. Now define the auxiliary graph Hj =
Hp(eq, ez) corresponding to C as follows. The vertex set of Hj is given by

Vi ={thu | w).
veV(G\it}
Thus, V (Hy) is constructed from G, by expanding every vertex v of G (except for the sink t) to a set of vertices W (v)

that includes all possible additions of small components to v. Let for brevity s’ = (s, 0, 0). Notice that s’ € V (Hy). For any
x=(v,i, j) € W(v), where v = (X, R) € V(Gy) \ {t}, define
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Vi=vu | vikhu | vd.
1<p=i 1<p<j

The interpretation of this set is as follows. Every path P in H; from s’ to x represents partial path decompositions of C.
These partial decompositions cover i isolated vertices, j isolated edges and the vertices in V), and they can be extracted
from the consecutive vertices and edges of P. The construction of #; will guarantee that each of these partial path decom-
positions covers exactly those vertices of C that are in V.

Now, let us define the edge set of Hy. First, for any x € V (Hy), define 0(x) =eq if x=+5', and 6(x) =k + 1 otherwise.
Similarly, for any x € V (Hy), let n(x) = e, if V;, = V(C), and n(x) =k + 1 otherwise. There are four types of directed edges
in Hy:

(H1) Edges from a vertex in W (v) to a vertex in W (u) where (u, v) is a step edge in Gj.
Let u,v € V(Gy) \ {t} such that (u,v) is a step edge in Gy, and let x € W(u) and y € W(v). Let a = |8¢(G[Vy]) U
(V; \ VI Then, (x, y) € E(Hy) if and only if Vy C V), a <6(x) and a < n(y). The weight of each edge of this type is
w'(x,y)=1.

(H2) Edges from a vertex in W (v) to a vertex in W (u) where (u, v) is a jump edge in G;.
Let u,v € V(Gy) \ {t} such that (u, v) is a jump edge in G, and let x = (u, iy, jy) € W) and y = (v, iy, jy) € W(v)
be such that V| C V;,. Denote u = (Xy, Ry) and v = (Xy, Ry). Let Qj(y = (Y1,...,Y3) be a path decomposition of
width width(Q},) <k —|X, N Xy| of the graph C =G U Ui, <p<i, KPu Uju<p<i kY, where G is defined in (G2d).
Then, (x, y) € E(Hy) and the weight of this edge is w’(x, y) =z, where Z is taken as small as possible, i.e., Q;y is of
minimum length. We refer to any path decomposition (Y1 U (Xu N Xy), ..., Y; U (Xu N Xy)) as a witness of the jump
edge.

(H3) Edges inside W (v).
Let x, y € W(v) for some v € V(Gg)\ {t}, and let a = |8¢(G[Vy]) U (VJ/, \Vy)I. Then, (x, y) € E(Hy) if and only if V; C V!,
a <6(x) and a < n(y). The weight of each edge of this type is w'(x, y) = 1.

(H4) Edges from a vertexin W (v) to t'.
For x € V(Hy) \ {t'}, let (x,t') € E(Hy) if and only if V; = V(C). The weight of such edge is w’'(x,t’) =0.

The parameter 6(x) guarantees that the first bag of the path decomposition that corresponds to an s’-t’ in #; path has the
size at most eq. The restriction imposed by 6(x) is vacuous for x # s’. Similarly, the parameter 7(y) guarantees that the last
bag of the path decomposition that corresponds to an s’-t’ path has the size at most e,. This restriction imposed by 1(y)
is vacuous for V)/, #V(C).

We also remark that our construction is fairly general, in the sense that one may argue that certain vertices and certain
edges of H) can never be a part of a shortest s'-t’ path in H,. However, we proceed with this construction to avoid tedious
analysis of special cases.

Before we continue with a formal analysis we give an intuition on the edge set of . We use the step edges (u, v) of
Gi by adding, whenever possible, some vertices of small components to the bag that corresponds to v. For a jump edge
of Gy, we recalculate the path decomposition P used in (G2b) in such a way that the new path decomposition Qj(y in (H2)

covers the vertices in §pan(75) and the vertices of some small components. (If no small component vertices are added, then
one may take Q;y =P.) Then, (H3) allows the vertices of K;- and K,-components only to fill in a bag that corresponds to
a vertex of Hy. In particular, the edges with v =s introduce bags prior to «(G) and those with V, = V(G) introduce bags
after B(G) — see proof of Lemma 4.3.

Before we prove the main result of this section, we start with a useful observation:

Observation 4.2. Let G’ be a graph and let P = (X1, ..., X;) be a clean path decomposition of G'. Then, for every small component H
of G, there exists a unique i € {1, ...,1} such that X;NV(H) # 0. O

Lemmad4.3.Letk € {1,2,3). Leteq,e; € {2, ..., k+ 1} and let C be a chunk graph. There exists an s'~t’ path in H,, of weighted length
at most I’ if and only if there exists a (e, e2)-path decomposition of C of width at most k and length at most I'.

Proof. Let G be the unique big component of C. First assume that there exists an s’-t’ path P’ = xg-x1-... X, -t’ of
weighted length I’ in Hy. Denote x; = (v;,a;,a;), i=0,...,m’, and v; = (X, R;). Let Gy be the auxiliary graph for G de-
fined in Section 3.5. Notice that vo =s, the source of Gy. Let for brevity v,/ =t, the sink of G. From definition of
E(Hy) it follows that by replacing any maximal subsequence v,-...-vp such that v, =---=vp in vo-... -V -vp 41 (all
Xr, Xr+1, -+, X belong to W (v;)) by the single vertex v,, we obtain an s-t path P = up-...-Up-Un+1, Where ugp =s and
Upt1 =t in Gy.

Now, construct P = (R1,...,Rm) and P’ = (R], ..., R;,) for the paths P’ and P as follows. For each i=1,...,m":

(1) If (vi—1,vi) = (uj_1,u;) is a step edge in Gy, then set le = (Xj), and R = (Xy).
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Algorithm 1 Finding a minimum-length (eq, e2)-path decomposition of a chunk graph C.

Input: A chunk graph C, k€ {1, 2,3} and ey, e, € {2, 3,4}.
Output: A minimum-length (e1, e2)-path decomposition of C of width k or ‘failure’ if pw(C) > k.
Let G be the big component of C.
if pw(G) > k (use the algorithm in [6] to calculate pw(G)) then
return ‘failure’.
Construct the auxiliary graph H.
Find a shortest s'~t" path P in Hy.
Use P to construct the corresponding path decomposition 7 of C of the same length as P.
return P.

(2) If (vi—1,vi) = (uj_q,uj) is a jump edge in G, then let (Y’,...,Y;) be a witness of (vi_1, v;) with w(v;_1,v;) =2z
Set Rj=(Y],...,Y)), and R; = (Y;NV(G),...,Y;NV(G)). Observe that R; is a witness of (u; 1, u;), however, not
necessarily with minimum length.

(3) If viy =vi =uj, then set R} = (c(Vy;_,) UV, \ Vx._)).

It follows from the proof of Lemma 3.21 that P is a path decomposition of G of width at most k. Thus, by the con-
struction of P’ in (1-3) and the fact that P’ is an s’-t’ path in #y, it follows that 7’ is a path decomposition of C of width
at most k and of length I. Moreover, by definition of #y, the edges (xo,x1) and (Xp_1,Xn) are not jump edges in Hy.
Therefore, the functions 6 and 7 in the definition of 7, guarantee that the first bag and the last bag of P’ have sizes at
most ey and ey, respectively. Thus, P’ is a (e, e2)-path decomposition of C.

For the converse, assume that P’ = (X/,...,X,/,) is a (eq,ez)-path decomposition of C with width(P’) < k. We may
assume without loss of generality that P’ is clean. For i =1,...,l, let a; and b; the numbers of vertices of K;- and
K>-components respectively in Ulj:1 X;. By Observation 4.2, all vertices of a small component are either in Uljzl X;. or

in U§:i+1 X;.. Consider P = (X; NV (G),..., X, NV(G)). Let Q ={(p,q), 1< p <q <I'} be the set of all pairs such that the

sequence X;, nNVEG)=---= X{z N V(G) is maximal. Delete all X;H nv(G),..., Xél NV (G) from P for each pair (p,q) € Q.
The resulting path decomposition P’ = (Y1,...,Y;) of G, [ </, is clean for P’ is clean. Let h(i), i =1,...,1, be such
that Y; = X;m.) N V(G). By the proof of Lemma 3.22, there exists an s-t path P =s-vq-----v,-t of weighted length | in
the auxiliary graph Gy for G, and there are integers 1 <s; <--- < s, <[ such that if s;y1 —s; =1, then (vi, viy1) is a
step edge in Gy, and if s;11 —s; > 1, then (v;, viyq) is a jump edge in G with (Ys;41,...,Ys,,) being its witness. De-
fine w; = (v, apy, bngy) for i=1,...,r. For each (p,q) € Q, let v; be such that h(i) = p. Replace w; = (v;,ap,bp) by
wi, Wl = (vi,ap41.bpt1), ... wi P = (vi,aq,bg) in P. All these new vertices are in W (v;) and the edges between them in

/

E(Hy) by (H3). Let uj~----upr be the resulting sequence, where u; = (v}, a;, b;) for each i € {1,...,1"}. Clearly, if vj # v,
then (v}, v;+1) is either a step edge or a jump edge in Gy. Moreover, if (v}, v;H) is a jump edge, then (v, v;+l) =(Vj,Vjt1)
for some j and (X;jﬂ, e X§j+1) is a witness of (vj, vjy1). Thus, by definition of V (#y), (H1), and (H2) the edges (u;, uj11)
belong to E(Hy). Therefore, P’ =s'~uy----—up~t’ is an s’-t’ path in #y. The path is not longer than I’ since there is one to
one correspondence between the jump edges in P and in P’ and their witnesses are of the same length s;. 1 —s;. O

We conclude this section with a formal statement of the algorithm for computing a minimum-length (e1, e;)-path
decomposition of a chunk graph C — see Algorithm 1. Note that pw(C) > 0, because C is assumed to contain a big compo-
nent G.

Note that pw(G) <k if and only if pw(C) < k. We have |W (v)| < (14+¢q1)(1+q>) for each v € V(Gi) and hence |V (Hy)| =
0(q192|V (Gr)]). Finally, Theorem 3.1 and Lemma 4.3 imply Theorem 4.1.

5. MLPD (k)-coNsTR for general graphs, k < 3

In Section 4 we developed an algorithm that finds a minimum-length (e, e2)-path decomposition for a chunk graph. We
use this algorithm as a subroutine to obtain a polynomial-time algorithm for general graphs in this section. The key idea of
the algorithm for a general graph G with pw(G) < 3 is as follows. We look at a graph G as a disjoint union of chunk graphs
C',...,CC. Each C! consists of a big component G; and possibly some Ki- and K»-components. We show in Lemma 5.3
that we can limit ourselves to minimum-length path decompositions of width k < 3 for G where big components are never
‘processed in parallel’ (see Section 5.1 for formal definitions). It is therefore natural to construct a minimum-length path
decomposition of G by first constructing minimum-length path decompositions Qj, ..., Q¢ of the chunk graphs C1,..., C¢,
respectively, and then by sequencing them one after another in some order, and finally by concatenating consecutive path
decompositions. Two crucial issues need to be resolved however by this approach. The first consists in how many K;- and
K»-components to add to G; to make up a chunk graph Ci, i =1, ..., c. This issue is resolved by a dynamic program given in
Subsection 5.4. The second issue consists in how to sequence and concatenate Qq, ..., Q. for given chunk graphs cl,...,cc
so that the resulting decomposition of G has minimum length for the given O, ..., Q.. The latter is illustrated for a given
order of Q1,..., Q. as follows. For a graph G which breaks up into two chunk graphs C! and C? we can concatenate Q;
and Q by taking first the bags of Q1 and then the bags of Q,. However, if the last bag of Q7 and the first bag of Q, both
have size two, then we can save one bag by replacing the last bag of Q; and the first bag of O, by their union. In general,
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we can save some bags by placing 91, ..., Q. in an appropriate order and by applying an appropriate concatenation. The
order is dealt with in Subsection 5.3, and the concatenation in Subsection 5.2.

The main result of this section is the following theorem that essentially reduces MLPD(k)-coNsTR for general graphs to
MLPD(k)-coNsTR for chunk graphs, k=1, 2, 3.

Theorem 5.1. Let k € {1, 2, 3}.

If:  there exists a polynomial-time algorithm that, for any chunk graph C, and for any eq,e; € {2, ...,k + 1}, either constructs a
minimum-length (e1, e2)-path decomposition of width k of C, or concludes that no such path decomposition exists,

then: there exists a polynomial-time algorithm that, for any graph G, either constructs a minimum-length path decomposition of
width k of G, or concludes that no such path decomposition exists.

Since it is straightforward to obtain a minimum-length path decomposition for graphs with no big components, we
assume that the input graph has at least one big component.

5.1. Avoiding parallel processing of big components

We start with a definition of parallel processing of big components.

Definition 5.2. Let G be a graph and let P = (Xj,..., X;) be a path decomposition of G. We say that two big connected
components G1 and G of G are processed in parallel if

Hop(G1), ..., p(G} N {ap(G2), ..., Bp(G2)}| = 2.

The main result of this subsection, Lemma 5.3, shows that when constructing a minimum-length path decomposition
of width k, k < 3, we may limit ourselves to path decompositions with no two big components processed in parallel.
Notice that the NP-completeness proof of Section 2 shows that a minimum-length path decomposition of width 4 may
require parallel processing of big components. Thus, the parallel processing of big components is one of the main features
distinguishing (in terms of the computational complexity) between the problems MLPD(k)-CONSTR, k < 3, and the problems
MLPD (k)-CONSTR, k > 4.

Lemma 5.3. Let G be a graph and let k € {1, 2, 3}. If pw(G) < k, then there exists a minimum-length path decomposition of width k of
G such that no two big connected components of G are processed in parallel.

Proof. For any path decomposition P = (Xy, ..., X;) of G, let ¢(P) be the smallest t € {1,...,1} such that two big compo-
nents are processed in parallel in step ¢, i.e., both components have a non-empty intersection with X; and with X;;q (set
¢(P) = oo if no such t exists). Assume without loss of generality that P is a minimum-length path decomposition of width
k of G with maximum ¢ (7). We will show that no two big components are processed in parallel in P, by showing that if
there are two such components, i.e., if (P) # oo, then we can increase ¢ without increasing the length of the path decom-
position, contrary to our choice of P. This process is done in two stages. First, we construct a longer path decomposition P’
from P. Next, we show how P’ can be shortened to a path decomposition P” of length exactly len(P), but with a larger
value of ¢.

So suppose that there are two big connected components, say Gi and G, that are processed in parallel in P. Let
{t1,...,t2} ={a(G1), ..., B(G)}N{x(Gy),...,B(G2)}. We may assume that G; and G, are chosen so that t; = ¢(P) and
B(G1) < B(Gy). Let q =ty —t1 + 1. By Definition 5.2, g > 2. For notational convenience, define fori=1,...,q, Yi =X, 1i-1N
V(G1) and Zj = X¢,+i—1 \ V(G1). Observe that each of the sets Y; and Z; is non-empty, and |Y;| + |Z;| =|Y; U Z;j| <k + 1.
Now define a sequence (of subsets of V(G)) P’ and then we prove that P’ is a path decomposition of G of width k and of
length [ 4+ q. We also introduce the two following partial path decompositions Q1 and O;:

(yla--'aYQa X17"'7Xf]—17 Z17"'7ZQa X[2+],...,X[) lfa(G1)za(GZ)v

P — =01 =Q
(X],...,Xh_], Y1,...,Yq, Z],...,Zq, X[Z_H,...,Xl) ifOt(G])<Ol(G2).

=01 =9

We claim that P’ is a path decomposition of G. First suppose that «(G1) > a(G3). Then t; = @(G1) and t; = B(G1). There-
fore, by Observation 1.2, V(G1) N X; # @ if and only if t; <t <t,. Thus, Q1 is a path decomposition of G1, and 9 is a path
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decomposition of G — G1. Therefore, P is a path decomposition of G. Next, suppose that «(G1) < @ (Gy). Clearly, P’ satis-
fies (PD1). Also, since there is no edge between x € Y; and y € Z; in G, and P is a path decomposition of G, it follows that
(PD2) is met by P'. Finally, to show that P’ satisfies (PD3), we argue that A= (X1 U---UXy_1)N(Z1U---UZgUXp, 41 U---
U X)) =0.

Suppose for a contradiction that A # ¢ and let x € A be selected arbitrarily. Since x appears in at least two bags of P,
by Observation 4.2, x belongs to a big component G’. However, G # G’ since «(G3) =t1, and G1 # G’ since B(Gy) =t>.
Therefore, G1 and G’ are two big components that are processed in parallel starting at t’ < t1, contrary to our choice of G,
and G. Hence, A = @. Moreover, we observe that since (G1) = tp, it follows that there is no x such that xe Y, U---UYj,
and x € X¢,4+1 U--- U X|. Thus, (PD3) is met by P’. Therefore, P’ is a path decomposition of G.

We now describe an algorithm that takes the path decomposition P’ as an input and returns a path decomposition P”
of length exactly len(P). We consider the case of k = 3, as the other cases are analogous. The algorithm uses the following
two length decreasing operations that preserve the property that 7’ is a path decomposition:

e If P’ has a bag Z; or Y; of cardinality one, then, due to Lemma 3.9, we may delete it.
e If P’ has s > 2 consecutive non-empty bags X¢i1,..., X¢rs such that [Xep1 U...U Xey| <4, then we may replace

Xt4+1, ..., Xt4+s by one bag containing Xty U...U X¢ys (i.e., we merge the bags Xi11, ..., Xi4s)-

We define three types of subintervals of {1, ..., q}. For a subinterval | ={a,..., b}, we say that

Jisof Type Aif |J| =2 and |Yj| =2 for all je J;
J is of Type B if |J| >3, |Yq| =|Yp| =2, and |Y| € {1,3} for all j e J\ {a, b};
J is of Type C if |Y;| =2 for at most one index j € J.

We now partition the interval {1,...,q} in the following way. Let A be the collection of all maximal subintervals | of
{1,...,q} of type A. Next, let B be the collection of all maximal subintervals of {1,...,q}\ (J.A of type B. Finally, let C
be the collection of all maximal subintervals of {1,...,q}\ (AU B). By construction, the intervals in C are of type C.
Moreover, the intervals in AU B UC form a partition of {1,...,q}.

The length-reduction subroutine consists of using three different subroutines, one for each type A, B, C. These subroutines
all work as follows. Given an interval {a,..., b}, they take two partial path decompositions (Yq,...,Yy) and (Z,,..., Zp),
and return two new partial path decompositions (Y{,...,Y,) and (Z},..., Z},,) that satisfy: @' +b"=b —a+1, U?/:1 Y/ =
U?:a Yi, Uf‘i] Zi= U?:a Zi,Ya S Y], Yy C Y}, Z, € Z}, and Z, C Z;,. Thus, we may replace the partial path decompositions
(Ya,...,Yp) and (Zg, ..., Zp) in P' by (Y{,...,Y,) and (Z}, ..., Z},), respectively. After running the appropriate subroutine
for each of the intervals and performing these replacements, we end up with a path decomposition of G of length exactly
len(P). Let J ={a,...,b} € AUBUC. We consider the following cases:

Case1: J is of Type A. We use the following subroutine which decreases the length of P by |J|. Notice that, since |Y;| =2
for all j e J, it follows that |Z;| <2 for all j e J.

Set Y =Z=40.
if | J| is odd then
Append Y, U Yqy1 UYqqp to V. (Merge Yq, Yqt1, and Yq42)
Append Z,U Zg41 and Zg4) to Z. (Merge Z, and Zg41)
a=a+3.
else
a =a.
if @’ <b then
for j=d,d +2,...,.b—1do
Append Y;UYjq to ). (Merge Y; and Y1)
Append Z;UZjq to Z. (Merge Zj and Zj1)

To see that this subroutine is correct, observe that if Y4, Yq+1, Yoto all have cardinality 2, then, since G; is connected, by
Lemma 3.9, Yo N Ygr1 #0 and Ygq1 N Yag2 # 0. Hence |Yq U Yo U Yaso| <4.

Case 2: J is of Type B. For each i€ {a+1,...,b — 1}, if |Y;| =1, then set Y; :=@; if |Y;| =3, then set Z; := (. Next, let
p > a be the smallest index such that Y, # @. Such a p exists because Y, ##. Set Yq:=YoUY), and Y, :=#. Since G is
connected, by Lemma 3.9, Yo NY, # 4, thus |Y, U Y,| < 4. Finally, let r > a be the smallest index such that Z, # #. Such r
exists because Z, #0. Set Z, :=Z4UZ;, and Z; :=@. By Lemma 3.9, |Z,U Z;| < 4. The removal of empty bags decreases the
length of P’ by exactly |J|.

Cask 3: | is of Type C. Then, we use the following subroutine to decrease the length of P by |J|. We may assume without
loss of generality that |Y},| ## 2 because otherwise we can run the subroutine backwards.


http://mostwiedzy.pl

A\ MOST

D. Dereniowski et al. / Journal of Computer and System Sciences 81 (2015) 1715-1747 1741

Seti=agand Y=Z=40.
while i <b do
if |Y;| =1 then

Append Z; to Z and set i:=i+ 1. (Remove Y;)
else if |Y;| =3 then
Append Y; to Y and set i:=i+ 1. (Remove Z;)

else if |Y;| =2 then
if |Yi11] =1 then

Append Y; to ). (Remove Y;;1)

Append Z; U Z;jq to Z. (Merge Z; and Zj1)
else if |Y;; 1| =3 then

Append Y; UY;1q to V. (Merge Y; and Y;4+1)

Append Z; to Z. (Remove Zi41)
Seti:=i+2.

To see that this subroutine is correct, notice that if |Y;| =2, then i < b by the assumption that |Y;| # 2. Thus, Y1 and Z;14
are well-defined. Moreover, because ] is an interval of Type C, |Yi;1| € {1, 3}. Also notice that if |Y;| =2 and |Yi11] =1,
then |Z;| <2 and |Z;;+1| < 3. Since, due to Lemma 3.9, both Z; and Z;;; contain vertices from the connected component G,
it follows that |Z; U Zi11| <4.

From cases 1-3 we obtain that len(P”) = len(P’) — q as required. To see that ¢(P”) > ¢(P), observe that ¢(P) =t; and
(PH=t1+1. O

We remark that we obtain a stronger analogue of Lemma 5.3 for k € {1, 2}.

Observation 5.4. Let G be a graph and let k € {1, 2}. If pw(G) < k, then there exists a minimum-length path decomposition P of width
k of G such that for any two big components Gy and G of G it holds {ap(G1), ..., Bp(G1)} N{ap(G2),...,p(G2)}=0. O

We end with the following corollary that follows immediately from Lemma 5.3 and Lemma 3.9.

Corollary 5.5. Let G be a graph and let k € {1, 2, 3}. If pw(G) < k, then there exists a minimum-length path decomposition P =
(X1, ..., X;) of width k of G such that for every big component G’ of G, | X; N V(G')| > 2 fori =a(G'),..., B(G"). O

5.2. Type-optimal path decompositions of chunk graphs

We now deal with two issues alluded to earlier in Section 5. One is the appropriate concatenation of minimum-length
path decompositions of given chunk graphs. The other is the appropriate selection of a minimum-length path decomposition
for a given chunk graph. Note that the sizes of the first and the last bag of a minimum-length path decomposition of a chunk
graph may impact the length of its subsequent concatenation with minimum-length path decompositions of other chunk
graphs. By Observation 5.4, we obtain the following.

Observation 5.6. Let G be a graph with pw(G) <k, k € {1, 2}, and let c be the number of big connected components of G. There exist
chunk graphs C', ..., C  such that G=C' U---UC and P = (Q1, ..+, Qc) is a minimum-length path decomposition of width at
most k of G, where Q; is any minimum-length path decomposition of C',i=1,...,c. O

Hence, we assume k = 3 for the reminder of this subsection. We first distinguish four types of path decompositions of
chunk graphs. We say that a path decomposition Q = (Xy, ..., X;) of a chunk graph C is of

Type A, if |X1| <2 and |X;| <2;
Type By, if |X1] <2 and |X;| > 2;
Type By, if |X1] > 2 and |X;| <2; and
Type C, if |X1]| > 2 and |X;| > 2.

We say that Q is of Type B if P is either of Type By or of Type B,. Notice that if Q is of Type By, then (X, ..., X7) is of
Type B,, and vice versa. We say that a path decomposition Q of a chunk graph C is type-optimal if Q has minimum length
and

e O is of Type C if no minimum-length path decomposition of Type A or B of C exists, or
e Q is of Type B if no minimum-length path decomposition of Type A of C exists, or
e O is of Type A otherwise.
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Let P1 = (X{,...,X}) and P, = (X3,..., X}) be two path decompositions of disjoint graphs G' and G?, respectively. We
define the concatenation of 7, and P,, denoted P; @ P, as follows

(xl,...,xfl_l,x}1 ux%,xg,...,x,zz), if [X),| <2and |X?| <2;

73]@Pz:{(Xl,...,Xlll,Xf,...,X,Zz), otherwise.
Clearly, if width(PP;) <3 and width(P,) < 3, then P; @ P is a path decomposition of G U G2 of width at most 3. Observe
that len (P1) +len(P2) — 1 <len (P; ® P>) <len(P7) + len (P,). Then, let

PreaP@ - @®Pc=(C-(P1OoP)®P3): )P

We now show that any minimum-length path decomposition of width k = 3 of any graph G can be expressed as the
concatenation of type-optimal path decompositions of chunk graphs whose union is G.

Lemma 5.7. Let G be a graph with pw(G) < 3 and let ¢ be the number of big connected components of G. There exist chunk graphs
Cl,...,C¢suchthat G=C'U---UCC and for each i = 1, ..., c there exists a type-optimal path decomposition Q; of C' such that
P=01®---® Q. is aminimum-length path decomposition of width at most 3 of G.

Proof. By Lemma 5.3, there exists a minimum-length path decomposition P = (X1, ..., X;) of G, width(?) < 3, in which no
two big components of G are processed in parallel. Let Gy, ..., G, be all big components of G, and let L = V(G)\|J7_; V(G)).
We claim that a(G;) # a(G;) for all distinct i, j € {1, ..., c}. Suppose a(G;) =a(G;) =t* for some i # j. By Corollary 5.5
and by the fact that |X;<| <4, we obtain that Xy contains exactly 2 vertices of each of G;, G;. Since G; and G; are big
components, it follows that X1 also contains at least one vertex from each of G;, G;. But this implies that G; and G;
are processed in parallel, a contradiction. Thus, we may assume without loss of generality that o (G;) < «(Giy1) for each
i=1,...,c— 1.1t follows from Lemma 5.3 that 8(G;) < «(Gjt1).

Now, let us define the chunk graphs C!,..., C¢ and the corresponding path decompositions Qi, ..., Q.. Define oy =1,
and let o = a(Gj) for i =2,...,c. Define w:L — {1,...,c} by w(v) = max{i:a(v) > a;,1 <i<c}. Forie{l,...,c}, let
C'=G[V(G)Uw ()] and let

Qi = (Xacy NV, o, Xy NV (CED).

By this construction, we have «(G;) = a(C%), and, moreover, if 8(Gi_1) < B(CI™1), then B(C'™1) < a(CY) for i=2,...,c.
Thus, if B(C'~") = a(C’), then B(Gi_1) = (G). Therefore, by Corollary 5.5, |Xgci-1y| =2 and [Xyci)| =2 in such case.
Finally, if B(C'™") < a(C') for any i € {2,..., ¢}, then |Xgci-1) N V(CT™1) =3 or [Xg(ciy N V(CY| = 3. Otherwise, |Xgci-1) U
Xq(ciyl <4 and P would not be a minimum-length path decomposition, thus contradiction. Therefore, we just proved that
P=0Q1® - & Q. Possibly by choosing P differently, we may assume without loss of generality that 7 has the maximum

number of indices i € {1, ..., c} such that Q; is type-optimal for C'. .
We conclude the proof by showing that, for each i € {1,...,c}, Q; is a type-optimal path decomposition of C'. Suppose
for a contradiction that this claim does not hold for some i € {1, ..., c}. Let Q; be a type-optimal path decomposition of C'.

If len(Q;) = len(Q?), then by the definition of the types of decompositions,

len(Q1 @ ®Q_1®Q ®Qit1® - ® Q) <len(P),

which contradicts our choice of P. Hence, len(Q;) > len(Q;). If Q; is not of Type A or Q; is not of Type C, then

en(Q1®--- Q102 Qi1 ®-- & Q) <len(P),
and if Q; is of Type A and Q; is of Type C, then

en(Q1 @ ® Qi 1®Qi11®--®Q ®Q;) <len(P),

which again contradicts our choice of P. This completes the proof of this case. O

Lemma 5.7 implies that, we may construct a minimum-length path decomposition of width at most k of graph G by
constructing a type-optimal path decomposition of each chunk graph of G separately, and then concatenating the result-
ing type-optimal path decompositions. The only two caveats here are: the optimal number of K;- and Kz-components in
each chunk graph and the optimal ordering of the type-optimal path decompositions. We deal with the latter in the next
subsection.
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5.3. Optimal ordering of path decompositions of chunk graphs

Let us now assume that path decompositions Qj, ..., Q. of chunk graphs C!,..., CC, respectively, are given and G =
ClU...UC* . In this subsection, our goal is to find an optimal order, i.e., the one that minimizes the length of the resulting
path decomposition of G, in which to concatenate Q;’s. Note that, by Observation 5.6, the Q;’s can be concatenated in
any order when k < 3. Thus, we assume that k =3 in the remainder of this section. To obtain the order we determine the
permutation of Q;’s and, if a particular Q; is of type B, then determine whether Q; should be of Type By or of Type B, in
the concatenation (hence, such a Q; may be reversed before producing the concatenation).

Let a, by, by denote the number of Q;'s of Type A, B1, By, respectively, i =1, ...,c, and let b = by + b,. We say that the
sequence Qq,..., Q¢ is in normal form if by = |b/2], b, = [b/27], and they are ordered as follows:

(i) If b=0, then Q1,..., Qq are of Type A and Qg+1,..., Q¢ are of Type C. (Informally, using the Kleene star notation,
the pattern is non-empty and belongs to A*C*.)

(ii) If b=1, then 91, ..., Qc—q—1 are of type C; Q._, is of Type By; and Q¢_g41,..., Q¢ are of type A. (Informally: the
pattern belongs to C*ByA*.)

(iii) If b > 1, then Qg is of Type By; Qa,..., Qq+1 are Type A; Qg4 is of Type By; Qu43, ..., Qarcy2 are of Type C; and
Qutc+3, ..., Qc alternate Type B, and B, starting with Type B,. (Informally: the pattern belongs to B, A*B{C*(B,B1)*
for an even b, and to B, A*B,C*B,(B1B,)*) for an odd b.)

The following lemma implies that the normal form is an optimal way of ordering and reversing the path decompositions
Q1, ..., Q¢ that results in a minimum-length path decomposition of G. For convenience, define

| max(,a—-1) ifb=0,
“(“’b)—{aﬂb/zj ifb > 0,

Lemma 5.8. Let G be a graph with pw(G) = 3. Let Cl, ..., CC be any chunk graphs such that G = C! U ... U CE. Let Q; be a path
decomposition of width at most 3 of C',i=1, ..., c. Let a and b be the numbers of path decompositions among Q1, ..., Q¢ of Type A
and of Type B, respectively. Then,

Cc
. f] fc — ) —
ﬂ’frél{hr}l}c{len (er(l) D...0 Qn(c))} = ;len(Qz) u(a,b), (19)
where the minimization is over all permutations w: {1, ...,c} —> {1,...,c}, Q? = Qi Q,.l is the reverse of Q; and f = (f1, ..., fc).
Proof. Consider an arbitrary permutation 7:{1,...,c} — {1,...,c} and a vector f= (f1,..., fc) € {0, 1}¢. Let v = v(ir,f)
denote the number of pairs (i,i+ 1), i € {1,...,c — 1}, such that len (Qj;"(i) <) Q%L)) =len (ij;(i)> +len (ij;(*iﬂr”) —1.
We refer to these pairs as matchups. Clearly, since each chunk graph C! has a big connected component,
Cc
len( jle(l) @@ Q,f,‘(c)) = len(Q;) — v(.f). (20)
i=1

By Corollary 5.5, and by definition of &, each matchup (i, i+ 1) requires that Q7f1i(i) is of Type A or of Type B, and Qj;"(*iﬂr])
is of Type A or of Type B;. We therefore have that if b > 0, then v (i, f) < a + min{bq, b2} < u(a, b). Moreover, if b =0,
then v(rr,f) < max{0,a — 1} = u(a, b). Since w and f were chosen arbitrarily, it follows that v(r,f) < w(a,b) for every
permutation 7 and f € {0, 1}, which, by (20), proves the “>" direction of (19).

It remains to prove the “<” direction of (19). Clearly, there are 7 and f such that the sequence forl(l) e Qi‘(c) is
in normal form. Now, it is straightforward to check that the number of matchups for Qy,..., O is exactly w(a, b), thus
proving the lemma. O

Note that the proof of Lemma 5.8 together with Lemma 5.7 immediately give an algorithm for graphs G with no K7- and
K>-components: find a type-optimal path decomposition for each connected component G; separately, order the resulting
path decompositions so that the sequence is in normal form, and concatenate them.

Therefore, it remains do show how many K;- and K,-components need to be added to each G; to make up a chunk
graph Ci. Section 5.4 deals with this question.

5.4. A dynamic programming algorithm for general graphs

We assume that G is a graph with big connected components Gi,...,G¢, ¢ > 1, Ki-components Kl,...,Kf‘, and
K>-components K3, ..., K2,
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Clearly we could find all possible chunk graphs for G by enumerating all distributions of K;- and K,-components of G
among the big components of G. However, the running time of such a procedure is not, in general, polynomial in the size
of G. We overcome this problem by designing a dynamic programming procedure that eliminates unnecessary distributions
leaving only those that can possibly lead to minimal length path decomposition of G. The procedure calls Algorithm 1 to
determine type-optimal path decomposition for each distribution (i.e., for given chunk graphs) it considers worth trying. We
now give details of the procedure.

For any vector s = (51, $2) € Zi and for any integer i € {1,...,c}, construct H;(s) by taking G;, s isolated vertices and
s isolated edges, and let Q;(s) be a type-optimal path decomposition of H;(s). Let T(Q;(s)) be the type of Qj(s). For
me{l,...,c},r1€{0,...,q1} and rp € {0, ..., g2}, define

Z(h (1) =nN and Zd2(i) =1

Din(r1,12) = {d:{l,...,m}—> 72
i=1 i=1

where dq(i) and d;(i) are the first and second entry of the vector d(i), respectively. The set Dp,(r1,r2) represents all
assignments of r; Kq-components and r, K-components to the first m big components G, ..., Gy. Thus, dy(i) and dy (i)
are the quantities of Kq- and K,-components, respectively, that are assigned to the big component G;, i =1, ..., m. Thus,
once d is fixed, the chunk graphs are fixed. And with those fixed, Lemma 5.7 and Lemma 5.8 show that by concatenating
their type-optimal path decompositions in the normal form we obtain a minimum-length path decomposition of G.

Let d € Dy, (11, 12). Let #A(d) and #B(d) be the numbers of path decompositions of Type A and of Type B, respectively,
among the type-optimal path decompositions Q1 (d(1)), ..., On(d(m)). Define

len(d) =) len (Q;(d(i))) — u(d). (21)
i=1
Moreover, let

1, if#Ad)=#B)=0

2, if#A(d) > 0and #B(d) =0

3, if#B(d) > 0 and #B(d) is odd;
4, if #B(d) > 0 and #B(d) is even.

We will call w(d) the configuration of d. It divides all possible normal-form path decompositions for Qq(d(1)),
Om(d(m)) into four different categories, depending on the number of path decompositions of Type A and B among
Q1(d(1)),..., Qn(d(m)). Our dynamic programming algorithm works as follows. It builds a 4-dimensional array ¢,
me{1,...,c}, with the entries ¢ (r1,12,t) where r; €{0,...,q1}, 2 €{0,...,q2} and t € {1, 2, 3, 4}, which satisfy

w(d) =

¢ (r1,72,t) =min {len(d) | d € D (r1,12) and w(d) =t}. (22)

We set ¢y (1,12, £) = oo for {d | d e Dy (r1,12) and w(d) = t} = (. It follows from Lemma 5.7 and Lemma 5.8 that for each
te{1,2,3,4}, (q1,q2,t) < oo is the minimum integer such that there exists a path decomposition P of width 3 of G with
len(P) = ¢ (q1, q2, t) and with the corresponding vector d in configuration t, w(d) =t. Thus, [ = min¢e1,2,3 4 {07 (q1, G2, )}
is the minimum integer such that there exists a path decomposition of width 3 and length I of G. Clearly, ¢Z(q1,q2,t) < o0
for some t € {1, 2, 3, 4}. It remains to show that the values of ¢, (r1,r2,t) can be recursively calculated in polynomial time,
which is what the next two lemmas show. We start with the following crucial observation:

Lemma 5.9. Let m € {2, ..., c}. Let d € Dy(r1,12) and let d € Dp_1 (31 Ld; (i), > dz(i)) be such that d(i) = d(i) for each
i=1,...,m—1. Ifr(Qm(d(m))) =C, then ,u(#A(d), #B(d)) = n(#A(), #B(d)) and 6(d, d) = 0. Otherwise,

5(d, d) = p(#A@), #B(d)) — L(H#A), #B(d)) = { 0. Tl od)<id.2. 1,3, &3, 3))

In particular, 5(d, d) only depends on w(d), w(d), and T(Qp (d(m))).

Proof. If Qm(d(m)) is of Type C, the result follow from the fact that Q;(d(i)) and Q; (d(i)) are of the same type for each
i=1,.. — 1. So we may assume that Qm(d(m)) is not of Type C. The possible transitions from w(d) to w(d) when
Qm(d(m)) is of Type A or B are graphically shown in Fig. 8. The nodes represent configurations w € {1, 2, 3,4} and the
edges represent pairs (w(d), w(d)). Each edge has two labels, one that indicates the value of §(d,d) and the other that
indicates the type of Qn(d(m)). Notice that #A(d) — #A(d) € {0, 1} and #B(d) — #B(d) € {0, 1}. It is now straightforward to
check that the edges depicted in the figure are the only possible pairs (w(d), w(d)) and that the value of §(d, d) is exactly
as given in the figure. O

Let h:{1,2,3,4} x {A,B,C} — {1, 2, 3,4} be the transition function and g:{1, 2, 3,4} x {A,B, C} — {0, 1} be transition
weights § from Fig. 8. We assume h(t, C) =t and g(t, C) =0 for any configuration t.
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Configuration 2

a>0,b=0

Configuration 1 d=p(1,0)—p(0,0)=0
a=b=0 A

6=p(0,1)—1(0,0)=0

5=u(a+1, 0)7“(0‘» 0):1

Configuration 3

b>0,bodd

Configuration 4

b >0, b even

o=p(a, 2k+1)—p(a, 2k)=0
o=p(a+1,2k+1)—p(a, 2k+1)=1 o=p(a+1,2k)—p(a, 2k)=1

Fig. 8. Transitions between different configurations.

Lemma 5.10. Let m € {2, ...,c}. If there exists a polynomial-time algorithm that, for any chunk graph C, and for any eq,e; €
{2,...,k + 1}, either constructs a minimum-length (e1, e2)-path decomposition of width k of C, or concludes that no such path
decomposition exists, and if the array ¢y, _, is given, then ¢y, (r1, 12, t) can be computed in polynomial time for eachr1 € {0, ..., q1},
rpef0,...,q2},t€{1,2,3,4}.

Proof. Fix rq, 2, t, and m. In order to prove the lemma, we will show that the following recursive dynamic programming
relation holds:

Sm(ri T2, 0 = min [¢n, 1 —i.r2 = j,t) +len(Qu(i, j) — g(¢', 7(Qu(i. ) [ A, T(Qm(i, ) =t].  (23)

0<j<r;
1<t’'<4

where the right hand side of (23) equals oo if ¢ _,(r1 —i,12 — ], t') = o0 or h(t', t(Qn(, j)) #t for each i € {0, ..., 11},
jef{0,...,rn}and t' €{1,2,3,4}.

This suffices because the right hand side of (23) can be calculated in polynomial time. Indeed, the array ¢, _; is given by
assumption; O (i, j), its length, len(Qn (i, j)), and its type, T(9m(i, j)), can be calculated in polynomial time by assump-
tion; thus, since the initial configuration t’ is given for each entry ¢ _;, both h(t’, T(Qn (i, j))) and g(t’, T(Qn(, j))) can
be readily calculated.

We now prove (23). First, we observe that if for each i € {0,...,r}, j€{0,...,r2} and t' €{1,2,3,4}, ¢55_,(r1 —i,12 —
j,t')y =00 or h(t',T(Qm(, j)) #t, then the right hand side of (23) equals co. On the other hand, the definition of ¢ _;
then implies that the set {d | d e Dy (r1,12) and w(d) = t} is empty and thus ¢, (r1,12,t) = oo and (23) holds as required.
Therefore, we assume now that there are i € {0,...,r1}, j€{0,...,m2} and t’ € {1,2,3, 4} such that ¢ _,(r1 —i,r2—j,t) <
oo and h(t’, T(Qm(i, j)) =t. We prove (23) by proving that the inequality holds in both directions.

“<”: Let d"J''' € Dy_q(r1 —i,rp — j) be a vector such that len(d"/') = ¢* | (r1 —i,ro — j,t') and w(d" ) =t'. Let

dJt' € Dy (r1, 1) be the extension of d'“J'' to {1,...,m} that satisfies c_l;’j’t/(m) =1, El;’j’t/(m) = j, and w(@@"ty=t. By
Lemma 5.8,

Gn(r1,12.0) < len(@ ) = 3 len Q@ (1)) — p#A@), #B@ )
=1

m—1
- [Z ln Q@ 1) - @), #B<d"f*f’)>} +len(Qn(i. j)) — s(@i @)
1=1

=¢* L (r1 —i,13— j.t)) +1en(Qu(, j)) — s(d-t d>It)
=¢m_1(r1—i,r2— j, t') +1en(Qn(, ) — g(t’, T(Qm(, ),
where §(di-f'diJ ity = g(t’, T(Om(i, j))) in the last equality follows from Lemma 5.9 and w(d"Jt) = t’. Finally, o(d"/'') =
h(t', T(Qm(, j)) =t as required. B ) i i
“>": Let d* € Dy, (r1, r2) be such that len(d*) = ¢:;1 (r1,12,t). Thus, w(d*) =t. Let i = dT m), j= d; (m), let d* € Dp_1(r1 —
i,r3 — j) be the restriction of d* to {1,...,m — 1}, and let t’ = w(d*). By Lemma 5.8,
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G112, 0) =len(@) = Y _len (Qu(@" (1)) — n(#A@"), #B(@"))
=1

m—1
= [Z len (Qu(@* (1)) — L(#A(d"), #A(d*))} +1en(Qm(i. j)) — 8(d*, d*)

=1
> ¢k (1 —i,r2— j,t)) +1en(Qm(i, j)) — 5(d*, d*)
=gk (1 —i,12— j,t) +1en(Qn(, ) — g, T(Qm(i, )))

where §(d*,d*) = g(t’, T(Qm(i, j))) in the last equality follows from Lemma 5.9 and ity = ¢, Finally, w(d*) =
h(t', T(Qm(i, j)) =t as required. O

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let k = 3. The array ¢ can be directly computed using Algorithm 1 for chunk graphs. Thus, induction
on m and Lemma 5.10 (given ¢ ¢ can be computed with the help of Algorithm 1) imply that Theorem 5.1 follows for
k=3.

Let k < 3. By Observation 5.6, finding a minimum-length path decomposition of G reduces to determining of the as-
signment of small components to the big components, i.e., it reduces to partitioning G into chunk graphs and then to
concatenating (in any order) the minimum-length path decomposition of the chunk graphs. Hence, in the case of k € {1, 2}
we use the dynamic programming algorithm in which all (e, e;)-path decompositions of chunk graphs are of the same type.
Thus, each minimum-length path decomposition of a chunk graph is type-optimal. The decomposition can be computed by
using Algorithm 1. O

*
m—1’

We conclude this section by stating the main results of this paper. By the fact that the problem MLPD(0)-CONSTR is
trivial, and by Theorem 4.1 and Theorem 5.1 we obtain:

Theorem 5.11. Given a graph G and an integer k < 3, there exists a polynomial-time algorithm that computes a minimum-length path
decomposition of width at most k of G, or concludes that no such path decomposition exists. O

6. Conclusions and open problems

In this paper, we have considered a bicriterion generalization of the pathwidth problem, where, for given integers k, [
and a graph G, we ask the question whether there exists a path decomposition P of G such that the width of P is at most
k and the length of P, is at most I. We have shown that a minimum-length path decomposition can be found in polynomial
time provided that k < 3, and that the minimum-length path decomposition problem becomes NP-hard for k > 4. Also, we
have shown that the minimum-width path decomposition problem becomes NP-hard for [ > 2. Though these results provide
a complete complexity classification of the bicriterion problem for general graphs, we point out some open problems and
interesting directions for further research:

o The most immediate open question is the complexity status of finding a minimum-length path decomposition of width
k = 4 for connected graphs. Also, given our focus on the structural properties and complexity status of the special cases
with fixed pathwidth parameter k in this paper, our algorithms, although polynomial in the size of G for k < 3, are not
very efficient. Hence, an interesting and challenging open question remains: do there exist low-degree polynomial-time
algorithms for MLPD(k)-coNsTR for connected and disconnected graphs and k < 3?

o Another research direction is the study of approximate solutions to MLPD(k)-coNsTR and the trade-offs between the
width k and the length I. More precisely, whenever an efficient optimization algorithm for a case of MLPD(k)-CONSTR
is unlikely to exist, it is justifiable to design approximation algorithms that find path decompositions whose width and
length are within some, preferably provable, bounds from the optima.

o Since the MLPD(k)-coNSTR problem has appeared in a different context as a combinatorial problem motivated by an
industrial application [2], one may search for efficient algorithms for special classes of graphs that are particularly
relevant for this and other real-life applications.
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