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The 1996 experiment by Brune er al. [Phys. Rev. Lett. 76, 1800 (1996)] on vacuum Rabi oscillation is
analyzed by means of alternative models of atom-reservoir interaction. Agreement with experimental Rabi
oscillation data can be obtained if one defines jump operators in the dressed-state basis and takes into account
thermal fluctuations between dressed states belonging to the same manifold. Such low-frequency transitions
could be ignored in a closed cavity, but the cavity employed in the experiment was open, which justifies our
assumption. The cavity quality factor corresponding to the data is approximately 0=3.31X 10'°, whereas Q
reported in the experiment was Q=7 X 107. The rate of decoherence arising from opening of the cavity can be
of the same order as an analogous correction coming from finite time resolution Az (formally equivalent to
collisional decoherence). Peres-Horodecki separability criterion shows that the rate at which the atom-field
state approaches a separable state is controlled by fluctuations between dressed states from the same manifold
and not by the rate of transitions toward the ground state. In consequence, improving the Q factor we do not

improve the coherence properties of the cavity.
DOI: 10.1103/PhysRevA.79.033836

I. INTRODUCTION

In 1996 the group from Laboratoire Kastler-Brossel in
Paris reported to date most precise measurements of vacuum
Rabi oscillations in cavity QED [1]. The suggestive plots
from [1] have achieved status of classic textbook illustrations
of agreement between theory and experiment in quantum
optics [2,3]. The experimental setup is close to ideal, and as
such is a promising candidate for implementation of quan-
tum logic gates. This brings, however, all the issues one will
encounter in a realistic quantum computer, with qubit-
reservoir interactions and various kinds of decoherence in the
first place.

When one tries to reconstruct the data from theoretical
models one encounters surprising and intriguing difficulties.
As far as we know, none of the authors who undertook this
task managed to find a convincing explanation of all the
discrepancies. The main goal of our paper is to discuss the-
oretical consequences of the fact that the cavity used in the
experiment was open. We will see that then at least one new
important source of nondissipative decoherence, not taken
into account so far, arises.

The first attempt of explaining the data on the basis of
master equations was the Ph.D. thesis of Chough, written
already a year after the experiment but, unfortunately, not
widely known [4,5]. Chough identified two main effects that
did not find support in his quantum-trajectory simulations:
too large amplitude damping (probability of atomic ground
state was too quickly decaying toward 1/2) and too small
energy damping (the probability did not quickly enough ap-
proach 1). Chough showed that the data are much better
approximated by a semiclassical theory. The problem with
both kinds of damping was discussed from a general model-
independent perspective by Bonifacio er al. [6]. Here the
conclusion was that the amplitude decay could not be caused
by energy losses. The authors localized one possible nondis-
sipative source of the damping, namely, experimental time
uncertainty Az following from atomic velocity distribution.
Indeed, neglecting energy losses but taking into account un-
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certainties in the measurement of ¢, one observes that Rabi
oscillation of the ground-state probability gets damped to-
ward 1/2.

Yet another intriguing possibility was noticed by our-
selves in [7]. Our original intention was to check if vacuum
Rabi oscillation experiments are capable of distinguishing
between alternative approaches to field quantization. The
first observation we made was again the problem with too
strong amplitude damping. Since in this context this was
precisely the effect we hoped to see [fields quantized in re-
ducible non-Fock representations of canonical commutation
relations (CCR) [8-12] should lead in this situation to
vacuum collapses and revivals] we made some effort to dis-
criminate between different sources of such behavior. It
turned out that the result was inconclusive: the effects dis-
cussed in [6,7] can mask one another, unless the uncertainties
in Ar are sufficiently small and one can monitor the oscilla-
tion long enough to see the revival—if it really occurs. How-
ever, the lack of energy decay noticed by Chough was clearly
seen also in the alternative formalism, so in this respect the
situation was not better than in the earlier approaches. It
became clear that a more reliable theory of dissipation is
needed before one can say anything concrete about the prob-
lem as fundamental as the choice of representation of CCR
employed in field quantization.

Relatively recently Scala et al. [13] questioned the very
basics of master equations employed in the quantum optics
literature and proposed an apparently cosmetic modification
of the standard formalism. We will describe this approach in
detail in the following sections, so let us sketch here the
main result, which turns out to go back to the original ideas
of Davies on how to describe system-reservoir interactions in
Markovian master equations [14,15]. The observation is very
simple but essential for general consistency of the dynamics:
the “jump operators” should describe jumps between eigen-
states of the system Hamiltonian (i.e., dressed states) and not
eigenstates of the free-field subsystem (free-photon number
states) as it happens in practically all approaches employed
in quantum optics [16].
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We will see that an open-cavity generalization of the
model from [13] we propose allows for reconstruction of
experimental data even in the idealized case of infinite time
resolution, Ar=0. The generalized construction involves
jump operators defined in the dressed-state basis but, as op-
posed to this from [13], takes into account also the jumps (up
and down) between dressed states belonging to the same
manifold. Such jumps cannot be excluded in open cavities
since at 7=0.8 K average numbers of appropriate long-wave
photons are very large. The cavity of Brune et al. was open
so the effect has to be included. Of course, Ar was nonzero
and collisions with background gases were present. As the
latter two effects are mathematically equivalent, we decided
to supplement our generalized model by the general scheme
from [6]. In consequence, we seem to have included the three
main ingredients of decoherence: collisions and uncertainty
of #, losses of energy, and the external long-wave modes.
However, even now we obtain agreement with the data only
under the assumption that the cavity Q factor was much
higher than assumed in [1], so some of the problems noticed
in [4,5] do not disappear. A tentative interpretation of this
discrepancy is that the additional Davies operator we have
introduced may arise from system-reservoir interactions that
are sensitive to photon number [16] (cf. the Appendix). One
more observation we make is that theoretical treatments
given in [4-7] did not properly distinguish between the no-
tions of “true” and “effective” times, somewhat imprecisely
discussed in [1], and this led to incorrect estimates of decay
parameters of the cavity in question.

The two types of transitions we consider (within a single
manifold or between different manifolds of dressed states)
turn out to have different physical consequences. For ex-
ample, these are the “ignored” fluctuations within a single
manifold that control separability properties of the atom-
photon system, and this is the rate of this transition that plays
a role of the damping parameter known from Bloch-equation
treatments of Rabi oscillations.

Following the terminology from [13] we will speak of
standard quantum optical “phenomenological” master equa-
tions, while the one of Scala er al. will be termed “micro-
scopic.” We will confront the data with predictions of both
models at 7=0 K and 7=0.8 K and then formulate the
open-cavity model at 7=0.8 K. In comparison with the data
we assume exact resonance. Not only will this assumption
simplify formulas but it leads to closed-form solutions for a
cavity with a Gaussian mode profile. What is interesting, the
latter problem can be computed exactly in our generalized
model, but in the phenomenological formalism we had to
resort to numerical solutions. So the approach we regard as
more physical is simultaneously mathematically simpler.

II. PHENOMENOLOGICAL MODEL AT ZERO
TEMPERATURE AND EXACT RESONANCE

One begins with the master equation
.1
p=—iQ,p]+ 7<apa' —z[aTa,pL), (1)
where [A,B],=AB+BA. The von Neumann part of the dy-

namics is governed by the Jaynes-Cummings Hamiltonian
H=h(), where
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Q= 22 (eXel - [gXg) + woa'a + glaled | + a'lg)e]).

2)

Creation and annihilation operators a, a* occurring in () also
play a dual role of Davies jump operators [14,15] in the
dissipative part of the master equation. The coupling param-
eter g is, for simplicity, assumed to be real. Ziwy is the energy
separation between the atomic upper |e) and lower |g) states.
The decay parameter 7 is responsible for energy losses.

Let us note already at this stage that this particular model
of dissipation assumes that the losses occur only for states
with nonzero photon numbers: the atom-cavity system loses
energy through transitions |g,1)—|g,0), but |e,0)—|g,0) is
not allowed. The dissipator in Eq. (1) could be supplemented
by an additional term describing atomic spontaneous emis-
sion at its natural rate unmodified by the cavity. Within the
cavity QED regime, however, this term can be neglected. In
this sense, the presence of the atom inside of the cavity is
practically ignored in the phenomenological model.

In the following discussion we will concentrate on dy-
namics that starts from the pure state |e,0)(e,0|. The as-
sumption implies a convenient constraint on the Hilbert
space in question. Indeed, at 7=0 K the system can make
transitions only downward on the energy ladder, so that the
only states we should take into account are |1)=|e,0), |2)
g,1), and |3)=|g,0). In this basis Eq. (1) is equivalent to
the following three sets of coupled first-order differential
equations:

P11 =igP12—igPa1> (3a)
P2 == YP2 = i&P12+igP21> (3b)

. Y . .
pr2== P12t igp —igpn. (3¢)

. Y . .
P21== P2~ 8P +igpn, (3d)
P33= YP22s (3e)
P13=—iwop13 — IgP23, (4a)

. . Y .
P23 == 1WoP23 = P23~ 18P13s (4b)

and

P31 =iwpp31 +I8P32s (5a)

. . Y .
P32 =iwops = P32 +1igpsi- (5b)

The loss rate y does not affect the population p;;, while it
contributes to the decay in p,, and the increase of ps;. In
other words, the population of the state |e,0) is not directly
affected by the dissipation, in contrast to the case of |g,1)
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The coherences p;, and p,; are also damped but with the rate
/2.

If we assume that the atom-field system is initially pre-
pared in the state =1, with
all the other elements vanishing. With these conditions the
last two sets of equations have solutions identically equal to
zero,

p13(t) = p31(2) = pas(1) = p3,(1) = 0. (6)

The remaining five equations imply

8g
__ "5 (vt
f)=— e
pll( ) ’)/2 _ 16g2
Y ()10 (2N Y1682 ~(1/2)1\y*—16g>
+ e (e —e )
2\9* - 16g*
72 8¢” —(y/z)t(e(l/z)t\e‘“yz—16g2+e—(1/2)t\e‘“y2—16g2)
T2y -168)° |

(7a)

2

48
=—F"
p22() 72—16g2

e—(y/z)z(e(l/z)z\s‘“f—léf_,_e—(l/z)r\e’yz—logz)

8 2
_ Lze—(y/z)z, (7b)

Y’ - 16g
2
_ 1687y
Y - 16g°

_ y e—(y/z)r(e(l/z)rdyz—16g2
2(y* - 1687

_ e—(1/2)tv“y2—16g2) _ 7’2
2(y* - 16g%)

p3() =1+

e—(y/z)t(e(1/2)t\e’y2—16g2

e—(l/z)z\““yz—légz)

g Y e (172)1\-16g2
(,yz 16 2)3/2 e

e—(l/z)zv‘yz—mg ), (7¢)

_8Y  _(yox

P12(1)=—2iy2_16gze +z—( (1271687

vy - 16g°

_ e—(l/2)tdf—16g2)e—(y/2)z v 2(6(1/2)t\5y2—16g2
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We will be pamcularly interested in the probabilities p?’ (t)
=pn(0), p l(f) Pzz(f) and Py, Ph(1)=p33(1). Noting that the
quantity y>—16g* appearing in all the above equations takes
negative values within the strong-coupling regime (g is much
larger than atomic and cavity relaxation times) we get

pe ()(t) _ e_(’Y/Z)t
Y e e L
+ ¢ sin—V16g —'y2
\116g2—'y2 2
8¢ — v t ——
_ —(yi2)t - 2
+ [16g~ — v, 8
16g2—y26 COSZ\ 2> — 7 (8a)
_2 o 88 e L
¢ —(y2)t _ —y/ZICOS_ 16 2 _ ,
Pi (D) = R 6= 7 S V16" -7
(8b)
16g°  _
Py, ph (1) = me (21

‘)’3

_ N e
Hliog— e | singvieg=y

e f ——

L —(y2) e 2

+ cos—V\16g” —

16— * V168 -7
168y -(y2) /

ot
Tleg- e ey (89

Asympt0t1cally, for t—oo, we find lim,_.. py 0(t) 1 and
lim, .. p, " ()=0. We conclude that the photon must finally
escape from the cavity. The solid curves at Fig. 1 show the
evolution of p§ O(t) and p? " (7) for the atom-field coupling
characteristic of the Brune ef al. experiment [1]. The damp-
ing parameter 7 is, at this stage of our analysis, chosen arbi-
trarily just to show the essential qualitative properties of the
dynamics.

III. PHENOMENOLOGICAL MODEL AT T>0: FIRST
APPROXIMATION

Let us now proceed to a more complex and at the same
time more realistic case of 7>0. The phenomenological
master equation acquires an additional term related to up-
ward transitions on the energy ladder,

] d 1
+ e—(1/2)t\“‘72—16g2)e—(7/2)t, (7d) d_lt) =-i[Q,p]+ 'yl(apaT - E[aTa,p]Jr)
—_ . 1
. 8Y _y»yi_.___ 8 (1721 y*-16¢° + "pa——[aa’,p] 9)
(1) = 25— " - j————x(e 8 Yi\a pa aa,pls |-
P21 Y — 168 \’/—’yz_16gz 2
—2)nPt6gd (2 Y8 (12172~ 16g2 Here, vy, and 7y, denote rates of transitions downward and
-¢ Je —! ¥ —16g> (e upward, respectively. Given temperature 7, these two coeffi-
s cients are related by the formula (a consequence of the KMS
+ (1N P=168%) =(r2)t (7e)  condition [17])
033836-3
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FIG. 1. (Color online) Predictions of the phenomenological model for T=0 K (solid) and 7=0.8 K (dashed) for g=47710° Hz. The
dissipation rate for T=0 is y=0.3g, while y;=0.3g and ;,=0.04667y, for T=0.8 K. Plot (A) shows the probability of finding the atom in its
ground state, pgh(t)= pgflo(t) + pgf‘l(t). (B) shows the probability for a photon to be outside of the cavity, pg‘o(t).

— e—hwo/kT,yl . (10)

7
Inserting T and w, as reported in the experiment [1] (T
=0.8 K and wy=2751.099 GHz) we obtain

¥y =€y, with e~0.046 6327, (11)
which, in fact, means that Eq. (9) contains a single parameter
7,- The most important formal difference with respect to T
=0 is that now the number of states that take part in the
evolution becomes infinite, no matter what initial condition
one takes. This is a consequence of two facts: the form of the
thermal density matrix at =0 and the possibility of upward
transitions implied by y; #0. However, for 7=0.8 K the
contribution to the initial condition from all nonvacuum
states is not greater than 5% of probability and the upward
transition to higher dressed states is of the same order. So the
technical assumption we make here is that in the first ap-
proximation it is legitimate to truncate the Hilbert space to
its three-dimensional subspace spanned by |1)=|e,0), |2)
g.1), and |3)=|g,0), but including the upward transitions
within this subspace. The next approximation would be to
include the next dressed-state subspace, but within this sub-
space include only the downward transitions—this correction
will be discussed in a separate paper.

Once we make the simplifying assumption, we have to
modify the form of the Davies operators to guarantee that
higher dimensional subspaces of the Hilbert space will not
couple to the subspace in question. Let I be the projector on
the subspace of interest,

M= + +

e,0)e,0

g 1)X(g. 1] +g,0Xg,0], (12)

so that the truncated Davies operators are obtained by the
substitution

a— Ilall =

2,0)(g, 1], (13)

a" — Ta'Tl =

g, 1)(g,0]. (14)

The modified master equation (9) now reads

p=—iQ.p]+ m(lg,0><g, 1|plg.1)(g.0] - %[Ig, 1)g, 1|,p]+>

+ 7T(

As we can see, the dissipative term again does not affect the
state |e,0) of the system. Matrix elements of p between basis
states split into three groups of equations,

8.1)(g.0[plg.0)(g. 1| - %[g,OXg,O ,p]+>- (15)

P11 =18P12—18P21> (16a)
P2 ==Y |Pn —i8P12+ 18P + ¥1P33, (16b)
. Y . .
Pra=- 31P12+18P11 — I8P, (16¢)
. .
P21 == "5 P2~ 8PN +1igpan, (16d)
P33=Y|P2— Y1P33> (16e)
. . . Y
P13 =—1wop13—I8P3 — EALPB’ (17a)
. . . Y Y
P23 =~ 1WpP23 — 18P13—~ b P235 (17b)
and
. . . Y
P31=lw0P31+lgP32—E[P31, (18a)
. . . Y tY
P32 = iwop3y +18P31 — %Pn (18b)

It is obvious that for y;=0 the equations reduce to Egs.
(3a)—(3e), (4a), (4b), (5a), and (5b). The situation is analo-
gous to T=0. Assuming that the atom-field system starts
from p(0)=|e,0){e,0| we find that Egs. (17) and (18) again
have trivial solutions p;5(f) =ps,(f) =py3(t) =ps(t)=0, so that
it is sufficient to focus attention on Eq. (16). Unfortunately,
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FIG. 2. Predictions of the phenomenological model for €=0.01
(solid), e=0.1 (dashed), e=0.5 (dotted-dashed), and e=1 (dotted)
and g=47710° Hz, 7,=0.3g. As mentioned in the text the restric-
tion to the three-dimensional subspace is a gross abuse since the
corresponding temperatures are, respectively, 7=0.54 K, T
~1.1 K, T=3.5 K, and T=0~.

although the number of equations is the same as for 7=0, we
are not able to determine analytically the eigenvectors of the
matrix of coefficients appearing at the right-hand side of Eq.
(16). Numerical analysis shows, however, that predictions
are basically the same as their counterparts for 7=0 K, as
shown in Fig. 1. Just to have a feel of the role of € for the
evolution we plot in Fig. 2 the appropriate probabilities for
several different €’s. The range of temperatures we consider
makes this exercise purely formal, but it clearly shows the
tendency for lowering the curves as € grows.

IV. DESCRIPTION IN DRESSED-STATE BASIS:
SCALA et al. APPROACH

The main drawback of the phenomenological model lies
in the choice of states determining the possible transitions
during the energy loss. These are not the eigenstates of the
system Hamiltonian H but those of the free-field Hamiltonian
howa'a (ie., |g,1) and |g,0)). However, in all general theo-
ries of system-reservoir interactions one assumes that the
losses are modeled by transitions between the eigenstates of
the Hamiltonian of the system [14,15]. In our case H is the
Jaynes-Cummings Hamiltonian representing bound states of
the atom-photon (or spin-oscillator) composite system. At-
oms and photons are here as inseparable as protons and elec-
trons in atoms and—similarly to atoms—should be assumed
to loose energy via transitions between appropriate energy
levels. The phenomenological model is implicitly based on a
classical intuition that the system necessarily loses energy by
means of losses of light since it is light that interacts with the
cavity walls and not the atom itself (for a detailed discussion
of assumptions behind the phenomenological model see
[18]).

An implication for our atom-photon system is that the
Davies jump operators a and Ilall should be replaced by
appropriate Davies operators defined in the dressed-state ba-
sis. This is the starting point of the “microscopic model”
developed by Scala et al. in [13] (further generalizations be-
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yond Markovian and rotating-wave approximations were
given in [18-20]). At T=0 K the master equation proposed
in [13] reads

,P]+>

,P]+>, (19)

= 16001 | LI - S0,

e Al - Ao

where [..) are the dressed atomic states, |{,)=|g,0), while
v; and 7y, denote rates at which the corresponding transitions
[Q.)— Q) take place. Let us note that Q=H/# is the same
as in the phenomenological model: we do not modify the
system but only the way it interacts with the reservoir.

When comparing this equation with Eq. (1) or (9) one
notices that it contains two jump operators, |[Q,){({2,| and
[Qo){Q_|, expressed in terms of the dressed states, and both
of them describe transitions toward the system ground state
|Q¢)=|g,0). Within this model, therefore, both bare states
|g.1) and |e,0) may decay toward |g,0) contributing to the
irreversible loss of energy from the system. In fact, since we
are now working with the dressed states which are combina-
tions of the bare ones, even a single decay channel produces
decays of the two nonground bare states: |e,0) and |g,1).
Recall that the essence of the phenomenological model, on
the other hand, is that the only state that may directly decay
is |g,1).

From a formal point of view, the essence of microscopic
treatments of dissipation is in the way the Davies operators
are constructed. In [13] one gets

A= Q) = QX Q@ + @) Qe X Q|

s

1 | — —.
= 55N,N'—1(\“'N+ 1+ ImVN) | QX Qe
(20)

where [,m=7 and N refers to the total number of excitations
in the atom-cavity system. One feature, to which we shall
refer in the following, is that operators derived this way can
describe transitions between neighboring manifolds of
dressed states but not within a single manifold. So the model
excludes transitions between [(),) and |Q)_). This makes
sense in closed cavities since the wavelength of an appropri-
ate transition is of the order of kilometers while the cavity
sizes are much smaller (a few centimeters). However, the
cavity used by Brune et al. was not closed—we shall return
to this issue later.

Assume as before that the initial state of the atom-cavity
system is |e,0). In the basis |1)=|Q,), [2)=|Q_), and |3)
=|Q,) the master equation takes the form

. Y1
pL== "5 P (21a)
. Y2
pn=="5 P (21b)
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FIG. 3. Predictions of the microscopic approach. Both plots show the probability of finding the atom in its ground state under different
conditions: g=47w10° Hz: (A) y,=0.1g, 7,=0 and (B) v,=0.1g, v,=0.05g.

. Y Y
P33 = ?1911 + ?zpzz, (21c)
. . Yt Y
pro= (—z(m—ﬂ_)— ” 2)pu, (21d)
. . Y1
pPi3= <—1(9+—Qo) - Z)PB, (21e)
. . Y2
P23 = (‘l(ﬂ-—ﬂo) - Z)Pm- (21f)

As we can see the equation is much simpler than the phe-
nomenological one. The solutions are

p11(1) = e~ "2p 1(0), (22a)

(1) = e 22p(0), (22b)

p33(1) = (1 =12 p11(0) + (1 = e p,,(0) + p33(0),

(22¢)

pio(t) = el (0), (22d)
p13(1) = e[_i(Q+_QO)_7'/4]tP13(O), (22e)
ps(1) = 7O (). (22f)

In exact resonance the initial condition satisfies

1 1 1
p(0) =le,0)(e,0] = 5|Q+><Q+| + §|Q_><Q_| - 5|Q+><Q_|

1
- 5|Q_><9+ , (23)

and the solution can be written as

1 1
p(f) = Ee_(yl/z)z|Q+><Q+| + 56—(72/2)r|Q_><Q_|
+ (1 Lt le_(yz/z)t)moxﬂd
2 2
_ %eZigte—[(w+72)/4]f|Q_><Q+|
_ %e—Zigte—[(w+72)/4]Z|Q+><Q_|. (24)
The corresponding probabilities of the bare states are

. 1 1
mic _ — (2t — —(y/2)t
Pio ()= 1= e - Jem, (25)

- 1 _ 1 1
pgm,‘f(t) = —4e (/2 4 4—e (r/2)r _ —2e ()4l cog 261
(26)

The probability p;nic(t) of finding the atom in the lower state

) ) ) 1 1
mic/,\ _ . mic mic 1 _ Z —(y/2)t _ Z —(»/2)t
P = P50 + 5 = 1 = e

- %e_[(ylﬂz)m]’ cos 2gt, (27)

is symmetric with respect to y; and 7,, and it is the sum of
these coefficients that controls the rate at which oscillations
are damped. An interesting situation (population trapping)
takes place when one sets ;=0 or y,=0. In this case, the
probability of finding the atom in the lower state approaches
asymptotically 3/4 instead of 1. In contrast, for nonzero 7,
and v, the limiting value is 1, as shown in Fig. 3.

In the following sections, we will try to confront the
above two models with the experiment reported in [1] and
then propose yet another modification of the master equation,
appropriate for an open cavity.
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Al

N

FIG. 4. The experimental setup we consider. The source of at-
oms () and the detector (D) are placed, respectively, directly be-
fore and after the cavity, so that effects of dissipation outside of the
cavity are neglected. The diameter of the cavity equals d and dura-
tion of the evolution is determined by t=d/v, where v is the atomic
velocity.

V. EXPERIMENT OF BRUNE ef al.: ROLE OF GAUSSIAN
PROFILE OF THE CAVITY FIELD

The above calculations were performed under the as-
sumption that the atom-field coupling g was constant in time.
Still, in real experiments the coupling is effectively time de-
pendent since the atoms are moving through the cavity. A
convenient formulation of the problem is to work in the
atomic rest frame, where the moving cavity field can be
modeled by a time-dependent coupling parameter g(r) [21].

The cavity used in this particular experiment is an open
Fabry-Pérot resonator consisting of two mirrors of diameter
d=50 mm each and with mirror spacing L=27 mm mea-
sured on the cavity axis. The mode sustained by the cavity
has a Gaussian profile characterized by the waist w
=5.96 mm. The walls of the cavity (mirrors) are cooled to
approximately 0.8 K which corresponds to the average num-
ber 7=0.05 of photons of resonant frequency. The two-level
system that interacts with the cavity field is implemented by
circular Rydberg states of rubidium, with principal quantum
numbers n=>50 and n=>51, playing the roles of lower |g) and
upper |e) levels, respectively. The transition frequency be-
tween these states is wo=~2m751.099 GHz and the inverse
radiative lifetime 1/7~0.03 kHz. The cavity relaxation time
is T.,,=220 us and g=47710° Hz; hence the parameters
fulfill conditions of the strong-coupling regime.

(R)

Pg (Leff)

tege[s]

PHYSICAL REVIEW A 79, 033836 (2009)

The experiment is schematically shown in Fig. 4. If the
time of flight between the source and the detector is ¢, the
atom arrives at the center of the cavity at t'=¢/2. The rela-
tion between the distance d and the time f is given by d
=vt, where v is the velocity of the atom. The run of the
experiment that measures the atomic state at time ¢ corre-
sponds to the Hamiltonian H(z") whose coupling is given by
g(t’):ge‘”z(”z"')z/wz, and the evolution runs for 0=¢'=t.
Let us note that coupling during the interaction is almost all
the time smaller than the maximal value g=g(7/2). One ex-
pects therefore that the Rabi oscillation (at exact resonance)
is not performed with the Rabi frequency g but with some
smaller effective frequency. Brune e al. [1] assumed that
this frequency should be computed according to

t o0
gefft=J g(tdt' = gJ o~V gyt
0 —00

’,—W /—W
=GN =GN 1= gl (28)

We will later see that recipe (28) works indeed for system-
reservoir interactions involving the dressed-state Davies op-
erators, but in fact is not exactly true for the phenomenologi-
cal model.

Both the book [22] and the review [23] make it very clear
that the data reported in [1] were plotted as functions of the
effective time 7. and not as those of the true evolution time
t. The data obtained in the experiment are presented in Fig.
5. Dots with error bars represent experimental points corre-
sponding to the probability of finding the atom in the lower
state |g). The solid and dashed curves represent fits by means
of the function

1 o0
Py (o) = 1 = 52 P(n)[1 + et cos(2g\n + 1141,
n=0

(29)

where P(n) is the thermal distribution and for two different
damping parameters 7.

(B)
1
0.2 Fo
S 0.6 L Vo]
b I’ ++Hﬂ\ + {
4 L WM Him
> 0.4 \# ﬂ ]
o Y Na
0.2
0
0 0.00002 0.00004 0.00006 0.00002

terels]

FIG. 5. Probability of the atomic ground state as a function of the effective time #.;. Dots with error bars represent experimental points.
(A) The dashed line represents Eq. (29) with y~'=220X 107 s; the solid line corresponds to the corrected formula (31), hence after unifying
the notion of time. (B) We have simply multiplied the probabilities known from the ideal Jaynes-Cummings model by exponential factors
exp(—yt.s) (dashed line) and exp(——=-—t) (solid line). In both cases g=47710° Hz and 7=0.8 K.

Vawld
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The fitting formula (29) has caused a lot of confusion in
the literature, and there were two main reasons for that. One
reason was that the first paper [1] did not clearly state that
the time axis involved 7. and not 7. The second reason can
be understood after having solved master equations with
time-dependent Hamiltonians and our g(z'). We will see that
inclusion of the Gaussian structure of g(¢) effectively
changes gf, typical of the constant coupling, into g.if= gt
but does not affect the terms yr. It follows that if we plot the
experimental data in the true time ¢, the fitting function
should read

oo

1 —
pz"pt(t) =1- EE P(n)[1+ e cos(2g.\n + 11)].
n=0

(30)

But if we decide to rescale the time from ¢ to 7., as it was
done in [1], then the fitting formula becomes

[’

1 [
Pyt = 1= 5 2 P+ ¢ OOl
n=0

Xcos(2gVn + lt.q)]. (31)

In other words, the effective damping parameter is
y/(Naw/d) and not y. Many authors, including ourselves
[4-7], have noticed that the data presented in [1] seem to
correspond to a cavity whose lifetime is 40-50 us and not
220 us as claimed in [1]. It looked like the cavity was five
times worse than it was assumed. However, when we insert
the cavity parameters into y/(yV7w/d) we find that the effec-
tive lifetime of the cavity is around 46 us, in agreement
with the data. In Fig. 5(A) the time axis corresponds to 7.
The dashed line is the fit with_yf. where 1/y=220 us; the
solid curve is damped by y/ (\mw/d)t, with the same value
of y. As we can see, an explanation of this discrepancy may
be trivial.

One should keep in mind that, in spite of this simple
explanation of the “discrepancy,” the fitting formulas cannot
be regarded as theoretical curves, and it is easy to understand
why. The long-time asymptotics of both Egs. (30) and (31) is

(a)

(t)

Py
[=]
4

t

PHYSICAL REVIEW A 79, 033836 (2009)

A\

0 5 10 15 20
t

FIG. 6. (Color online) The interaction time is split here into n
=21 equally sized time intervals of length Ar=¢/21. g(¢) is ex-
pressed in units of g and units of time are arbitrary. The distance
between the two vertical lines in the central part of the plot is 2w.
The shape of the Gaussian corresponds to the mode profile inside of
the cavity discussed in [1]. In the actual numerical simulation of the
phenomenological model we use n=20 001.

1
lim pe™ 1) = lim p¥(1) =, (32)
toff—> t— 2

whereas we know that the two theories we have discussed so
far predict

. 1
. h 1 i -
lim p() —}Lrg pe () > > (33)

t—®

the right-hand side depending on damping parameters and 7,
but in all cases the limiting values being much greater than
1/2. The predictions of the two models can be mimicked by
a different kind of fitting function, shown in Fig. 5(B). Physi-
cally, the two fits describe exponential damping of two dif-
ferent quantities: the atomic inversion in Fig. 5(A) and the
probability of atomic excited state in Fig. 5(B). It is the later
that agrees with theories based on Markovian master equa-
tions, simultaneously disagreeing with the data. Hence the
question remains if one can explain the fitting formulas of
Brune et al. on a basis of master equations.

(®)

Pq (L)

o

FIG. 7. Predictions of the microscopic model at 7=0, (A) with and (B) without the Gaussian structure of the coupling. In (A) the atom
most of the time experiences coupling much weaker from the maximal value. Parameters are g=47710° Hz, y,=0.12g, and 7,=0.01g. 7 is

the true time.
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Py (tets)
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Leff

PHYSICAL REVIEW A 79, 033836 (2009)

Py (L)

o

FIG. 8. (A) Predictions of the microscopic model with the Gaussian coupling at 7=0 as a function of 7. The parameters are 7,
=0.12g and y,=0.01g. (B) Predictions of the phenomenological model with the n-step approximation (n=20 001) of the Gaussian coupling
at T=0.8 K, w=5.96 mm, g=47710° Hz. At=1/20 001 for each time point (for 0=¢=430 us with 1 us step). ¢ is the true time. The
effective Rabi frequency is somewhat smaller than g.; implied by the microscopic model.

The first question we have to discuss is the precise role of
the Gaussian profile of the coupling. We will begin with the
microscopic model where the form of g.¢ will be derived in
an exact way. Then we turn to the phenomenological model
where an exact closed formula will not be available, but the
corresponding plot will be produced numerically.

VI. MODELS WITH GAUSSIAN MODE PROFILE

Let us begin with a time-independent coupling constant g
occurring in the master equation p(r)=L(g)p(z). The density-
matrix solution can be formally written as

le—(‘)’l/2)f

2

p(t) | - %e—[(y]+'y2)/4]le2ig\57_7(vv/d)t %E

by means of the limit n— . The coupling parameter g gets
indeed replaced by g.=g\mw/d, as suggested in [1], but the
exponents involving vy, and ‘y, remain unchanged. The prob-
ability of the ground state is

. 1 1
mic ) = | — ==/ _ Z =1/t
1 w
_ Ee—[()’lﬂ’z)/“]’ cos 2gv/7_T;t. (37)

Figure 7(A) shows how the effective Rabi frequency ob-
tained for a Gaussian coupling differs from the one found for
a constant g=max{g(¢)} [Fig. 7(B)].

—(yy/2)t 0

pl(1) = L0 p(z). (34)

Now let g(¢) be a discrete n-step approximation of the Gauss-
ian, as shown in Fig. 6. Then

p(r) = eLleAr . . eﬁ(gl)Atp(O), (35)
where At=t/n, g;=g(t;), t;e[(j-1)At,jAt], and j
e{l,...,n}. In exact resonance the basis of dressed states is

independent of g;. The solutions (22a)—(22f) thus depend on
coupling constants only via exponents of the off-diagonal
elements. This allows us to compute the explicit formula
valid for the Gaussian,

l e L+l e—zigv‘?(w/d)t 0

: (36)

1 1
(1= e 4 (] = e~ (/2)t
2( e ) 2( e )

The case of the phenomenological model turns out to be
more complicated, not only because at 7> 0 we did not man-
age to solve analytically the underlying eigenvalue equation
but also because even at 7=0 the coupling constants enter
solutions (7a)—(7e) in a very complicated way. So even at
T=0 we would have to rely on numerical analysis. The case
T=0.8 K is shown in Fig. 8. Having no access to the closed-
form solution of the master equation we do not know how to
switch between true and effective times. So we decided to
rescale the experimental data to the true time. This is why
0=r=430 us in Fig. 8(B), as opposed to the other plots
where 0=t4=91 us.

Disagreement between theory and experiment is here at
least as bad as in the microscopic model. The structure of
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Y2 Vb
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FIG. 9. Energy levels and decay coefficients used in the gener-
alized model: E.=hQ., Ey=h(),.

solutions of these two models does not allow for fitting the
data by any choice of the parameters.

VII. OPEN-CAVITY GENERALIZATION OF THE SCALA
et al. MODEL

At T=0.8 K the average number of photons with energy
0,-0_=2g is =354 666, but the corresponding wave-
length is 6378.56 m. If the 5 cm cavity of Brune ef al. was a
closed one, there would be no reason to take 2g transitions
into account. However, in open cavities [24] such large-
wavelength oscillations cannot be neglected and play a role
of a constant noise. An instructive exercise is to compute the
temperature that would be needed to produce n=354 666 if
one took, instead of 2g, the resonant frequency w: the result
is 7=869 770 K. The KMS condition then implies that the
system jumps up and down between the two states with prac-
tically identical rates, y| = ;.

The generalized model takes this transition into account
but otherwise is the same as the one of Scala et al. The new
master equation possesses two additional terms responsible
for the long-wave open-cavity noise,

- 10201 M@0 - i)

+ ycl(l|ﬂ+><90|p|90><ﬂ+| - i[|90><90|’p]+>

)
|
)
|

involving an additional Davies operator [Q_)(),| and its
Hermitian conjugate [16]. The decay parameters are ex-
plained in Fig. 9. Putting y3=7.=0 we reconstruct the model
of Scala et al. To solve Eq. (38) we employ the damping
basis method [25]. We begin with the time-independent op-
erator L£(g)p(r) defined by the right side of Eq. (38) and
solve its eigenvalue problem. The off-diagonal eigenvectors

1
_|Qo><Q |P|Q ><Qo| - 4

1 1
D) |Q—><QO|P|QO><Q—| - Z

Vb

3
s
!
(30

QX0 - 1T10,)

N |

+ e (38)

QX Ipl0 0, - JTl0.

PHYSICAL REVIEW A 79, 033836 (2009)

7’1+7’2+7’3+%>

LX) = (—i(9+—9_) - 1

x|Q

(39a)

%+%+n+n)

L()(1Q2 X)) = (— i(Qy - Qo) - 1

X|Q

(39b)

n+n+n+%>

L()(1Q-XQ)) = (—IQ - Qo) - 1

(39¢)

can be supplemented by their Hermitian conjugates corre-
sponding to complex-conjugated eigenvalues.

To find the next three operators we solve the eigenequa-
tion,

L() ()] + QX + 2 o))

= A(x|Q, O (40)
which is equivalent to
1
E[W" =x(y1+ v3) + 27.] = Ax, (41a)
1
E[xvz—y(72+ Yo + 2] = Ay, (41b)
1
E[W‘ +yY:—2(Ya+ W)= Az (41c)
The solutions are
=Y Yet Yo V2t o) (42a)
V1= Y3Vt Vo(V1 + ¥3), (42b)
2=+ N+, (42¢)
A, =0, (42d)

H=N=Ve=Y) =N+ =1+ V3= %+S),

(42¢)
V=N + )= %) + V(2= Yt Ve +S) = V1Y
(42f)
=27V + V(Y= V2t Y3+ Vot Vo= Ve +S),
(42g)
1
A2=_Z(71+72+73+7a+7b+7c+s)7 (42h)
3=V =) Ye=Yd) =M+ Vi =72+ V3= % —15),
(42i)
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V3= + )= %) + (2= Yt Ye=S) = V1%
(42j)

B==27+ (V= V2t 3+ Vot Vo= Ye—S),
(42K)

1
Ay=- Z(vl + N+ Y+ Yat Vot v =S), (421

where we have defined

S=NY =1+ V3= Ya= Vot ¥ + 40 = 1) (Ya— 7).
(43)

For the purpose of further reference we list below the set of
nine eigenoperators of £(g), defined by the above equations,

p1 = 21| QNQ |+ 31| QXQ[ + 24| Qo)X Q[ (44a)
P2 = X2l Q] + 3ol XKD + 25| QX Q. (44b)
3= 13| QN+ y3[QNQ_| + 23] Qo)X Qo,  (44c)
ps=|QXQ, (44d)
ps = [Q0Qy|, (44e)
P = QX (44)
p7=1QXQ,], (44g)
ps = Qo). (44h)
po = [ QX Q. (441)

We assume, as before, that the system is in exact resonance.
The assumption has one extremely important technical im-
plication: the eigenvectors p;,...,pe are independent of g.
The coupling parameter g enters only into the “off-diagonal”
eigenvalues Ay, ..
an exact formula for p(¢) even for the Gaussian mode profile.

Up to this point all calculations have been carried out
without any assumption about the values of y,, y,, and ..

QX |=

PHYSICAL REVIEW A 79, 033836 (2009)
exp(~2ig/KT)

1.00000 -
0.99998f
0.99996f
0.99994f
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0.9999of

0.99988

[ I I I I I T[KJ
H 02 04 0.6 08 1.0

FIG. 10. The dependence of the factor e~2"¢*T multiplying 7; in
Eq. (45) on temperature. For a wide range of temperatures we can
simply set y,=v;; g=477103 Hz.

This strategy, however, will no longer pay as the resulting
equations would be obscure and difficult to analyze. Since at
7=0.8 K,

¥y = e M0ty = 0.046 632 Ty, (45a)
yp=e M@k Ty, = 0.046 632 8, (45b)
Y= e My ~ 0.999 997y, (45¢)

it is justified to set y,=€y,;, y,=€y, with €=0.0466, and vy,
=1v;. Figure 10 shows that y.= y; is valid for a wide range
of temperatures. For temperatures of the order of 107> K the
departures from exact equality amount to 0.003y;.

Rewriting the initial condition p(0)=|e,0){e,0
of the eigenvectors we use

by means

1
P1
2e+ 1 73+ Y2+ 73)
1 yi+7+2y+ely+y)-S

|Q+><Q+| =

T2er 1 ASlmymt ]
., Ay. This property will allow us to derive . 1 Y+ 13+2y+e(y +)+S

2e+1  4Slymy+y(nm+y]

(46)
|
1 1
2e+1 Y23+ vi(y, + 7’3)p]
. Yle+ 1> =S(eyi+ 11+ ) = Ben+ v =27) + nil-€ys + y3+ 1€ - 2e- 1)]p2
4SLyays+ ni(ya+ v3)1(2e+ (1€~ v3)

M= Yile+ 1> =S(yi+ y3+ ) + v3(1: = 273+ 3€y) + yileys — y3 + (1 + 2€- 52)]p3. 47)

4S[vrvs+ (na+ ¥3)12e+ ) (y1€ - v3)

Accordingly,
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Vil + €)= 171 +360) + 27 15(1 - € + 273273 — 726) = S(y1 +23)

0)= + -
p(0) 2et Lyt nn+y) ' 22e+1

T22e+1

=2Aip[7 I={172a354»7}7
iel

the latter equality defining the coefficients A;. Now

p
48[y, s+ V(o + ¥y = 1) ?

1 1 %1+ -y7%(1+36) +27,%(1 - € + 273273 — v2€) + S(y; +273) 1 1
P3= P4~ 5P (48)

4S[y, s+ vilva+ v3) (e = v3) 277 2
(49)

|
lim (1) = -5 ~ 0.957 (53)
LN P

3
p([) = 2 AjeAj[pj +A4eA4(g)tp4 + A7€A7<g)lp7. (50)
j=1

For t— o0 the system arrives at a finite-dimensional thermal
equilibrium

€ €
li =——-IQ XQ O _XOQ
thx p(t) de+ 1 | X +| + 2e+1 | X —|
1
*5oa | Q. (51)

The coefficients multiplying [Q.){{). | are identical as a con-
sequence of our simplifying assumption e (@ote)kT
~ ¢~M@0-8)kT~ ¢ The fact that we defined Davies operators
in the dressed-state basis results in p() that commutes with
the system Hamiltonian, as it should. Although we do not
have an exact formula for 7>0 in the phenomenological
model, it seems that the asymptotic state will there commute
with the free-field Hamiltonian and thus not with H.

The asymptotic equilibrium is no longer a Gibbs state, a
fact that follows from our truncated-space model. Finite di-
mensional thermal equilibria are known to occur in
g-deformed statistics [26], so probably what we obtain is a
state belonging to a g-exponential family [27,28], but the
problem requires more detailed studies so we leave it open.

The explicit form of the probability we are interested in is
finally

1+e€
1+2e€

2

pg(t) =

Ys—€elyi+7) =S o~ Ity 2ystely +yy)+S)dh
45(2e+1)

27~ €N AW ES iy, ap2sretnrn)-sTal

48(2e+1)

- %e‘w'*”*z”)/‘ﬂ' cos 2gt, (52)

with the asymptotic value

A surprise is that if we set 7=0, y,=v,=0, we find, in con-
sequence of master-equation theoretical analysis, the 7=0
fitting formula of Brune et al.,

1 1
p(t) = 2" Ee‘(73/4)' cos 2gt, (54)

but with the damping parameter whose interpretation is com-
pletely different from what was expected. This simple test
suggests that the open-cavity model may be indeed the cor-
rect way toward explanation of the discussed experiment. Let
us remark that formulas analogous to Eq. (54) do occur in
(semiclassical) Bloch-equation approaches to Rabi oscilla-
tions [cf. [29], especially Eq. (11.4) and Fig. 11(B)).

What yet has to be understood is the meaning of the
damping parameters—Sec. VIII will be devoted to this prob-
lem.

Before we do that, let us briefly discuss the modification
we get for the Gaussian profile. Repeating the argument we
gave for the Scala et al. model, we find

p(t) =AeM'py + Ay p, + Az,
+ Aol 2yl iglmwide

+ A7e—[(yl+y2+273)/4]162ig\57_T(W/d)tp7 (55)

1+e€
T 142

Pe(1)

2y;- E( Yt 72) - Se—{[yl+y2+2'y3+e(y1+72)+S]/4}l

45(2e+1)

_ 2y €N WS gttt
45(2e+1)

- %e_[(71+72+273)/4]’ cos 2g \J’;St. (56)

The result again agrees with the Brune et al. recipe, with all
the restrictions we have made on the meaning of real and
effective times and parameters. In practice, one also has to
include the fact that real measurements involve some uncer-
tainty of ¢ in p(z), for example, due to collisions of atoms
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FIG. 11. (Color online) (A) Dependence of p,(r) on time and y;. The remaining parameters are g=4710° Hz and y;=7,=0.01g. (B)
pg(t) for a longer time (500 ws) for y;=0.2¢ and other parameters as in the left picture. 73 controls the rate at which oscillations decay
toward 1/2, whereas vy, and 7, are responsible for the rate at which pg(t) tends toward 1, reaching it exactly only for €=0.

with a background gas and the resulting velocity error. An —%[Q,[Q, pa{)]]. The corresponding ground-state prob-
effective density matrix ability
pait) = f dt' pa(1.1')p(t"), (57)
0
where [6] pg,At(t):f dt' pa(t.t")p,(t') (59)
0
e—t’/Az (lr/At)t/At—l
t)y=—"—"—"F"""" 58
padt,t’) Az T (/A7) (58)

satisfies a collisional nondissipative master equation  reconstructs the idealized case by limy, .o py at)=p,(?). In-
[6,29,30] with a double-commutator term  serting Eq. (56) into Eq. (59) we find

l+e + 2y;—e(y1 + v) —S( Vit Y2 +2y+ €y + ) +S>‘”Af
1+2e 45(2e+1) 4

2y —en+ ) +S< Yo+ s+ 273+ €y + 1) _S>—z/m

pg,At(t) =

45(2e+ 1) 4
1 + +2 2 4 2.2 —t/(2At) t At
- = (1 + nry y3At) + 'n'g2w AP cos| —arctan 2g\r7'rE . (60)
2 4 d At d Y1 + Y2 + 2'}’3

VIII. CAVITY Q FACTOR VERSUS DAMPING PARAMETERS

For a constant g the average energy confined in the cavity would be E(f)=h Tr Qp(1)=hQ(r), where

wy2e—1  ye(wy+2g) + ye(wy —28) + g(y1 — ¥2) — 2wy 3 + Swoe_{[71+72+2y3+5(yl+72)+s]/4}t

Q) =
® 2 2e+1 25(2e+1)
yie(wy+28) + yo6(wp = 28) + 8(¥1 = ¥2) =200¥3 = S®0 10 10 r i eyriy)os]al
- eIt rt2ystelyi+n, . (61)
25(2e+1)
Asymptotically,
033836-13
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FIG. 12. (Color online) (A) The average Q(r)— () of the atom-field system predicted by our model (solid) compared with the
exponential decay (dots) modeled by [Q(0)— () ]e~ @0/ with Q=7 X 107 as reported in [1], and y;=y,=1772 Hz found by optimization.
(B) The probability p,(t) predicted according to Eq. (56) with y,=v,=1772 Hz, y3=0.07g found on the basis of the reported Q factor,
confronted with the Rabi oscillation data of [1]. Parameters y; and y, are found in the procedure of fitting with a simple exponential energy
decay, while y; minimizes the sum of squared errors. (C) and (D) show analogous plots, but with 0=3.31X10'", 5,=7,=17.73 Hz, and
v3=0.07g; ¢ is the true time. Various combinations of y; and Ar lead to practically identical plots for p, a(f) (e.g., Ar=0.5 us, s

=0.057g).

1im<M+ @>=wo<1— ! ) (62)

t—» 2 2e+1

It should be kept in mind that e=0 does not recover the T
=0 case since Eq. (61) has been derived under the simplify-
ing assumption that y3=17,, so that despite transitions |[{))
— |Qt> are not allowed, the atom-field system can still cir-
culate between |(),) and |[()_) with the rate determined by ;.

An_interesting case arises if we assume that y;=y,=7vy
when (f) becomes independent of y; and reduces to

w0y De+ g2 2L

Q)+ = =
0+ 2e+1

This result can be interpreted as follows. Since y;=1,, both
|Q2,) and |Q_) are indistinguishable from the point of view of
the dissipative processes. In other words, transitions between
|Q_) and |Q),) do not influence the leaks of energy from the
system. Moreover, at 7=0 the decay simplifies even further,

Q0 + % =gy (64)

Coming back to Eq. (61), with no assumptions about 7y;, v»,
v3, and €, we can compare it to a simple exponential energy
decay,

Q1) = Q () = [Q(0) = Q(0) e~ @/

0 _ (w01

T 2e+1

(65)

where Q is the cavity quality factor.

To find the optimal set of parameters 7y, y,, and y; we
use the iterative Levenberg-Marquardt algorithm for nonlin-
ear optimization, setting €=0.0466 (7=0.8 K) and Q=7
% 107 as reported in [1]. Straightforward numerical analysis
shows that the best fit to the right side of Eq. (65) is obtained
for y;=v,=1772 Hz and arbitrary 3, which is shown in
Fig. 12(A). But when inserting these parameters into p,(t)
we obtain poor agreement with the data [Fig. 12(B); the best
agreement was found for y;=0.057¢g]. If, on the other hand,
we try to fit the Rabi oscillation data [Fig. 12(D)], the opti-
mal parameters y;=v=17.73 Hz, y;=0.07g imply QO
=3.31X10'° [Fig. 12(C)]. The plots in Figs. 12(A) and
12(C) will not change if we replace in Eq. (61) g
=47710% Hz by g=0. The fits (65) are thus insensitive to the
exact form of g(¢) within the range of parameters typical of
the experiment [1]. Moreover, there is no visible change in
the energy decay plots if we replace () by
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FIG. 13. (A) The probability p, o) given by Eq. (60) with y3=0 and y;=y,=1772 Hz, confronted with the Rabi oscillation data of [1].
Parameters , and 1y, are found in the procedure of fitting with exponential energy decay corresponding to Q=7 X 107, as reported in [1]. (B)
Analogous plots but with 0=3.31X10'°, y,=v,=17.73 Hz, and y;=0. ¢ is the true time and Ar=2.37 us, as estimated in [6].

NOE f dr' pa(1,1)Q(1"), (66)
0

with Az even as large as 5 us, which is greater than the time
sampling step employed in the experiment. In consequence,
the discrepancy we find between Q and the parameter re-
ported in the experiment cannot be explained by finite Az.

Let us now compare the data from [1] with Eq. (60) under
the assumption that y;=0, which is if the long-wave transi-
tion |Q),) < |[Q_) is absent. The estimates made in [6] led, for
the experiment of Brune et al., to the error Ar=0.5 us of
the effective time. For the true time the corresponding value
is Ar=2.37 us. Inserting the latter value into Eq. (60) and
assuming ;=0 we obtain damped Rabi oscillations shown
in Fig. 13. The agreement is again good.

The conclusion is that the effects described in [6] may be
of the same order as those arising from opening the cavity.
Since the cavity was in fact open, it seems that the realistic
value of At was probably smaller than the one discussed in

[6].

IX. DYNAMICS OF ENTANGLEMENT BETWEEN
ATOMIC AND PHOTON DEGREES OF FREEDOM

The last issue we want to address is for how long the
atoms and photons in the cavity can be regarded as an in-
separable bipartite system [31]. The problem is important for
cavity QED implementations of quantum information pro-
cessing and is not entirely obvious since we know that there
exist two decoherence time scales. Energy losses are charac-
terized by 7, and y, [damping of p,(7) toward 1], while s is
responsible for the nondissipative damping of p,(¢) toward
1/2. Supplementing the three basis bare states, f10>=|e,0>,
|01)=|g,1), and |00)=]|g,0), by the fourth state |11)=|e, 1)
we obtain a bipartite 2 X2 composite system whose separa-
bility is completely characterized by the Peres-Horodecki
partial transposition criterion [32,33].

So, let us take the solution p(z), given by Eq. (55) but
expressed as a matrix of coefficients evaluated in the basis of
bare states and embed it in the space of 4 X 4 matrices,

0 0 0 0

0 P10,10 P10,01 0

0 Po1,10 Po1,01 0
0 0 0

p(r) = (67)

P00,00

The Peres-Horodecki criterion states that p(7) is separable if
and only if the partially transposed matrix

0 0 0 P10,01

P1o,10 0 0
0 0 Po1,01 0

Po1,10 0 0

r(r) = (68)
£00,00

has a non-negative spectrum. It turns out that r(z) corre-
sponding to Eq. (55) has the following eigenvalues:

N =(g 1]p(1)]g,1) =0, (69)

)\2=<€,0

p(t)]e,0) =0, (70)

2,0)* +4[(e,0

2,0) +(g,0 &P

1
N\y= 5(<g,0 p(t) p(t) p(t)

=0, (71)

8,0)* +4|(e,0

- ¢.0) = \(g.0/p() p0lg. D)

0, (72)

Ay

((g,0lp(1)

IA

where
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FIG. 14. Dynamics of separability of p(f). (A) The upper curve represents p,(t), the same as in Fig. 12(D). The lower curve is the
nonpositive eigenvalue \4 of partially transposed p(). (B) The same curves as in (A) but for a longer time. Entanglement decays according
to the value of 3 and is unrelated to the time scale of energy losses, controlled by y; and 7,.

e l—n+v)2l _
{e,0 _—

1
p()lg,1)y= Ze‘w Dy = vy +293)

Yi—Y2tV3

+ ée—[(71+72+73>/4]t sin 2gt. (73)

The effective measure of entanglement in the system is thus
the value of [(e,0|p()|g, 1)|=|p10,01(t)| which vanishes if and
only if y;—¥,+27y;=0 and sin 2gr=0.

Figure 14 shows that energy dissipation |Q..) — Q) does
not really influence separability properties of atom-photon
density matrices. The crucial parameter is the one that con-
trols fluctuations between |(),) and |)_). The fact that it is
the nondissipative decoherence that plays the crucial role for
quantum computational issues agrees with conclusions found
by other means in [34]. One can also think of it as conse-
quence of continuous monitoring of the qubit by the noise
arriving from outside of the cavity.

X. CONCLUSIONS

The formalism where Davies jump operators are defined
in the dressed-state basis is mathematically simpler from the
standard one where the jumps are defined by photonic cre-
ation and annihilation operators. Simultaneously, when ex-
tended to include the long-wave transitions typical of open
cavities, the model predicts corrections to Rabi oscillations
of the same order as those resulting from uncertainties in
measurement of 7. The so far ignored fluctuations
|Q,)«|Q_) turn out to have fundamental implications for
coherence properties of the atom-photon system in cavity
QED. In particular, these are the transitions that crucially
influence separability properties of states in the cavity and,
hence, the attempts of cavity QED implementations of quan-
tum gates have to minimize both At and ;. Improvements of
cavity Q factors as well as lowering the cavity temperature
yet lower than 0.8 K may be less essential. The fact that the
value of Q we have determined on the basis of the data is

some 500 times larger from the value reported in the experi-
ment requires further studies. One of the possible interpreta-
tions is that the rate at which energy is lost in the cavity
depends on a'a, and thus for small light intensities the value
of QO may be much larger from the value one would have
found for larger numbers of photons. This interpretation is
supported by the observation [16] that the missing Davies
operator can be regarded as a consequence of a a'a®R
system-reservoir interaction, where R is some operator acting
in the reservoir Hilbert space.

We are now in position to apply the above results to the
problem of cavity QED tests of different field quantization
paradigms, in particular, to the issue of certain reducible rep-
resentations of the algebra of quantum fields. There are rea-
sons to believe that fields quantized in such representations
are much less singular than the standard operator-valued dis-
tributions, so the question is directly related to various very
fundamental issues that have not been subject to quantum
optical tests as yet. At the level of vacuum Rabi oscillations
the reducibility of representations should be manifested in
terms of collapses and revivals in exact vacuum [7], but ob-
servability of the effect—if it really exists—will crucially
depend on controllability of the coherence losses plaguing
cavity QED. These and related issues will be discussed in a
forthcoming publication [35].
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APPENDIX: MICROSCOPIC DERIVATION OF THE
OPEN-CAVITY MASTER EQUATION

The derivation presented in this Appendix was suggested
to us by Alicki. Let us start with the Hamiltonian

H= ﬁﬂs+ﬁQR+ﬁQ[, (Al)
where 7{)g and () are Hamiltonians of the system and the

reservoir, respectively. The system-reservoir interaction is as-
sumed in the form
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V,=A®B={ala+a")+ Ba‘a} ® D, gu(by+Db))
k

(A2)

(a and B are parameters). The term proportional to « is the
standard one. The additional part, proportional to S, is the
new term proposed by Alicki. Following the procedure de-
scribed in [17] we perform the decomposition of the operator
A,

A= Aw), (A3)

Alw)= >, TI(eAII(€). (A4)

I1(e) is the projector on the eigensubspace corresponding to
the eigenvalue E=fie of Hg. Then

[Q5.A(0)] = - wA(w), (A5)

[Q5,AT(w)]= + 0A (o), (A6)

and A¥(w)=A(-w). Following the standard steps [17] we ar-
rive at

p(t) =—i[Hg,p(1)]

+ 2 y(w)<A(w)p(t)AT(w) - %[Af(w)A(w),p(t)L)

0>0

+ 2 Y- (A*(w)p(t)A(w) - %[A(w)AT(w),p(t)L),

w>0

(A7)

where we have ignored the energy shifts caused by the envi-
ronment and assumed y(0)=0 (which is true for the usual
models of thermal reservoirs [17]).

Now assume that Hg is the Jaynes-Cummings Hamil-
tonian in exact resonance. The eigenstates of Hg are the
dressed states

|Qy ) = %( g,N) £ le,N—1)). (A8)
V2

The annihilation operators for the atom-field system are
given explicitly by

A(‘Q’N’,m' - QN,m) = H(QN,m)[a(a + a-iL) + lBaTa]H(QN’,m’)
1 e— —
- Ea(\”N’L 1 +mm’\N) 5N',N+1|QN,m><QN+1,m'|
1 — ,
+ Ea(\w+ mm'\N — 1)5N’,N—l |QN,m><QN—l,m’|

1
+ EB[N+ mm' (N = 1) 16y ;M QX Q| (A9)

To proceed further let us consider the two special cases,
N=0 and N=1. For N=0,

PHYSICAL REVIEW A 79, 033836 (2009)
1
A+ =Qp) = \—Ea|ﬂo><91,¢|- (A10)
For N=1 we get
1 - ,
AQyr = Q4 ,) = Ea5N',2(\"2 +mm 1)|Ql,m><92,m’|
ol
+ =« ’ m
\E N0l 21, 0
(A11)

1
+ EB5N’,1|QI,m><QI,m’|'

Keeping N=1 and substituting explicit values for N', m, and
m' we get the following operators:

A~ 0) = a2+ IO, )0, (A1)
A~ 0, )= a2 DI0, X0y, (A1)
A 0,0 =0l DI0, )0, |, (A19
AQ,_ -0, )= %a(VEJr DIQ, M|, (A15)
M@= 0,2)= el N, (A16)
AQL-0)= A0 @ (A1)
AQL-0 )= A0 0L (A1)
A0 )= A0 @] (a19)
A0 )= A0 @ | (a0)

In the simplest case 7=0 and with the initial condition we
have worked with above, we find
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,P(f)]+)

,P(t)]+)

,P(t)]+> .

This is the equation we have postulated if y;=y(Q, ,—Q)e?, y,=YQ; _-Q)a?, and y;=y(Q, ,—Q, _)B*/2. The extension

to 7>0 is obvious.
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