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Background: The main aim of this article heat transfer in thermal engineering

deals with the production, use, transformation, and transfer of thermal energy.

Engineering and industrial fields including food packaging, the production of

food additives, electronic cooling, microturbines, etc. Heavily rely on heat

transmission. Due to its intriguing potential in industries like the production

of polymers, paper, crystal glass, etc., scientists from all over the world have

endeavored to investigate the effect of heat transmission on fluid flows past an

expandable surface.

Purpose: The use of a single-phase technique to assess Newtonian nanofluid

flow along stretched surfaces with heat transfer convective models is

emphasized in this research. A mathematical formulation is used to do the

numerical computations for copper oxide (CuO), aluminum oxide (Al2O3), and

titanium dioxide (TiO2) nanoparticles using water (H2O) as the base fluid.

Formulation: The fifth-order Runge-Kutta shooting method procedure with

shelling performance are used to solve non-linear ordinary differential

equations with boundary conditions numerically. Researched and analyzed

for changes in several parameters, plots illustrating the effects of motivated

and non-motivated MHD are given to explain the physical values.

Finding:Dispersion of solid items in the working fluid is reported to significantly

improve thermal performance. The Biot number determines how convective

the border is. With an increase in the Biot number, the fluid’s temperature drops
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significantly. It has been demonstrated that Copper oxide (CuO), nanoparticles

are more efficient than Titanium Dioxide (TiO2) and Aluminum Oxide for

thermal enhancement (Al2O3).

Novelty: As far as the authors are aware, no studies have been done on the

steady MHD flow and convective heat transfer of nanofluids over a nonuniform

stretched surface under the influence of a heat source and viscous dissipation.

KEYWORDS

thermal performance, magnetohydrodynamic flow, porous medium, nanoparticles,
thermal jump conditions

Introduction

Many scientists who study the design of thermal systems

are continuously thinking of new ways to build thermal

systems that are more effective. The recent technique

dispersion of metallic nano-structures in base fluid is the

most popular and several aspects of this technique have

been discussed so far. Using both theory and experiment, it

has been demonstrated that a base fluid’s thermal properties

can be improved by the addition of nanostructures, improving

the base fluid’s efficiency as a working fluid. Nanofluids are

just such fluids. The development of nanofluids has inspired

researchers, and as a result, several papers have been published

up to this point. As an illustration, Sheikholeslami et al.

(2019a) and Sheikholeslami et al. (2019b). The effects of

alumina nanoparticle dispersion on momentum and heat

energy transfer, as well as an increase in wall heat flux

caused by increased thermal conductivity in a

magnetohydrodynamic fluid, were all the subjects of

investigations. Li et al. (2019) investigated a rising behavior

of thermal energy transfer in the fluid which conducts

electricity when subjected to a magnetic field and computed

the governing issues using the Lattice Boltz Mann method to

better comprehend the underlying physics (LBM). The effect

of metallic nano-structure addition on the working fluid’s

capacity for thermal conduction was theoretically examined

by Sadiq et al. (2019). Saleem et al. (2019a) mathematical

models for improving mixed convective heat and mass

transmission were based on Water’s B rheology. They

researched a range of topics using numerical simulations.

The working fluid’s thermal performance significantly

improved as a result of Ramzan et al. (2019) examination

of the transport process in a 3D flow of MHD fluid including

nanoparticles. Saleem et al. (2019b) discussed the best

analytical technique in regard to the thermal performance

of nanomaterials. The influence of heat dissipation on the

temperature profile in nanoparticle was also examined, and it

was discovered that the presence of metallic nanostructures

improved the performance of the working fluid. Dogonchi

et al. (2019a) looked at natural convection in addition to the

impact of nano-solid formations on the working fluid’s

thermal effectiveness of an elliptic heater in a cavity. The

effects of heat radiation and porous media on momentum and

energy transmission in fluids containing solid nanoparticles

were examined by Dogonchi et al. (2019b). Hosseinzadeh et al.

(2019) investigated instantaneous effects of nonlinear thermal

radiation and porous media on thermal characteristics of fluid

subjected to dispersion of nano-structures in the presence of

mass transport under the influence of chemical reaction.

Gholinia et al. (2019) during mass transportation MHD,

created mathematical models for homogeneous-

heterogeneous chemical interactions over a revolving disk,

Erying-Powell fluid is poured. Chamkha et al. (2019)

formulated a mathematical model to investigate the

hybridity of metallic nano-particles on the heat transfer

properties of the working fluid when provided an external

magnetic field. Afridi et al. (2018) used mathematical models

to examine how the hybridity of nanoparticles affects the

efficiency of fluid thermal conductivity over moving

surfaces when there is significant heat dissipation. To

investigate an improvement in fluid thermal performance,

they solved the developed challenges. Zangooee et al. (2019)

performance hydrothermal analysis for

magnetohydrodynamic flow over rotating disk subjected to

thermal radiations and external magnetic field.

Electrically conducting fluid performs entirely different from

electrically nano-conducting fluid, when provided magnetic field,

because of the Lorentz effect, which changes the flow and

distribution of heat energy. Such magnetic-field-exposed fluid

flows are known as MHD flows, and they have been extensively

studied. For instance, Ghadikolaei et al. (2018a) and Ghadikolaei

et al. (2018b) examined at how the magnetic field affected how

heat and velocity were transferred in a convective fluid including

nanostructures. Hatami et al. (2014) lnumerical.’s simulation of

two-phase MHD flow between nanoparticle-containing plates

was completed. Hall and ion slip effects in three-dimensional

flow with a magnetic field and nanoparticles were investigated by

Nawaz et al. (2018a). Nawaz et al. (2018b) investigated using

computers how to increase heat transmission in MHD flow over

a moving surface. Alharbi et al. (2019) investigated heat transfer

in an MHD flow of fluid over a cylinder exposed to a magnetic

field. In a chamber containing liquid and exposed to an external
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magnetic field, Saleem et al. (2019c) looked at heat transport in

the liquid.

The flows of fluids in porous medium are encountered in several

daily life applications, such as seepages of fluid through sands and

rocks, movement of oil in soil etc. Thereby, various studies on the

effects of heat transfer and fluid flow have been conducted. For

example, Hayat et al. (2017) addressed governing issues for the

impact of magnetic and thermal radiation on heat transfer in a

Maxwellian fluid under a permeable channel field. Sheikholeslami

and Zeeshan (2018) performed numerical simulations to enhance the

thermal conduction properties of nanofluids containing iron oxide

nanoparticles with a porous medium. Darcy’s law is followed by the

flow resistance caused by porous media. Maghsoudi and Siavashi

(2019) investigated the optimization of pore diameters in a

heterogeneous porous media with different convection in a lid-

driven cavity with two sides. Vo et al. (2019) investigated the

effect of nano-particles on the transmission of heat energy in

magnetohydrodynamic flow during convective heat transfer under

the influence of sinusoidal resistive force due to porous media. In a

cadmium telluride nanofluid, Hanif et al. (2019) examined the effects

of a cone inserted into a porous media on MHD natural convection.

Khan and Aziz (2011) investigated the impact of nanoparticles and

porous media on mas and heat transmission during heterogeneous-

homogeneous chemical processes.

The Shooting method RK-5 method is utilized to solve

initial value problems Along with the Newton-Raphson

approach in the application of nanofluids. The higher order

nonlinear ordinary differential equations are resolved by the

shooting method (Rohni et al., 2012; Olatundun and Makinde,

2017; Nawaz and Shoaib Arif, 2019). The purpose of this study,

which is motivated by the aforementioned sources of

inspiration, is to investigate The effects of MHD, porous

media, viscosity dissipation, Joule heating, and boundary

layer restrictions on the heat flux and flow of Newtonian

nanofluid. It was possible to complete the mathematical

flow modeling of the nanofluid using a phase flow

nanofluid model. It has been suggested that the

nanoparticles in water (H2O) base fluid are comprised of

copper oxide (CuO), aluminum oxide (Al2O3), and

Titanium Dioxide (TiO2) nanoparticles. A quantitative

model is created, which is then transformed into an ODE

system by making the necessary similar modifications. The

shooting method was used to resolve the nondimensional

system of equations. The aftereffects of velocity and

temperature distributions are shown and displayed using

the MATLAB program for a lengthy period of time. Visual

and numerical analyses of drag force and heat transfer rates

are performed. The numerical results of the current study are

also contrasted with those of earlier studies for comparison’s

sake. As far as we can tell, there are no other publications in the

literature that compare this model to it; it is novel and unique.

The results of this study will be useful for many power

production and industries. So, (Hassan, 2018; Goud, 2020;

Goud et al., 2020; Pramod Kumar et al., 2020; Hassan et al.,

2021a; Kumar et al., 2021a; Bejawada et al., 2021; Hassan et al.,

2021b; Kumar et al., 2021b; Goud and Nandeppanavar, 2021;

Srinivasulu and Goud, 2021; Zhang et al., 2021; Hassan et al.,

2022; Rizwan and Hassan, 2022; Shankar Goud et al., 2022) are a

chosen number of the important determinants.

This paper is divided into five parts. The second segment has

extensive modeling. Section 3 of the article covers the solution

approach. Section 5 presents and discusses the results. The results

of this investigation are described near the end.

Description of the physical setup

To investigate the rise in heat conductivity, let’s explore how

three various nanometallic structures, namely CuO, Al2O3 and

TiO2 disperse in water. Nano-water is exposed to a magnetic

field. When heated, vertical surfaces are coated with a nano-water

mixture, convection happens. Additionally, it is anticipated that

this nano-water mixture generates heat. A Boussinesq calculation

shows that the buoyancy force is significant.

Research hypothesis for the current
model

The ensuing standards, together with the requirements, be

relevant to the stream framework:

FIGURE 1
Flow model discription.
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2 − D laminar steady f low, phase f low model,
MHD, permeable medium,

joule heating, viscous dissipation
vertical wall convective boundary conditions.

⎫⎪⎪⎪⎬⎪⎪⎪⎭
In Figure 1, the geometry of the flow model is shown as:

Since fluid is moving through a porous media, it is subject to

a resistive force. Simplified PDEs are

zu
zx

+ zv
zy

� 0, (1)

u
zu
zx

+ v
zu
zy

� μnf
ρnf

z2u
zy2

+ βnf g[u zTzx − zu
zx

(Tf − T∞) + Tf − T∞]
− σnf B2

0u
ρnf

− μnf
u
k1
,

(2)

u
zTf

zx
+ v

zTf

zy
� knf(ρcp)nf

z2Tf

zy2
+ μnf(ρcp)nf(

zu

zy
)2

+ Q0(ρcp)nf (Tf − T∞) + σnfB2
0u

2

(ρcp)nf , (3)

The given BCs are

u(x, 0) � ax, v(x, 0) � 0,−kfzT
zy

(x, 0) � hf(Tf − T(x, 0)),
u(x,∞) � 0, Tf(x,∞) � T∞.

⎫⎪⎪⎬⎪⎪⎭
(4)

Where,

f low velocity(V
← � [u, v, 0]), temperature(T),

gravitational acceleration(g), magnetic f ield strength(B),
porosity(k1), thermal conductivity of the surface(kf).
kinematic viscosity(μ), specif ic heat constant(cp).
heat transfer coef f icient(hf) density(ρ),
thermal conductivity(k) electrical conductivity (σ),
nanof luid(nf), thermal expansion of nanof luid(βnf)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
Table 1 below lists nanoparticle correlations.

Equations 1–4 become dimensionless by adding new

variables.

u � axf′(η), v � − ���
avf

√
,ψ � (avf) 1

2xf(η), η � ( a

]f
) 1

2y, θ(η)
� T − T∞
Tw − T∞

,

(5)
and as a result, one can

f‴ + ϕ1[ff″ − f′2] − [Mϕ2(1 − ϕ)2.5 +K]f′ + Grϕ1
⎛⎝1 − φ

+ φ
βs
βf
⎞⎠θ

� 0,

(6)
θ″ + kf

knf
Prϕ3[fθ′ − f′θ + β*θ + Ec

ϕ4

f″2] + ϕ2

kfMEcPr

k′ 2
nf

, (7)

Dimensioless BCs (boundary conditions) are

f(0) � 0, f′(0) � 1, θ′(0) � Bi[1 − θ(0)],
θ(∞) � 0, f′(∞) � 0.

} (8)

The derivatives mentioned above relate to the variable η. The

following Table 2 defines the parameter initial values.Where

ϕ1,ϕ2, ϕ3 and ϕ4 are

ϕ1 � (1 − ϕ)2.5⎛⎝1 − ϕ + ϕ
ρs
ρf
⎞⎠,ϕ2 � (1 + 3(r − 1)ϕ

(r + 2) − (r − 1)ϕ),
(9)

ϕ3 � ⎛⎜⎝1 − ϕ + ϕ
(ρcp)s(ρcp)f⎞

⎟⎠,ϕ4 � (1 − ϕ)2.5⎛⎜⎝1 − ϕ + ϕ
(ρcp)s(ρcp)f⎞

⎟⎠.

(10)
Divergent velocity is (Hafeez et al., 2021)

Cf � τxy|y�0
ρfU

2
0

� 1

Re1/2x ( 1 − φ )2.5 f″(0). (11)

Nusselt number is

TABLE 1 Nanofluid thermophysical properties are (Goud, 2020).

Features Nanofluid

Dynamical viscidness (μ) μnf � μf(1 − ϕ)−2.5

Density (ρ) ρnf � (1 − ϕ)ρf − ϕρs

Thermal expansion (β) βnf � (1 − φ)βf + φβs

Heat capacity (ρCp) (ρCp)nf � (1 − ϕ)(ρCp)f − ϕ(ρCp)s
Thermal conductivity (κ) κnf

κf
� [(κs+2κf)−2ϕ(κf−κs )(κs+2κf )+ϕ(κf−κs ) ]

Electrical conductivity (σ) σnf
σf

= [1 + 3(r−1)ϕ
(r+2)−(r−1)ϕ], r � σs

σf

TABLE 2 Overview of the ingrained control restrictions.

Symboles Name Formule

β* heat generation parameter β* � Q
a(ρcp)naf

M magnetic parameter M � σfB2
0

ρfa

ϕ Volume fraction -

G Grashof number Gr � βfg(Tf−T∞)
U0a

K porous medium parameter K � ]f
ak1

Ec Eckert number Ec � U2
0

CpfT0

Pr Prandtl-number Pr � vf
αf
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Nu � xqw

kf(Tf − T∞) � Re1/2x knf
kf

θ′(0), (12)

Local Reynolds number is Rex � ax2

]f
.

Thermo physical properties water and nanoparticles are

presented in Table 3.

Numerical appraoch

Shooting method

Shooting method is used to solve the higher order

nonlinear ordinary differential equations (ODEs). It is

an iterative technique that transforms the original

boundary value problems (BVPs) into initial value

problems (IVPs). The differential equations of IVPs are

integrated numerically through RK-5 method Table 4. The

formulated problem needs the IVP with arbitrarily chosen

initial conditions to approximate the boundary conditions.

If the boundary conditions are not fulfilled to the

required accuracy, with the new set of initial conditions,

which are modified by Newton’s method. The process of

Newton method is repeated until the require accuracy is

achieved. The flow chart of the shooting method is as

follows in Figure 2.

Algorithm for shooting method

For a structure of two coupled first ODEs.

• Y1(X) � Y(X)andY2(X) � Y′(X).
• Y(Xs)andY(X0) are known but Y′(Xs)andY′(X0)are
unknown.

• Set Y(Xs) and guessY′(Xs).
• Solve the ODE using IVP technique (RK-5), and compared

the result at X � X0 to the targetY(X0).
• Make another guess.

• If solution at X � X0 bracket the known value, start

zooming in.

Runge-Kutta 5 method

Different techniques are used by researchers for

solving ordinary differential equations and this always

remain area of interest. Linear differential equation is easy

TABLE 3 Thermo physical properties water and nanoparticles (Jamshed and Aziz, 2018; Jamshed, 2021; Khashi’ie et al., 2020).

Materials ρ (kg/m3) cp (J/kgK) k (W/mK) β × 10−6 (K−1) σ (S/m)

Water (H2O) 987.4 4200 0.7 22.0 0.4 ×10−5

(CuO) 6209 525 33.0 0.90 5.10 ×106

(Al2O3) 3899 780 39.0 0.85 53.5 ×106

(TiO2) 4146 687 9.0 1.0 238 ×106

TABLE 4 Comparing −θ9(0) with alteration in Prandtl number, and
taking β* � Ec � M � 0 and Bi � 0.

Pr Qureshi (2021) Jamshed et al. (2021a) This study

0.72 0.8087618 0.8087618 0.8087612

1.0 1.0000000 1.0000000 1.0000000

3.0 1.9235742 1.9235742 1.9235720

7.0 3.0731465 3.0731465 3.0731427

10 3.7205542 3.7205542 3.7205511

FIGURE 2
Flow sheet of shooting method.
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to solve by analytical method but solving non-linear ODEs by

systematic method is difficult to solve. So researchers used

other techniques to find approximate solutions for

these equations. The two most popular Runge-Kutta

techniques are Ruge-Kutta 4 and Ruge-Kutta 5. Runge-

Kutta method is also iterative technique and includes

well known routine called Euler method. In this thesis we

used RK-5 method and algorithm for RK-5 method is given

below.

Algorithm for RK-5 method

Suppose the following problem with given initial conditions

x � f(t, x) x(t0) � x0. (13)

Then, RK-5 Method for the above initial valued problem is

given by

xn+1 � xn + (7K1 + 32K3 + 12K4 + 32K5 + 7K6

90
). (14)

In above expression, xn+1 is the RK-5 calculation of

x(tn+1)and each Ki, i � 1, 2, 3, 4, 5

K1 � f(tn, xn), (15)

K2 � hf(tn + h

2
, xn + K1

2
), (16)

K3 � hf(tn + h

4
, xn + 3K1 + K2

16
), (17)

K4 � hf(tn + h

2
, xn + K3

2
), (18)

K5 � hf(tn + 3h
4
, xn + −3K2 + 6K3 + 9K4

16
), (19)

K6 � hf(tn + h, xn + K1 + 4K2 + 6K3 − 12K4 + 8K5

2
). (20)

Where, h is the size of time interval.

Code-validation

The correctness of the computational strategy was

established by comparing the heat transfer magnitude from

the current approach with the verified results of prior

investigations (Jamshed et al., 2021a; Qureshi, 2021). The

results of the current investigation were quite accurate and

comparable.

Results and discussion

Initial value problems are built using normalized

governing boundary-value problems with correlations for

thermally factors. Utilizing starting circumstances, the

shooting method with Runge-Kutta 5th order is used to

solve problems with changed beginning value. Using

parametric simulations, the dynamics of the flow low

variables are examined in Table 1. To choose the best

nanoparticles from CuO, Al2O3 and TiO2 for the system,

simulations are done. When Gr = 0 and 2.5, the

compression of the velocities of copper, aluminum, and

titanium nanofluids is shown in Figure 3. The Grashof

number Gr is significant because it measures the

relationship between the buoyant force brought on by

changes in fluid density over space (resulting from

temperature differences) and the restraining force

brought on by fluid viscosity. This fig explains that for both

scenarios nanofluid has a higher velocity as compared to

purefluid. This figure also explains how raising the

magnitude of Gr causes, nanofluids to move more quickly.

Figure 4 shows that the effects of porosity parameter on

velocity for the case of CuO nanofluid. The velocity of the

copper nanofluid decreases by increasing the parameter. The

effects of Biot number Bi on velocity are depicted in Figure 5.

A lower Biot number means that an objects conductive

resistance is relatively lower than external resistance. The

velocity will decrease as the Biot number is increased. The

boundary layer viscosity decreases as the magnetic field

parameter on velocity increases in Figure 6, which shows

the application of a magnetic field to electrically conducting

fluid particles, a Lorentz force in the boundary layer, and

boundary layer application. The effect of the heat generating

parameter β* on temperature is seen in Figure 7. It has been

observed that when Ec increases, so does the thickness of the

boundary layer. Figure 8 shows the effects of parameter

Eckert number Econ the temperature of nanofluids. It has

been found that as the Eckert number Ec grows, the

temperature rises. Because Eckert number has storage of

energy in the fluid region and due to the deformation of

viscosity and elastic. When compared to the enthalpy

difference from across boundary layer, the flow’s

kinetic energy is measured by the Eckert number. Figure 9

shows that the temperature is increasing by rises the value

of magnetic field. When we increased the value of Gr, we

saw that the temperature increased (see Figure 10, which

depicts the effects of Gr on temperature). We observe

that when the amount of nanofluids increases, the viscosity
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FIGURE 3
Velocity profile in opposition to modifications in the action of the buoyancy force.

FIGURE 4
Velocity profile against change in porous medium.
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FIGURE 5
Velocity profile in relation to changes in the Biot number.

FIGURE 6
Velocity profile in relation to magnetic field change.
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FIGURE 7
Temperature profile as a function of changing heat generation.

FIGURE 8
Temperature distribution vs. an Eckert number change.
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FIGURE 9
Temperature distribution vs. magnetic field variation.

FIGURE 10
Temperature distribution vs. modification of the favored buoyancy force.
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of the boundary layer decreases. The temperature impacts

of the thermal slip parameter γwith copper-water, aluminum-

water, and titanium-water naofluids are shown in

Figure 11. When the value of γ is increased, a decrease in

temperature is seen. In comparison to titanium nanofluid

and aluminum nanofluid, the copper nanofluid is

more heat-efficient. It has been discovered that as the

velocity slip parameter rises, the velocity profile

decreases, the skin friction and heat transfer go down,

and the mass transfer rises. Mass transport and heat

transfer rates decrease when the thermal slip parameter is

increased.

Table 5 displays the local friction coefficient and Nusselt

number for a nanofluid containing Cu for different nanoparticle

factors.

Conclusion

1) Convection heat transfer in Newtonian fluid exposed to

magnetic field and having nano-solid metallic structures is

being explored to look into the improvement in thermal

conductivity. Then, for an efficient thermal system like car

engines, dispersion of nano-particles among nanofluids CuO,

Al2O3 and TiO2 may be suggested. Key studies are listed below,

along with the numerical solutions to the governing problems.

2) The favorable Buoyancy force assists the flow and

magnetohydrodynamic boundary layer thickness has

shown are rising trend when Grashof number is increased.

This study is noted for all types of nanoparticles;

3) The variation of Biot number has shown decreasing trend on

the flow of fluid. Hence flow is decelerated when Biot number

is increased;

A significant restriction to fluid flow results from increasing

the magnetic field’s intensity. As a result, as the magnetic field

increases, the boundary layer’s thickness decreases.

FIGURE 11
Temperature thermal effects alter vs. profile.

TABLE 5 For nanofluid with copper oxide nanoparticles with several
nanoparticle factors, Nusselt number and local skin friction
coefficient are equal to 0.2.

knf Re−1/2x Nu Re1/2x Cf

0.628 0.084138154 0.993989767

0.72141 0.085608603 1.18560452

0.82458 0.086968704 1.381935016

0.9391 0.091634371 1.58355532

1.06696 0.095644211 1.79198143

0.628 0.084138154 0.993989767
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Future applications of the fifth-order Runge-Kutta shooting

technique could include a range of physical and technological

difficulties (Adnan et al., 2021; Adnan, 2022; Adnan and Ashraf,

2022; Khan et al., 2022a; Khan et al., 2022b). According to (Jamshed

et al., 2021b; Jamshed, 2021; Jamshed and Nisar, 2021), there have

been several recent advancements that explore the importance of the

research domain under consideration.
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