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Comparison of theory of Rabi oscillations with experiment [M. Wilczewski and M. Czachor, Phys.
Rev. A 79, 033836 (2009)] suggests that cavity lifetime parameters obtained in measurements with
many photons may be much smaller than those applicable to almost vacuum states of light. In this
context we show that the conclusion remains unchanged even if one takes a more realistic description
of the initial state of light in cavity.

PACS numbers: 42.50.Lc, 42.50.Dv, 32.80.Ee, 32.80.Qk

I. INTRODUCTION 1 Pmn)
0.8
The 1996 Brune et al. experiment on vacuum Rabi os-
cillation |1, [2] was analyzed in [3] by means of several 0.6
alternative models of atom-reservoir interaction. The 0.4
study was motivated by difficulties with fitting the data o2

by theoretical curves, a problem addressed earlier by var-
ious authors |4-6]. Agreement with experimental Rabi
oscillation data was then obtained but for the price of
a cavity quality factor that was 500 times bigger than
the one reported in [1]. A part of open questions thus
remained.

The solutions of master equations discussed in [3] were
easier to find than in standard approaches because the
formalism was based on jump operators generating tran-
sitions between the dressed states of the atom-field sys-
tem. Such a construction is more consistent with the
general theory of open systems [7, 8] than the popular ap-
proach based on jumps between the atomic (hence bare)
states [9], and is mathematically simpler. In the context
of quantum optics it appeared only relatively recently in
[10]. Another reason why it was possible to find exact
solutions was that the atom-field system was assumed to
start from the initial photonic vacuum state. In terms of
dressed states the initial state belonged to the subspace
of the first dressed-state doublet.

The latter assumption was not very realistic. Light in
the cavity was initially in thermal state at 7" = 0.8K.
The analysis from [3] not only took into account emis-
sions from the dressed states downward on the energy
ladder, but also thermal excitations from vacuum to the
two dressed states, as well as thermal long-wave fluctu-
ations between the dressed states from the first doublet.
But it did not take into account the presence of the re-
maining bands of dressed states in the initial state. The
first doublet appears with probability around 0.95, but
the second doublet has probability higher than 0.045. It
looks like downward transitions from the second doublet
are processes of the same order as the upward thermal
transitions at 0.8K from exact vacuum to the first dou-
blet. So what remained unclear in [3] was to what extent
the fact that the initial state was thermal was influencing
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FIG. 1: Probabilities of vacuum (n = 0) and 1-photon initial
states (n = 1) effectively dominate the initial thermal prob-
ability distribution at 0.8K. Contributions from n > 1 were
not taken into account in [3].

the behavior of the system. In order to understand the
issue one could iteratively solve equations involving more
and more doublets and more transitions between them,
and compare predictions with the data. If inclusion of a
next doublet would not produce visible modifications of
Rabi oscillations, it would be justified to conclude that
truncation of the Hilbert space to a subspace spanned
by a given number of dressed state has sufficiently well
approximated the thermal state.

The goal of the present paper is perform this test on the
data from [1]. We will see that inclusion of the next dou-
blet of dressed states essentially complicates calculations,
but does not really change agreement with experiment.
We conclude that solution of the problem of the “wrong”
cavity @ factor will not be achieved by taking more re-
alistic initial states. The true physical mechanism must
be therefore different.

II. OPEN-CAVITY MODEL

We employ the standard Jaynes-Cummings Hamilto-
nian H = h{) in exact resonance,
wo

5 (ledel = 1g){gl)
+woa'a + g (ale)(g| + allg)(e]) . (1)
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FIG. 2: Energy levels and decay coefficients used in the gener-
alization of the Scala model [10] discussed in [|3]; E+ = hQ4,
Eo = hdo.

The initial state at "= 0.8 K is
p(0) = pole,0){e, 0|+ pile, 1) {e, 1|+ ..., (2)

where pg = 0.952381, p; = 0.0453515, p, = 0.00215959.
Let us note that >3°2 ) p; = 1 — pg = 0.047619 is of the
order of p;. The analysis performed in [3] assumed jumps
between dressed states with transition coefficients typical
of T'= 0.8 K, but the initial state was approximated by
p(0) = le,0)(e,0]. The solution given in [3] employed
transitions between the dressed states shown in Fig. 2,
i.e. those involving |e,0) and the ground state:

The decay coefficients from Fig. 2 satisfied

h(wo+te)

Yo = € FT 7y ~ 0.046632771, (6)
v = e By & 0046632872, (7)
Yo = e_%'yg, =~ 0.999997~s, (8)

Thermal excitations from the ground state to the first two
dressed states involve proportionality factors e~ e
that are of the same order as p;. Since p; measures
the probability of occurrence of |e, 1){e, 1| in the initial
thermal mixture, it simultaneously determines probabil-
ities of finding the next two dressed states. Accordingly,
transitions determined by 7, and ~, should be regarded
as processes of the same order as downward transitions
from the second dressed-state doublet:

21) = (Igv 2) + e, 1)), 9)

€2-) = (|97 2) — e, 1)). (10)

Sl =Sl

|Q+> = 7('97 >+|670>)7 (3)
) = _(|g71>_ |e,0>), (4) It is therefore justified to regard Fig. 3 as more realistic
V2 than Fig. 2. The open-cavity generalization of the Scala
[Q0) = |g,0). (5) et al. model [10], corresponding to Fig. 3, reads
|
p = Lp=—i[p]
1
m{ 1920) (€24 0192 (€] — [0 p+}+%{ 2.0l (2|~ 10 szo|,p}+}
1 1
+{ 3190012 ><QO|——[| 1. }ﬂb{—m )Slplfa)i-| - 1 [0 cl.e] |
+ +
1 1 1
a0 { 3100 QIR0 = 719004 0] L +ac{ S100@ ol ><Q+|——[|Q HQ-1.p]
1 1
#90{ 5100 Oac 19020 @4 - 3 (19200 @clon] |+ 35 { 31000 k00| - 10200221}
1 1
e {5|92+><92 1202 | — 322} (-] ] }+76{5|Q_><92+|p|92+><9 = 1[I0, }
+ +
1 1 1 1
97§ 10N Q- [pl Q) (| = 5 [192-) Qe p] 498 3 51920 ol Q| = 7 [122-) (- ]
+ +
(

Expressing the initial condition p(0) = >_, ¢;p; as a lin-
ear combination of eigenvectors of L, Lp; = Ajp;, we
find the solution p(t) = >, cjeMitp;. We need 25 eigen-

11)

vectors. Twenty of them are easy to find and determine
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FIG. 3: Eoyp = hQoy,Ea_ = Qo , Ex = hQ, Eo = I.

off-diagonal matrix elements (in the dressed-state basis),

P6
Ag
P
Az

Q24 )(Qa-], (12)
—i(Q24 — Q2 ) — 74+75+%1_77+78+%7
Q24 ) (4], (13)
i@ — Q) - +14 LBt
Q24 )(Q-], (1)
—i(Qoy — Q) — %+72+Zf+75+767
|€224) (€0l (16)
~i(Qa4 — Q) — %+7b+14+75+767
900, -
—i(Qa— — Qo) — 7“+%+747+78+%7
0|, -
—i(Qo — Q) — 72+FY7+18+’}/C—|—")/€,
€22 ) (€2 ], (19)
—i(Qm — Q) — n +73+747+78+%7
930, o)
i(Qay — Qo) — 74_'—’75_'—76?:77_'_78"'767
€24 ) (€24, (21)
i(Qoy — Q) — n 4—734—144"754"767
1924) (|, (22)
i(Qoe — Q) — n +73+77+78+%,

4

P16
Aig

P17
A7

P18
Ais

P19
Ao

P20

Ao

P21

P22

A2

P23
A3
P24

Aoy

P25
Aas

= Q)] (23)
_ —i(QJr—Q,)—%—FWI%—F%,

= [24){0l, (24)
— i@y - Q) - DRI,

= [Q-){(Ql, (25)
— —’L'(Q, _QO) _ ’72+'7a1’7b+’707

= [Q- )], (26)
— i(QjL—Q,)—FYl +72?:73+’Yc,

= [Q-)(Qe-, (27)
— Qe -0 ) — '72""77"1‘18""70""76,

= [2)(Q24], (28)
_ i(92+—Q,)—76+72+14+75+%,

= 1Q0) {2+, (29)
_ i(92+_90)_7a+’7b+'14+'75+'76,

= [Q0){Q2-|, (30)
— Qe — Q) — %+%+747+78+%7

= |Qo)(Q4, (31)
_ i(Q+—Qo)—% +731—7a+%7

= [Qo)(Q-|, (32)
= Q. Q) Ve T e

4

The remaining five eigenvectors p;, j = 1,2,3,4,5 are
related to the diagonal matrix elements of p,

pi = 2j|Qa ) (Qag | + y;|Q2- ) (Qa—| + 25121 ) (24 |

F0;[ Q) Q| + w;|Q0) (o] (33)

The corresponding eigenvalue problem is equivalent to
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The eigenvalues are

A = (352)
Ay = —0.25 (w+5+\/5), (35b)
Ay = —0.25 (w+6 - VF), (35¢)
Ay = =025 (C+E+VE), (35d)
As = —0.25 (C+E&— V), (35¢)

where
ko= 76((0+w)? — 4(72(73 + 7a) (36a)

+ (Yo +7) (13 +Ye) 71 (2 + Y +7e))),

0= (¢~ + 477 (36b)
=m+r2+73, (=7+7+%, (36¢)
=1+ +tY 0=Ya+W+ e (36d)

Explicit forms of the eigenvectors can be found in the
Appendix.

A reasonable approximation of the initial thermal state
is given by

p(0) 0.95|e, 0){e, 0] + 0.05]e, 1) (e, 1] (37)

0.95 (1021 )| + 12}

200 = 12-)(24])

+0.05(1024) (2| + 92 ) (s |
)

Q) (-]~ 102-)el).  (39)

After somewhat lengthy but simple calculations one finds
that

p(t) = 2(B16A1tp1 + BzeAztpz + B36A3tp3 + B4€A4tp4
=+ B56A5tp5) + B66A6tp6 + BlgeAlstplg
+ B1e™% p1g + Bioe™®' pyg. (39)

The coefficients are explicitly given in the Appendix.
Probability py(t) = pg,0(t) + pg,1(t) + pg,2(t) of finding

0 0 xr yi xr yi

0 0 Yj Yj

Ve Ya zi | = A oz (34)
Y2 + Ve Yo Uy Uy

Y2 Yat M wj Wi

the atom in its ground state reads finally

pg(t) = Bi(xi +y1+ 21 +v1 + 2w1)eA1t

—+ BQ(IQ =+ Y2 =+ z9 + V2 =+ 2w2)eA2t
+ Bs(m3 +y3 + 23 + v3 + 2ws)els!
+ By(x4 + ya + za + va + 2wy)eM’
+ B5(ZE5 + Ys + z5 + U5 + 211)5)6
—0.025¢~ W4+W5+WSZW7+WS+% t cos 2\/§gt

—0.475¢” cos 2V/2gt. (40)

Ast

Y1t+v2+v3+e +

Let us stress that the above solution is found under the
assumption that the atom-field coupling g is constant in
time. We know, however, that the atom interacts with
the mode whose spatial profile is Gaussian with width w.
The atom is propagating through the cavity which makes,
effectively, the coupling time-dependent. A method of
taking this into account was discussed in detail in [3].
Assuming that the length of the cavity is d we obtain
probability appropriate for comparison with experimen-
tal data

pg(t) = Bi(zi+y1+ 21 +v1 + 2w1)eA1t
+ Ba(z2 + y2 + 22 + v2 + 2ws)e
+ B3(z3 +y3 + 23 + v3 + 2ws)es’!
+ By(z4 + Ya + 24 + va + 2wyq) et
+ Bs(x5 + Y5 + 25 + v5 + 2ws )™
—0.025e T (2\/§gﬁ%t)

— 0475 A oo (Zﬁgﬁ%t). (41)

Aot

Let us recall that the data shown in [1] were plotted as
a function of an effective time tees = \/E%t. Since it is
more convenient for us to work in terms of ¢ than tess
[3], we rescale the data to t. Fig. 4 shows vacuum Rabi
oscillation predicted by our more realistic scenario (solid
line) as compared to experimental data and predictions
of the simplified model from [3] (dotted).

III. CONCLUSIONS

The effort devoted to solving the more realistic case
apparently did not pay: The new curve does not describe
the data any better. The approximation made in [3] turns
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FIG. 4: The solid line represents ([Il). The dotted curve is
the prediction from [3]. The parameters are y1 = y2 = Y4

Y6 = Y7 = Y8 = 17.73 HZ7’ya =Y = €Y1, V3 = Ve = V5 = Ve
0.07g, g = 47710® Hz. t is the true time.

out to be physically reasonable. This is in a sense good
news since inclusion of yet higher dressed doublets would
require solving algebraic equations of order higher than 5,
and thus there would be practically no chance for finding
exact solutions.

On the other hand, this also means that refined the-
oretical analysis of Rabi oscillation has not brought us
any closer to understanding why probability of atomic
exited state does not decay to zero as fast as expected
on the grounds of cavity lifetime reported in [1]. The
cavity quality seems to be better than that assumed by
Brune et al. Perhaps, as suggested in [3], the key el-
ement is in opening of the cavity and inclusion of the
long-wave transitions within a given doublet of dressed
states. The appropriate jump operators occur if one mod-
ifies the cavity-reservoir coupling. The required interac-
tion with the reservoir has stronger dependence on the
number of photons inside of the cavity. Measurements of
cavity lifetimes are typically performed with more cav-
ity photons than in Rabi oscillation experiments. It is
possible that the same cavity has a much longer lifetime
if only a few photons are present. The problem requires
further experimental studies.

Appendix

Coefficients introduced in previous section
are: Bﬁ = Blg = —0.025 and Blg = Blg = —0.025,
whereas for n = 1,2, 3,4,5 we have:
1
B, = X [0.2375(Asp, + Aupn) + 0.0125( A1, + Azp)]
where
5

Au = Y

{7, k,l,m}=1
{3,k,l,m}#i

€jkim Yj 2k Ul Wry (1 =1,..,5)

5

Ay = )

{i,k,l,m}=1

{i,k,l,m}#j

Eikim Ti 2k U W (j =1,..,5)

5

Azp = Z

{i,j,l,m}=1
{i,4,l,m}#k

Eijlm Tq Y5 Vi Wm (k: 15"75)

5

Ay = Z

{i,j,k,m}=1

{,3,k,m}#l
5
Asm = g Eijkl TiYj 2k v (m=1,..,5)

{i,j,k,l}:l

{i,9,k,1}#m

5
X = E Eijklm Ti Y5 Zk Vi Wm

{i,9,k,l,m}=1

For eigenvalues Ay (k=1,2,3,4,5) we define eigenvec-
tors with coordinates {xg, yk, 2k, Vi, Wi }

xr1 = 0
y1 =0
21 = Y2%a T YeVa + V67V
V1 = Y3%a T M+ 3T
w1 = Y172 + 7273 + 717

For k = 2,3 we have

x, = 0
ye = 0
2z = 32 (az—l—(—l)k\/ﬁbz)
v = 327 (av + (=1)"VK by)
wiy = 3271 (aw+(—1)k\/ﬁbw)

and if £k = 4,5 we have

o = 16776 (cm (-1 dz)
Yk = 3271757 (cy +(-1)*Ve dy)

3277 (cx + (~1)"V0 d. )

2k
vk = 32717 (cv + (—1)’“\/5 dv)

1287176 (cw + (—1)k\/§dw)

S
Ead
I
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where

a: = 2vs5(v6y7 — Ya78) (W — 6% — 272(6 + w)
+ 4(72%a + VeVa + WYe)) + (6(6 + w — 28)
— 29578) (47672 + 2767e(w — 8) — 4727a (V4 + 76)
+ 71(0% — we +2(8 +w) — 4. (70 + )
— K6(72(0 + 3w — 26) — 2(y274 + V577 + V67e))
ay = 4vs5(vavs — v677) (v3(w — ) + 2(7137e — 1))
— FY6(76(0 +w —28) — 2(7371 + V578
= Y6(72 +7¢))) + ((6 + w — 2§76 — 2757s)

X (2va(vs(w = 6) + 2(v37 — 1MW)

+ Y6((1+73 =Y =) — (12 +7e) + 4117))
aw = 2((76(0 +w — 26) = 27578) (7174(6 + w)

+ 7276(0 — w) — 272(V1v4 + Y374 — Y2%6)

— 2v17e(va + 7)) + 275 (V67 — Yavs)

X (2(my2 + 1372 + 717e) — (0 +w))

+ KY6(1174 + 7276))

b: = 4ys((y1 +v3)(va(€ — w) + 274 +¥577)
— Ya(mya +72%) + (W — &+ e )¥67e
— Ye(1374 + V578))
by = 4y6(1374(w — &+ 7e) — (171 +7276)
(578 + Y6 — Y2 = 7e)) (72 + )
— 13(v577 +Y67e))
bw = 4%6(71276(6 — &) — Y2(1174 + 7374 — 1276
Y578) — 11 (v (€ — 6 —w + ve) — Y57 — V67Ye))
n(¢—=&)+00+n-¢
C(4€ — 46 — 4w + 50))
ey = 0(2(60+w)—3(§+C) —n€+Q)

_|_

_|_

Cx

_|_

c: = 47((¢ =& — Y67a) + 275 (18Ya — Y7 M)
+ (4 ¢ =26 + 27:) (27577 — 11(¢ = §))
X (€4 ¢ =272 — 29) + 27:(%6(C — &) — 27578))
— 0(va(€ + 3¢ —20) — 2(v272 + ¥577 + Y67c))

co = —0(v6(=2(0 +w =2 —7e) + 3¢+ &) —2(1374
+ 578)) + (=20 + ¢+ €+ 279.)(273((C = &)
X (ya+76) +275(ve — §)) — (C+&—27m)
X (76(¢ = &) — 2v578)) — 4m((C =€)
X (Y4 = ¥6%a) + 275(V8%a — V7))

Cw = Ya+7276) — (172 + Y17 +7273)((C =€)

X (a4 76) — 27578) + 1577 (272(11 +3)
= =1 +&—27)) — 1 +§)
de = 2((E+¢—6—w)(*—¢€%)
— 000 +w—&—20) +nQ)
dy = 200+w—E6=OE+C¢) —n—10
d: = 4(v577(E+C =0 —72) + ¢(7a(6 = T+ 72) + Y67c)
= 15(8%e + 1Y) — (Y2%a + Ve(Ya + 7)) (V4 + 6))
4(=5(1377 — Y278 + Y6Ye) — (V4 + 76) (V3Ya
(1 +73)) + 5786 + ¢ =0 —w+ )
C(y3va+76(0 +w—C =2 —7)))
7276(C — w) — Y2(¥372 — Y276 + ¥578)
Y174(C — Y2 = ve) — M (V57 + Y67e)
Yo (4ys — 2(§ + ¢ — 27a))
(€+C =273 —27)(§ + ¢ — 26 + 27c)
271(272 — (€ + ¢ — 26 + 274))

£ &
I+ +
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