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Abstract

Vapour microturbines with permanent magnet synchronous generators
are implemented in micropower plants for dispersed power generation sys-
tems. The dynamic model of such a microturbine set was developed and
presented. The developed relations result from the generic equations. Ex-
perimental data for two different working medium were used for model ver-
ification. A microturbine set model was tested during the changes in the
parameters of a working medium or an electrical load. Examples of a com-
parison between the experimental results and simulations are shown and
discussed. The developed model ensures comparable accuracy as gas micro-
turbine models found in the literature. In the case of vapour microturbine
sets, in addition to accuracy, provides a larger area of operation. An oper-
ation during a start-up process was also analysed. Due to model simplifi-
cations, the accuracy decreases for a start-up operation from a cold state.
The developed model can be a useful tool for some engineering applications
or for studying the various operational aspects of vapour microturbines with
permanent magnet synchronous generators.
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1. Introduction

Distributed energy systems are decentralized, modular and flexible tech-
nology. They ensure the improvement of local security of energy supply and
complement the centralized energy system [1]. These systems can comprise
multiple generation and storage components [2]. In distributed power engi-
neering, micropower plants are used for the local production of electric power
and heat or for heat utilization [3]. In many cases, the microscale introduces
construction and technological problems. Within the development of micro
power plants, two research areas can be indicated: compact heat exchang-
ers and micro-engines, which play a significant role in the process of energy
conversion.

Micro heat exchangers are developed in many ways. Techniques for inten-
sifying heat transfer in plate heat exchangers are applied [4] or compact heat
exchangers are built based on minichannels [5], microchannels [6] or helical
coiled tubes [7]. It is also proposed to apply a jet technology in heat ex-
changers dedicated to micro combined heat and power units. An innovative
solution in this area is a microjet heat exchanger with a cylindrical structure,
over which intensive experimental [8] and numerical [9] work is carried out.

In the case of engines, volumetric and turbine engines are developed in
parallel. As examples of the use of volumetric engines, it can indicate rotary
vane expanders described in Refs. [10] and [11], scroll expanders [12] or single-
screw expanders [13]. Ref. [14] deals with the comparison of the volumetric
expanders and proposes a procedure for such device selection. Both axial
[15] and radial microturbines [16] are applied. It should be mentioned that
viscous bladeless turbines are also considered [17]. An extensive review of
this issue can be found in [18].

Power generation systems with microturbine sets, consisting of an electric
generator driven by thermal microturbine, are developing. They can be one
of the components of mini/micro-grids [19], which are electrical systems that
serve diverse users and can be interconnected and interact with the main
utility grid or operate independently based on distributed energy genera-
tion [20]. For this purpose, both gas [21] and steam [22] microturbines are
used. Modifications of gas microturbines with the combustion chamber at
the turbine outlet or the special air by-pass system of the combustor are in-
troduced [23]. Microturbines have also found applications in poly-generation
[24] and combined [25] power systems. When an electric power generation is
based on low-temperature heat sources (for example, geothermal [26], ocean
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[27] or waste heat recovery systems [28]), the vapour microturbines cooper-
ate with installations in which the ORC (Organic Rankine Cycle) [29], or
OFC (Organic Flash Cycle) [30] is executed. It should be pointed out that
also the innovative pumpless systems, driven by the low-temperature heat
sources [31], are developing. Recently, with the intensive development of the
distributed energy sector in the European Union, ORC/OFC technology is
perceived as a prospective technology for household scale micro-cogeneration
systems [32].

Microturbine sets are already offered by many companies from the energy
market. However, research activities are still in progress to improve the
efficiency (e.g. by placing special attention on the designing of the blade
cascades, both for axial [33], [34] and radial [35] turbines), solve control [36]
or bearing [37] problems and to decrease investment costs [38]. Difficulties
are also connected with miniaturisation, high rotational speed and reliability.
Microturbines are designed to have a compact structure and small volume,
which makes them more susceptible to internal leakages [39].

A microturbine set is usually designed for operation in specified condi-
tions, i.e. at the specified thermodynamic parameters of a working medium
and specified electric load. A set of these parameters bears the name of design
or calculation parameters. However, during an operating lifetime, a micro-
turbine set can work in differing conditions, for example, due to a change of
working medium parameters or electric load. In such conditions, a set can
work at partial load or overload, rotational speed also can change. Not all
of the above changes are permissible for example, due to strength reasons,
durability of generator armature winding or the required values of voltage
and current intensity. A possibility of operation in such conditions should be
taken into account.

Valuable information about microturbine set operation may be provided
by experimental work. Unfortunately the published results, of experimental
examination, usually refer to steady-state microturbine operation (for gas
and vapour microturbines, the tests described in [40] and [41] can be indicated
respectively). Changes in operating parameters can also take a dynamic
course (for instance, as a result of connecting or disconnecting electric energy
receivers). Research work on microturbine sets operation in dynamically
changing conditions, in particular, based on experimental results, are rare.
Tests performed on the gas microturbine can be found in [42]. Experimental
investigations of vapour microturbines, in transient operating conditions, are
described in [43] (for axial type turbine) and [44] (for radial type turbine).
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The dynamic process examination of the ORC system is also presented in
[45].

A mathematical model of a microturbine set is required to analyze the
above mentioned impacts. This is of great practical importance, for example,
in a case of designing of a control system. There are some works describing a
control of turbine sets, but most of them concern on steam or gas turbines of
high power or gas microturbines, which makes it difficult to draw conclusions
about vapour devices with low power. The regulation of microturbines is
not comprehensively addressed in the literature. Works focussing on vapour
microturbine control are extremely rare [46] and usually concern transfers
”macro” scale solutions to ”micro” devices. Determining an appropriate
solution for a control system requires analysis and simulation tests based on
a mathematical model of a device.

The modelling of gas microturbines is extensively described in bibliogra-
phy. Such models differ in the degree of complexity and practical application
in simulation research. Full-order models are developed, such as those de-
scribed in Refs. [47] and [48], where thermodynamic relations are based
on physical principles. Higher order models which integrate thermodynamic
relations with those describing power electronic converters can be found in
Refs. [49] and [50]. When the high order models seem too complex for simu-
lation applications, simplified relations are implemented. Among the simpli-
fied modelling, differ approaches can be indicated: the reduction techniques
based on the time decoupling concept [51], applying approximations [52], the
reduction of the number of necessary parameters [53] and the input-output
based methods treating the gas microturbine as a black box [54].

There are very little works in the literature with vapour microturbine
sets models. Available vapour microturbine models often do not include co-
operation between a turbine and a generator [55]. The model of a vapour
microturbine set can be found in [56]. This is an empirical model with the
structure determined by observed relations among experimental data. The
model adopts the linear relation between a load resistance and a rotational
speed. In fact, this relation is nonlinear. As a result, the mentioned model
can ensure an acceptable accuracy for operation with relatively small changes
in electric load. It can be expected that in a case of small power systems
(for example, an individual household), an electricity demand may dynam-
ically change. Switching on a single device or several devices at the same
time can produce a peak demand of several kilowatts [57]. In addition, this
model assumes a constant pressure value after a turbine. This pressure, dur-
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ing operation, may change, for example after change condenser operating
conditions.

For these reasons, it seems necessary to develop a mathematical model
that would allow calculating an operating state of a vapour microturbine set
in a relatively wide range of electric load and pressure of a working medium.
Such a model should also enable analyzing on an operation of microturbine
sets in transient states. It should be verified by comparing simulation results
with experimental data, preferably on a complete set consisting of cooper-
ating a microturbine and a generator. Then, it would be a useful tool for
studying various operational aspects or for some engineering applications.
A literature survey indicates that there is limited research available on this
topic.

The major objective of this study is to fill the research gap and investigate
if the above-mentioned requirements can be achieved. Below are the major
contributions and novelties of this study:

1. Generic equations of a turbine and permanent magnet synchronous
generator (PMSG) were used to develop the new model of a vapour
microturbine set. The model enables analysis in both steady and un-
steady conditions. The considered set cooperates with a diode rectifier,
but it is possible to integrate the proposed model with another system.

2. Developed relations were simplified to such a form that the values of
the model coefficients can be easily determined based on the results of
an experimental examination.

3. The model has been verified using the results of unique experimen-
tal research. The uniqueness of these results consists in the fact that
under laboratory conditions, various expected operating states were
simulated (for the example step changes of the electrical load or start-
up operation) and they were made with two different working medium.
The results of such vapour microturbine set studies have not yet been
published.

4. It has been found that neglecting a thermal state of the vapour micro-
turbine can lead to inaccuracies in the simulation, e.g. in a start-up
operation from a cold state.

The paper is organized as follows: Section 1 is the introduction, Section
2 describes the studied set and develops its mathematical model, Section 3
and Section 4 present the results and discussion of the model verification,
Section 5 draws the conclusions.
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Figure 1: A schematic diagram of a vapour microturbine with a permanent magnet syn-
chronous generator and a diode rectifier

2. A model of a vapour microturbine set

The scheme of a considered microturbine set is shown in Fig. 1. A micro-
turbine set consists of a microturbine and a three-phase permanent magnet
generator, connected with each other. A single stage axial microturbine is
used. A generator is connected to a diode rectifier, which converts an alter-
nating current into a direct current.

2.1. Steady state operation of a turbine

The schematic diagram of a microturbine is shown in Fig. 2. A working
medium approaches a turbine at a pressure p1 and a temperature T1. A
medium pressure after a turbine is p2. A rotational speed of a rotor is n and
a torque on a turbine shaft is MT .

A turbine power can be calculated due to the following relation:

N = η ·m ·Hs (1)

where: η denotes the turbine efficiency, m - medium mass the flow rate,
Hs - turbine the isentropic enthalpy drop.

A turbine efficiency was described by a quadratic function:

η = a · ν − b · ν2 (2)

where: ν - velocity ratio, a,b - constants.
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Figure 2: A schematic diagram of a vapour microturbine

The value of the velocity ratio is:

ν =
ωr√
2Hs

(3)

where: ω - rotor angular speed, r - turbine stage mean radius. Taking this
into account in equation (2) gives the following expression:

η = a
ωr√
2Hs

− b(ωr)2

2Hs

(4)

Basing on the Stodola-Flugel formula, there is the following relation be-
tween a vapour flow rate and thermodynamic parameters before and after
any change of a turbine flow:

m = m0

√
T10
T1

√
p21 − p22
p210 − p220

(5)

where index 0 denotes the parameters before any turbine flow change.
Using the equations (1), (4), (5) we can write:

NT =

(
a

ωr√
2Hs

− b(ωr)2

2Hs

)
m0

√
T10
T1

√
p21 − p22
p210 − p220

Hs (6)
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Figure 3: The temperature of the ethanol vapour T1 as a function of pressure p1, after the
isenthalpic throttling process from pressure p10 = 6 bars and temperature T10 = 413K

It can be noticed that in typical turbines with superheated steam supply,
after throttling the working medium in the control valve, the temperature
at the turbine inlet changes to a relatively small extent. This phenomenon
also occurs in many cases of vapour turbines. The example is shown in
Fig. 3. The graph shows the temperature change of ethanol vapor, after the
isenthalpic throttling process from the pressure of 6 bars and the temperature
of 413 K (the values were taken from the RefProp database). The graph also

shows how the
√

T10
T1

relationship value changes in this case. After reducing

the pressure from 6 bars to 3 bars, the value of this relation increased by
approximately 1 %.

If such inaccuracy is acceptable, it can be assumed that
√

T10
T1
≈ 1. Then

the relation (6) can be converted into the following form:

NT = (k1ω
√
Hs − k2ω2)

√
p21 − p22 (7)

where k1, k2 are turbine coefficients.
Then the relation for a torque on a turbine shaft can be obtained:

MT = (k1
√
Hs − k2ω)

√
p21 − p22 (8)
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Figure 4: A schematic diagram of a permanent magnet synchronous generator assisted
with a diode rectifier

If it was necessary to take into account the effect of the temperature
changes, the power and torque of the turbine can be described as:

NT = (k3ω
√
Hs − k4ω2)

√
p21 − p22
T1

(9)

MT = (k3
√
Hs − k4ω)

√
p21 − p22
T1

(10)

where k3, k4 are turbine coefficients.

2.2. Steady state operation of a generator with a diode rectifier

The steady state model of a permanent magnet synchronous generator
with a 6-pulse diode rectifier (Fig. 4) is presented. The system load is a
resistor with R resistance. Output average DC voltage and current intensity
are equal to U and I respectively.

The phase diagram of a single phase of a PMSG is shown in Fig. 5, where
E is an induced electromotive voltage, Rs is a stator resistance, Xs is a
synchronous reactance, and Us and Is are a phase voltage and phase current
intensity. The corresponding equation can be expressed as:

E2 = (Us + IsRs)
2 + (XsIs)

2 (11)
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Figure 5: Phase vector diagram of a permanent magnet synchronous generator

Substituting E = pωke and Xs = pωL (where p is the number of magnet
poles, ke is the generator constant and L is a single phase inductance of a
stator) into (11) yields:

(pωke)
2 = (Us + IsRs)

2 + (pωLIs)
2 (12)

Ignoring the losses of a diode rectifier, the relation between an average
voltage value at a DC side and phase voltage may be written as:

Us =
πU

3
√

6
(13)

The average current intensity value at a DC side can be expressed as:

Is =

√
6

π
I (14)

Taking equations (13), (14) and U = IR into equation (12) gives the
following expression:

I2 =
(pωke)

2

(
π2R+18Rs

3
√
6π

)2
+
(
pωL

√
6
π

)2 (15)

Due to the negligence of the losses in the rectifier, the power of the gen-
erator can be expressed as NE = I2R or:

NE =
R(pωke)

2

(
π2R+18Rs

3
√
6π

)2
+
(
pωL

√
6
π

)2 (16)

Then the relation for an electromagnetic torque of a generator can be
obtained:

ME =
Rω(pke)

2

(
π2R+18Rs

3
√
6π

)2
+
(
pωL

√
6
π

)2 (17)

10

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


2.3. Microturbine set modelling

In a steady state, a turbine torque should be equal to an electromagnetic
torque of a generator:

MT = ME (18)

Taking equations (8), (17) and (18) gives the following expression:

(k1
√
Hs − k2ω)

√
p21 − p22 =

Rω(pke)
2

(
π2R+18Rs

3
√
6π

)2
+
(
pωL

√
6
π

)2 (19)

Formula (19) presents the relation, in a steady state, between the ther-
modynamic parameters of a medium, a load resistance and an angular speed
of a vapour microturbine set.

A microturbine set rotor motion may be described by the following dif-
ferential equation:

J
dω

dt
= MT −ME (20)

where J is a microturbine set rotor polar moment of inertia.

3. Model validation

The results of the experimental tests of the microturbine set were used
for the model validation. Data for the two working medium were used:
compressed air and vapour of ethanol. The set consists of the single-stage
microturbine and permanent magnet generator. The turbine stage is an
impulse type with an axial flow and partial admission. The turbine rotor
and the generator rotor are mounted on one shaft. The set during test runs
is shown in Fig. 6. Detailed information of the microturbine set and the
laboratory test rig can be found in [58].

The data used to determine model coefficients for turbine operation with
compressed air as a working medium are shown in Fig. 7. There are experi-
mentally obtained relations between rotational speed, phase current intensity,
phase-to-phase voltage and load resistance. The data for the vapour of the
ethanol operation are shown in Fig. 8.

The generator phase stator resistance was measured. Its value (in the
cold state) is Rs = 1 Ω.

Generator constant ke and inductance L were calculated from equation 12
(taking into account the relationship ULL =

√
3US). The solution was found

with a minimum square error: ke = 0.0249 V s
rad

, L = 0.0020H.
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Figure 6: Vapour microturbine set during test runs

The values of the isentropic enthalpy drop of air were calculated from the
relation:

Hs = CpT1

[
1−

(
p2
p1

)κ−1
κ

]
(21)

where Cp is a specific heat at a constant pressure, κ is an isentropic
exponent.

The values of the isentropic enthalpy drop of the vapour of the ethanol
were taken from the RefProp database.

Turbine coefficients k1, k2 were calculated from equation 19. The follow-
ing values were determined: k1 = 2.9022 · 10−9m2s, k2 = 1.2500 · 10−10 m3s

rad

(for the compressed air operation) and k1 = 3.4103 · 10−9m2s, k2 = 1.5368 ·
10−10 m3s

rad
(for the vapour of the ethanol operation).

The microturbine set rotor polar moment of inertia was also calculated
(based on the geometrical dimensions and density of the rotor materials):
J = 0.00088 kg m2.

A series of calculations were performed to compare the developed relations
with the experimental examinations. The model was validated on a different
set of observations than the ones used to determine the values of the model
coefficients.

The rotational speed values were obtained by solving the equation 19.
The values of the current intensity and voltage were calculated from the
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Figure 7: Rotational speed n, phase current intensity Is and phase-to-phase voltage ULL

as a function of load resistance R with compressed air as a working medium, obtained
from the experiment, for inlet pressure p1 = 6 bars, inlet temperature T1 = 283K and
outlet pressure p2 = 1 bar
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Figure 8: Inlet pressure p1, pressure p2 after the turbine and rotational speed n as a
function of load resistance R with a vapour of ethanol as a working medium, obtained
from the experiment, for inlet temperature T1 = 413K
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Figure 9: Rotational speed n as a function of load resistance R with compressed air as a
working medium and relative errors δn between the experiment and calculations, for inlet
pressure p1 = 5 bars, inlet temperature T1 = 283K and outlet pressure p2 = 1 bar

relations:

Is =
pωke√(

π2R
18

+Rs

)2
+ (pωL)2

(22)

ULL =
π2
√

3IsR

18
(23)

The sample results are shown in the diagrams. The input data for the cal-
culations were experimentally recorded values of the working medium param-
eters and load resistance. The resulting rotational speed, current intensity
and voltage were compared with the experimental data.

Figs. 9, 10, 11 show the rotational speed, current intensity and voltage as
a function of the load resistance, obtained from the experiment and calcula-
tions, for the compressed air operation, with the pressure at the turbine inlet
and outlet equal to 5 bar and 1 bar respectively. The values of the relative
differences between the results of the simulations and experiments are also
shown in the graphs. The maximum values of the relative errors were 3.4 %
for the rotational speed, 3.2 % for the current intensity and 3.5 % for the
voltage.

A similar example, but this time for the vapour of alcohol as a working
medium, is shown in Fig. 12. There are presented the experimentally ob-
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Figure 10: Phase current intensity Is as a function of load resistance R with compressed
air as a working medium and relative errors δIs between the experiment and calculations,
for inlet pressure p1 = 5 bars, inlet temperature T1 = 283K and outlet pressure p2 = 1 bar
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Figure 11: Phase-to-phase voltage ULL as a function of load resistance R with compressed
air as a working medium and relative errors δULL between the experiment and calculations,
for inlet pressure p1 = 5 bars, inlet temperature T1 = 283K and outlet pressure p2 = 1 bar
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Figure 12: The rotational speed n as a function of load resistance R with a vapour of
ethanol as a working medium and relative errors δn between the experiment and calcula-
tions, for inlet temperature T1 = 413K

tained values of vapour pressure and rotational speed as a function of the
load resistance. The mean values of the pressure during this test were 6.0 bar
at the turbine inlet and 1.3 bar at the turbine outlet. The results of the ro-
tational speed simulations and relative differences between the calculations
and experiment were also shown. The maximum value of the relative error
was 2.2 %.

The developed microturbine set model was also tested in unsteady oper-
ation conditions. Dynamical stages of operation were executed by changing
the thermodynamic parameters of a working medium, or by changing the
microturbine set load.

The test stand enables to record time histories of microturbine set oper-
ation parameters in the conditions of the step changes of the load resistance.
Examples are presented in the graphs.

Figs. 13 shows the rotational speed, calculated and measured, after the
step increase of the load resistance from 45 Ω to 56 Ω. During this test
the microturbine worked with compressed air as a working medium. The
mean value of the pressure at the inlet equalled 4.6 bar. After leaving the
turbine, an air flowed directly to the environment. After the load change, the
rotational speed increased gradually from 11900 rpm to 14160 rpm. The time
after the load resistance change which was needed to reach the new steady
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state was approximately equal to 16 seconds.
An example for the step decrease of load is presented in Fig. 14. This

time vapour of alcohol was a working medium. The load resistance rapidly
changed from 51 Ω to 43 Ω, at the mean values of the inlet pressure 6.2 bar and
outlet pressure 1.0 bar. In this case, the changes of the rotational speed went
in the opposite direction. The speed decreased gradually from 17700 rpm to
16180 rpm. The time needed for stabilisation of the microturbine set speed
was approximately equal to 7 seconds.

It is noteworthy that the developed relations correctly predict the state
of the microturbine set during the load resistance changes. The rotational
speed values obtained from the calculations were close to those recorded
experimentally.

In the example for the compressed air operation, the largest relative dif-
ference between the simulation and experiment was equal to 1.6 % (at about
4 seconds of the test). This transient difference between the experimental
and the calculated results is difficult to explain from the point of view of the
model. It might have been caused by the unstable operation of the bearings.
The microturbine design predicted that the bearings should be lubricated
with liquid ethanol. The compressed air tests were carried out without lu-
brication, which could have had a negative effect on the operation of the
bearings. The mean value of the error during this test was equal to 0.6 %.

For the ethanol operation example, the largest and mean relative differ-
ence between the simulation and experiment were 2.4 % and 1.4 % respec-
tively.

In Fig. 14, perturbations can be observed on the speed signal, especially
visible after 6 seconds of the test. Such disturbances were observed during
the experiment in certain ranges of rotational speeds. It can be assumed
that these perturbations were the result of unpredictable interactions of the
generator and the measuring system.

The performed calculations showed that the proposed model can also
correctly predict the state of the microturbine set during inlet pressure dy-
namical changes.

Fig. 15 shows the microturbine set response to the rapid decrease in air
pressure at the turbine inlet, from approximately 4.7 bar to 2.7 bar, while
Fig. 16 shows a similar response after increasing the pressure from approxi-
mately 2.8 bar to 4.9 bar. In both tests, the microturbine set provided power
for the electric energy receiver with 48 Ω resistance. In the first test, after a
pressure change, the rotational speed decreased gradually from 12920 rpm to
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Figure 13: Rotational speed n as a function of time t, after load resistance R changes, with
the compressed air as a working medium, obtained from the experiment and calculations,
for inlet pressure p1 = 4.6 bars, inlet temperature T1 = 283K and outlet pressure p2 =
1 bar
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Figure 14: Rotational speed n as a function of time t, after load resistance R changes, with
a vapour of ethanol as a working medium, obtained from the experiment and calculations,
for inlet pressure p1 = 6.2 bars, inlet temperature T1 = 413K and outlet pressure p2 =
1 bar
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Figure 15: Rotational speed n as a function of time t, after pressure p1 at the turbine inlet
changes, with the compressed air as a working medium, obtained from the experiment
and calculations, for load resistance R = 48 Ω, inlet temperature T1 = 283K and outlet
pressure p2 = 1 bar

6610 rpm and in the second test increased from 6610 rpm to 13850 rpm. In
both tests, the time needed for speed stabilisation was approximately equal
to 15 seconds. In the first case, the speed time histories calculated and mea-
sured are so close that it is difficult to distinguish them on the graph. The
largest relative difference between the simulation and experiment is equal to
0.6 % while the mean value of the error during this test is 0.2 %. For the
second example. These values are 1.8 % and 0.7 % respectively.

During the experimental investigations described in [58] an attention was
paid that relatively low-pressure pulsations of a medium before a microtur-
bine clearly influences a rotational speed. The performed calculations show
that the developed model can also correctly predict such phenomena. This
is clearly visible in Fig. 17. It presents the measured inlet pressure, calcu-
lated and measured rotational speed as a function of time, with a vapour
of ethanol as a working medium. In the turbine inlet pipeline, there were
observed cyclically repeating pressure pulsations with the average amplitude
of 0.08 bar and average frequency 0.4 Hz. Fluctuations of the same frequency,
but delayed in the phase relative to the pressure pulsation of about 0.5 sec-
onds, were observed in the rotational speed time histories. The average am-
plitude of the rotational speed fluctuations was 70 rpm. It can be observed
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Figure 16: Rotational speed n as a function of time t, after pressure p1 at the turbine inlet
changes, with the compressed air as a working medium, obtained from the experiment
and calculations, for load resistance R = 48 Ω, inlet temperature T1 = 283K and outlet
pressure p2 = 1 bar

that the simulation calculations correctly predicted the amplitude and phase
displacement of the microturbine set speed signal. The simulated time his-
tories have slightly smaller values (an average of 2.4 %) than the measured
one.

A number of factors could influence an inaccuracy of the presented sim-
ulations. Some of them may be related to the simplifications that the model
introduces, a part undoubtedly results from an inaccuracy of the measure-
ment system. It seems that the impact of the following factors should be
discussed:

1. The systematic measurement errors had relatively small values (for ex-
ample current intensity ± 0.04 A, voltage ± 4.8 V). Unfortunately, due
to the individual character of the performed tests random errors have
not been determined. These errors are caused by unknown and un-
predictable changes in the experiment. These changes may occur in
the measuring instruments, in the microturbine set or in the operating
conditions.

2. The resistance measurement was carried out under a cold state. In fact,
during an operation, resistors heated up and their resistance changed.
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Figure 17: Rotational speed n as a function of time t, in the case of pressure p1 pulsations
at the turbine inlet, with a vapour of ethanol as a working medium, obtained from the
experiment and calculations, for inlet temperature T1 = 413K and outlet pressure p2 =
1.7 bars

The value of these changes depends on several factors (current inten-
sity, operation time, and ambient conditions) and it is difficult to deter-
mine. This phenomenon also applies to the generator stator resistance,
which is additionally heated as a result of microturbine contact with
hot vapour.

3. The turbine efficiency was approximated by a quadratic function. The-
oretically, this is true for the gas path efficiency of an axial impulse
stage with a zero degree of reaction [59], but turbine efficiency is also
affected by stage internal losses. Until now, only the so-called cascade
losses can be analytically determined. The theoretical determination of
other internal losses, for example, leakage, rotor friction, partial admis-
sion losses etc., is not yet possible. In addition, the developed model
does not take into account the mechanical losses in the microturbine
set bearings.

4. The accuracy could increase if the power losses in the rectifier were
taken into account. However, it would complicate the developed rela-
tions, because the complete model for the losses of a semiconducting
device involves many variables capturing steady-state and transient be-
haviours [60].
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5. The developed model assumes that the temperature at the turbine inlet
is constant. In the example shown in section 2.1 (with the vapour of
ethanol as a working medium). This simplification introduces to 1 %
inaccuracies. If the inaccuracy connected with this assumption was
unacceptable (for example, due to the specific properties of the working
medium), the model would have to be modified taking into account the
effect of the changes in the inlet temperature. It can be expected that
it would provide better matching the simulations with the experiments.

However, despite the mentioned factors, the obtained results show that
the developed model provides sufficient (for typical engineering calculations)
accuracy, comparable with the latest published results. For example, in the
gas microturbine set models presented in [53] and [61] errors are less than 5 %.
The vapour microturbine set model described in [56] ensures similar accuracy,
but due to the adoption of a linear relation between a load resistance and a
rotational speed, its area of reliable operation is much smaller.

4. Start-up operation

The simulation calculations were also performed for the start-up oper-
ations. It turns out that in this phase of the microturbine set operation
the accuracy of the simulation results depends greatly on a type of working
medium.

Fig. 18 presents the calculated and measured time histories of the rota-
tional speed, during the start-up operation, with compressed air as a working
medium. Compressed air was delivered from the gas cylinders filled with an
auxiliary compressor. During the start-up phase, the valve at the turbine
inlet was manually opened. The experimental speed signal is shown above
approximately 2500 rpm because below this value the RPM measuring sys-
tem is not effective. It can be observed, that in this case, the simulations
correctly predicted the start-up process. The mean value of the relative error
during the test was 2.6 %.

Before the start-up operation, with ethanol vapour as a working medium,
the turbine was bypassed to obtain the required vapour parameters. After
that the reducing valve at the bypass pipeline was closed, while, at the same
time, opening the valve at the turbine inlet. Both the valves were manu-
ally adjusted. Due to the temperature of the working medium, the start-up
velocity was limited in order to protect the microturbine elements from an
excessive increase in the thermal stresses.
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Figure 18: Rotational speed n as a function of time t during the start-up operation, with
compressed air as a working medium, obtained from the experiment and calculations, for
load resistance R = 79 Ω, inlet temperature T1 = 283K and outlet pressure p2 = 1 bar

An example of a start-up operation, with a vapour of ethanol as a working
medium, is shown in Fig. 19. In this case, the accuracy of the simulation was
definitely worse. During almost the entire start-up process, the calculated
rotational speed was lower than the speed recorded during the experiment.
The maximum value of the relative error was 104.9 % (in about 27 seconds
of the test). Only after about 130 seconds, the calculated rotational speed
approached the experimental values.

Such huge differences in the accuracy of the simulations between the ex-
amples in Figs. 18 and 19 have been interpreted as an effect of the thermal
deformations of the turbine elements. As a result of the temperature changes,
construction dimensions change, for example, clearances between a rotor and
a turbine casing. The size of these clearances affects the value of turbine ef-
ficiency (especially in the case of a turbine stage with partial admission).
The values of the model coefficients were determined at steady states, with
a thermal state similar to the nominal. In the case of compressed air as
a working medium (with a temperature close to the ambient). A thermal
state of the turbine was not significantly dependent on an operation status.
Thus, the developed model provides the correct results in the various op-
erational states. The start-up in the Fig. 19 was performed from the cold
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state turbine. The temperature of a vapour of ethanol at the turbine inlet
was approximately 140 oC. It can be concluded that clearances values differ
significantly between the cold and hot turbine state. Thus, the acceptable
calculation accuracy was obtained only after the turbine reached the appro-
priate thermal state. This is confirmed by the example in Fig. 20. This is
the start-up process with ethanol as a working medium. Before this test,
the microturbine set was operating for a long time and was stopped for the
purpose of replacing the load resistance. It can, therefore, be concluded that
the start-up was performed from a warm state. In this case, the accuracy
of the calculations has definitely increased. The maximum value of the rela-
tive error during the start-up operation was 25.0 %. Already after about 20
seconds, the calculated speed approached the experimental values.

The completed calculations show that an accuracy of simulations is re-
lated to a thermal state of a turbine. The highest accuracy is obtained when
simulations are related to conditions in which a thermal state of a turbine
is close to that at which the values of the model coefficients have been de-
termined. After changing a thermal state, an accuracy may decrease. The
experience collected during the described research indicates, that in a case of
sets operating in ORC installations, this phenomenon can be expected in a
start-up operation from a cold state. The negative effect of this phenomenon
is definitely lower for working mediums at a temperature close to an am-
bient. In such cases, a thermal condition of a turbine does not change so
significantly during operation.

5. Conclusions

This paper presents the mathematical model of a set consisting of a
vapour microturbine, three-phase permanent magnet generator and diode
rectifying unit. The developed relations result from the generic equations.

The model parameter values were determined based on the experimental
data. The data for the two different working medium were used (compressed
air and vapour of ethanol).

A series of calculations were performed to simulate the performance of the
examined microturbine set in conditions, similar to those expected to take
place in real operation. Steady as well as unsteady states (load or working
medium pressure changes) were analysed. The simulation data were com-
pared with the results of the experimental examination of the microturbine
set. Within a wide range of operation area the results of the simulations
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Figure 19: Rotational speed n as a function of time t during the start-up operation from a
cold state, with a vapour of ethanol as a working medium, obtained from the experiment
and calculations, for inlet temperature T1 = 413K
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Figure 20: Rotational speed n as a function of time t during the start-up operation from a
warm state, with a vapour of ethanol as a working medium, obtained from the experiment
and calculations, for inlet temperature T1 = 413K
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were close to the experimental data. The relative differences between the
experiment and the model results did not exceed 5 %. The possible reasons
for the errors were noticed and discussed.

The developed model ensures comparable accuracy as gas microturbine
models found in the literature. In the case of the vapour microturbine sets,
in addition to accuracy, it provides a larger area of operation.

The simulations were also performed for start-up operations. It turns out
that in this phase the accuracy of the simulation results depended greatly on
a thermal state of a microturbine.

The presented model neglecting the temperature change at the turbine
inlet. This simplification limits the area of a reliable operation of the mi-
croturbine set model. The paper indicates how the model could be modified
if the inaccuracy were unacceptable. However, such a modification of the
model would not solve the problem of inaccuracies in the simulation in a
start-up operation from a cold state.

The developed model can be a useful tool for some engineering applica-
tions or for studying the various operational aspects of vapour microturbine
sets. Moreover, the provided unique experimental data are the added value
to the state of the art related to vapour microturbines. A combination of
theoretical considerations with operational data of the real device will bridge
the gaps between research, development and implementation.
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