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Abstract: The wastewater treatment plant (WWTP) is a complex system due to its non-linearity, time-variance and multiple time scales  
in its dynamics among others. The most important control parameter in a WWTP is the dissolved oxygen (DO) concentration. The tracking 
problem of the DO concentration is one of the most fundamental issues in biological wastewater treatment. Proper control of DO  
concentration is necessary to achieve adequate biological conditions for microorganisms in the WWTP. Aeration is an important process to 
achieve those conditions, but it is expensive. It was performed using an aeration system, which includes blowers, pipelines and diffusers. 
This paper presents a new approach to designing a non-linear control system for controlling DO concentration using an adaptive  
backstepping algorithm. A model of biological processes and aeration system were applied in designing the control system. Simulation 
tests of the control system were performed and very good results on control were obtained. The proposed solution has proved  
to be effective and computationally efficient. 

Keywords: aeration system, backstepping control algorithm, dissolved oxygen, non-linear system, wastewater treatment plant, SBR 

1. INTRODUCTION 

The growth of global population and rising urbanization have 
contributed to diminishing clean water supply and irreversibly 
damaging many ecosystems. Therefore, uncontrolled disposal of 
wastewater and waste, which relies solely on the self-purifying 
properties of natural ecosystems, is not acceptable. The scientific 
and technical development allows to create better solutions in the 
field of wastewater treatment and reduces the negative effect on 
the environment, health and quality of people’s lives [1]. 

In this paper, a municipal, biological, batch-type (sequencing 
batch reactor [SBR]) wastewater treatment plant (WWTP) with 
fine-bubble compressed air aeration is applied. The biological 
processes occurring in a WWTP are complex dynamic, non-linear, 
time-variant processes with many interactions and varying time 
constants. Thus, it is justified to apply modern control algorithms 
to such a system. The main goal of developing new control meth-
ods for a WWTP is to improve pollution indices and maintain 
acceptable pollutant concentrations in the effluent, according to 
the water-law permit. Moreover, the objective is to improve the 
efficiency, i.e. reduce the operational costs of a WWTP, in particu-
lar, the cost of pumping air through the aeration system [2]. 

One of the most important factors that have an impact on the 
biological wastewater treatment process is dissolved oxygen (DO) 
concentration. The population and activity of waste-treating mi-
croorganisms vary depending on this factor. The demanded DO 
concentration is guaranteed through the wastewater aeration 

process. Additionally, it is used for mixing the activated sludge 
and raw wastewater. However, the aeration process generates 
the highest power consumption out of all the elements of the 
treatment process, and thus the highest operational costs of a 
WWTP [3]. Therefore, an efficient DO concentration and aeration 
system control allows to reduce these costs. 

The history of designing control algorithms for biological pro-
cesses in the activated sludge process dates back to the 1970s 
and 1980s. The examples of early DO concentration control algo-
rithms are a self-tuning, robust controller [4] and an adaptive 
controller with an online estimation of oxygen transfer and respira-
tion rates [5]. With the advancement of digital technology and 
increasing possibilities for automatic control algorithm implemen-
tation, more advanced control methods were developed, e.g., 
model predictive control (MPC). This method was used in the 
literature [6], where instead of generating a reachable reference 
trajectory, process performance was optimised using the econom-
ic objective function. In the literature [7], the authors proposed a 
two-level hierarchical control system with the supervisory layer 
(MPC and Fuzzy) designating the setpoint of the DO concentra-
tion based on the ammonia composition and the lower layer con-
troller (proportional-integral [PI]) dealing with DO concentration. 
Another fuzzy controller in the supervisory layer, which calculates 
the setpoint of DO concentration and adapts parameters of the 
lower control layer, was presented in the literature [8]. Fuzzy logic 
may also be applied in direct DO concentration control, e.g., using 
a fuzzy-proportional-integral-derivative (PID) control strategy [9]. 
In the literature [10], an adaptive PID controller with a radial basis 
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function network for parameter adaptation was used to control the 
DO concentration. 

Designing model-based control (MPC) requires not only 
knowledge of the system and the design of utility models but also 
significant computational resources. Another challenge is the non-
linear nature of the DO and aeration system equations, and in the 
literature, one often encounters the use of approaches dedicated 
to solving linear problems, which can have negative effects on 
system robustness. Fuzzy control solutions have many ad-
vantages; however, their development requires substantial expert 
knowledge about the system and the formulation of a set of rules. 
Furthermore, despite the popularity of fuzzy control in academic 
research, it has limited practical implementations in various fields 
[11]. Another drawback of algorithms that require significant ex-
pert knowledge (MPC and Fuzzy) is the social concerns of opera-
tors and technologists regarding new technologies. On the other 
hand, popular PID controllers with fixed parameters are simple 
algorithms designed for linear problems. They remain popular, 
especially with additional modifications for parameter adaptation. 
However, in practice, most controllers of this type operate in basic 
versions with suboptimal settings or settings determined by engi-
neering methods, prioritizing system stability without considering 
the quality. 

The proposed adaptive backstepping algorithm is dedicated to 
non-linear problems, ensuring stability in the Lyapunov sense. 
Furthermore, due to its form, it can be easily implemented on 
programmable logic controllers (PLCs). An additional advantage is 
the algorithm’s adaptation capabilities, which are important in the 
context of differences between simulation systems and real-world 
systems where significant disturbances occur. 

Aeration is the most important and most expensive activity in 
WWTP [12]. From a control point of view, this system is dynamic 
and highly non-linear. Controlling this process using a PID control-
ler with fixed parameters, over a wide operating range, can be 

inefficient and ineffective. Therefore, a new approach to designing 
a non-linear control system for DO concentration control using an 
adaptive backstepping algorithm is proposed. 

The control method considered in this paper is applied in 
many different fields of technology. The adaptive backstepping 
method was used in the literature [13] to control a dual-arm of a 
humanoid robot based on fuzzy approximation. In literature [14], a 
double-star induction machine control system was designed using 
the backstepping method. The backstepping approach was ap-
plied for reference value tracking of flux and speed and for uncer-
tainty compensation. 

The remainder of this paper is organised as follows. Section 2 
includes the description of the case-study SBR system and its 
model, as well as the model of DO concentration and the descrip-
tion of the considered aeration system. The designed control 
system and its elements, followed by the synthesis of the back-
stepping controller are presented in Section 3. The simulation 
results are presented and discussed in Section 4. The paper 
concludes in Section 5. 

2. DESCRIPTION AND MODELLING OF THE CONTROL PLANT 

2.1. Sequencing batch reactor 

The process of wastewater treatment is divided into physical, 
biological and chemical methods. This paper concerns only bio-
logical methods. In biological treatment, the pollutants are trans-
formed or decomposed by microorganisms. The main objective of 
biological treatment is to remove or reduce the biodegradable 
organic matter, nitrogen and phosphorus compounds that are 
contained in wastewater to an acceptable level, according to the 
water-law permit [1]. 

 
Fig. 1. Scheme of the Swarzewo WWTP

One of the most common biological wastewater treatment 
methods is the activated sludge method, which is considered in 
the paper. The activated sludge is a suspension of flocs, which is 
mainly composed of anaerobic heterotrophic bacteria and other 
organisms, such as protozoa, rotifera and fungi, as well as mineral 
particles. Wastewater treatment is based on the mineralization of 

organic pollutants present in the effluent by the microorganisms of 
the activated sludge in controlled conditions. Because of this 
process, the microorganisms acquire the energy that is necessary 
for them to live. Additionally, mineral compounds of carbon, nitro-
gen, phosphorus and sulphur are formed and the biomass grows. 

The WWTP in Swarzewo is a biological-chemical-mechanical 
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system, which means that the treatment process consists of sev-
eral stages. The first stage of mechanical primary treatment in-
volves the retention of solid contaminants on grids, screens, grit 
chambers and sand separators. In the secondary stage, which is 
a biological treatment, the activated sludge method is applied. 
Then the sludge is separated from the treated wastewater in the 
sedimentation process. The process may be supported by using 
chemical reagents. 

The biological part of the WWTP in Swarzewo consists of six 
independent SBRs. The technological scheme of the plant is 
shown in Fig. 1. 

In this paper, the SBR 2 (see Fig. 1) and its aeration system 
are considered. The reactor’s capacity is 5,000 m3. A single SBR 
cycle includes the following phases: filling, biological reactions 
(aerobic and anaerobic), sedimentation, decantation and idling. At 
the end of the treatment process, the treated wastewater is dis-
charged into the Baltic Sea. The excess sludge is removed, fur-
ther processed, and finally may be used for the fertilization of 
crops. 

In the modelling of biological processes occurring in an SBR, 
a widely used model Activated Sludge Model No. 2d (ASM2d) was 
applied [14]. It is an extension of previous models: ASM1 and 
ASM2. It is one of the most popular descriptions of the activated 
sludge process. ASM2d consists of 21 biological processes and 
19 state variables, 8 of which describe soluble fractions and 11 
particulate fractions. The values of those parameters are equal to 
their default values at 20°C [15]. The model was implemented in 
the Simba environment, applying data and parameters of the 
WWTP in Swarzewo [16]. 

2.2. DO concentration 

The DO concentration is one of the most important variables 

in the control of biological processes. In this paper, the model 

proposed in the literature [17] was applied: 

𝑑DO(𝑡)

𝑑𝑡
= 𝑘𝐿𝑎 (𝑄air,ref(𝑡)) ⋅ (DOsat(𝑡) − DO(𝑡)) +

− 
DO(𝑡)

𝐾DO+DO(𝑡)
⋅ 𝑅(𝑡)     (1) 

𝑘𝐿𝑎 (𝑄air,ref(𝑡)) = α ⋅ 𝑄air,ref(𝑡)    (2) 

where kLa (∙) – oxygen transfer function into sewage through 

aeration system; Qair,ref – reference trajectory of airflow to SBR 

[m3/h]; DOsat = 8.63736 – dissolved oxygen saturation concentra-

tion [g O2/m3]; KDO= 2 – Monod constant [g O2/m3]; R – respira-

tion [g O2/m3 h]; α = 0.0016 – oxygen transfer coefficient [1/m3]. 

2.3. Aeration system 

During the aerobic phase, the wastewater is aerated by the 
aeration system (blowers, pipes and diffusers). This is the most 
expensive process in the WWTP. The scheme of the aeration 
system is presented in Fig. 2. 

The first component is the blower Aerzen AT 150-1.0S with a 
power of 11 5kW. It is connected via the main pipeline with a 
diameter of 0.4 m and a length of 62.7 m, and then separate pipes 
to two diffuser systems, which are located in the SBR. Disk mem-
brane diffusers ABS PIK 300 manufactured by Sulzer were used 
in the system. The working flow range of a single diffuser is 1.5–

8.0 m3/h, which means that it opens, when a pressure of 2 kPa is 
exceeded. The size of the obtained air bubbles is 1–3 mm. Diffus-
er systems 1 and 2 consist of 616 and 600 diffusers, respectively. 

 
Fig. 2. Structure of the aeration system in the Swarzewo WWTP  

Modelling the aeration system in an analogy to an electrical 
system, based on phenomena characteristic of fluid mechanics, 
has a long history [18]. In this model, the airflow is analogous to 
the amperage and the pressure drop is analogous to the voltage 
in the electrical circuit. The remaining elements are presented as 
resistors, capacitors, current and voltage sources. Based on the 
electrical diagrams, a mathematical model was derived. The 
aeration system was assumed to be a static element compared to 
the SBR model. The aeration system dynamics are measured in 
seconds; thus they are much faster compared to the SBR dynam-
ics (minutes and hours). Hence, the aeration system’s dynamics 
can be omitted when designing the control system. The scheme of 
the aeration system’s model is presented in Fig. 3. 

 
Fig. 3. Aeration system model 

Airflow, represented by Q in Fig.3, is an analogy to electric 
current. Air pressure drop Δp is analogous to voltage drop in 
electrical systems. The blower was approached, analogically to 
current sources, as elements with non-linear characteristics of 
airflow Qb [m3/h], which is a function of pressure drop on the 
blower Δpb [Pa] and its rotational speed nb [rpm]. Airflow re-
sistance at the connection point of the blower to the main pipeline 
was modelled by the resistance Rr. The variable resistance Cc 
was used to model the capacitance of the main pipeline. The two 
branches of the circuit at the right-hand side of the scheme are a 
model of two diffuser systems. Resistances Rg,j correspond to the 
airflow resistance of a pipeline leading to each diffuser system. 
Capacitances Cd,j correspond to the capacitances of those pipe-
lines, while resistances Rd,j – to airflow resistance of diffusers. 
The pressure drop Δph,j, which occurs in the SBR caused by the 
aeration system, was modelled as a voltage source. 

The characteristic of the blower is further described in Section 
3. The pressure drop on the blower is described by the following 
equation: 

Blower

Main pipeline

Collector

Diffuser

system 1

Diffuser

system 2

SBR

Qb

pb,1

Rr

pr

pb pc

Cc

Qb-Qc

Rd,1

R
g,1 p

g,1

p
d,1

Qc

pa

Qair,1

ph,1

Q1

C
d,1

Rd,2

R
g,2 p

g,2

p
d,2

Qair,2

ph,2

Q2

C
d,2

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Michał Kolankowski, Michał Banach, Robert Piotrowski, Tomasz Ujazdowski                        DOI 10.2478/ama-2023-0070 

A New Approach to Designing Control of Dissolved Oxygen and Aeration System in Sequencing Batch Reactor by Applied Backstepping Control Algorithm 

608 

𝛥𝑝𝑏,𝑖 = 𝑝𝑏 − 𝑝𝑎 (3) 

where pb -– pressure at the output of the blower [Pa]; 

𝑝𝑎 = 1.014 ∙ 105-– atmospheric pressure [Pa]. 
The resistance Rr, which is a function of the airflow Qb, is giv-

en by: 

𝑅𝑟(𝑄𝑏) =
𝛥𝑝𝑟

𝑄𝑏
 (4) 

where Δpr– pressure drop on the resistance Rr related to the 
connection point of the blower to the main pipeline [Pa]. 

Pressure in the main pipeline, its dynamics, and the values 
describing – the capacitance Cc and the volume of the main 
pipeline it are as follows: 

𝛥𝑝𝑐 = 𝛥𝑝𝑏,𝑖 − 𝛥𝑝𝑟 + 𝑝𝑎 = 𝑝𝑏 − 𝛥𝑝𝑟; 𝑖 ∈ {1,2} (5) 

𝑑𝑝𝑐

𝑑𝑡
=

1

𝐶𝑐
(𝑄𝑏 − 𝑄𝑐)  (6) 

𝐶𝑐 = 𝑘𝑐𝑉𝑐𝑝𝑐;  𝑉𝑐 =
1

4
𝜋𝑑𝑐

2𝑙𝑐 (7) 

where pc – pressure in the main pipeline [Pa]; Cc – air capaci-

tance in the main pipeline [m3]; Qc – airflow in the main pipeline 

[m3/h]; kc – conversion coefficient [m2s4/kg2]; Vc – volume of the 

main pipeline [m3]; dc – diameter of the main pipeline [m]; lc – 

length of the main pipeline [m]. 

The values of the parameters kc, dc and lc were determined 

based on the geometry of the main pipeline. The formulas de-

scribing the capacitance of each diffuser system Cd,j and volume 

of each branch of the aeration system Vd,j take the following form: 

𝐶𝑑,𝑗 = 𝑘𝑑,𝑗𝑉𝑑,𝑗𝑝𝑑,𝑗;  𝑉𝑑,𝑗 =
1

4
𝜋𝑑𝑑,𝑗

2 𝑙𝑑,𝑗;  𝑗 ∈ {1,2} (8) 

where pd,j – pressure in the pipeline in the j-th branch [Pa]; Cd,j – 

air capacitance of the pipeline in the j-th branch [m3]; kd,j – con-

version coefficient in the j-th branch [m2s4/kg2]; Vd,j – volume of 

the pipeline in the j-th branch [m3]; dd,j – diameter of the pipeline 

in the j-th branch [m]; ld,j – length of the pipeline in the j-th branch 

[m]. 

The values of the parameters kd,j, dd,j and ld,j were deter-

mined based on the geometry of the main pipeline. 

The resistance Rg,j, which is a function of the airflow Qj in the 

j-th branch, is described by: 

𝑅𝑔,𝑗(𝑄𝑗) =
𝛥𝑝𝑔,𝑗

𝑄𝑗
 (9) 

where Δpg,j – pressure drop on the resistance Rg,j related to 
the pipeline of the j-th branch [Pa]. 

The inflow of air to the diffusers in the branch j Qair,j is as fol-
lows: 

𝑄𝑎𝑖𝑟,𝑗 = {
𝑤𝑗

𝛥𝑝𝑑,𝑗−𝛥𝑝𝑑,𝑗
open

𝑅𝑑,𝑗
dla 𝛥𝑝𝑑,𝑗 ≥ 𝛥𝑝𝑑,𝑗

open

0 dla 𝛥𝑝𝑑,𝑗 < 𝛥𝑝𝑑,𝑗
open

𝑗 ∈ {1,2}   (10) 

where wj – number of diffusers in the j-th branch[-]; Δpd,j
open

 – 

pressure drop across the pipeline of the j-th branch, necessary to 
open the diffuser [Pa]. 

The value of the parameter wj was determined based on the 

documentation of the WWTP. The value of Δpd,j
open

 was deter-

mined based on diffusers’ characteristics. 
The inflow of air to diffusers has the following dynamics: 

𝑅𝑑,𝑗𝐶𝑑,𝑗

𝑑𝑄air,𝑗

𝑑𝑡
+ 𝑄air,𝑗 = 𝑄𝑗  ;  𝑗 ∈ {1,2} (11) 

The pressure drop across the j-th branch is described by: 

𝛥𝑝ℎ,𝑗 = 𝜌gℎ𝑗  ;  𝑗 ∈ {1,2} (12) 

where ρ – density of wastewater in the reactor [kg/m3];  

g – standard gravity [m/s2]; hj – immersion depth of diffusers in 

the reactor in the j-th branch [m]. 

The total value of the airflow Qc inflowing to the system con-
sisting of two diffuser branches is the sum of airflows in each 
branch of the system: 

𝑄𝑐 = ∑ 𝑄𝑗𝑗∈{1,2}  (13) 

The influence of temperature on the pressure in the main 
pipeline was modelled as: 

𝑝𝑐 = 𝑝𝑏
𝑇2

𝑇1
 (14) 

where T1 – temperature of the pumped air at the input of the main 
pipeline [˚C]; T2 – temperature of the pumped air at the output of 
the main pipeline [˚C]. 

Airflow in each branch of the aeration system is related to the 
air temperature: 

𝑄1 =  
𝑇3

𝑇2
(𝑝𝑐 − 𝛥𝑝𝑑,1) ∙

1

𝑅𝑔,1
; 𝑄2 =  

𝑇4

𝑇2
(𝑝𝑐 − 𝛥𝑝𝑑,2) ∙

1

𝑅𝑔,2
 (15) 

where T3 – temperature of the pumped air in the first branch of 
the system [˚C]; T4 – temperature of the pumped air in the second 
branch of the system [˚C]. 

For the identification of the aeration system, a simplification of 
the model was performed. Because the values of parameters 
Rg,1 and Rg,2 are small and similar with each other, and the 
number of diffusers in each is similar, two diffuser systems were 
reduced to one. The scheme of the simplified model is presented 
in Fig. 4. 

 
Fig. 4. Simplified aeration system model. 
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The parameters of the equivalent branch are as follows: 

𝐶𝑑 =  𝐶𝑑,1 + 𝐶𝑑,2 (16) 

𝑄air =  𝑄air,1 + 𝑄air,2 = 𝑎𝑑 ∙ (𝑘1𝛥𝑝𝑑,1 + 𝑘2𝛥𝑝𝑑,2) (17) 

𝛥𝑝𝑑,1 =  𝛥𝑝𝑑,2 = 𝛥𝑝𝑑  (18) 

where ad – slope of the diffuser’s characteristic [-]; k1, k2 – num-
ber of diffusers in the first branch and the second branch, respec-
tively [-]. 

Given Eqs (17) and (18): 

𝑄𝑎𝑖𝑟 =  𝑎𝑑 ∙ (𝑘1 + 𝑘2) ∙ 𝛥𝑝𝑑 (19) 

The equivalent airflow resistance Rd is 

1

𝑅𝑑
=  

1

𝑅𝑑,1
+

1

𝑅𝑑,2
=

𝑄air

𝛥𝑝𝑑
= 𝑎𝑑 ∙ (𝑘1 + 𝑘2) (20) 

The final form of the simplified model of the aeration system con-
sists of the model of the blower, Eqs (6) and (7) and equations: 

𝑑∆𝑝𝑑

𝑑𝑡
=

𝑄𝑏

𝐶𝑐+𝐶𝑑
−  

∆𝑝𝑑

𝑅𝑑(𝐶𝑐+𝐶𝑑)
 (21) 

𝐶𝑑 =
1000∙𝑉𝑑

𝑅𝑚∙𝑇𝑑
;  𝑉𝑑 =

1

4
𝜋𝑑𝑑

2𝑙𝑑 (22) 

where Rm – gas constant [J·m3·K-1]. 
The aeration system model was implemented in the Matlab 

environment and verified based on the results of the simulation 
tests. The results were compared with data from the case study 
WWTP in Swarzewo. Because the results were satisfactory, the 
model was applied to the considered control system. 

3. CONTROL SYSTEM DESIGN 

The biological wastewater treatment processes in an SBR are 
non-linear complex processes. Therefore, designing a control 
system for it is not a trivial research task. However, it may be 
approached by decomposing the system into subsystems with 
different time constants. Then it is possible to apply a hierarchical 
control system with an upper-level controller (supervisory control-
ler) and a lower-level controller (see Fig. 5). 

 

 
Fig. 5. Scheme of the novel control system

The supervisory controller is responsible for specific phase or-
der in the SBR and the predefined duration of each phase. The 
input variable of the supervisory controller is the level of wastewater 
in the reactor h(t). Based on it, the duration of the filling phases is 
determined. In the filling phases, the reactor is filled to a specified 
level. The output of the controller is the state vector, which deter-
mines the state (on/off) of the following utilities or stages of the 
SBR work cycle: pumps responsible for the inflow of wastewater to 
the SBR, stirrers, blowers, decantation and excess sludge pumps. 
The order of the phases applied in the supervisory controller is 
given in Table 1. 
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Based on the phase of the SBR cycle, the supervisory control-
ler generates a control signal, which is the reference value of the 
DO concentration DOref(t). 

An inverse model of the aeration system was derived to find the 
control variables of the aeration system. In order to acquire the 
inverse model, the model described in the literature [19] was used. 
The output variable of the inverse model is nb(t) – which is a rela-
tive (to the characteristic velocity) rotational speed. The input varia-
bles of the inverse model are the reference value of airflow 
Qair,ref(t), which is calculated by the DO concentration controller 
and the pressure present in the aeration system p(t). 

The nb(t) is determined based on the matrix of characteristic 
velocities, the matrix of blower characteristic airflows and the matrix 
of blower characteristic pressures. 

Limitations, such as modelling the overheat and the surge of 
the blower, were included in the inverse model. The equations of 
the limitations are: 

𝑝1(𝑡) = 0.0094 ∙ 𝑄air,ref(𝑡) + 0.8792  (23) 

𝑝2(𝑡) = 0.0205 ∙ 𝑄air,ref(𝑡) − 36.1888 (24) 

𝑝3(𝑡) = 0.0094 ∙ 𝑄air,ref(𝑡) − 12.6264 (25) 

where p1(t), p2(t) and p3(t) are pressure limit functions. 

Supervisory

controller

Adaptive

backstepping

controller

Aeration system

inverse modelQ
air,ref

(t)
DOref(t)

Aeration system

nb(t)

SBR
Qair(t) DO(t)

Ntot(t)

Ptot(t)

ChZT(t)
Control plant

Measuring

devices

DOm(t)

hm(t)

-

p(t)
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The overheat limitation is active if the pressure in the aeration 
system p(t)<p1(t) or if p(t)<p2(t). The surge limitation is active if 
p(t)>p3(t). 

By considering the limitations, the characteristics of the blower 
were obtained (see Fig 6). 

 
Fig. 6. Characteristics of the blower 

The model of DO concentration (1)–(2) is a parametric, dynam-

ic, non-linear, deterministic and continuous lumped-parameter 

model. The parameter R(t) introduces uncertainty and time invari-

ance to the model, thus significantly complicating the task of de-

signing a controller for the process. The scheme of the DO concen-

tration control system is shown in Fig. 5. 

 
Fig. 5. Scheme of DO concentration control system 

In the role of the DO controller, the adaptive backstepping algo-
rithm was applied. It is a recursive method, which allows to achieve 
a globally stable control system for non-linear dynamic systems, as 
it ensures a solution for control and tracking problems. The method 
is based on a mathematical model and is used primarily for cas-
cade systems. At every step of the design process, a stable control 
law is achieved based on the Lyapunov function theorem. The 
classical backstepping method is used for designing a static feed-
back loop. However, if there are uncertainties in the system, which 
can be written as unknown, variable parameters, it is justifiable to 
use adaptive backstepping. It allows to design a dynamic feedback 
loop [20]. 

The disturbances in this control system are the total nitrogen 

Ntot(t), the total phosphorus Ptot(t) and the chemical oxygen de-

mand COD(t). 

The control variable is the reference value of airflow: u(t) =
Qair,ref(t). The unknown parameter is respiration: θ(t) = R(t). 

As the first step of the backstepping procedure, the control error 
variable ec(t) was defined as a deviation of the control variable from 
its reference value: 

𝑒𝑐(𝑡) = 𝐷𝑂(𝑡) − 𝐷𝑂ref(𝑡) (26) 

where ec(t) – control error. 
The derivative of the control error was obtained: 

𝑑𝑒𝑐(𝑡)

𝑑𝑡
=

𝑑DO(𝑡)

𝑑𝑡
−

𝑑DOref(𝑡)

𝑑𝑡
= −

DO(𝑡)

DO(𝑡)+𝐾DO
∙ 𝜃(𝑡) +  α ∙

(DOsat − DO(𝑡)) ∙ 𝑢(𝑡) −
𝑑DOref(𝑡)

𝑑𝑡
 (27) 

where θ(t) – unknown parameter [g O2/m3 h]. 
The following control law was proposed: 

𝑢(𝑡) =
1

𝛼(DOsat−DO(𝑡))
 (𝑘𝑒𝑐(𝑡) −

DO(𝑡)

DO(𝑡)+KDO
𝜃(𝑡) −

𝑑DO𝑟𝑒𝑓(𝑡)

𝑑𝑡
)

 (28) 

where k – controller parameter [1/h], k>0. 

The parameter θ(t) is unknown, thus it was substituted with its 

estimated value θ̂(t). Given this change, the control law Eq. (8) 
takes the form: 

𝑢(𝑡) =
1

𝛼(DOsat−DO(𝑡))
 (𝑘𝑒𝑐(𝑡) −

DO(𝑡)

DO(𝑡)+𝐾DO
�̂�(𝑡) −

𝑑DOref(𝑡)

𝑑𝑡
)

 (29) 

Given Eqs (7) and (9), the following equation was obtained: 

𝑑𝑒𝑐(𝑡)

𝑑𝑡
= −𝑘𝑒𝑐(𝑡) −

DO(𝑡)

DO(𝑡)+𝐾DO
∙ (𝜃(𝑡) − �̂�(𝑡)) (30) 

Lyapunov function was proposed: 

𝑉(𝑒𝑐) =
1

2
𝑒𝑐

2(𝑡) +
1

2𝛾
∙ (𝜃(𝑡) − �̂�(𝑡))2 (31) 

where γ – adaptation mechanism parameter [-]. 
Its derivative is: 

𝑑𝑉(𝑒𝑐)

𝑑𝑡
= 𝑒𝑐(𝑡) ∙

𝑑𝑒𝑐(𝑡)

𝑑𝑡
+

1

𝛾
∙ (𝜃(𝑡) − 𝜃(𝑡)) ∙ 𝜃(𝑡) (32) 

Substituting 
dec(t)

dt
 in Eq. (32) with Eq. (28): 

𝑑𝑉(𝑒𝑐)

𝑑𝑡
= −𝑘𝑒𝑐

2(𝑡) − (𝑒𝑐(𝑡) ∙
DO(𝑡)

DO(𝑡)+𝐾DO
+

1

𝛾
∙

𝑑�̂�(𝑡)

𝑑𝑡
) ∙

(𝜃(𝑡) − �̂�(𝑡)) (33) 

The following adaptation law was proposed: 

𝑑�̂�(𝑡)

𝑑𝑡
= −𝛾 ∙ 𝑒𝑐(𝑡) ∙

DO(𝑡)

DO(𝑡)+𝐾𝐷𝑂
 (34) 

Finally: 

𝑑𝑉(𝑒𝑐)

𝑑𝑡
= −𝑘𝑒𝑐

2(𝑡) < 0 (35) 

Hence, the Lyapunov function’s derivative is negative definite, 
thus it guarantees asymptotic convergence of the control error ec(t) 
to zero. 

Adaptation law

Adaptive

backstepping

controller
DOref(t)

0(t)

0(t)

Control plant
Q

air,ref
(t)

DO(t)

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


DOI 10.2478/ama-2023-0070              acta mechanica et automatica, vol.17 no.4 (2023) 

611 

4. RESULTS AND DISCUSSION 

The simulation results of the control system designed in Section 
3 are shown in Fig. 7. Full work cycle of the SBR is presented. The 
cycle includes three aerobic phases with a predetermined duration. 
During these phases, the aeration system and the DO controller are 
activated. Outside aerobic phases, the DO controller is turned off, 
which means that the control signal Qair,ref(t) (Fig. 7b) is set as 
zero. 

DO(t) was compared with its reference trajectory in Fig. 7a. Due 
to the time variance of the control plant and the influence of dis-
turbances, the trajectory of DO(t) in each aerobic phase differs. The 
achieved rise time of DO(t) was within the range of 3.73–4.23 min 
and it was satisfactory. The shortest rise time was achieved for the 
second aerobic phase and it was approximately 3.73 min. The 
longest rise time was achieved for the third aerobic phase and it 
was approximately 4.23 min. Following the overshoot at the begin-
ning of each aerobic phase, DO(t) is maintained within an accepta-
ble control error value, as the control error does not exceed 2.5% of 
the reference value. The ‘noise’ in the DO(t) signal in a steady state 
is a result of the aeration system’s action. The control signal 
Qair,ref(t) (Fig. 7b) assumes negative values, although it is not 
physically achievable. However, in the aeration system inverse 
model, the negative values of Qair,ref(t) are set as zero; thus it 
does not affect the functioning of the control system. The trajectory 
of Qair(t), which is the output of the aeration system, is shown in 
Fig. 7c. The values assumed by Qair(t) are as expected, which 
shows that the control system has been designed correctly. 

a) 

 

b) 

 

c) 

 

Fig. 7. Control results for constant DOref trajectory; a) dissolved oxygen;   
 b) reference airflow trajectory; c) airflow rate 

An analysis of the algorithm for a variable DO trajectory was al-
so carried out (Fig. 8). It was assumed that in the first phase the 
wastewater is under-oxygenated therefore an increased DO refer-
ence value was used, while in the third phase, the DO value was 
reduced, due to the pre-oxygenation in the previous phases. 

Overall, the obtained results highlight the successful implemen-
tation of the DO control strategy. The control system demonstrated 

its capability to achieve high-quality control performance for both 
variable and constant setpoint trajectories, ensuring the desired DO 
levels are maintained with accuracy and stability. These findings 
contribute to the understanding of the effectiveness of the control 
algorithm in practical applications and provide valuable insights for 
future process optimisation and control improvements. 

a) 

 

b) 

 

c) 

 

Fig. 8. Control results for variable DOref trajectory; a) dissolved oxygen;  
  b) reference airflow trajectory; c) airflow rate 

Rapid attainment of the desired DO value is crucial in maintain-
ing the proper duration of the phase. Microorganisms rapidly con-
sume the supplied oxygen, making the speed of reaching the set-
point more important in the context of reactor conditions than the 
occurrence of overshoot. 

5. CONCLUSIONS 

In this paper, a novel approach to designing a controller track-
ing the reference trajectory of DO concentration was presented.  
A hierarchical control system with an adaptive backstepping con-
troller as the lower-level controller was designed. Simulation tests 
of the control system were performed based on real data from the 
Swarzewo WWTP and the properties and performance of the con-
trol system were assessed. A good tracking performance was 
achieved. The results obtained for the fixed and variable DO refer-
ence trajectory are satisfactory. The control error does not exceed 
2.5% of the reference value, and a near-zero steady-state deviation 
was obtained for each oxygen phase in both cases. Furthermore, in 
addition to good control performance, the presented algorithm has 
low computational complexity and adaptability to ensure control 
robustness. 

The next step of this research will be designing and implement-
ing an optimal supervisory controller, which allows to achieve an 
appropriate quality of cleared wastewater while maintaining minimal 
operational costs of the WWTP. 
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