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A B S T R A C T

In this paper a direct non-local peridynamics theory for thin plates is developed. Peridynamic points are
assumed to behave like rigid bodies with independent translation and finite rotation degrees of freedom. The
non-local mechanical interaction between points is characterized by force and moment vectors. The balance
equations including the linear momentum, the angular momentum and the energy are presented. Peridynamic
deformation states of the plate are introduced including the actual bond vector (relative translation of two
points within the bond) and the relative finite rotation tensor (actual relative orientation of two points in the
bond). The corresponding power-conjugate bond force and bond moment states are derived. The framework
to develop constitutive equations for the plate peridynamic states is addressed. Special cases of the theory
including plates with zero drilling moments, membranes, soft interlayers as well as stiff plate layers with
small relative rotations are considered.
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1. Introduction

Peridynamics is a nonlocal continuum theory in which the mate-
rial points interact through long-range forces and moments [1,2]. In
contrast to the classical continuum mechanics, where contact forces
and moments are introduced, the balance equations do not include
partial derivatives with respect to spatial coordinates. This makes the
peridynamic theory very attractive in modeling highly heterogeneous
deformation processes such as fracture including crack initiation, crack
growth, crack interactions, crack spiders, etc. Recent review on various
applications of peridynamics in solid mechanics is presented in [3].

Thin-walled components are frequently subjected to severe me-
hanical loading such that the analysis of post-critical states is of
ractical importance. Among many examples, laminated glass panels
nd photovoltaic modules should be designed to sustain dynamic im-
act loadings. These structures are composed from glass skin layers
nd a core layer from soft polymers [4,5]. The combination of brittle
nd ductile materials leads to the optimal strength properties of the
aminate. The analysis of strength under impact loading would require
o consider the complex interaction of different damage mechanisms.
any theories for modeling such laminates are developed within the

lassical local continuum mechanics [6–8]. Although they are able to
eproduce deformation under static and dynamic loadings with high
ccuracy, damage processes, such as cracks in glass layers are not
iscussed. In order to model delamination, long-range forces between

∗ Corresponding author.

the interlayer and substrate acting outside the contact area should be
taken into account [9,10].

In the classical continuum mechanics two principal approaches to
develop a plate theory were established. The first one considers the
plate as an approximate model of the three-dimensional theory. The un-
known displacements and/or stresses are approximated by continuous
and/or piecewise functions with respect to the thickness coordinate.
Then the governing equations of the three-dimensional theory are
reduced to the two-dimensional plate equations by means of variational
methods, asymptotic techniques or through-the thickness integration.
The classical example is the Reissner first order shear deformation plate
theory derived by means of a mixed variational principle with the
assumed stress approximations [11,12]. Further examples include zig-
zag through-the thickness approximations of displacements which are
used in the theory of laminates [13–15].

Another approach considers a plate as an independent model of
continuum mechanics without reductions from the three-dimensional
theory. The basic assumption is that the material points of the plate
behave like rigid bodies and interact by means of contact forces and
moments. Originally introduced by Mindlin in [16] to derive the first
order shear deformation theory of plates, this approach found applica-
tion in many works on non-linear theories of plates and shells [17–20]
as well as layer-wise theories of laminates [6,7].
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Fig. 1. Reference and actual configurations of a plate layer plate.
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Peridynamic plate theories can also be developed by either the re-
ucing three-dimensional equations or by applying the direct approach.
he plate model presented in [21] is derived as a two-dimensional
pproximation of the three-dimensional bond-based theory of peridy-
amics via an asymptotic analysis. A Mindlin-type peridynamics plate
heory with linear translations and rotations is developed in [22,23]
pplying the variational principle. A two-dimensional linear micropolar
eridynamics theory is presented in [24]. In all these developments
nly linear equations are considered, such that rotations of peridynamic
oints are assumed small. In view of the application of peridynamics
o the analysis of non-local deformation and damage processes in thin
lates, a non-linear theory with finite rotations can be required.

In this paper we discuss a framework to the development of the non-
inear direct peridynamics plate theory. Towards this goal we address
he following problems

• In spirit of the classical direct approaches to the plate theories,
peridynamic plate points will be assumed to behave like rigid
bodies with translation and finite rotation degrees of freedom.
The mechanical interaction between the points will be modeled
by non-local forces and moments

• Balance equations of continuum mechanics including linear mo-
mentum, angular momentum and energy will be formulated di-
rectly for the plate reference surface

• Peridynamics deformation states of the plate will be introduced.
These are the actual bond vector and the tensor of relative bond
rotation. The corresponding power conjugate bond force and
bond moment states will be proposed

• Special cases of the developed theory will be considered. They
include plates with zero drilling moments, membranes, soft inter-
layers as well as stiff layers with linearized relative rotations

. Preliminaries

Fig. 1 illustrates a plate layer with Cartesian base vectors 𝐄1, 𝐄2,
3 = 𝐍 to specify the position vectors for points in the reference
tate. Let 𝐗 be the position vector of a point in a basis plane, for
xample midplane, of the plate layer in the reference configuration. In a
inite neighborhood consider a point with the vector 𝐗′. Following the
otation of peridynamics [1,2] a bond vector is specified by 𝜉𝜉𝜉 = 𝐗′−𝐗.

In the actual configuration the corresponding vectors are denoted by 𝐱
and 𝐱′ respectively. The actual state for the bond 𝜉𝜉𝜉 will be specified by
the state vector 𝐲[𝑋𝑋𝑋, 𝑡]⟨𝜉𝜉𝜉⟩. To capture the orientation of peridynamic
points in the actual configuration let us introduce the orthonormal
vectors 𝐞𝑖 and the rotation tensor 𝐏(𝐗, 𝑡) = 𝐞𝑘 ⊗ 𝐄𝑘 such that

𝐞𝑘 = 𝐏 ⋅⋅⋅ 𝐄𝑘 (1)

Here and in the sequel the direct tensor calculus in the sense of
Gibbs [25] and Lagally [26] will be applied. A second rank tensor is a
finite sum of dyads of vectors 𝐀 = 𝐚⊗ 𝐛 + 𝐜⊗ 𝐝 +⋯ + 𝐞⊗ 𝐟 . The basic
operations for dyads can be summarized as follows

(𝐚⊗ 𝐛) ⋅⋅⋅ 𝐜 = 𝛼𝐚, 𝛼 = 𝐛 ⋅⋅⋅ 𝐜, (2)

𝐜 ⋅⋅⋅ (𝐚⊗ 𝐛) = 𝛽𝐛, 𝛽 = 𝐜 ⋅⋅⋅ 𝐚, (3)

𝐚⊗ 𝐛 ⋅⋅⋅⋅⋅⋅ 𝐜⊗ 𝐝 = 𝛼𝛽, 𝛼 = 𝐛 ⋅⋅⋅ 𝐜, 𝛽 = 𝐚 ⋅⋅⋅ 𝐝, (4)

(𝐚⊗ 𝐛) × 𝐜 = 𝐚⊗ 𝐝, 𝐝 = 𝐚 × 𝐛, (5)

𝐜 × (𝐚⊗ 𝐛) = 𝐞⊗ 𝐛, 𝐞 = 𝐜 × 𝐚, (6)

tr (𝐚⊗ 𝐛) = 𝐚 ⋅⋅⋅ 𝐛, (𝐚⊗ 𝐛)× = 𝐚 × 𝐛 (7)

Hereinafter ‘‘⋅⋅⋅’’, ‘‘×’’, and ‘‘⊗’’ stand for inner, cross and dyadic
products, respectively. Operations (2)–(7) are generalized for finite
ums of dyads. The direct tensor calculus is widely used in continuum
echanics and rheology, e.g. [27–29].

Any peridynamic point of the plate is considered as a rigid body
ith both translation and rotation degrees of freedom. The linear
elocity vector 𝐯 and the spatial angular velocity vector 𝜔𝜔𝜔 are defined
s follows [30,31]

= �̇�, �̇� = 𝜔𝜔𝜔 × 𝐏, −2𝜔𝜔𝜔 = (�̇� ⋅⋅⋅ 𝐏T)× (8)

n Eq. (8) the overdot stands for the derivative with respect to time 𝑡.
he Gibbs cross (…)× is computed applying Eq. (7)2. Since the tensor
is orthogonal, the tensors �̇� ⋅⋅⋅ 𝐏T and �̇�T ⋅⋅⋅ 𝐏 are skew-symmetric with

he following representations

̇ ⋅⋅⋅ 𝐏T = 𝜔𝜔𝜔 × 𝐈, �̇�T ⋅⋅⋅ 𝐏 =𝜛𝜛𝜛 × 𝐼𝐼𝐼, (9)

here 𝐼𝐼𝐼 is the second rank unit tensor. The body angular velocity
ector 𝜛𝜛𝜛 is defined as follows

= 𝐏T ⋅⋅⋅𝜔𝜔𝜔, �̇� = 𝐏 ×𝜛𝜛𝜛 (10)

Let 𝜚R(𝐗) ≥ 0 be the surface mass density of the plate in the
eference configuration. The corresponding mass density in the actual
onfiguration is specified by 𝜚(𝐗, 𝑡) ≥ 0. The mass of the elementary
art of the plate is determined as follows

𝑚 = 𝜚 d𝐴 = 𝜚d𝐴, (11)
R R
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Fig. 2. Force and moment vectors for the points 𝐱 and 𝐱′.

where d𝐴R and d𝐴 are infinitesimal area elements in the reference and
actual configurations, respectively. The mass density in peridynamic
theory is, in general assumed to be non-local due to non-locality of
deformation and damage states. As mentioned in [32] mass distribution
could be based on the measure theory. Let us introduce the relative area
𝑎 as follows

𝑎 =
𝜚R
𝜚

(12)

. Balance equations for linear and angular momentum

The linear momentum 𝐩 for a basis surface part  in the actual
configuration is defined as follows

𝐩() = ∫()
𝜚𝜋𝜋𝜋d𝐴, 𝐯 = �̇�, 𝜋𝜋𝜋 = 𝐯 +𝛩𝛩𝛩1 ⋅⋅⋅𝜔𝜔𝜔 (13)

For the angular momentum 𝐋 with respect to point O of the reference
frame we obtain

𝐋() = ∫()
𝜚(𝜆𝜆𝜆 + 𝐱 × 𝜋𝜋𝜋)d𝐴, 𝜆𝜆𝜆 = 𝛩𝛩𝛩T

1 ⋅⋅⋅ 𝐯 +𝛩𝛩𝛩2 ⋅⋅⋅𝜔𝜔𝜔, (14)

𝛩1, 𝛩𝛩𝛩T
1 = −𝛩𝛩𝛩1 and 𝛩𝛩𝛩2, 𝛩𝛩𝛩T

2 = 𝛩𝛩𝛩2 are the tensors of inertia. They
characterize the distribution of mass for the points of the plate. Spec-
ifying the reference mass density by 𝜌R the following relations can be
obtained [17]

𝜚𝛩𝛩𝛩T
1 =

𝜃1
𝑎
𝐈 × 𝐧, 𝜚𝛩𝛩𝛩2 =

𝜃2
𝑎
(𝐈 − 𝐧⊗ 𝐧), 𝐧 = 𝐏 ⋅⋅⋅ 𝐍, (15)

here

R = ∫(ℎ)
𝜌Rd𝑍, 𝜃1 = ∫(ℎ)

𝜌R𝑍d𝑍, 𝜃2 = ∫(ℎ)
𝜌R𝑍

2d𝑍,

nd 𝑍 is the coordinate along the thickness direction 𝐍 in the reference
onfiguration. The mechanical interactions between points 𝐱 and 𝐱′ are

characterized by forces and moments, Fig. 2. The force and the moment
vectors acting on 𝐗 from 𝐗′ are specified by

𝜏 = 𝜏𝜏𝜏(𝐗′,𝐗, 𝑡), 𝜇𝜇𝜇 = 𝜇𝜇𝜇(𝐗′,𝐗, 𝑡)

hile the corresponding vectors acting on 𝐗′ from 𝐗 are denoted as
follows

𝜏′ = 𝜏𝜏𝜏(𝐗,𝐗′, 𝑡), 𝜇𝜇𝜇′ = 𝜇𝜇𝜇(𝐗,𝐗′, 𝑡)

Fig. 3 illustrates a free-body diagram for an infinitesimal part d𝐴 of the
plate. The resultant force and moment vectors acting on a finite part
 of the surface from the remaining part  = 𝐴∖ are computed as
follows

 (,) = ∫()∫()
𝜏𝜏𝜏d𝐴′d𝐴,

(,) = ∫()∫()
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇)d𝐴′d𝐴

(16)

The body force density 𝐟 and the body moment density be 𝜇𝜇𝜇 are

introduced to model the mechanical action of environment on the
plate. The integral forms of the balances of momentum and angular
momentum for the part  read

d
d𝑡∫()

𝜚𝜋𝜋𝜋d𝐴 = ∫()∫()
𝜏𝜏𝜏d𝐴′d𝐴 + ∫()

𝜚𝐟d𝐴,

d
d𝑡∫()

𝜚(𝜆𝜆𝜆 + 𝐱 × 𝜋𝜋𝜋)d𝐴 = ∫()∫()
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇)d𝐴′d𝐴 + ∫()

𝜚(𝐱 × 𝐟 +𝐦)d𝐴

(17)

Consider two disjoint finite parts 𝐼 and 𝐼𝐼 and the part  = 𝐼
⋃

𝐼𝐼 .
Subtracting the balance equations (17) for the parts 𝐼 and 𝐼𝐼 from
the corresponding equations for the part  leads to1

∫(𝐼 )∫(𝐼𝐼 )
(𝜏𝜏𝜏 + 𝜏𝜏𝜏′)d𝐴′d𝐴 = 𝟎,

∫(𝐼 )∫(𝐼𝐼 )
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇 + 𝐱′ × 𝜏𝜏𝜏′ + 𝜇𝜇𝜇′)d𝐴′d𝐴 = 𝟎

(18)

After localization we obtain

𝜏′ = −𝜏𝜏𝜏, 𝐱′ × 𝜏𝜏𝜏′ + 𝜇𝜇𝜇′ = −(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇) (19)

Furthermore, by setting 𝐼 = 𝐼𝐼 =  the balances lead to

∫()∫()
𝜏𝜏𝜏d𝐴′d𝐴 = 𝟎,

∫()∫()
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇)d𝐴′d𝐴 = 𝟎

(20)

With Eqs. (20) the resultant force and resultant moment (16) can be
computed as follows

 (,) =  (𝐴,) = ∫()∫(𝐴)
𝜏𝜏𝜏d𝐴′d𝐴,

(,) = (𝐴,) = ∫()∫(𝐴)
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇)d𝐴′d𝐴

(21)

With Eqs. (11) and (21), the balance equations (17) can be put into the
following local form

𝜚d𝜋𝜋𝜋
d𝑡

= ∫(𝐴)
𝜏𝜏𝜏d𝐴′ + 𝜚𝐟 ,

𝜚 d
d𝑡

(𝜆𝜆𝜆 + 𝐱 × 𝜋𝜋𝜋) = ∫(𝐴)
(𝐱 × 𝜏𝜏𝜏 + 𝜇𝜇𝜇)d𝐴′ + 𝜚(𝐱 × 𝐟 +𝐦)

(22)

Alternatively the following local equations can be derived

𝜚R
d𝜋𝜋𝜋
d𝑡

= ∫(𝐴R)
�̃�d𝐴′

R + 𝜚R𝐟 ,

𝜚R
d
d𝑡

(𝜆𝜆𝜆 + 𝐱 × 𝜋𝜋𝜋) = ∫(𝐴R)
(𝐱 × �̃� + �̃�)d𝐴′

R + 𝜚R(𝐱 × 𝐟 +𝐦)
(23)

with the force and moment vectors per unit area of the reference
configuration

�̃� = 𝑎𝑎′𝜏𝜏𝜏, �̃� = 𝑎𝑎′𝜇𝜇𝜇

4. Energy balance equations

Let us derive the non-local analogue to the kinetic energy theorem
for the plate. To this end the scalar products of linear momentum
Eq. (22)1 with 𝐯 and of angular momentum Eq. (22)2 with 𝜔𝜔𝜔 are
computed. By adding the results and after the integration over the part
of the plate surface we obtain
d
d𝑡
() = ∫()∫(𝐴)

𝓁d𝐴′d𝐴 + ∫()
𝜚(𝐟 ⋅⋅⋅ 𝐯 +𝐦 ⋅⋅⋅𝜔𝜔𝜔)d𝐴, (24)

where the kinetic energy is defined as follows

() = ∫()
𝜚
( 1
2
𝐯 ⋅⋅⋅ 𝐯 + 𝐯 ⋅⋅⋅𝛩𝛩𝛩1 ⋅⋅⋅𝜔𝜔𝜔 + 1

2
𝜔𝜔𝜔 ⋅⋅⋅𝛩𝛩𝛩2 ⋅⋅⋅𝜔𝜔𝜔

)

d𝐴, (25)

and the power of force and moment vectors is

𝓁 = 𝜏𝜏𝜏 ⋅⋅⋅ 𝐯 + 𝜇𝜇𝜇 ⋅⋅⋅𝜔𝜔𝜔 (26)

1 Details of derivations for three-dimensional solids are presented in [1].
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Fig. 3. Forces and moments vectors for an element d𝐴 of the plate.
d

∫

L

𝛺𝛺
It can be decomposed into the absorbed (mean) power of the bond 𝓁a
and the excessive (supplied from 𝐱′ to 𝐱) power 𝓁s as follows

𝓁(𝐱′, 𝐱) = −𝓁a(𝐱′, 𝐱) + 𝓁s(𝐱′, 𝐱),
𝓁a(𝐱′, 𝐱) = 𝓁a(𝐱, 𝐱′) = −1

2
(

𝜏𝜏𝜏 ⋅⋅⋅ 𝐯 + 𝜏𝜏𝜏′ ⋅⋅⋅ 𝐯′ + 𝜇𝜇𝜇 ⋅⋅⋅𝜔𝜔𝜔 + 𝜇𝜇𝜇′ ⋅⋅⋅𝜔𝜔𝜔′) ,

𝓁s(𝐱′, 𝐱) = −𝓁s(𝐱′, 𝐱) =
1
2
(

𝜏𝜏𝜏 ⋅⋅⋅ 𝐯 − 𝜏𝜏𝜏′ ⋅⋅⋅ 𝐯′ + 𝜇𝜇𝜇 ⋅⋅⋅𝜔𝜔𝜔 − 𝜇𝜇𝜇′ ⋅⋅⋅𝜔𝜔𝜔′)
(27)

For the mechanical power supplied to the part of the plate surface 
from the remaining part  = 𝐴∖ we obtain

s(,) = ∫()∫()
𝓁sd𝐴′d𝐴 (28)

From the asymmetry of 𝓁s it follows

s(,) = −s( ,), s( ,) = 0, s(𝐴,) = s(,) (29)

ith Eqs. (27)–(29), Eq. (24) takes the form
d
d𝑡
() = −a(𝐴,) + s(,) + b(), (30)

where

a(𝐴,) = ∫()∫(𝐴)
𝑙ad𝐴′d𝐴, a(𝐴,) = a( ,) + a(,),

a(,) = a( ,) (31)

s the absorbed power and

b() = ∫()
𝜚(𝐟 ⋅⋅⋅ 𝐯 +𝐦 ⋅⋅⋅𝜔𝜔𝜔)d𝐴 (32)

is the power of body forces and moments. The energy balance equation
can be formulated as follows
d
d𝑡
() = ∫()∫()

(𝓁s + 𝑞)d𝐴′d𝐴 + ∫()
𝜚(𝐟 ⋅⋅⋅ 𝐯 +𝐦 ⋅⋅⋅𝜔𝜔𝜔 + 𝑟)d𝐴, (33)

here the total energy  and the internal energy  are represented as
ollows

() = () + (),  () = ∫()∫(𝐴)
𝑢𝐁d𝐴′d𝐴,

𝑢𝐁(𝐱′, 𝐱) = 𝑢(𝐱′, 𝐱) + 𝑢(𝐱, 𝐱′)

ith 𝑢𝐁 being the bond energy density. 𝑞(𝐱′, 𝐱) is the rate of heat supply
rom 𝐱′ to 𝐱 and 𝑟 is the heat source at 𝐱. Subtracting Eq. (25) from (33)
ields
d
d𝑡
 () = ∫()∫(𝐴)

𝓁ad𝐴′d𝐴 + ∫()∫()
𝑞d𝐴′d𝐴 + ∫()

𝜚𝑟d𝐴, (34)

pplying Eq. (34) to two disjoint finite parts 𝐼 and 𝐼𝐼 as well as to
the part  = 𝐼

⋃

𝐼𝐼 results in

(𝑞 + 𝑞′)d𝐴′d𝐴 = 0, 𝑞 + 𝑞′ = 0 (35)
∫(𝐼 )∫(𝐼𝐼 )
Specifying the heat flux from  to  by (,) we obtain

(,) = ∫()∫()
𝑞d𝐴′d𝐴, ( ,) = −(,), ( ,) = 0 (36)

With Eqs. (35) and (36) the following local form of Eq. (34) can be
erived

(𝐴)

(

�̇�B + 𝑢B�̇�
)

d𝐴′ = ∫(𝐴)
(𝓁a + 𝑞)d𝐴′ + 𝜚𝑟, �̇� =

(

�̇�
𝑎
+ �̇�′

𝑎′

)

(37)

With respect to the reference configuration the local form of the energy
balance is

∫(𝐴R)
�̇�Bd𝐴′

R = ∫(𝐴R)
(𝐿a +𝑄)d𝐴′

R + 𝜚R𝑟, 𝑈B = 𝑎𝑎′𝑢B,

𝐿a = 𝑎𝑎′𝓁a, 𝑄 = 𝑎𝑎′𝑞

(38)

5. Plate peridynamics states

Following the peridynamics theory [1] the bond vector 𝜉𝜉𝜉 = 𝐗′ − 𝐗
connected to the point 𝐗 is introduced, Fig. 1. For the considered
plate theory the bond vectors belong to the circular neighborhoods R
within the basis plane such that 𝜉𝜉𝜉 ⋅⋅⋅ 𝐍 = 0. By analogy to the force and
moment tensors in the classical plate theory and following the notation
of peridynamics [1,33] let us introduce the force �̃�[𝐗, 𝑡] and moment
�̃�[𝐗, 𝑡] vector state fields such that

�̃�(𝐗′,𝐗, 𝑡) = �̃�[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ − �̃�[𝐗′, 𝑡]⟨−𝜉𝜉𝜉⟩, 𝜉𝜉𝜉 = 𝐗′ − 𝐗
�̃�(𝐗′,𝐗, 𝑡) = �̃�[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ − �̃�[𝐗′, 𝑡]⟨−𝜉𝜉𝜉⟩ + 𝐲[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ × �̃�[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩,
𝐲[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ = 𝑥𝑥𝑥[𝐗 + 𝜉𝜉𝜉, 𝑡] − 𝑥𝑥𝑥[𝐗, 𝑡]

(39)

With Eqs. (39) the absorbed power of forces and moments in (21) is
computed as follows

2𝐿a = −(�̃� ⋅⋅⋅ 𝐯 + �̃�′ ⋅⋅⋅ 𝐯′ + �̃� ⋅⋅⋅𝜔𝜔𝜔 + �̃�′ ⋅⋅⋅𝜔𝜔𝜔′)
= �̃� ⋅⋅⋅ (�̇�𝑦𝑦 −𝜔𝜔𝜔 × 𝑦𝑦𝑦) + �̃�′ ⋅⋅⋅ (�̇�𝑦𝑦′ −𝜔𝜔𝜔′ × 𝑦𝑦𝑦′) + �̃� ⋅⋅⋅ (𝜔𝜔𝜔′ −𝜔𝜔𝜔) + �̃�′ ⋅⋅⋅ (𝜔𝜔𝜔 −𝜔𝜔𝜔′)

(40)

et us define the following tensor state of relative rotations

𝐑[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ = 𝐏T[𝐗, 𝑡] ⋅⋅⋅ 𝐏[𝐗 + 𝜉𝜉𝜉, 𝑡], �̇� =𝛺𝛺𝛺 × 𝐑 (41)

With the following relative angular velocity vector state we obtain

𝛺[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ = 𝐏T[𝐗, 𝑡] ⋅⋅⋅ (𝜔𝜔𝜔′ −𝜔𝜔𝜔) (42)

With Eqs. (41) and (42) the absorbed power (40) can be computed as
follows

2𝐿 = 𝛬 + 𝛬′, 𝛬 = 𝐓 ⋅⋅⋅ �̇� +𝐌 ⋅⋅⋅𝛺𝛺𝛺, 𝛬′ = 𝐓′ ⋅⋅⋅ �̇�′ +𝐌′ ⋅⋅⋅𝛺𝛺𝛺′, (43)
a
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(44)

where

𝐘 = 𝐏T ⋅⋅⋅ 𝐲

s the deformation state rotated to the reference configuration and

𝐓 = 𝐏T ⋅⋅⋅ �̃�, 𝐌 = 𝐏T ⋅⋅⋅ �̃� (45)

are rotated force and moment vector states. In the classical local
theory of shells and plates the corresponding states are defined by
Piola–Kirchhoff type force and moment tensors [17,34].

Let us decompose deformation state into the plane part 𝐘p and the
transverse part 𝑌 q as follows

= 𝐘p + 𝑌 q𝐍, 𝐘p ⋅⋅⋅ 𝐍 = 0 (46)

Fig. 4 illustrates the deformation states 𝐲 and 𝐘 as well as the corre-
ponding plane and transverse components.

The force state can be decomposed into the in-plane (membrane) 𝐓p
nd the transverse (shear) 𝑇 q states as follows

= 𝐓p + 𝑇 q𝐍, 𝐓p ⋅⋅⋅ 𝐍 = 0 (47)

For the angular velocity and moment states the decompositions read

𝛺 =𝛺𝛺𝛺p +𝛺N𝐍, 𝐌 = 𝐌p +𝑀N𝐍 (48)

ith the introduced plate states the power of internal forces 𝛬 reads

= 𝐓p ⋅⋅⋅ �̇�p + 𝑇 q�̇� q +𝐌p ⋅⋅⋅𝛺𝛺𝛺p (49)

6. Constitutive equations for elastic materials

Constitutive equations of the plate theory should relate the in-plane
force state 𝐓p, the out-of-plane force state 𝑇 q and the moment state 𝐌
with corresponding deformation states, 𝐘p, 𝑌 q, 𝐑, their rates and a set
of state variables, such as hardening or damage to consider the loading
history. In this paper we consider a class of constitutive equations
for elastic plates. To this end we assume that the introduced forces
and moment states depend on the current deformation states only.
Furthermore we assume that the force states have a potential. As usual
in the continuum mechanics we introduce the stored bond deformation
energy density 𝑊B, as a part of the internal energy 𝑈B such that

∫(𝐴R)
�̇�Bd𝐴′

R = ∫(𝐴R)
𝐿ad𝐴′

R, 2𝑊B = 𝑊 +𝑊 ′ (50)

The strain energy density for a point of the plate is defined by

 = ∫(𝐴R)
𝑊Bd𝐴′

R (51)

The strain energy density of the plate is computed as follows

(R) = ∫(𝐴R)
∫(𝐴R)

𝑊Bd𝐴′
Rd𝐴R = ∫(𝐴R)

∫(𝐴R)
𝑊 d𝐴′

Rd𝐴R (52)

For elastic materials the stored energy density 𝑊 is a function of the
deformation states, i.e.

𝑊 = �̂� (𝐘p, 𝑌 q,𝐑), 𝑊 ′ = �̂� ′(𝐘′
p, 𝑌

′
q,𝐑

′) (53)

he time derivative is computed as follows

̇ = 𝑊𝐘p
⋅⋅⋅ �̇�p +𝑊𝑌 q

�̇� q + (𝐑 ⋅⋅⋅𝑊𝐑)× ⋅⋅⋅𝛺𝛺𝛺, (54)

where 𝑊𝐘p
, 𝑊𝑌 q

and 𝑊𝐑 are the Fréchet derivatives of 𝑊 with respect
o the deformation states, as defined in [1]. With Eqs. (54), (50), (43)

and (49) we obtain

∫(𝐴R )

{(

𝐓p −𝑊𝐘p

)

⋅⋅⋅ �̇�p +
(

𝑇 q −𝑊𝑌 q

)

�̇� q +
(

𝐌 −
(

𝐑 ⋅⋅⋅𝑊𝐑

))

×
⋅⋅⋅𝛺𝛺𝛺

}

d𝐴′
R

+∫(𝐴R )

{

(

𝐓′
p −𝑊

′
𝐘′

p

)

⋅⋅⋅ �̇�′
p +

(

𝑇 ′
q −𝑊

′
𝑌 ′

q

)

�̇� ′
q +

(

𝐌′ −
(

𝐑′ ⋅⋅⋅𝑊 ′
𝐑

))

×
⋅⋅⋅𝛺𝛺𝛺′

}

d𝐴′
R = 0

(55)
Eq. (55) is a linear form with respect to velocities. Taking into account
that the velocities can be arbitrary, the following constitutive equations
follow from Eq. (55)

𝐓p = 𝑊𝐘p
, 𝑇 q = 𝑊𝑌 q

, 𝐌 =
(

𝐑 ⋅⋅⋅𝑊𝐑

)

×
(56)

By specifying the strain energy density, various cases of constitutive
equations can be derived.

7. Final system of equations and special cases

The balance equations for linear momentum (23)1 and angular
omentum (23)2 can be rewritten as follows

𝜚R�̇�𝜋𝜋 = ∫(𝐴R)
�̃�d𝐴′

R + 𝜚R𝐟 , 𝜚R(�̇�𝜆𝜆 + 𝐯 × 𝜋𝜋𝜋) = ∫(𝐴R)
�̃�d𝐴′

R + 𝜚R𝐦 (57)

Applying Eqs. (13) and (14) as well as the tensors of inertia (15), Eqs.
(57) take the following form

𝜚R𝐏T ⋅⋅⋅ �̇�𝜋𝜋 = ∫(R)

(

𝐓[𝐗, 𝑡]⟨𝐗 − 𝐗′
⟩ − 𝐓[𝐗′, 𝑡]⟨𝐗′ − 𝐗⟩

)

d𝐴′
R + 𝜚R𝐏T ⋅⋅⋅ 𝐟 ,

𝜚R𝐏T ⋅⋅⋅ (�̇�𝜆𝜆 + 𝐯 × 𝜋𝜋𝜋) = ∫(R)

(

𝐌[𝐗, 𝑡]⟨𝐗 − 𝐗′
⟩ − 𝐌[𝐗′, 𝑡]⟨𝐗′ − 𝐗⟩

)

d𝐴′
R

+∫(R)

(

𝐘[𝐗, 𝑡]⟨𝐗 − 𝐗′
⟩ × 𝐓[𝐗, 𝑡]⟨𝐗 − 𝐗′

⟩

)

d𝐴′
R + 𝜚R𝐏T ⋅⋅⋅𝐦,

(58)

The rates of change of linear and angular momentum vectors in (58)
can be computed as follows

𝐏T ⋅⋅⋅ �̇�𝜋𝜋 = �̇�𝜋𝜋R +𝜛𝜛𝜛 × 𝜋𝜋𝜋R,
𝐏T ⋅⋅⋅ (�̇�𝜆𝜆 + 𝐯 × 𝜋𝜋𝜋) = �̇�𝜆𝜆R +𝜛𝜛𝜛 × 𝜆𝜆𝜆R + 𝜐𝜐𝜐 × 𝜋𝜋𝜋R

(59)

with
𝜋𝜋𝜋R = 𝜐𝜐𝜐 +𝛩𝛩𝛩1R ⋅⋅⋅𝜛𝜛𝜛, 𝜆𝜆𝜆R = 𝛩𝛩𝛩𝑇1R ⋅⋅⋅ 𝜐𝜐𝜐 +𝛩𝛩𝛩2R ⋅⋅⋅𝜛𝜛𝜛,
𝜐𝜐𝜐 = 𝐏T ⋅⋅⋅ 𝑣𝑣𝑣, 𝜚R𝛩𝛩𝛩

T
1R = 𝜃1𝐈 × 𝐍, 𝜚R𝛩𝛩𝛩2R = 𝜃2(𝐈 − 𝐍⊗ 𝐍) (60)

7.1. Plates with negligible drilling moments

In the classical local theories of plates and shells the drilling mo-
ments, i.e. the moments about the normals to the basis plane 𝐍 are
neglected. This assumption is valid for plates made from non-polar
materials [19]. Analysis of shells with drilling moments is presented
in [35].

The corresponding peridynamics theory can be formulated under
following assumptions

∫(R)
(𝑀N −𝑀 ′

N)d𝐴
′
R = 0, 𝑚N = 𝐦 ⋅⋅⋅ 𝐧 = 0 (61)

The first equation in (61) sets the resultant drilling interaction moment
zero, while the second equation in (61) is the restriction for the
external drilling moment. Instead of Eq. (61) the following more strong
condition for the bond moment density vector can be applied

𝑀N = 0 (62)

By computing the scalar product of Eq. (58)2 with 𝐍 and taking into
ccount Eqs. (61) we obtain

(R)
(𝐘 × 𝐓) ⋅⋅⋅ 𝐍d𝐴′

R = 0

Applying the decompositions (46) and (47) results in

∫(R)
(𝐘p × 𝐓p) ⋅⋅⋅ 𝐍d𝐴

′
R = 0 (63)

Eq. (62) can be satisfied by setting

𝐘 × 𝐓 = 𝟎 (64)
p p
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Fig. 4. Deformation states of a bond. (a) Reference configuration, (b) actual configuration, (c) actual configuration rotated by 𝐏T.
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From Eq. (64) it follows that the membrane part of the force state vector
is collinear to the in-plane deformation state, i.e.

𝐓p = 𝜆𝐘p, (65)

where 𝜆 is a scalar function to be defined by the constitutive law. The
train energy density is then a function of the length of the vector
p. Following the classification introduced in [33] this case of the
eridynamic plate theory may be termed semi-ordinary. Indeed the
otal force state is not collinear with the total deformation state while
or the in-plane parts the restriction (64) is valid. The balance of
ngular momentum (58)2 takes the form

R𝐏T ⋅⋅⋅ (�̇�𝜆𝜆 + 𝐯 × 𝜋𝜋𝜋) = ∫(R)

(

𝐌p − 𝐌′
p

)

d𝐴′
R

+ ∫(R)

(

𝑌 q𝐍 × 𝐓p + 𝐘p × 𝐍𝑇 q

)

d𝐴′
R + 𝜚R𝐏T ⋅⋅⋅𝐦p, (66)

here the external moment vector is the plane vector, i.e. 𝐦p ⋅⋅⋅ 𝐧 = 0

.2. Membranes

Membranes do not support the moments. In this case both the
esultant moments of interaction and external moments can be set to
ero

(R)
(𝐌 −𝐌′)d𝐴′

R = 𝟎, 𝐦 = 𝟎 (67)

urthermore, for thin membranes the rotary inertia is neglected by
etting

1 = 𝜃2 = 0 (68)

q. (67) can be replaced by the following more strong condition for the
ond moment density vector

= 𝟎 (69)

With the assumptions (67) and (68), the balance Eq. (66) of angular
momentum reduces to the following peristatic equation.

∫(R)

(

𝐘 × 𝐓
)

d𝐴′
R = 𝟎 (70)

q. (70) can be satisfied by setting

× 𝐓 = 𝟎 (71)
 𝛺
The restriction (71) implies that the bond force density state vector is
collinear with the deformation state vector. This is classified to be the
ordinary peridynamic theory of membranes. The rotation tensor can be
set to the reference value, for example 𝐏 = 𝐏0 = 𝐈.

For membranes subjected to in-plane loads only, the transverse
force and transverse deformation states can be set to zero. Peridynamic
theory of membranes is discussed in detail in [36].

7.3. Soft interlayers

Soft interlayers in laminated glass panels and photovoltaic mod-
ules are subjected to transverse shear deformation, while the bend-
ing/twisting moments are usually neglected [4,37,38]. Layer-wise plate
and shell theories were developed to analyze deformation and stress
states of glass laminates [6,7]. In view of the application of peridy-
namics to soft interlayers let us consider this special case. The resultant
moment state can be neglected

∫(R)
(𝐌 −𝐌′)d𝐴′

R = 𝟎 (72)

The more strong condition is to neglect the bond moment state

𝐌 = 𝟎 (73)

For soft interlayers the rotary inertia can be neglected by applying Eqs.
(68). Then instead of Eq. (58)2 the following peristatic equation can be
pplied

(R)
𝐘 × 𝐓d𝐴′

R + 𝜚R𝐏T ⋅⋅⋅𝐦 = 𝟎 (74)

quations for the interlayer, for example in a glass laminate are solved
ogether with equations for skin glass layers. Then the external moment
ector 𝐦 and the rotation tensor 𝐏 can be determined.

.4. Small relative rotations

For stiff plate layers the relative rotations within a small horizon
an be assumed small. In this case we can set

[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ = 𝐈 +𝜓𝜓𝜓[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ × 𝐈, (75)

where the state variable 𝜓𝜓𝜓[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ stands for the vector of small relative
bond rotations. The angular velocity state is determined as the time
derivative of the rotation vector

𝛺 = �̇�𝜓𝜓 (76)
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The rotations of peridynamic points can be still finite. For the rotation
tensor we obtain

𝐏[𝐗 + 𝜉𝜉𝜉, 𝑡] = 𝐏[𝐗, 𝑡] +𝜓𝜓𝜓[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ × 𝐏[𝐗, 𝑡], (77)

Finally, if the rotations are small than after linearizing Eq. (77) we
obtain

𝐏[𝐗, 𝑡] = 𝐈 +𝜑𝜑𝜑[𝐗, 𝑡] × 𝐈, 𝜓𝜓𝜓[𝐗, 𝑡]⟨𝜉𝜉𝜉⟩ = 𝜑𝜑𝜑′ −𝜑𝜑𝜑 (78)

where 𝜑𝜑𝜑 is the vector of small rotations.

8. Conclusions and outlook

The aim of this paper was to derive a non-linear peridynamics
plate theory. To this end a direct approach is applied assuming the
peridynamic points to behave like rigid bodies. Balance equations are
formulated for the plate basis plane in the reference configuration.
The power conjugated bond force (moment) states and bond deforma-
tion states are introduced. The general form of elasticity constitutive
equations is introduced for the in-plane bond density force vector, out-
of-plane (transverse) force vector and the moment vector. By taking
into account the symmetry group of the plate material the strain energy
density as a function of invariants of the deformation states and the
constitutive laws (bond or state based) can be specified. The developed
equations can be used inside a layer-wise plate theory for modeling
individual layers and non-local interactions between the layers. One
feature of the developed theory is the rotation tensor state introduced to
capture the relative orientation of peridynamic points inside the bond.
In developing the numerical procedure to implement the theory the
known parametrization of rotation tensors, e.g. finite rotation vector,
quaternion, Tait–Bryan angles [39] can be applied. For plates with
zero drilling moment the rotation tensor can be represented by the
composition of two rotations about two fixed axes. Examples illustrat-
ing the applicability of the developed model will be introduced in a
forthcoming paper.
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