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Summary 

The article discusses compressive forces tests in composite - concrete pillars with the use of 
laboratory active experiment including the factors and properties of materials which have a 
significant impact on the test results and their repeatability. A polymer composite based on 
glass fiber reinforced resin with different fiber beam angles (20°, 55° and 85°) was used as a 
buffer / coat of the pole. Due to the problems with direct comparison of the obtained discrete 
measurement results for different angles of the fiber winding, a transition from the measured 
discrete signals to the continuous description was proposed. Using this approach, it was possible 
to include control systems, identification theory and finally metric spaces in the research 
methodology. The latter made it possible to determine the relations between compressive forces 
for the various examined poles and their coats, and further, to define the partial order in the 
space of the poles studied and their coverings. The obtained results indicated the wide 
possibilities of the proposed test methods for compressive forces in composite - concrete pillars 
and their glass-fiber reinforced coats. 

Keywords: composite pillar coating; compressive forces; model identification 

1. Introduction

Aerospace, automotive, construction and shipbuilding industries use composite which 
inevitably undergo physical, chemical and mechanical degradation processes [1]. It is crucial 
when such materials constitute elements of air, sea or civil structures, whose failure may lead 
to health hazard or human life threat. The assessment of material structure degradation is related 
to the detection of irregularities affecting the mechanical properties of a given object and 
determination of its strength. 

Composite materials produced on the basis of resins with reinforcement in the form of carbon 
fibers (Carbon Fiber Reinforced Polymer, CFRP) or glass fibers (Glass Fiber Reinforced 
Polymer, GFRP - [2]) are exposed to various damages arising during their operation. Typical 
types of damage that composite materials undergo include fatigue cracks in the matrix, 
reinforcement fibers, fiber and matrix delamination (debonding), and in the case of multilayer 
materials, they also include delamination. These delaminations are often not visible from the 
outside, so the following methods can be used to detect them: electromechanical impedance, 
vibration, propagation of elastic waves (these waves are strongly suppressed in composite 
materials) and terahertz spectroscopy. These methods are also used to test the reliability of 
composite structures or their components using optical fiber sensors [3]. 
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Delamination can be modeled by separating the beam into subdivisions and introducing 
additional boundary conditions at their ends [4]. However, the most common method of 
modeling delamination is the reduction of elastic properties of the material in the area where 
the stress-related criteria for damage were exceeded [4], [5]. 

Composite materials, especially those used in construction or aviation during operation, may 
be exposed to high temperatures, for example a lightning strike. It causes their physical, 
chemical and mechanical degradation. For example, glass fibers type E, i.e. made of boron-
aluminum-silicon glass, also called non-alkaline, have a softening point of about 750°C. 

Another important feature of these fibers from the point of view of the construction of 
composite-concrete pillars considered in the work is their sensitivity to water. The influence of 
moisture on the decrease of tensile strength is shown in Fig. 1. 

 

Fig. 1. Drop in tensile strength of glass fibers E during storage in various humidity conditions 
(Prepared on the basis of literature, including the use of [6]) 

The basic mechanical property of concrete is its compressive strength. This durability depends 
on many factors, and above all on the grain size and quality of the aggregate, the quantity and 
quality of cement and water, as well as the concrete mix production technology, concrete curing 
conditions in the construction and the age of concrete [7]. Concrete begins to bind after about 
1.5 hours after adding water to the dry mix at 20° C. The humidity of the environment in which 
the concrete is located increases the concrete strength after 28 days of hardening. If the 
environment is humid, then the strength increases systematically over time and after a dozen or 
so years it can be much greater than its strength after 28 days. In a dry environment, after about 
a year, the concrete strength increases by approximately 40% compared to the strength after 28 
days and then remains practically unchanged or slightly reduced. 

From these materials (concrete, composite), it is possible to construct cylindrical pillars with 
different heights and diameters of 2r. These are CFGFT (Concrete Filled Glass Fiber-
Reinforced Polymer Tube) columns, i.e. poles in the form of a concrete filled tube made of 
polymer composite reinforced with glass fibers. The composite tube will be called a buffer or 
a pole coat. It is obvious that a pole constructed in this way has mechanical and strength features 
from concrete as well as from the composite and its reinforcements. This combination of 
materials creates new construction and operating possibilities for pillars. Therefore, tests of this 
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type of columns will be presented in the further part of the work in contrast to the research 
concerning columns in the steel coating [8] or composite coating, but reinforced with fibers 
only in circumferential direction [9]. The facts presented earlier were the guiding idea for 
planning an active experiment, preparing materials for experimental (laboratory) research, 
methodology for conducting experiments, registration of research results and their description. 
Everything was also prepared in terms of the possibility of mathematical approach to the 
problem in the form which was not used before in the source literature for an analyzing the 
presented problems.  

2. Materials for experimental / laboratory research and their properties 

A batch of CFGFT cylindrical pillars with a height of h = 200 cm was prepared for the tests. 
The column coat was made of a polyester resin tube. The tube was made using a continuous 
winding method and reinforced with continuous glass fibers. E-type glass fibers used in the 
production of tubes were in the form of continuous roving with a linear density of 2400 g/m. 
Tubes with different beam angles of continuous glass fiber bundles were prepared - Fig. 2. 
These were 20°, 55° and 85° angles, and the beam was cross-shaped. 

 

Fig. 2. Scheme of the buffer / coat cover with the beam angles of the glass fibers marked. 

In each case, the fiber content declared by the manufacturer was 60%. The actual content of 
fibers in the composite was verified by the standard method [10] used, among others in the US. 
The test was carried out in a Womach furnace with a temperature range up to 1300°C, with the 
furnace being heated in accordance with [10] to a temperature of 535°C. The samples of the 
reinforced composite used for this study were obtained randomly from each type of pillar by 
cutting rectangles with sides of 25 mm and 30 mm, respectively. The weight of the samples 
ranged from 8.0 g to 10.2 g. The weight used for the measurements was characterized by the 
measurement accuracy 0.0001 g. The results obtained from the measurements are shown in 
Table 1.  
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Table 1. Fiberglass content in the sample. 

 For a tube with a beam angle of glass 
fibers 

20⁰ 55⁰ 85⁰ 
Average proportion of glass fibers in the sample 

mass 𝑓𝑓�̅�𝑔 [%] 69,3 58,4 72,4 

Mean square deviation is 𝑠𝑠2 from the average 
sample weight [%]2 2,28 0,59 0,22 

𝑠𝑠 [%] 1,51 0,77 0,47 
Average proportion of glass fibers in the sample 

volume 𝑓𝑓�̅�𝜐 [%] 49,1 37,5 52,8 

The volume content of fibers in the composite given in Table 1 was determined based on the 
theory of composites [11], according to the formula 

 𝑓𝑓�̅�𝜐 = 𝜌𝜌𝑚𝑚�̅�𝑓𝑔𝑔
𝜌𝜌𝑚𝑚�̅�𝑓𝑔𝑔+(100−�̅�𝑓𝑔𝑔)𝜌𝜌𝑙𝑙

 (1) 

where ρm and ρl are the densities of the resin matrix and reinforcement fibers, respectively. 
Their values based on [11] were assumed as 1.1 g/cm3 and 2.58 g/cm3 respectively. The 
remaining symbols used in the formula are defined in Table 1. 

In addition, thanks to these tests, by analyzing the macroscopic system of fibers remaining after 
firing the resin, the information about eleven layers of roving was obtained The producer 
reported that a single layer of roving is formed after eight passes, and one roving band has a 
width of 7 to 8 cm. 

The inner diameter 2r declared by the pipe manufacturer was 200 mm, and the thickness d of 
the wall was to be between 5,5 and 6,0 mm. The first of these quantities corresponded exactly 
to reality, while the wall average thickness ranged from 5,8 to 7,1 mm. This was established on 
the basis of measurements of the thickness of the composite pipe wall samples. The 
measurements were carried out using a Vernier caliper on 25 mm wide rims of the tubes. For 
each of the three series of tubes, six such rims were prepared. Wall thickness measurement was 
performed for each rim in eight places, evenly distributed around the perimeter of the rim every 
45°. Table 2 presents the information resulting from the measurements carried out on the wall 
thickness of the tubes. This results in a large heterogeneity of the parameter d. 

Table 2. The results of tube wall thickness measurement. 

 For a tube with a beam angle of 
glass fibers 

20⁰ 55⁰ 85⁰ 
Average wall thickness [mm] 7,1 6,5 5,8 

Average square deviation 𝑠𝑠2 from the average wall 
thickness [𝑚𝑚𝑚𝑚]2 0,5 0,4 0,01 

𝑠𝑠 [𝑚𝑚𝑚𝑚] 0,7 0,6 0,1 
Range [mm] 3,1 3,0 0,5 
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The preparation of CFGFT columns (h = 200cm) for the tests consisted of filling the tested 
composite tubes with concrete. Ready-mixed concrete was used for this purpose. Concrete 
grade C30 / 37 according to Eurocode 2 [12], with a w/c ratio of 0.52, consistency S3 according 
to standard [13], maximum aggregate grains 16 mm and exposure classes according to standard 
[14]: XC3, XD2, XF1, XA1 was ordered. The tubes were fed by blades with concrete which 
was then successively compacted using a submerged vibrator made by the American company 
Wacker, model M2000 1.5 kW. During concreting and compaction, the composite tubes were 
placed vertically on the concrete floor. During compaction, a small amount of water from 
concrete poured out through the gap between the composite coat of the column and the floor. 
The applied concrete was tested for compressive strength and Young’s modulus. The tests were 
carried out after 80 to 92 days from concreting using a strength press of the German company 
Heckert, model DP1600, with a working range from 0 to 1600 kN. The tests on concrete 
strength were carried out on six concrete cylinders with a diameter of 150 mm and a height of 
300 mm, obtaining an average strength fcm=37.1 MPa, with individual results ranging from 32.1 
to 38.8 MPa. The mean value of compressive strength obtained experimentally corresponds 
well with the estimated value of fcm=38.0 MPa recommended for concrete class C30/37 in the 
standard [12]. The tests on modulus of elasticity were carried out on three concrete cylinders 
with the same diameters as mentioned before. The obtained mean value of modulus was 31.9 
GPa which corresponds well with the estimated value of Ecm=32.0 GPa recommended for 
concrete class C30/37 in the standard [12]. 

To determine the mechanical parameters of the composite material, sections of tubes 
(h=200cm) not filled with concrete were prepared. The ends of these tubes were secured on 
both sides from the inside with concrete stoppers with a height of several centimeters. 

Test samples used in the active experiment described here were prepared, examined and stored 
at a neutral temperature, i.e. at a temperature of about 20° C and ambient humidity around 52%. 

During the preparation of CFGFT columns and their components for research, the authors tried 
to eliminate imperfections. In particular, it concerned the straightness, the shape of cross 
sections and the axes of the components, as well as their correct execution. 

3. Description of tests and observations 

The compressive strength of composite and concrete pillars and their coatings was 
experimentally investigated using a hydraulic strength press manufactured by the Swiss 
company Walter + Bai AG, model 102/5000-HK4, with a capacity of 5000 kN and a press 
piston extension from 0 to 100 mm. The load was controlled by displacement, i.e. by the piston 
stroke of the press. Press equipment enables digital recording of measurement results in the 
form of discrete signals. The piston stroke measurement was recorded with an accuracy of 0.01 
mm, while the measurement of force values was recorded with an accuracy of 0.1 kN. The 
duration of a single experiment was several tens of minutes, because these were static tests. 

All research elements were axially compressed. The support was carried out as articulated on 
both sides. Shaft joints (Fig. 3a) were used, allowing buckling of columns only in one 
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predetermined plane. As we know, this way of supporting induces the introduction of boundary 
conditions (the problem is defined by differential equations) [15]. 

Before applying the load the specimen were instable. Because of their big mass the composite-
concrete specimen had to be installed carefully by the laboratory staff in the load setup. After 
installing the columns there was no danger in experiments conducting until the columns were 
possibly buckled too heavily. For the safety reasons, the experiments were finished before 
achieving 50% loss in compressive force against its maximal value. 

The load on samples should be transmitted through the entire cross-section. Therefore, a thick 
square steel plate with a side length of about 25 cm was placed between the sample tips and the 
pivot shaft. This was particularly important in the case of compression of concrete and 
composite pillars. The aim was to transfer the load to the concrete core and reinforced 
composite coat simultaneously. Additionally, to prevent local damage to the coat by the clamp, 
the column ends were reinforced with double steel rims from the outside - Fig. 3a. 

 

Fig. 3. A sample in the press during the test (a). Research element after destruction: coat 
with delamination (b), concrete-composite column (c). 

Tests of the constructed columns were carried out after about three months from their 
completion to enable full bonding of the concrete covered with the composite and to minimize 
the absorption of water (moisture) from the concrete by a polymer composite (based on resins) 
reinforced with glass fibers. The negative influence of moisture on the strength properties of 
this type of materials has already been shown in Fig. 1. 

Both coating tubes (empty composite pipes) and CFGFT poles underwent compressive static 
tests in a neutral temperature, i.e. at a temperature of about 20° C and an ambient humidity of 
about 52%. 
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During the compression process, in each case a crack appeared in the composite tube, the 
direction of which was consistent with the direction of the glass fiber winding. The appearance 
of the crack was always violent - not signaled. After its creation, it was possible to continue 
loading the member during which the following cracks appeared (Fig. 3c) until the appearance 
of the so-called destructive crack. These cracks were interfacial defects between glass fibers 
and polymer matrix. Single glass fibers failures due to compression or tension were not 
observed. In the case of the coats without concrete core the delamination and stratification 
phenomena were observed at the column end (Fig. 3b). 

4. Results of laboratory tests and their analysis 

As a result of the conducted experiments, ordered pairs were obtained: the extension dimension 
x [mm] of the press piston, the compressive force y [kN] for the jacket as well as the composite-
concrete column at different angles of the glass fiber winding. The discrete points (𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖), 𝑖𝑖 =
1,2,3, … ,𝑛𝑛 on the plane correspond to them. Their selected graphical representations are shown 
in Figs. 4 and 5. Each coordinate is a discrete signal, so it can be analyzed using signal analysis 
methods. 

 

Fig. 4. Graphical interpretation of measurement pairs (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) for the coat by different angles 
of the glass fibers winding. 
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Fig. 5. Graphical interpretation of measurement pairs (𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖) for a concrete-composite 
column by different angles of the glass fibers winding. 

The load-carrying capacities of the composite-concrete columns are shown in Fig. 5. They 
totaled 1600 kN, 1406 kN and 1864 kN for the angles of the glass fibers winding 20⁰, 55⁰ and 
85⁰ respectively. A theoretical failure analysis was performed for these three columns under an 
eccentric compression. An original computer program was used [16]. Second order effects were 
considered in the program calculations. The mean values of concrete compressive strength and 
its modulus of elasticity were taken. In additional experimental investigation [16] the following 
GFRP composite mechanical parameters were determined: compression and tensile strength, 
compression and tensile moduli of elasticity. All the mentioned parameters were used in the 
computer calculations. A mathematical model of concrete confined by the composite coating 
of column was adopted according to [12]. The obtained load-carrying capacities of the columns 
totaled 1688 kN, 1589 kN and 1807 kN for the angles of the glass fibers winding 20⁰, 55⁰ and 
85⁰ respectively [16]. 

The obtained graph results (Fig. 4 and Fig. 5) cannot be compared within one group, as well as 
between representatives of particular groups. The causes are different. For example, for the 
same piston extension value, there are different values of compressive forces or their absence - 
Table 3. 
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Table 3. Fragment of registered discrete measurements. 

The size of the 
piston extension 

[mm] 

Compressive force [kN] 
Angle of fiber beam 

20⁰ 55⁰ 85⁰ 
0.4 45.9 50.7 52.4 
0.4 – – 53.1 
0.41 – 51.8 – 
0.46 – – 57.3 
0.5 55.3 – 61.3 
0.51 55.5 59.8 – 
... … … … 

2.43 286.8 302.7 296.2 
2.43 – 304.7 297.1 

To avoid this situation we can enter a continuous description instead of a discrete description. 
To describe this, a model should be created and, based on experimental discrete signals, the 
model should be identified and the optimal model should be chosen from the given class of 
models by setting �⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜 - Fig.6. 

 

 

 

 

 

 

 

Fig. 6. The control system of the research process: experiment - model. 

In the described experiments, general population research was carried out simultaneously due 
to two features: extension x [mm] of the press piston and the amount of compressive force y 
[kN] for the coat as well as the composite-concrete column at different angles of the glass fiber 
winding. In this case, the general population model is a two-dimensional random variable, i.e. 
a random vector created for each case. We did not stick here to the study of individual variables 
of the system, but we also tried to examine the relationship between the observed values treated 
as random variables X and Y respectively, which take measured values of x and y. 

The parameter characterizing the relationship between random variables: the stroke X of the 
press piston and the compressive force Y is the expected value of the product of deviations of 

experiment 
block 

model         
block 

input 

piston 
protrusion 

model 
identification 

output 

�⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜 
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these random variables from their expected values. This parameter is called covariance. It is 
defined by the following formula: 

𝑐𝑐𝑐𝑐𝑐𝑐(𝑋𝑋,𝑌𝑌) = 𝐸𝐸[(𝑋𝑋 − 𝐸𝐸𝑋𝑋)(𝑌𝑌 − 𝐸𝐸𝑌𝑌)], 
as long as the expected values  𝐸𝐸𝑋𝑋 and  EY  exist. 

Covariance is a value dependent on the measurement units in which the values of random 
variables X and Y are expressed, i.e. on mm and kN, therefore it is not a good indicator for 
determining the degree of dependence between random variables X and Y. A dimensionless 

correlation coefficient 𝜌𝜌(𝑋𝑋,𝑌𝑌) = 𝑐𝑐𝑜𝑜𝑐𝑐(𝑋𝑋,𝑌𝑌)
𝜎𝜎𝑋𝑋𝜎𝜎𝑌𝑌

 can be such an indicator, where 𝜎𝜎𝑋𝑋 ,𝜎𝜎𝑌𝑌 are positive 

variances of random variables X and Y. If our random variables X and Y are independent, then 
𝑐𝑐𝑐𝑐𝑐𝑐(𝑋𝑋,𝑌𝑌) = 0, and the correlation coefficient determined for them is also equal to zero, i.e. ρ 
(X, Y) = 0. 

Correlation coefficient 
−1 ≤ 𝜌𝜌(𝑋𝑋,𝑌𝑌) ≤ 1 

shows how much, on the basis of a two-dimensional random variable, one can conclude that Y 
is a function of X, i.e. that the value of the piston stroke clearly determines the value of the 
compressive force. 

For all types of glass fiber winding, the correlation coefficient between the random variable 
determining the piston stroke X and compressive force Y was quite large and amounted to about 
0.97 in the case of pole lagging, and about 0.81 in the case of composite - concrete pillars. If 
so, it is worth looking for a functional dependence between the values measured in the 
experiment. For this purpose, according to the diagram shown in Figure 6 it was necessary to 
create appropriate models (classes of models) of dependence for representatives from Figures 
4 and 5 of experimental measurements. Their goal is to create equations describing the behavior 
of the tested compression system, while meeting the conditions essential for its operation, 
related to the special properties of the compression process of the concrete columns and their 
coatings, at different angles of the glass fiber winding. 

The necessary information about the compression process comes from theoretical 
considerations, from the analysis of how their postulated mechanisms function in the system 
and from the conducted experiments illustrating the nature of the response to a specific 
stimulation by the advancing press piston. It is not analyzed how this mechanism works [17]. 

From the modeling point of view, the differential equations deserve special attention [15], [17]. 
Regardless of the differential equations describing the system, there is often a need to formally 
present other dependencies in the form of algebraic equations dependent on the parameter 
vector �⃗�𝑎 = [𝑎𝑎0,𝑎𝑎1,𝑎𝑎2, … ,𝑎𝑎𝑛𝑛] and compare the obtained results with experimental data in the 
identification block (in the identification process) - Fig. 6. 

Compliance of the model's response with the results of the experiment was expected, and the 
values of the parameters for which this agreement is the best in the sense of the accepted 
criterion are the parameters accepted for the model. As a preliminary criterion for accepting the 
parameter vector �⃗�𝑎, the parameters were adopted for which the created function: 
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 𝐹𝐹 = ∑ [𝑦𝑦𝑖𝑖 − 𝑦𝑦(�⃗�𝑎, 𝑥𝑥𝑖𝑖)]2𝑛𝑛
𝑖𝑖=1  (2) 

will reach the minimum. The following symbols were used: 𝑦𝑦(�⃗�𝑎, 𝑥𝑥𝑖𝑖) is the model response for 
the measured quantities 𝑥𝑥𝑖𝑖 , 𝑖𝑖 = 1, 2, … , 𝑛𝑛 of the press piston stroke, 𝑦𝑦𝑖𝑖 are the measured 
compressive forces for the measured values 𝑥𝑥𝑖𝑖, 𝑖𝑖 = 1, 2, … ,𝑛𝑛. The values of �⃗�𝑎 for which F 
achieves the minimum, are of course the optimal parameters: �⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜 =
[𝑎𝑎0𝑜𝑜𝑜𝑜𝑜𝑜,𝑎𝑎1𝑜𝑜𝑜𝑜𝑜𝑜,𝑎𝑎2𝑜𝑜𝑜𝑜𝑜𝑜, … ,𝑎𝑎𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜]. The rest, that is 𝑦𝑦𝑖𝑖 − 𝑦𝑦��⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜,𝑥𝑥𝑖𝑖� can be called residuum and 
denoted by the symbol 𝑟𝑟𝑟𝑟𝑠𝑠𝑎𝑎�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜𝑦𝑦(�⃗�𝑎, 𝑥𝑥𝑖𝑖) i.e. 𝑟𝑟𝑟𝑟𝑠𝑠𝑎𝑎�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜𝑦𝑦(�⃗�𝑎, 𝑥𝑥𝑖𝑖) = 𝑦𝑦𝑖𝑖 − 𝑦𝑦��⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜,𝑥𝑥𝑖𝑖�. 

The following family of functions was adopted in the class of models induced by the parameter 
vector �⃗�𝑎 = [𝑎𝑎0,𝑎𝑎1,𝑎𝑎2]: 
 𝑦𝑦(�⃗�𝑎,𝑥𝑥) = 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎0 (3) 
and for it, model parameters were determined in accordance with formula (2), where the 
minimum must be determined for the mentioned function. Analysis of the representatives of 
the experiment results, illustrated in Fig. 4 and Fig. 5, allowed to formulate a preliminary 
hypothesis about the globally non-linear nature of the relationship: press piston stroke and 
compressive force, in each of the cases studied, i.e. for composite and concrete pillars, their 
coatings and various glass fiber winding throughout the entire observation interval. In addition, 
it was found that the shape of the response differs significantly for individual areas of the 
independent variable, so using one matching curve will not provide an adequate description of 
the experimental data. In this case, the use of several functions that locally match the 
experimental data is justified. It is advisable that individual local functions after joining (gluing) 
give a smooth description (with a spline function or wavelet [18], [19]). The advantage of this 
approach, as we shall see further, is a more accurate reproduction of the experimental 
dependence studied here. Fig. 4 and 5 also clearly show that the functions used to describe the 
aforementioned dependence must characterize the change in the convex function character in 
the subinterval. This fact additionally justifies the adopted concept of model solution using the 
functions described in several formulas. The degree of model fitment was additionally 
evaluated using the designated components 𝑟𝑟𝑟𝑟𝑠𝑠𝑎𝑎�⃗ 𝑜𝑜𝑜𝑜𝑜𝑜𝑦𝑦(�⃗�𝑎, 𝑥𝑥𝑖𝑖).. The assessment was made using 

the following quality criteria: (k1) max distance between 𝑦𝑦𝑖𝑖 and 𝑦𝑦��⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜,𝑥𝑥𝑖𝑖�  , 𝑖𝑖 = 1,2, … ,𝑛𝑛 in 
the metric space of the finite sequence, (k2) mean square contingency between 𝑦𝑦𝑖𝑖 and 
𝑦𝑦��⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜,𝑥𝑥𝑖𝑖�  , 𝑖𝑖 = 1,2, … ,𝑛𝑛, (this figure also corresponds to the corrected by factor 1

√𝑛𝑛
 metric 

(6) ), (k3) the average deviation between  𝑦𝑦𝑖𝑖 and 𝑦𝑦��⃗�𝑎𝑜𝑜𝑜𝑜𝑜𝑜, 𝑥𝑥𝑖𝑖�  , 𝑖𝑖 = 1,2, … ,𝑛𝑛, which corresponds 

to the corrected by factor 1
𝑛𝑛
  metric (5) and (k4) the slope angle tangent to the curve in radians 

at selected points The results obtained are shown in Table 4. 
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Table 4. Representative results of model identification for different families of functions (3) 
describing relationships between piston stroke quantities and compressive forces in a 
composite concrete pillar and its coat for different beam angles of glass fibers. 

No. Functional dependence (model (3)) 
Parameters / evaluation 

criteria 
(k1) (k2) (k3) (k4) 

A Pillar buffer/coat 
A1 The angle of the glass fibers winding 200 

A1.1 𝑦𝑦 = 23,71𝑥𝑥 , 𝑥𝑥 ∈< 0,10) 22,74 10,94 8,93 1,53 

A1.2 𝑦𝑦 = 0,82𝑥𝑥2 + 17,27𝑥𝑥  , 𝑥𝑥 ∈< 0,10) 10,84 4,49 3,60 1,54 
A1.3 𝑦𝑦 = −0,86𝑥𝑥2 + 40,18𝑥𝑥 − 72,06    , 𝑥𝑥 ∈< 10,20) 15,71 8,11 6,65 1,53 
A2 The angle of the glass fibers winding 550 
A2.1 𝑦𝑦 = 20,42𝑥𝑥  , 𝑥𝑥 ∈< 0,10) 16,80 7,26 5,95 1,52 
A2.2 𝑦𝑦 = −0,47𝑥𝑥2 + 23,42𝑥𝑥    ,     𝑥𝑥 ∈< 0,20) 14,15 4,52 3,86 1,50 
A3 The angle of the glass fibers winding 850 
A3.1 𝑦𝑦 = 19,89𝑥𝑥   ,   𝑥𝑥 ∈< 0,10) 7,01 2,54 2,17 1,52 
A3.2 𝑦𝑦 = −0,99𝑥𝑥2 + 37,41𝑥𝑥 − 71,96  ,

𝑥𝑥 ∈< 10,20) 
10,76 4,11 3,20 1,51 

B Composite - concrete pillar 
B1 The angle of the glass fibers winding 200 
B1.1 𝑦𝑦 = 15,63𝑥𝑥2 + 81,48𝑥𝑥   , 𝑥𝑥 ∈< 0,4) 13,01 5,35 4,31 1,57 
B1.2 𝑦𝑦 = −8,81𝑥𝑥2 + 318,82𝑥𝑥 − 587,30 , 𝑥𝑥 ∈

< 4; 9,27) 
26,61 11,34 9,79 1,57 

B2 The angle of the glass fibers winding 550 
B2.1  𝑦𝑦 = 12,20𝑥𝑥2 + 95,07𝑥𝑥  , 𝑥𝑥 ∈< 0,4) 11,87 4,19 3,38 1,57 
B2.2 𝑦𝑦 = −5,53𝑥𝑥2 + 246,94𝑥𝑥 − 342,16  , 𝑥𝑥 ∈< 4,9) 46,35 10,15 8,16 1,57 
B2.3 𝑦𝑦 = 8,47𝑥𝑥2 + 106,65𝑥𝑥 , 𝑥𝑥 ∈< 0,6) 16,89 8,13 6,96 1,57 
B3 The angle of the glass fibers winding 850 
B3.1 𝑦𝑦 = 10,03𝑥𝑥2 + 96,80𝑥𝑥 , 𝑥𝑥 ∈< 0,4)  24,94 6,87 5,15 1,57 
B3.2 𝑦𝑦 = 10,34𝑥𝑥2 + 96,25𝑥𝑥 , 𝑥𝑥 ∈< 0,6) 27,36 6,27 4,54 1,57 
B3.3 𝑦𝑦 = −10,68𝑥𝑥2 + 334,78𝑥𝑥 − 686,54 , 𝑥𝑥 ∈

< 6; 8,49) 
29,50 6,08 3,96 1,57 

Note 1. If (M, d) is a metric space, then metric in this space is also 𝛼𝛼𝛼𝛼 , where 𝛼𝛼 ∈ 𝑅𝑅+. 

Note 2. In the space of finite sequences, the maximum metric is defined by the formula: 
 𝛼𝛼(𝑥𝑥,𝑦𝑦) = max

𝑖𝑖∈{1,2,…,𝑛𝑛}
|𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖| (4) 

It is also possible to define the following metrics in this space: 
 𝛼𝛼(𝑥𝑥,𝑦𝑦) = ∑ |𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖|𝑛𝑛

𝑖𝑖=1  (5) 
 𝛼𝛼(𝑥𝑥,𝑦𝑦) = �∑ (𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖)2𝑛𝑛

𝑖𝑖=1  (6) 

In the formulas (4), (5), (6) the following designations were adopted: 𝑥𝑥 = {𝑥𝑥𝑖𝑖} ,𝑦𝑦 = {𝑦𝑦𝑖𝑖} , 𝑖𝑖 =
1, 2, … ,𝑛𝑛. 

Note 3. Formula (4) is local, while formula (5) is global. 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


It is worth noting that the assessment parameters of the model identification process presented 
in Table 4 are in many cases small, because they constitute about 7 to 9% of the average value 
of compressive force. These models can be accepted as correctly describing the dependence of 
the compressive force on the piston stroke for all the cases analyzed here. 

From Table 4 it also follows that in some sub-ranges (in the initial part) the dependence can be 
described by a straight line. Generally, however, this is a curvilinear relationship characterized 
by a change in the character of the convexity of the function. There is a transition from the 
convexity down to the convexity upwards especially in the case composite-concrete pillar - 
Fig.7. It can be clearly seen here that the qualitative nature of the relationship between the 
measured quantities has been reflected in the model. See and compare with Fig.5. 

 

Fig. 7. A fragment of the B2 and  B3 diagrams, that is for the composite-concrete pillar (glass 
fiber winding 550  and 850) 

As it has been mentioned before, the continuous description allows us to compare the values 
obtained from the model with the values obtained from the experiment for any piston 
extensions. In addition, the continuous description created allows us to compare compressive 
forces for different angles of the glass fiber winding corresponding to a given value of the piston 
extension in the domain. Without a transition to a continuous description, such a task is not 
feasible. For the comparison of continuous signals, we will use a metric space (M, d) composed 
of continuous signals defined in the range < 𝑎𝑎, 𝑏𝑏 >. In this space, we define the metric d with 
the following formula: 
 𝛼𝛼(𝑓𝑓,𝑔𝑔) = ∫ |𝑓𝑓(𝑥𝑥) − 𝑔𝑔(𝑥𝑥)|𝛼𝛼𝑥𝑥𝑏𝑏

𝑎𝑎  (7) 
or  
 𝛼𝛼(𝑓𝑓,𝑔𝑔) = max

𝑎𝑎≤𝑥𝑥≤𝑏𝑏
|𝑓𝑓(𝑥𝑥) − 𝑔𝑔(𝑥𝑥)| (8) 

where 𝑓𝑓,𝑔𝑔 ∈ 𝑀𝑀. 
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According to Note 1, the metric specified by formula (7) can be corrected with the coefficient 
𝛼𝛼 = 1

𝑏𝑏−𝑎𝑎
 . 

Note 4. Formula (7) is global, and formula (8) is local in nature, so it allows global or local 
comparison of results, respectively. 

For example, for piston extension from zero to 4 mm, the calculated distances based on 
formulas (7) and (8) for different fiber windings in the case of a composite concrete pillar are 
shown in Table 5. They refer to B1.1, B2.1, B3.1  models from Table 4. Table 5 adopts the 
convention of recording results in the form of a pair: (distance calculated on the basis of formula 
(7); distance calculated on the basis of formula (8)). 

Table 5. Distances between selected curves from Table 4. 

 B1.1 B2.1 B3.1 
B1.1 (0;0) (8,89; 13,46) (8,78; 28,32 ) 
B2.1 (8,89; 13,46) (0;0) (8,21; 27,81 ) 
B3.1 (8,78; 28,32) (8,21; 27,81) (0;0) 

The calculated distances do not differ significantly, but they allow to introduce a partial order 
between the curves due to the influence of the beam angle of the glass fibers. The ordering 
relations between the individual curves can be determined by comparing only the first or second 
elements of the pair. You can also compare whole pairs between themselves, as is the case in 
partially ordered spaces [17]. 

Additionally, Fig. 8 presents diagrams of differences between compressive forces for which 
distances are presented in Table 5. They confirm the observation formulated earlier. 

 

Fig. 8. Diagrams of differences between compressive forces for the composite-concrete 
columns B in function of the piston protrusion. 
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For example, intersection of the curves (B3.1 – B1.1) and (B2.1 – B1.1) (red thick and black 
thin ones) on Fig 8, which are related to the fibers winding angles 85⁰, 55⁰ and 20⁰, means, that 
for the selected piston protrusions the corresponding compressive forces in the concrete-
composite columns are equal for the angles 85⁰ and 55⁰. 

5. Conclusions  

The correctly set up and carried out active laboratory experiment allowed to perform research 
on the relationship between the piston extension size and the magnitude of the compressive 
force. This relationship was registered as representative pairs of discrete signals needed to 
create a continuous model and to describe the compression of the composite-concrete column 
and its coating.  

Generally, a curvilinear character of the relationship between the size of the piston extension 
and the magnitude of the compressive force for the composite-concrete column and its coating 
was found. This curvilinear character takes place especially in the case of a composite concrete 
column.  

The use of several functions defined on the piston extension sub-intervals gave a locally better 
adjustment of experimental data in the considered class of models. In the case of composite-
concrete pillars, at different angles of the glass fiber beam, the models reflected the change in 
the character of the convexity of the function describing the studied relationships. There is 
a transition from the convex function down to the convex function up. The use of metric spaces 
allowed to compare and assess globally and locally models for different angles of the glass fiber 
beam, as well as to assess the degree of fit of the model and accept the description for further 
analysis.  

The use of partially ordered spaces allows depending on the needs (including practical 
engineering) to determine the strength relations at different angles of the glass fiber beam for 
composite-concrete pillars or their coating.  

From a theoretical point of view, the behavior of composite-concrete poles can be modeled 
using beams with a variable cross-section and solved with the use of non-classical operational 
calculus [20]. This is an innovative approach to the problem which is thereupon difficult to 
compare with the existing knowledge. 

The use of a composite-concrete column coating also prevents physical, chemical and 
biological degradation of the concrete. In particular, it limits the carbonization of concrete and 
its cyclical freezing and thawing with penetrating water, thus increasing the lifespan of such 
pillars. 

For damage localization in the coatings of composite-concrete columns wavelet transform [18], 
[19] or FBG methods can be used in the further research. 
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In the case of engineering applications, it is worth bearing in mind that composite-concrete 
pillars, in addition to the previously described properties, are also characterized by high 
aesthetic values. 
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