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Abstract 

Numerical results on a fracture process of a concrete beam with a notch under three-point 

bending were presented. Calculations were carried out at the concrete aggregate level with the 

discrete element method (DEM). To explicitly take the heterogeneity into account, concrete 

was modelled as a four-phase material that included aggregates, cement matrix, interfacial 

transitional zones (ITZs) and macro-voids. Both the 2D and 3D DEM calculations were 

performed with the: 1) accurate shape representation of aggregates, based on micro-CT 

images of concrete and 2) simplified circular/spherical representation of aggregate assuming 

the same aggregate volume, size and grading curve. In 2D calculations, the positions of 

circular/spherical aggregate particles were also the same as of real ones. The focus was laid 

on the impact of the aggregate shape on both the load-displacement curve (strength and 

brittleness) and fracture geometry (shape, width and length). In addition, the evolutions of 

broken contacts, contact force networks and tensile stress regions at the crack tip depending 

upon the aggregate shape were compared with each other. Concrete was proved to be stronger 

and the macro-crack was less curved for circular/spherical aggregates. Significant 

dissimilarities regarding the shape of a macro-crack with real aggregates occurred, in 

particular, for circular/spherical aggregates in 2D simulations.  
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Nomenclature 

B beam width 

C cohesive contact stress 

d particle diameter 

E Young‟s modulus 

Ec Young‟s modulus of particle contact 

fc compressive strength of concrete 

ft,flex flexural tensile strength of concrete 

F global vertical force 

    
  minimum tensile contact force 

    
  critical cohesive contact force 

Fn normal contact force 

Fs tangential contact force 

H beam height 

I Inertial number 

Kn normal contact stiffness 

L beam length 

Ks tangential contact stiffness 

n number of broken contacts 

n’ percent contribution of broken contacts  

p porosity 

Rn normalized roughness  

R particle radius 

T  tensile normal contact stress 

U overlap between discrete elements 

w width 

v velocity 

αd damping parameter  

 inter-particle friction angle 

c Poisson‟s ratio of particle contact 

ρ particle mass density  
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CMOD crack mouth opening displacement 

CT computed tomography 

DEM discrete element method 

FEM finite element method  

ITZ interfacial transition zone 

SEM scanning electron-microscope 

2D two-dimensional 

3D three-dimensional 

„a‟ aggregate 

„cr‟ crack 

„cm‟ cement matrix 

„damp‟ damped 

„max‟ maximum 

„min‟ minimum 

 

1. Introduction 

 

Concrete is a dominant composite building material in the world in terms of volume that is 

widely used in the field of civil engineering due to easy fabrication and the lowest ratio 

between cost and strength as compared to other available materials. It possesses high 

compressive strength but both low tensile strength and ductility. Thus, it is vulnerable to 

cracks under static and dynamic loading which are a fundamental phenomenon in concrete 

materials [1]-[4]. Concrete can be regarded as a homogeneous material at the macro-scale 

which is a good approximation when designing large structures (the material internal structure 

is phenomenologically introduced in the constitutive model by some internal length 

parameters). However, at the mesoscopic level, concrete is a typical composite material 

consisting of multi-phases, including coarse and fine mineral aggregates, cement matrix, 

voids and interfacial transition zone (ITZ) between the aggregate and cement matrix. The 

diameter of coarse aggregates ranges from millimetres to centimetres, whereas ITZs are only 

several dozen micrometres and the hydrated cement is few nanometres in width. Coarse 

aggregates with irregular shapes are randomly embedded in the mortar. Porous ITZs are 

significantly weaker than aggregate and mortar and become attractors for a micro-crack 

propagation along aggregate boundaries. As a consequence, the concrete structures are 
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strongly heterogeneous, demonstrating a non-linear stress-strain behaviour [5], [6].  

The mesoscopic material heterogeneity has a pronounced influence on complex crack growth 

trajectory paths at the macro-scale, composed of various macro-crack branches, 

complementary cracks and micro-cracks [7]-[11]. The mechanical concrete performance 

depends on material properties of all its constituents and their mutual interaction which makes 

the modelling of the crack formation and development at the meso-scale a real challenge in 

terms of efficiency and accuracy. The optimization and safety assessment of structures 

composed of quasi-brittle materials (like concrete) requires, however, a comprehensive 

understanding of the behaviour of micro- and macro-cracking and propagation. Recently, 

great efforts were made to accurately and efficiently capture the failure behaviour of concrete 

structures at the aggregate level by meso-scale models for a deeper understanding of the 

mechanisms of damage initiation and fracture evolution. The meso-scale behaviour of 

concretes may be modelled with continuous (e.g. [12]-[16]) and discontinuous models  

([17]-[21]) within continuum mechanics, discrete models, including lattice models  

(e.g. [22]-[30]), interface models based on fracture mechanics ([31], [32]) and particulate 

discrete models (e.g. [8], [10], [11], [33]-[39]). 

 

There exist two types of approaches to establish the meso-structure of concrete. The first 

approach uses the accurate (real) meso-structure of concrete, based on images using the x-ray 

computed tomography (micro-CT) and scanning electro-microscope (SEM) (e.g. [6]-[8], [13], 

[34]-[36], [40], [41]). The second simplified approach uses the artificially generated meso-

scale model following a specified grading curve using regularly- and non-regularly-shaped 

aggregate particles (e.g. circles/spheres, ellipses/ellipsoids and polygons/polyhedrons  

(e.g. [42]-[45])). In most of the numerical mesoscopic studies of concrete, however, the 

aggregate particles are assumed to be circular in 2D and spherical in 3D conditions to 

diminish the cost and complexity of model generation. The validity grade of these simplified 

calculation results provided the motivation to our current numerical investigations. 

 

The main objective of the current paper is two-fold: 1) to clarify the usefulness of 

circular/spherical aggregate models for studying fracture patterns in concrete under both 2D 

and 3D conditions and 2) to evaluate and explain the quantitative effect of the shape of 

aggregate particles on strength, brittleness and fracture in concrete in 2D and 3D conditions 

with the same material parameters. A notched plain concrete beam under 3-point bending was 

considered. To address these two significant issues, we performed 2D and 3D comparative 
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mesoscopic calculations with: 1) real angular aggregate particles, based on micro-CT scans 

during experiments and 2) artificial circular/spherical aggregate particles which are the novel 

points in the paper. The latter had the same size, volume and grading curve in 3D conditions 

(in 2D simulations, their positions were also identical). Such comparative mesoscopic 

calculations were not performed yet. The simulations were carried out with the discrete 

element method (DEM). The 3D particulate discrete element model YADE was employed 

that was developed at the University of Grenoble [46], [47]. DEM allows us for direct 

simulations of the concrete meso-structure and comprehensive studies of the initiation, growth 

and formation of cracks which affect the macroscopic concrete behaviour [8], [10], [11],  

[48]-[51]. DEM demonstrated the ability to account for all failure modes. In our two previous 

papers [8], [10], we described in detail our experiments and 2D and 3D calculation results 

with the real angular aggregate by taking micro-CT scans into account. Concrete was depicted 

in DEM as a phase material including four key constituents: aggregate, cement matrix, 

interfacial transitional zones (ITZs) and macro-voids. Such 3D comparative calculations 

concerning the effect of the aggregate shape were already carried out using mesoscopic 

continuum models (e.g. [7], [21]), but not using DEM that in particular usable for studying the 

nature of a fracture process at the aggregate level [10], [11]. As compared to mesoscopic 

continuum calculations, DEM is able to simulate fracture from the beginning of deformation 

since it possesses strongly diverse local failure criteria. It does not also need softening to be 

imposed. In addition, the evolution of broken contacts, contact force network and tensile 

region for the different aggregate shape was compared in 2D and 3D analyses. The DEM 

calculations are able to replace costly laboratory tests for exploring e.g. the impact of different 

concrete meso-structures (without and with different additives) on its macroscopic behaviour 

for receiving its optimum regarding the strength and ductility. 

 

It has been known that the shape of aggregates is of importance for the concrete behaviour. 

Round aggregates usually display a smooth distribution of stresses at the meso-scale, whereas 

angular aggregates are associated with local stress concentrations at sharp edges of polygonal 

particles that can induce micro-cracks. Thus, the tensile strength of concrete with round 

aggregates becomes higher. On the other hand, round aggregates indicate the lower 

interlocking action and thus, the concrete with angular aggregates may be stronger. According 

to mesoscopic FE calculations (e.g. [7], [14], [20], [21], [52]-[55]), the aggregate shape had a 

certain effect on the ultimate strength of concrete and on the strain to damage-onset and a 

significant one on the crack initiation, propagation and distribution. The ultimate tensile 
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strength, strain at the damage onset and brittleness became higher, and the macro-cracks were 

less curved for circular/spherical grain models. The effect of the aggregate shape on the 

strength was also closely connected in simulations with the grain size distribution curve [53].  

 

There exist also some experiments, demonstrating the effect of the aggregate shape on the 

mechanical performance of concrete [56]-[61]. The test results are, however, contradictory. 

The experimental tensile strength of concrete was found to grow with the angularity [57]-[60], 

[62] or to reduce [57] or be the same [60]. In [60], concrete made with angular (crushed) 

aggregates gave the higher elasticity modulus (strong matrix-aggregate interfaces) or lower 

(weak matrix-aggregate interfaces) than concrete made with oval aggregate particles.  

The tensile strength showed almost no dependence on the aggregate shape. The fracture 

energy was higher for angular aggregates. The critical crack opening was either higher (strong 

matrix–aggregate interfaces) and lower (weak matrix–aggregate interfaces) for spherical 

aggregates. However, the same aggregate roughness and the related strength and thickness of 

ITZs (which are very influential mechanical factors) were not preserved in the experiments. 

Concretes with higher both aggregate roughness, ITZ stiffness and ITZ strength and smaller 

ITZ thickness produce higher tensile strengths [8], [10], [11], [62],-[64]. For this reason, the 

experiments on the effect of the aggregate shape on the tensile strength of concrete may result 

in strongly different results. 

 

The paper is structured as follows. After the introduction (Section 1), our experiments on 

concrete were very briefly summarized (Section 2). Next, we detailed our numerical approach 

and input data in Section 3. The effects of the aggregate shape on the load-displacement 

diagram and crack pattern with crucial findings were discussed in Sections 4 (2D DEM 

analyses) and 5 (3D DEM analyses). Finally, the summary and conclusions were offered in 

Section 6. 

 

2. Own experiments on concrete beams 

 

The experimental data of three-point bending concrete beam with a notch were described in 

detail in our papers [8], [10], [11]. Below, the most important data are reminded.  

The dimensions of the beams were 320×80×40 mm
3
 (length L, height H and width B).  

The support distance was 240 mm (3×H) (Fig.1). The concrete mixture contained the ordinary 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


7 

 

Portland cement, round-shaped gravel and sand particles with the maximum aggregate 

dmax=16 mm and mean aggregate d50=2 mm [8]. The aggregates greater or equal to 2 mm in 

diameter filled the specimen in 37% [8], [65]. The aggregate surfaces were smooth, i.e. the 

maximum normalized roughness Rn(max), which was expressed as the ratio between the 

maximum mean distance between the peaks and valleys along the aggregate surface, and the 

aggregate diameter was low (Rn(max)=0.045) [11]. The micro-porosity of the mortar was 

established at the p=5% level in the x-ray micro-CT measurements [65]. The compressive 

strength of concrete was fc=51.81 MPa, Young‟s modulus was E=36.1 GPa, the Poisson‟s 

ratio was v=0.22 and the flexural tensile strength was ft,flex=4 MPa [13]. The tests were 

performed with a constant-controlled notch opening displacement (crack mouth opening 

displacement (CMOD)). The maximum vertical force Fmax obtained during three-point 

bending tests was varied between 2.15 and 2.25 kN (ft,flex=3.73-3.91 MPa) [8]. The size, shape 

and positions of the aggregate and macro-voids were found with micro-CT images of the 

specimen's mid-part (80×50×40 mm
3
). The x-ray micro-tomography system SkyScan 1173 

was used; the pixel size varied from 3 µm up to 90 µm [65], [66]. The macro-crack above the 

beam notch was pronouncedly curved in the 3D space; it occurred by bridging the interfacial 

cracks (micro-damage first initiated in ITZs [8], [10], [11]). The width of porous ITZs on the 

concrete surface was between 20-50 μm, measured with the scanning electron microscope 

(SEM) Hitachi TM303 [8]. ITZs were visible around about 90% of the aggregate 

circumference (in all aggregates (da2 mm)) due to the creation of water lenses beneath 

aggregates during concrete mixing. The experimental porosity of ITZs changed between 

p=25% (directly at the aggregates) down to p=5% (in the cement matrix) [11]. Based on some 

nano-indentation tests carried out on the mortar close to aggregate, the modulus of elasticity 

of ITZs was by 35% smaller than the modulus of elasticity of the mortar [11]. 

 

3. Discrete element method (DEM) for concrete 

 

DEM has been recognized as an effective tool in the study of frictional-cohesive granular 

materials, as it allows particles to be modelled individually and forces of various types to be 

considered. On one hand, DEM is used for comprehensive studies of mechanisms of the 

initiation, growth and formation of micro- and macro- cracks in concretes since it can 

accurately characterize their mechanical behaviour and the fracture propagation pattern [8], 

[10], [11]. On the other hand, DEM may also be applied for analysing different local 
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phenomena at the aggregate level (e.g. vortex structures and bottlenecks) for early identifying 

a final macro-crack location [48], [67], [68]. They can be also successfully employed for 

effectively investigating a mechanical size effect in concrete [51]. The shortcomings of DEM 

models are long-lasting computations.  

 

The DEM calculations were performed with the three-dimensional spherical explicit discrete 

element open code YADE [46], [47]. A soft-particle model was used allowing for a small 

overlap to be formed between two contacted particles. In DEM, translational and rotational 

motions of all particles are governed by Newton‟s second law of motion using an explicit 

time-stepping scheme [69]. Our DEM phase-model for concrete was described in detail in [8], 

[10], [11]. Its applicability was evaluated by performing a series of simple tests (uniaxial 

compression, splitting tension, bending). The DEM model faithfully reproduced fracture in 

concretes under bending (2D and 3D analyses) [8], [10], uniaxial compression (2D and 3D 

simulations) [48], [49], and splitting tension (2D studies) [50], [51], and shear localization in 

granular materials [70]-[74]. A cohesive bond was assumed at the particle contact that exhibited 

the brittle failure under the critical normal tensile load [75]. The tensile failure induced contact 

separation. The shear cohesion failure initiated contact slip and sliding obeying the Coulomb 

friction law under normal compression. It can be summarized as follows (Eqs.1-7, Fig.2): 

 

 ⃗      ⃗⃗⃗,      (1) 

 ⃗   ⃗           ⃗                                                             (2) 

                                     
     

     
       and              

     

     
,                                        (3) 

‖ ⃗ ‖      
  ‖ ⃗ ‖               (before contact breakage),          (4) 

‖ ⃗ ‖  ‖ ⃗ ‖               (after contact breakage),                        (5) 

                                          
            and           

     ,                                          (6) 

                                                    ⃗    
   ⃗        ( ⃗ 

 ) ⃗ .                                           (7) 

 

where  ⃗  - the normal contact force, U - the overlap between discrete elements,  ⃗⃗⃗ - the unit 

normal vector at each contact point,  ⃗  - the tangential contact force,  ⃗       - the tangential 

contact force from the previous iteration,  ⃗  - the relative tangential displacement increment, 

Kn - the normal contact stiffness, Ks - the tangential contact stiffness, Ec, - Young‟s modulus of 

the particle contact, c - the Poisson‟s ratio of particle contact,  R - the particle radius, RA and 
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RB - the contacting particle radii μ - the Coulomb inter-particle friction angle,     
  - the 

critical cohesive contact force,     
  - the minimum tensile force, C - the cohesive contact 

stress (maximum shear stress at the pressure equal to zero) and T - the tensile normal contact 

stress,  ⃗    
  - the damped contact force,  ⃗  and  ⃗ 

  - the k
th
 components of the residual force 

and translational particle velocity vp and αd - the positive damping coefficient smaller than 1 

(sgn(•) returns the sign of the k
th

 component of velocity). If any contact between spheres after 

failure re-appeared, the cohesion did not turn up (Eq.5). Note that material softening was not 

assumed in the DEM model. Albeit bonds could break by shear, the essential micro-scale 

mechanism for damage in the pre-failure regime was the bond breakage in tension [51]. Five 

main local material parameters are required for discrete simulations: Ec, υc, μ, C and T. The 

remaining ones are: the particle radii R, particle mass density ρ and damping parameters αd. The 

detailed calibration procedure was described in [8], [10], [48], based on simple standard 

laboratory tests of concrete specimens due to a data lack regarding mechanical properties of 

ITZs. In the model, the particle breakage was not taken into account. In the calculations with 

our combined DEM/x-ray -CT images mesoscopic approach, ITZs had no physical width 

and were always simulated by weaker contacts between aggregates and mortar paste. Such an 

approach was effective enough to capture mechanical fracture [8], [10], [48]-[51]. In [11], the 

DEM model was improved by extending porous ITZs with a defined thickness around all 

aggregate particles. However, for 3D analyses, this improved DEM model was very much 

time-consuming. Therefore, concrete was described in DEM computations as a four-phase 

material composed of aggregate, cement matrix, ITZs and macro-voids, wherein ITZs had a 

0-width. The four-phase material was in the beam mid-region only (Fig.3A). The remaining 

beam region (outside the meso-region close to the notch) was simulated with the aid of the 

spheres of d=2-8 mm in order to reduce the calculation time (Fig.3A).  

 

All aggregate particles in the range of 2 mm<d≤16 mm were created as grain clusters with a 

diameter of d=0.5 mm connected to each other as rigid bodies; they included ITZs. The 

aggregate volume was as in the experiment (37%). The volume/area, grading curve, shape and 

position of the aggregate particles were determined by means of micro-CT images [8]. The 

aggregate particles imbedded in concrete were also modelled as circles/spheres for 

comparison purposes. In the 2D approach, they preserved either the same area, grading curve 

and positions (Fig.3Bb) and the same area and grading curve at a random distribution 

(Fig.3Bc). In the 3D approach, they preserved the same volume and grading curve at a 
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random distribution (Fig.3Bc). The cement matrix was modelled with spheres only with the 

diameter 0.25 mm (2D) - 0.35 mm (3D) ≤ d < 2 mm without ITZs. The cement matrix grains 

filled in the concrete specimen in p=95% in volume as in the experiment (p=Vv/V, Vv - the 

pore volume and V - the specimen volume). The macro-voids (d0.8 mm) were assumed as 

the empty spaces. In 2D calculations, the width of the beam included one row of aggregate 

and cement matrix particles along with the beam height. In 3D studies, the beam depth was 

B=40 mm as in the experiment (Fig.1). The concrete specimens‟ construction was fully 

described in [8], [10]. In order to induce the quasi-static deformation in the assembly, the 

constant velocity of v=2 mm/s was applied at the place of the vertical force F. The prescribed 

velocity and damping parameter d (Eq.7) did not affect the results [48]. The calculated 

nominal inertial number I (which quantifies the significance of dynamic effects) was <10
-3

 

that always corresponded to a quasi-static regime. 

 

The following parameters were used in the beam meso-region in all 2D and 3D calculations 

[8]: cement matrix (Ecm=11.2 GPa, Ccm=140 MPa and Tcm=22.5 MPa) and ITZs 

(EITZ=7.84 GPa, CITZ=100 MPa and TITZ=15 MPa). The ratios EITZ/ Ecm, CITZ/Ccm and TITZ/Tcm 

were 0.70. The remaining region with large grains (outside the meso-region) was described by 

the constants similar as for the mortar [8], [10]. The remaining parameters were constant for 

all phases and regions: υc=0.2 (Poisson‟s ratio of grain contact), μ=18
o
 (inter-particle friction 

angle), αd=0.08 (damping parameter) and ρ=2600 kg/m
3
 (mass density).  

 

The total number of elements was about 25 000 elements (20 000 elements in the meso-

region) with the minimum particles diameter dmin=0.25 mm in 2D calculations and 235 000 

(220 000 in the meso region) with dmin=0.35 mm (Fig.3) in 3D calculation. The effect of dmin 

on the stress-strain curve was negligible if dmin was small enough, i.e. dmin<0.5 mm [48], [49]. 

 

4. Two-dimensional simulation results 

 

Strength and brittleness  

Figure 4 shows the calculated macroscopic force F versus the CMOD displacement for two 

types of aggregate from 2D DEM analyses (at the depth of 3 mm from the beam front side) as 

compared to one experimental curve [8]. The numerical strength of the beams with circular 

aggregate particles in the beam mid-region was larger by about 15% than with real aggregate 
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particles, similarly as in other numerical mesoscopic simulations [7], [14], [20], [21],  

[53]-[55]. The CMOD displacement corresponding to the maximum force was also larger 

(0.0185-0.019 mm against 0.018 mm). The response of the beam with circular aggregate was 

more brittle. The best agreement was obviously achieved when the real irregularly-shaped 

aggregate particles were used. In this case, the maximum calculated vertical force was equal 

to F=2.20 kN for CMOD=0.018 mm and was almost the same as in the experiment  

(F=2.18 kN for CMOD=0.017 mm). The residual calculated force (for CMOD=0.10 mm) was 

about 10% higher than in the laboratory test. The position of spherical aggregates had a minor 

effect on the force-displacement curve. All 2D numerical curves indicated in the post-peak 

regime some numerical fluctuations.  

 

Cracking 

In Fig.5 the numerical and experimental final crack path (Fig.5a) is shown above the beam 

notch in the vertical cross-section at the depth of 3 mm from the beam face side for 

CMOD=0.10 mm. Due to the beam imperfection, the macro-crack was created above the 

notch and then moved upwards due to bending by bridging the interfacial cracks (Figs.5 and 

6). The crack was curved due to the presence of aggregates with ITZs. Many small crack 

branches formed also along the propagation way. The numerical crack trajectory with the real 

non-regularly-shaped aggregate in the beam mid-region (Fig.5b) was almost identical as in the 

experiment (Fig.5a). For round aggregate particles, the propagation way of the main macro-

crack was different - it was more vertical (Figs.5c and 5d).  

 

The place, shape and width of the isolated plane macro-crack above the beam notch for 

CMOD=0.10 mm from 2D DEM simulations (at the depth of 3 mm from the beam front side) 

is shown in Fig.6 for real non-regularly-shaped aggregates and random circular aggregates. 

The calculated macro-crack height hc after the test was about hc=48-50 mm (70% of the 

specimen height) for the non-regular and circular aggregate (Figs.5b and 6). The crack height 

was equal to 6 mm (non-circular aggregate) and to 8 mm (circular aggregate) for the 

maximum vertical force Fmax. The total crack length lc for non-regularly-shaped aggregates 

was about lc=67 mm, similarly as during the experiment, and was significantly longer than for 

circularly-shaped aggregates (lc=55-57 mm, Figs.5c and 5d). Thus, the brittleness of the beam 

with round aggregates was higher. The crack width wc almost linearly reduced with the height 

due to bending. The 2D crack width was similar independently of the aggregate: wc=0.10 mm 
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(above the notch) and wc=0.012-0.015 mm (10 mm below the crack tip) (Fig.6). Those values 

were similar to the experimental test values using DIC [66]. 

 

Broken contacts 

Both the number n and the percent contribution of broken contacts n‟ in 2D analyses is 

demonstrated in Fig.7 (the beam mid-region was solely considered). The initial number of all 

contacts was about 35‟000 and the initial co-ordination number (number of contacts per 

article) was about 5.7 in both the aggregate types. The evolution shape of broken contacts was 

similar, independently of the aggregate type (Fig.7A). The breakage rate was smaller when 

the crack moved through the cement matrix and larger when the crack moved through ITZs 

around large grains [8]. The grain contacts started to break at the same moment 

(CMOD=0.005 mm), independently of the aggregate shape, i.e. far before the maximum 

vertical force Fmax was reached (CMOD=0.018-0.019 mm). For the peak force Fmax 

(CMOD=0.018 mm), the number of broken contacts was higher for real angular aggregates. 

Later (CMOD>0.03 mm), its number and its damage rate became larger with round 

aggregates (e.g. by 25-50% for CMOD=0.08 mm). The number of broken contacts reached 

the same level of about 600 at the end of the test (CMOD=0.1 mm), i.e. 1.65% of all initially 

existing contacts (Fig.7B).  

 

Contact force network 

Figure 8 demonstrates the normal and shear contact force network in the beam mid-region for 

CMOD=0.10 mm. The red lines in Fig.8A denote the high compressive forces (higher than 

the average ones) and the blue lines the high tensile forces (lower than the average ones).  

The remaining forces are marked in green. The line thickness represents the magnitude of 

contact forces between two particles. The majority of the external vertical force was 

transmitted via force chains (mainly via the so-called strong contact forces - higher than the 

average ones). The concrete beams with real non-regularly-shaped aggregate and random 

circular aggregate showed similar behaviour. Some strong compressive forces existed in the 

top part of the beam under the vertical force F and at the macro-crack. The maximum tensile 

forces were obviously located above the crack tip. More compressive forces were at the 

macro-crack for real irregularly-shaped aggregates (Fig.8A). However, their maximum values 

were similar, about 20 N (tensile force at the crack tip) and 50 N (compressive force under the 

external vertical force F). High tangential forces occurred close to the macro-crack edges due 

to friction between the aggregates that caused the so-called inter-locking effect [75]-[78].  
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The maximum tangential contact force close to the macro-crack (connected to the maximum 

normal contact force) was 5 times higher for non-regularly-shaped aggregates than for 

rounded aggregates (20 N against 4 N) for CMOD=0.10 mm. For the peak load, both the 

contact forces were still weakly developed.  

 

5. Three-dimensional simulation results 

 

Two different numerical analyses were performed under 3D conditions: 1) with real non-

regularly-shaped aggregate and 2) spherical aggregate randomly distributed (using the same 

volume, size and grading curve of aggregate). A methodology of the preparation of the 

specimen meso-structure in 3D based on micro-CT scans was described in detail in [10].  

It was not possible to create in 3D simulations spherical aggregates with the same volume and 

position as the real angular aggregates since the spherical aggregates overlapped each other 

too strongly in the 3D space.  

 

Strength and brittleness  

The force-CMOD curves as compared to the experiment are shown in Fig.9. The spherical 

aggregates again provided the higher maximum force by 15% (Fmax=2.46 kN) as compared to 

the real non-regularly-shaped aggregate as in 2D simulations (Fig.4). The displacement 

corresponding to the maximum force was also higher. The brittleness was, however, similar 

for two different aggregate shapes. The computed 3D maximum vertical force (Fmax=2.14 kN 

for CMOD=0.0175 mm, Fig.9b) for the real aggregate was very similar to the experiment 

(Fmax=2.18 kN for CMOD=0.017 mm) (Fig.9a). The 3D residual vertical force was also close 

to the experimental one up to CMOD=0.075 mm. The initial concrete stiffness and brittleness 

were also similar. As compared to 2D calculations (Fig.4), the 3D force-CMOD curve was 

more realistic in spite of a slight increase of the minimum sphere diameter in the mortar (from 

0.25 mm up to 0.35 mm). In addition, fewer force fluctuations occurred in the post-peak 

regime in 3D due to a higher number of discrete elements. The residual ductility of the 3D 

beam was slightly lower than this in [10] (Fig.10) due to an improved mapping accuracy of 

aggregates being in very close contact on x-ray micro-CT images. 
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Cracking 

In Fig.11, the calculated final spatial crack path along the beam width B was shown for 

CMOD=0.10 mm (it can be also seen in Figs.14A and 15). The macro-crack was again more 

curved in the beam with real irregularly-shaped aggregates (Fig.11a) than in the beam with 

spherical aggregates (Fig.11b). However, the difference in shape was smaller than  

in 2D analyses. The crack height was 62 mm (real aggregates) and 60 mm (spherical 

aggregates). The crack width wc was slightly smaller for real aggregates (0.07/0.05/0.03 mm) 

than for spherical aggregates (0.08/0.06/0.04 mm) at 10/20/30 mm above the notch at the 

distance of 3 mm from the front side (as in 2D calculations). The crack area was equal to  

46,5 cm
2
 (angular aggregates) or 39.74 cm

2 
(spherical aggregates). For the cross-section at the 

distance of 3 mm from the front side, the macro-crack length was equal to 68 mm (real 

aggregates) and 64 mm (spherical aggregates) (the difference was smaller  than in 2D 

simulations, Figs.5 and 6). In addition, many micro-cracks occurred around aggregates 

independently of its shape.
 
The shape of the macro-crack with real aggregates was in 

satisfactory agreement with the experiment [65] (Fig.12). 

 

Broken contacts 

Figure 13 shows the change of the number of broken contacts n (Fig.13A) and %-contribution 

of broken contacts n’ as compared to the total initial contact amount (Fig.13B) during beam 

deformation. The initial contact number was 640 000 with the coordination number equal to 

7.3 for the real and spherical aggregate. The evolution of broken contacts was similar as in 2D 

analyses (Fig.7), however, it was smoother. The contact breakage started again far before the 

force peak, i.e. for CMOD=0.03-0.05 mm (it started slightly earlier with the spherical 

aggregate). For the peak force Fmax (CMOD=0.018 mm), the number of broken contacts was 

smaller in real angular aggregates in contrast to 2D results (Fig.7). Thus, the sharp edges of 

aggregates do not have to contribute to a lower tensile strength due to stress concentrations. 

The final %-contact damage was again similar for the real angular and spherical aggregate 

(1.20%) as in 2D calculations. More than 12 times contacts were broken in 3D than in 2D 

(7500 versus 600, Figs.7A and 13A). The %-content of broken contacts was, however, lower 

for the aggregate in 3D than in 2D (1.2% against 1.60%). 

 

Contact force network 

The map of (A) normal and (B) tangential contact forces between particles from 3D DEM for 

CMOD=0.10 mm is shown in Fig.14. It was similar to that in 2D calculations (Fig.8A), 
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however, more tensile contact forces were concentrated at the crack tip. The maximum 

compressive forces were under the vertical force and along the macro-crack, the maximum 

tensile forces were located above the crack tip and the maximum tangential forces (connected 

directly with the normal contact forces) were at the macro-crack. The maximum 

compressive/tensile forces on both sides of the macro-crack were found to be higher for the 

real angular aggregate that for the spherical aggregate (CMOD=0.10 mm): 31.4 N versus 

28.2 N and 12.6 N versus 8.6 N (Fig.14A). The mean values were 0.37 N and 0.31 N for 

compressive and tensile contact forces (real aggregates), and 0.25 N and 0.063 N for spherical 

aggregates. The maximum and mean tangential forces along the macro-crack were 

15.5/0.49 N and 6.84/0.26 N for real and spherical aggregates, respectively (Fig.14B). Thus, 

very strong interlocking happened (Fig.14B) if the irregularly-shaped aggregates were 

assumed (similarly as in 2D calculations, Fig.8B). The tensile region at the front of the macro-

crack was significantly larger for angular than for round aggregates (Fig.14A). 

 

Figure 15 shows the intensity of tensile normal contact forces in 3D DEM for three different 

CMOD displacements in a vertical cross-sectional slice at 3 mm from the front beam side 

(CMOD=0.018 mm (peak load), 0.04 mm and 0.10 mm). The stressed region with broken 

contacts near the tip of a macro-crack was, in particular, pronounced for irregular aggregates 

and was not small in comparison to the crack length). In both cases, some strongly stressed 

and broken contacts also occurred far beyond the main macro-crack.  

 

In summary, the tensile strength of concrete was higher in DEM calculations for 

circular/spherical aggregates due to the smaller length/area of weak ITZs around round 

aggregates in the strained/stressed region. 

 

6. Conclusions 

 

A 4-phase meso-scale constitutive model for concrete employing a three-dimensional discrete 

element model was used in the numerical analyses. ITZs were simulated as porous mortar 

zones around aggregates with a zero-width by reducing their mechanical properties with 

respect to the mortar. The model‟s capability to represent the salient features of concrete in 

terms of strength, brittleness and fracture was confirmed in DEM calculations with real 

angular aggregates. Our DEM calculations based on the real micro-structure obtained from  
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x-ray micro-CT images showed realistic correspondence with experiments (strength, 

brittleness and fracture). The comparative 2D and 3D analyses were conducted with different 

aggregate shapes to elucidate their effect on the concrete response during bending with 

respect to the strength and fracture. Two different aggregate shapes assumed: the real 

irregularly-shaped based on micro-CT scans and the artificial circular/spherical one. From our 

numerical analyses with the same material parameters, the following conclusions can be 

offered:  

 

- Some pronounced differences occurred between the simulation results for angular and 

round aggregates with respect to the strength and fracture geometry of concrete, in 

particular in 2D conditions. 

 

- The circular/spherical aggregate shape contributed to the beam strength by 15% (in 2D and 

3D analyses) as compared to the real angular aggregate due to a smaller length/area of 

weak ITZs around round aggregates in the strained region. The calculated concrete 

brittleness was higher in 2D analyses and similar in 3D ones. The displacement 

corresponding to the strength was higher for circular/spherical aggregates. The beam 

strength and brittleness were more realistically reproduced in 3D simulations than in 2D 

ones. 

 

- The aggregate shape clearly affected the curvature and length of the discrete macro-crack 

that was created by bridging the interfacial micro-cracks. The crack was more vertical and 

shorter in length with circular/spherical aggregates, in particular, in 2D analyses. The crack 

width was slightly higher for spherical aggregates than for real angular aggregates. 

 

- Evident compressive normal and tangential contact forces occurred along the macro-crack 

due to aggregate inter-locking. They were all significantly stronger for angular aggregates 

than for spherical ones (by 20-150% in 3D). 

 

- The number of broken normal contacts was higher about 12 times in the 3D beam than in 

the 2D beam. The final %-contact damage was lower in the 3D beam (1.20%) than in the 

2D beam (1.60%).  
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- The tensile stressed region in the front of the crack tip was larger for irregularly-shaped 

aggregates. 
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Fig.1: Experiments with concrete under bending: geometry and boundary conditions of 

concrete beams subjected to three-point bending [8], [10], [65] 

 

 

FIGURE 1 
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a) 

 

b) 

  

c) 

 

d) 

 

 

Fig.2: Mechanical response of DEM: a) tangential contact model, b) normal contact model,  

c) loading and unloading path in tangential contact model and d) modified Mohr-Coulomb 

model [46], [47] 
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3D 

                               a)                                                                           c)                       

B) 

 

 

Fig.3: 2D and 3D geometry of concrete with different aggregate particles: A) entire 3D beam 

and B) beam meso-region of 50×80 mm
3
 close to notch based on micro-CT images (at 3 mm 

from specimen front) with aggregates modelled as: a) real non-regularly-shaped aggregates 

[8], [10]), b) circular aggregates with equivalent cross-sectional area and position and  

c) randomly distributed circular aggregates with equivalent cross-sectional area (dark grey 

colour corresponds to aggregate, light grey colour to cement matrix and white spots to macro-

voids)  

 

 

FIGURE 3 
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Fig.4: Evolution of vertical force F against CMOD displacement in beam under 3-point 

bending in 2D numerical analyses (at depth of 3 mm from beam front side): a) experimental 

curve [8], b) DEM with real non-regularly-shaped aggregate [8], c) DEM with circular 

aggregate at same position as in „b‟) and d) DEM with circular aggregate at random position 

 

 

 

 

FIGURE 4 
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a) 

 

     

b)        c)        d) 

 

Fig.5: Final crack trajectory in concrete beam above notch after test for CMOD=0.10 mm: 

a) µCT-image at depth of 3 mm from beam face side (black colour denotes macro-voids) and 

b) 2D DEM with real non-regularly-shaped aggregates [8], c) 2D DEM with rounded 

aggregates at same position and d) 2D DEM with random rounded aggregates (red colour 

denotes elements with broken contacts, dark grey denotes aggregate, light grey denotes 

cement matrix and white colour denotes macro-voids)  

FIGURE 5  
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Fig.6: Place, shape and width of isolated plane macro-crack above beam notch for 

CMOD=0.10 mm from 2D DEM simulations (at depth of 3 mm from beam front side): real 

non-regularly-shaped aggregate (in red) and random circular aggregate (in green) (crack width 

is multiplied by factor 10, crack width at notch is equal to CMOD) 

 

 

 

FIGURE 6 
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A) 

 

B) 

 

Fig.7: Number of broken contacts n (A) and percent content of broken contacts related to 

initial number of contacts n’ (B) versus CMOD displacement using 2D DEM with: a) real 

non-regularly-shaped aggregate [8], b) circular aggregate at same position as in „a‟) and c) 

randomly located  circular aggregate  

FIGURE 7  
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     A) 

                                             a)                                                         b) 

B) 

a)     b) 

 

Fig.8: Map of normal (A) and tangential contact forces (B) between particles obtained from 

2D DEM for CMOD=0.10 mm with: a) real non-regularly-shaped aggregate [8] and  

b) randomly distributed circular aggregate (red colour denotes large compressive forces and 

blue colour denotes large tensile forces, line thickness corresponds to force magnitude) 

FIGURE 8  
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Fig.9: Evolution of vertical force F against displacement CMOD in beam under 3-point 

bending from 3D numerical analyses: a) experimental curve (in red), b) DEM with real 

irregularly-shaped aggregate (in green) and c) DEM with random spherical aggregate  

(in blue)  

 

 

 

FIGURE 9 
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Fig.10: Evolution of vertical force F against CMOD in beam under 3-point bending:  

a) calculated curves [10] (in green) and b) calculated curve (Fig.9b) (in blue) 

 

FIGURE 10 
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a)        b) 

 

 

 

Fig.11: Place, shape and width (with scale) of isolated spatial macro-crack above beam notch 

for CMOD displacement of 0.10 mm from 3D DEM analyses: a) real irregularly-shaped 

aggregates and b) randomly distributed spherical aggregates (crack width is multiplied by 

factor 10) 

 

 

FIGURE 11   
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Fig.12: Experimental macro-crack [65] (scale denotes width) 

 

 

 

 

FIGURE 12  
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A) 

 

B) 

 

Fig.13: Number of broken contacts n (A) and percent content of broken contacts related to 

initial number of contacts n‟ [%] (B) versus CMOD displacement from 3D DEM simulations 

with: a) real irregularly-shaped aggregate [10] and b) randomly distributed spherical 

aggregate 

FIGURE 13   
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         A) 

                                        a)                                                          b) 

     B) 

a)      b) 

 

Fig.14: Map of (A) normal and (B) tangential contact forces between particles from 3D DEM 

simulations for CMOD=0.10 mm with: a) real irregularly-shaped aggregate and b) randomly 

distributed spherical aggregate (red colour denotes large compressive normal forces and blue 

colour denotes large tensile contact forces, line thickness corresponds to force value) 

 

FIGURE 14  
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a) b) c) 

A) 

a) b) c) 

B) 

Fig.15: Intensity of tensile normal contact forces in 3D DEM versus CMOD for vertical 

cross-sectional slice at 3 mm from front specimen side for: A) real irregularly-shaped 

aggregates [10] and B) randomly distributed spherical aggregates: a) CMOD=0.018 mm,  

b) CMOD=0.04 mm and c) CMOD=0.10 mm (yellow colour – all contacts, green colour - 

strained contact forces in 50%, blue colour - strained contact forces in 75%, black colour - 

strained contact forces in 90% and red colour – broken contacts)  

FIGURE 15 
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