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Abstract: This article presents a comparison between integer and non-integer order modelling of
a synchronous generator, in the frequency domain as well as in the time domain. The classical
integer order model was compared to one containing half-order systems. The half-order systems
are represented in a Park d-q axis equivalent circuit as impedances modelled by half-order
transmittances. Using a direct method based on the approximation of the half-order derivatives
by the Grünwald–Letnikov definition, a state-space equation system was solved. For both models,
a computational program written in Matlab® software was used. For the purpose of time domain
simulation, the machine models were connected to an electric load composed of an RL circuit.
To validate and compare both models, simulation results of a three-phase short-circuit and a no-load
voltage recovery were compared with corresponding measurements performed on a solid salient-pole
synchronous generator of 125 kVA.

Keywords: fractional calculus; Grünwald–Letnikov definition; non-integer order modelling;
synchronous generator

1. Introduction

Non-integer order modelling is generally used to model devices where diffusion phenomena are
present and influence their functionality. These can be, for example, diffusions of temperature, electric
field or gases. One such phenomenon is also diffusion of the magnetic field in a solid ferromagnetic
material. In most electrical machines, induced currents that are proportional to the frequency increase
can no longer be neglected. Therefore, half-order modelling has been proposed to better describe
the behaviour of electrical machines susceptible to the presence of induced currents in some of their
conductive parts. Previous works have introduced such modelling in mechanical engineering for car
suspension modelling [1], in electrochemical engineering for modelling of batteries [2], fuel cells [3],
capacitors [4], supercapacitors [5] and ultracapacitors [6], as well as in electrical engineering for
modelling of induction machines [7], synchronous machines [8,9] or transformers [10]. Classically,
equivalent circuits of electrical device models are enhanced by adding ladder elements with constant
parameters, usually R, L or C (resistance, inductance and capacitance, respectively) [11,12]. However,
in theory, to better represent the diffusion effect, which is a distributed phenomenon described by
partial differential equations, one has to integrate into equivalent circuits an infinite number of such
ladders. Practically, this number is a chosen finite to meet the desired accuracy over a studied frequency
range [13]. The main advantage of using non-integer order models is their reduced order in comparison
to the classical integer order ones. This is due to the fact that non-integer order transmittances
are much closer in mathematical relation to the physics of the studied phenomena than integer
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order ones. For electrical machine models represented by equivalent circuits with non-integer order
systems, the structure and circuit parameters have been directly derived from Maxwell equations [14].
Nevertheless, this compactness feature is most pronounced in the frequency domain. For the time
domain analysis, the non-integer order derivatives present in the model need to be approximated,
often by integer order systems [15]. It is then interesting to investigate the differences between these
two modelling approaches, especially for the time domain.

In this article, time domain simulations of a synchronous generator modelled by equivalent
circuits are performed using a direct method, which consists of replacing derivatives by their
numerical definitions. For the non-integer order derivatives, the Grünwald–Letnikov approximation is
applied [16–18].

The paper is organized as follows. First, the equivalent circuits of the integer and non-integer
order models of the synchronous generator are recalled. Then, for both models, a state-space equation
system is constructed. After the identification process in the frequency domain, the Bode diagrams of
the operational inductances, as well as the identified parameters of both models, are compared. Finally,
both models are validated using data from short-circuit and power restoration tests performed on a
125 kVA synchronous generator.

2. Integer and Non-Integer Order Models of Synchronous Generator

Classical equivalent circuits of the synchronous generator are presented in Figure 1. This simple
model includes one RL ladder element responsible for modelling the skin effect of squirrel cage damper
bars during transient states. Nevertheless, it does not take into account the eddy currents developed in
massive parts of the machine. Such a model is then appropriate for low frequency range modelling.
To increase the modelled frequency range by taking into account the skin and eddy current effects,
the virtual windings of the damper and massive parts modelled by RL elements should be added to
the d and q axes. The number of such elements is selected arbitrarily to achieve the assumed accuracy.
This kind of model is widely used and described in the literature [19–23].

Figure 1. Classical integer order equivalent circuits of a synchronous generator connected to RL electric
load (axes d and q).
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Another approach to increase the accuracy and frequency range of electric machine models is
to replace the RL elements present in the classical equivalent circuits with impedances described by
half-order transmittances [24,25]. Figure 2 illustrates the non-integer order d-q equivalent circuits of a
synchronous generator with half-order impedances integrated into the model.

Figure 2. Non-integer order equivalent circuits of a synchronous generator connected to RL electric
load (axes d and q).

The impedances described by half-order systems and those used in d-q equivalent circuits (Figure 2)
are different. When modelling massive parts of the solid steel rotor, one should use the inductive
impedance described by Equation (1). Meanwhile, for the description of squirrel cage damper bars,
the resistive type of impedance is proposed by Equation (2) [26]. For the aim of identification, this model
is simplified, i.e., damper bars’ representation on the q axis is described by the classic resistance r2q and
the classic inductance l2q, which are constant with frequency [27].

Z
1/2
1d/1q(s) =

L1d/1q·s√
1 + s

ω1d/1q

(1)

Z
1/2
2d (s) = R2d·

√
1 +

s
ω2d

(2)

The non-integer order model from
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Figure 2 is derived as follows:

Rch·id + s·Lch·id = −rs·id − s·lσs·id − s·lad·
(
id − i f + i1d + i2d

)
−ωϕq

u f = i f ·r f + s·lσ f ·i f + s·l f 12d·
(
i f − i2d

)
− s·lad·

(
id − i f + i1d + i2d

)
0 = Z

1/2
1d ·i1d + s·lad·

(
id − i f + i1d + i2d

)
0 = Z

1/2
2d ·i2d + s·lad·

(
id − i f + i1d + i2d

)
− s·l f 12d·

(
i f − i2d

)
Rch·iq + s·Lch·iq = −rs·iq − s·lσs·iq − s·laq·

(
iq + i1q + i2q

)
+ωϕd

0 = s·laq·
(
iq + i1q + i2q

)
+ r2q·i2q + s·l2q·i2q

0 = Z
1/2
1q ·i1q + s·laq·

(
iq + i1q + i2q

)
(3)

with flux components equal to:

ϕd = lσs·id + lad·
(
id − i f + i1d + i2d

)
(4)

ϕq = lσs·iq + laq·
(
iq + i1q + i2q

)
(5)

The implicit half-order transmittances of the impedances presented in Equations (1) and (2)
are difficult to analyse analytically. Indeed, after integration into equation system (3), one obtains
differential equations comprising Laplace operators to the power of 2 and higher, which complicates
considerably the variables’ change process and the expression of the model in the form of state-space
Equation (6).

x(1/2) = A·x + B·u (6)

where A is the state matrix, B is the input matrix, x is the state vector and u is the input vector.
Therefore, the implicit half-order transmittances (1) and (2) are replaced by their explicit equivalents

given below:

Z
1/2
1d (s) =

L1d·s

1 +
√

s
ω1d

(7)

Z
1/2
1q (s) =

L1q·s

1 +
√

s
ω1q

(8)

Z
1/2
2d (s) = R2d·

(
1 +

√
s
ω2d

)
(9)

This mathematical change does not have any great impact on the model precision, which has
been proved in [27] by juxtaposing the two frequency models (implicit and explicit) of the operational
inductances (Ld, Lq).

Finally, integrating Equations (3)–(5) and (7)–(9), one obtains a system of non-integer order
differential equations describing the synchronous generator with RL load.

3. Parameter Identification

The parameter identification process for both integer and non-integer order models can be carried
out based on input from the Standstill Frequency Response test (SSFR) [25,28] and the least-squares
problem procedures. Identification of parameters in the frequency domain is particularly useful
for non-integer order models as the square roots of the Laplace operators present in the differential
equations are interpreted as

√
j·2π f and so they are calculated fast and without any numerical problems.

Figure 3 presents identification results for the 125 kVA synchronous generator.
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Figure 3. Bode diagrams of the 125 kVA synchronous generator inductances Ld and Lq (black
dots—measurements, blue solid line—integer order model, red dashed line—non-integer order model).
(a) module of operational inductance Ld, (b) phase of operational inductance Ld, (c) module of
operational inductance Lq, (d) phase of operational inductance Lq.

As shown in Figure 3, even with an approximation by the explicit half-order transmittances,
the non-integer order model has smaller total error throughout the studied frequency range. Indeed,
the classical integer order model with fewer parameters, especially on the q axis, cannot be identified
with equal accuracy. To improve the precision of the classical models, one has to expand the d-q
equivalent circuits with further ladder elements (RL), which results in physical meaning loss of the
circuit parameters that can in some cases take even negative values during the identification process.

One of the problems arising during global identification of all the parameters simultaneously
using the full frequency range for the least-squares procedure is the numerical indistinguishability of
model parameters. To overcome this problem, to some extent one has to suppose the probable ranges
of parameters before initializing the identification process [19]. However, some of the parameters can
have more impact on the model output than others, which results in different identification accuracy.

4. Measurement Setup for Time Domain Validation

To validate and compare integer and non-integer order models of the synchronous generator in
the time domain, an Elmor GCh114a/4 3-phase, 4-pole, 125 kVA (0.8 pf), 400 V (Y connected) salient
pole synchronous generator (the rated data is located in the Appendix A) was measured using a
controlled short-circuit setup (Figure 4). The studied generator was driven by a dynamometer test
bench with speed and torque control (Figure 5).

Measurements of the three-phase short-circuit from idle operation and no-load voltage recovery
were performed. The voltage, current, speed and torque waveforms were acquired using LEM®

current transducers and a National Instruments USB data acquisition card controlled with PC software.
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Figure 5. Measurement setup with the dynamometer (on the left) and the studied synchronous
generator (on the right).

5. Simulation and Measurement Results

Solving the system of integer order differential equations is relatively simple. Indeed, integer
order derivatives are well known and can be calculated using inbuilt procedures proposed by various
simulation software or can be calculated numerically directly from the mathematical derivative
definition. However, for models with non-integer order derivatives, one has to use original scripts with
the mathematical definitions integrated inside. The most frequently used are the Grünwald–Letnikov,
the Riemann–Liouville and the Caputo fractional derivative definitions [29]. Only during the last two
decades have some numerical tools for the calculation of fractional operations appeared [30].

For this article, the original application coded in the Matlab® environment was utilized to compute
the non-integer order differential equation system. The non-integer order derivatives were evaluated
numerically by discretization using the Grünwald–Letnikov definition (10), which describes the α-order
derivative of a function x at a time tm = m·h.

x(α)(m·h) =
1

hα
·〈x(m·h) +

m∑
k=1

{
(−1)k

·

(
α
k

)
·x[(m− k)·h]

}
〉 (10)

where (
α
k

)
=
α·(α− 1)· . . . ·(α− k + 1)

k!
(11)
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The two prepared models of the 125 kVA synchronous generator were used to simulate two
different states of operation: the three-phase short-circuit from the no-load operation and the no-load
voltage recovery. Sinusoidal currents (ia, ib, ic) in the natural axes (a, b, c) were obtained by inverse
Park transformation applied to the currents id and iq [19].

Simulations of short-circuit and no-load voltage recovery were realized by changing the RL load
parameters (Rch, Lch) from 1e6 Ω, 0 H, to 1e-3 Ω, 0 H, and vice versa.

In the case of the non-integer order model, calculations of the non-integer order derivatives require
a numerical history, i.e., some of the derivatives’ values calculated backwards in time. Practically,
the values calculated at the beginning of the simulation have an unacceptable error. On the other hand,
too long a numerical history causes problems associated with so-called calculation tail [31]. Equation
(12) describes an error caused by the limitation of the past derivatives’ values taken into account for
the non-integer order derivative calculation [16].(

α
k

)
=

xMAX·K−α∣∣∣Γ(1− α)∣∣∣ (12)

where α is the order of the derivative, xmax is the maximal value of the function x(t), K is the number of
values of the past derivative taken into account and Γ is the gamma function. For the studied case,
with the limitation of 2500 samples backwards, this error is equal to about 1.13% for all of the state
variables’ half-order derivatives.

To obtain an accurate approximation of the simulated states of operation, one has to simulate for
some time before the transient state occurs. This provides the numerical history for the non-integer
order derivative calculation and so reduces simulation error. Nevertheless, the time-consuming
simulation process in the time domain is one of the biggest non-integer order model disadvantages.

Simulation results of the three-phase short-circuit test for the two studied models are presented
and compared to the measurement data in Figures 6 and 7. The comparison emphasizes differences
between the integer and non-integer order model behaviour during transient states of the synchronous
generator operation, especially for the excitation current representation. This loss of precision is due
to the sudden change in the numerical formulas’ input, which cannot influence all of the numerical
history of the non-integer order derivatives. However, after some time of calculation, one can see
a satisfactory waveform compliance. Even if in the frequency domain the non-integer order model
presents higher precision, its overall output error in the time domain is bigger than for the classical
integer order one. Nevertheless, the stator and the excitation current waveforms’ shape and values at
steady state are rendered correctly.

Figure 6. Comparison of simulation and measurement for the short-circuit stator current.
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Figure 7. Comparison of simulation and measurement for the short-circuit excitation current.

Figure 8 depicts the simulation of the excitation current if during the no-load voltage recovery
test (from short-circuit state to no-load conditions) compared to the measurement data. Conclusions
are similar to before. Even if the excitation current curve shape modelled by the non-integer order
system is correct, it is still less accurate in comparison to the classical integer order one and the real
generator dynamics.

Figure 8. Simulation and measurement of the excitation current during no-load voltage recovery.

6. Conclusions

In this work, an analysis of the non-integer order and the classical integer order models of
synchronous generator is presented. The comparative study was based on measurement data
performed on a 125 kVA synchronous generator. The high performance short-circuit setup consisted of
a controlled dynamometer and a power analyser.

Non-integer order derivatives are mathematical tools that have risen in popularity over the
last few decades. Non-integer order models are more closely related to the physical aspects of the
modelled devices, which on the one hand, improves the modelling accuracy but on the other hand,
increases mathematical complexity of the model in the time domain. Indeed, the implicit nature
of the models of electric machines leads to the state-space equations comprising a large number
of state-space variables [32]. This, in turn, makes the model far more complicated and difficult to
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solve in comparison to the classical, integer order one. Therefore, for the purpose of time domain
simulation, the half-order implicit derivatives of the non-integer order model have to be replaced by
their explicit equivalents. Thanks to this, the non-integer order derivatives can be easily approximated
by, for example, the Grünwald–Letnikov definition. The presented approach can be successfully used
for all future non-integer order models when passing from frequency to time domain. Nevertheless,
one has to notice that the non-integer order models are originally more suitable and accurate for
frequency behaviour description. In electric machine modelling, phenomena associated with frequency,
such as eddy currents or skin effect, which are pronounced for example during generator rotor swaying,
should be taken into account. The importance of the non-integer order modelling follows from its
capability to describe physical phenomena with the fewest parameters possible, without losing the
accuracy of the description. This is due to the mathematical nature of the non-integer order derivative,
which can take any value because it is not limited to integer order numbers, as in classical integer
order derivatives.

The two studied models were identified with SSFR test data. Besides a restricted accuracy of the
parameter identification for the classical integer order model, it presents a satisfactory fit in the time
domain simulations. Furthermore, such a model does not present any difficulties in calculations or
during the simulation procedure as the integer order derivatives are calculated to only one time step
back. One should notice that the numerical history of the non-integer order derivatives should be
infinite. However, to achieve some compromise between accuracy and simulation time, the number of
past derivative values taken into consideration is always limited. In the described example, this value
was set to 2500 samples, which caused some slight supplementary error, estimated as ε = 1.13% for
each calculated derivative.

The main feature of the presented non-integer order modelling method is its structure, based on a
physical half-order model of a synchronous machine holding a condensed frequency form for power
system stability and network energy quality studies. Having such a frequency model, one can obtain
the time response using the procedure proposed and validated in this paper. The main advantage of
the proposed model is its accuracy in the frequency domain. The presented results in the time domain
only show the capability of the model to be adopted in the time domain. The model accuracy in the
time domain would have to be investigated with highly non-sinusoidal time waveforms, such as a
non-linear load applied to a synchronous generator, where the model accuracy for higher harmonics
could yield better results. This will be investigated in future work.

Author Contributions: Conceptualization, S.R. and F.K.; methodology, S.R. and M.M.; software, S.R.; validation,
S.R., M.M., F.K. and Ł.S.; formal analysis, S.R. and Ł.S.; investigation, S.R.; resources, S.R. and M.M.; data curation,
S.R.; writing—original draft preparation, S.R.; writing—review and editing, S.R and Ł.S.; visualization, S.R.;
supervision, S.R. and F.K.; project administration, S.R. and M.M. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

Synchronous generator Elmor GCh114o/4 rated data:

• Frequency: fn = 50 Hz
• Voltage: Un = 400 V
• Power: Sn = 125 kVA

Per-unit values:

• Frequency: fb = fn = 50 Hz
• Pulsation: ωb = 2 × π × fb = 314.1593 rad/s
• Impedance: Zb = Un

2/Sn = 1.28 Ω
• Inductance: Lb = Zb/ωb = 0.0041 H
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