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In this paper, the damped forced vibration of single-walled carbon nanotubes (SWCNTs) is analyzed using
a new shear deformation beam theory. The SWCNTs are modeled as a flexible beam on the viscoelastic
foundation embedded in the thermal environment and subjected to a transverse dynamic load. The equi-
librium equations are formulated by the new shear deformation beam theory which is accompanied with
higher-order nonlocal strain gradient theory where the influences of both stress nonlocality and strain
gradient size-dependent effects are taken into account. In this new shear deformation beam theory, there
is no need to use any shear correction factor and also the number of unknown variables is the only one
that is similar to the Euler-Bernoulli beam hypothesis. The governing equations are solved by utilizing an
analytical approach by which the maximum dynamic deflection has been obtained with simple boundary
conditions. To validate the results of the new proposed beam theory, the results in terms of natural fre-
quencies are compared with the results from an available well-known reference. The effects of nonlocal
parameter, half-wave length, damper, temperature and material variations on the dynamic vibration of
the nanotubes, are discussed in detail.
� 2018 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Carbon nanotubes (CNTs) are allotropes of carbon with a cylin-
drical nanostructure; they are the first generation of the nano
products that were discovered in 1991 [1]. The CNTs are made of
twisted graphite sheets with a honeycomb-like structure. These
nanotubes are very long and thin and also are stable, resistant,
and flexible structures [2]. If the CNT only contains a pipe of gra-
phene, it is called a single-walled carbon nanotube (SWCNT), and
if it contains multiple rolled layers of graphene (concentric tubes),
it is called a multi-wall carbon nanotube (MWCNT) [3,4]. The
SWCNT is remarkably strong and hard [5], excellent in conducting
electric current and directing heat [6–8], which has led to the wide
use of these materials in the electronics industry, and one useful
application is in the development of the first intermolecular
field-effect transistors [9,10]. The MWCNT has many potential
applications, from waterproof and tear resistant cloth fabrics, con-
crete and steel like applications based on the property of strength,
electrical circuits based on the property of electrical conductivity,
sensors based on the property of thermal conductivity, vacuum
proof food packaging, and even as a vessel for delivering drugs.
The carbon nanotube promises a bright future in cellular
experiments because they can be used as nano-pipes to distribute
very small volumes of fluid or gas into living cells or on surfaces
[11–13].

These are nanostructures that are unique in their size, shape,
and remarkable physical properties. To exploit the industrial amaz-
ing properties of such materials, it can be highly recommended
that their mechanical behavior and properties should be investi-
gated. In recent years, these intriguing mechanical properties have
sparked much excitement and a large amount of studies by
researchers around the world has been dedicated to their under-
standing. Malikan et al. [14] studied the nonlinear stability of bi-
layer graphene nanoplates subjected to shear and thermal forces
in a medium using nonlocal elasticity theory and numerical
solutions. In addition, Malikan investigated the stability of a micro
sandwich plate with graphene coating using the refined couple
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stress theory [15] and buckling of graphene sheets subjected to
nonuniform compression based on the four-variable plate theory
using an analytical approach [16]. Yang et al. [17] examined the
natural frequency of nonlinear free vibration of polymer composite
beams reinforced with graphene nanoplatelets. Ansari et al. [18]
studied coupled natural frequency analysis of post stability func-
tionally graded micro/nanobeams on the basis of the strain gradi-
ent theory. Wang et al. [19] presented exact modes for post
stability characteristics of nonlocal nanobeams in a longitudinal
magnetic field. Analytical solutions for thermal vibration of nano-
beams were studied by Jiang and Wang [20]; in this study, the
Euler beam was modeled using nonlocal elasticity theory, and
the beam was subjected to axial thermal forces. Xiang et al. [21]
used nonlocal elasticity theory for studying nonlinear free vibra-
tion of double-walled carbon nanotubes based on Timoshenko
beam theory. Li and Hu [22] presented buckling analysis of size-
dependent nonlinear beams using nonlocal strain gradient theory.
Guo et al. [23] developed a lower-order nonlocal strain gradient
theory for evaluating vibration of nanobeams. The vibration of
thermally post-buckled carbon nanotube-reinforced composite
beams resting on elastic foundations was examined by Shen
et al. [24]. Beni et al. [25] studied the vibration of shell nanotubes
using nonlocal strain gradient theory and molecular dynamics sim-
ulation; in this study, a lower-order nonlocal strain gradient theory
combining with first-order shear plate theory was adopted in order
to obtain governing equations. Wang et al. [26] presented the non-
linear vibration of carbon nanotubes placed on the visco-Pasternak
foundation under excitation frequency by nonlocal continuum the-
ory. Chaudhari and Lal [27] investigated the nonlinear free vibra-
tion of elastically nanotubes reinforced composite beams resting
on elastic foundation in thermal environment. They used higher-
order shear deformation beam theory in conjunction with finite
element models. The electro-mechanical vibration of single-
walled nanotubes considering piezoelectric effects has been stud-
ied by Kheibari and Beni [28]. They modeled nanotubes as a thin
shell model with the help of couple stress theory and then the gov-
erning equations were solved using Kantorovich method. Malekza-
deh et al. [29] introduced a pre-twisted functionally graded (FG)
carbon nanotube reinforced composite beam exposed to a vibra-
tional condition based on the higher-order shear deformation the-
ory of beams by considering the temperature dependence of
material properties and the initial thermal stresses. The SWCNTs
with several distributions reinforced the square FG-beam in ther-
mal environment was considered and the Reddy’s third-order
shear deformation beam theory was employed to derive governing
equations. Jiang et al. [30] analyzed the forced vibration of SWCNTs
using molecular dynamics simulation based on one and three-
segment Timoshenko beam models. Chang [31] studied the
stochastic dynamics behavior of SWCNTs with random material
properties resting on a nonlinear damper and subjected to an axial
magnetic field without using any dynamics load. The nonlocal elas-
ticity theory was applied to take small scale effects into consider-
ation. The Monte Carlo simulation, Galerkin’s and the multiple
scale methods were utilized to predict the response of nonlinear
governing equations which were derived from the Hamilton’s prin-
ciple. Jiang and Wang [32] studied the vibration of double-walled
carbon nanotubes bridged on a silicon substrate and the nanotubes
were modeled with Timoshenko beam model. Ren et al. [33]
modeled nanotubes as functionally graded porous beams under
free vibrational conditions. They used a two-variable refined
beam theory combined with the nonlocal strain gradient theory
to formulate size-dependent influences. Navier solution method
was adopted to solve the frequency equation and the most signif-
icant results revealed that the presence of porosity could increase
or decrease the natural frequency based on the grading index
values. There have also been many valuable research in which
carbon nanotubes have been investigated in several conditions
[34–42].

In this theoretical work, a new shear deformation beam theory
developed by reducing the unknown variables from a regenerated
first-order shear deformation theory is used for the vibration anal-
ysis of a single-walled carbon nanotube. The single-walled carbon
nanotube (SWCNT) is modeled as an elastic beam resting on a vis-
coelastic foundation in the thermal environment and subjected to a
transverse dynamic harmonic load in order to evaluate excitation
frequencies and thermo-vibrational behavior. Both stress nonlocal-
ity and strain gradient size-dependent influences are examined by
using a higher-order nonlocal strain gradient theory. Furthermore,
Navier’s analytical approach is employed to solve the frequency
equations by assuming simply-supported boundary conditions
for both ends of the beam. The results obtained by the new theory
are validated against the results available in literature.
2. Mathematical modeling

Fig. 1 displays a realistic model for a SWCNT resting on a vis-
coelastic foundation in a thermal environment subjected to the
uniform transverse harmonic dynamic load. The tube has the
length L, diameter d and thickness h parallel to x and z-axes of
the right-hand coordinate system, respectively.

Heretofore, many methods have been used for investigation of
mechanical behavior of beams. The simplest theory for analysis
of beams is the classical hypothesis which is based on Euler-
Bernoulli’s assumptions that the influences of transverse shear
deformation are not taken into account. In this theory, it is
assumed that during deformation, the cross section of the beam
is to remain planar and normal to the deformed axis of the beam.
This covered the case for small deflections of a beam that are sub-
jected to lateral loads only and it is an appropriate theory to study
thin beams (Euler-Bernoulli beam). However, due to the regardless
of the shear and transverse strains along the thickness, using this
beam theory is accompanied with errors in predicting the defor-
mation or transient response of the beam in moderately thick
and thick beams (Timoshenko’s beam). In order to reduce this error
in the analysis of relatively thick beams, another theory known as
shear deformation one was introduced. In this theory, it is assumed
that during deformation, there is a rotation between the cross sec-
tion and the deformed axis of the beam as the transverse shear
effects are taken into consideration. Although these shear deforma-
tion theories could produce reasonable results in the analysis of
moderately thick beams, they are still not close to exact results
due to the non-consideration of the effect of transverse strains
(ez = 0). The first-order shear deformation theory is accompanied
with a serious error for which the shear correction factor has been
used. This means that the shear stress along the thickness of the
beam is assumed to be constant, which is not realistic. To over-
come this problem and to achieve the accuracy in predicting the
beam behavior, a new first-order shear deformation beam theory
has been introduced. According to the first-order shear deforma-
tion theory, the displacement field at any material point in the
beam could be defined as follows [14]:

Uðx; z; tÞ
Vðx; z; tÞ
Wðx; z; tÞ

8><
>:

9>=
>; ¼

uðx; tÞ þ zuðx; tÞ
0
wðx; tÞ

8><
>:

9>=
>; ð1a-cÞ

In Eq. (1), the vector quantities of the neutral axis at directions
of x and z are u andw, respectively. Furthermore, for defining of the
swirl of beam elements around the x axis, u is used. First of all, the
simple first-order shear deformation theory (S-FSDT) is recalled
where the deflection parameter could be expressed as follows
[43–45]:
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Fig. 1. Schematic representation of the single-walled carbon nanotube resting on the viscoelastic matrix in a thermal environment and subjected to a transverse harmonic
load).
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w ¼ wðbendingÞ þwðshearÞ ð2Þ
On the other hand, the rotation parameter was developed as

follows:

f/g ¼ � @wb

@x

� �
ð3Þ

Substituting the parameters in Eqs. (2) and (3) into Eq. (1) the
displacement field of the simple first-order shear deformation the-
ory is rewritten [15,16,43–45]:

Uðx; z; tÞ
Wðx; z; tÞ

� �
¼ uðx; tÞ � z @wbðx;tÞ

@x

wbðx; tÞ þwsðx; tÞ

( )
ð4a-bÞ

Expressing w ¼ wb þws might not be conceptual; therefore, the
S-FSDT could be refined in the following equations:

Uðx; z; tÞ
Wðx; z; tÞ

� �
¼ uðx; tÞ � z @wbðx;tÞ

@x

wbðx; tÞ þW 0

( )
ð5a-bÞ

So, the bending deflection could be used to find the value of ws:

rxx

rxz

� �
¼ Eexx

2Gcxz

� �
ð6a-bÞ

After calculating Eq. (6) from Eq. (4), the stresses could be har-
vested, and then by substituting Eq. (6) into Eq. (7) the S-FSDT
stress resultants could now be presented as follows:
Mxx

Qx

� �
¼
Z
A

rxz

rxz

� �
dA ð7a-bÞ

The fourth equation of FSDT’s governing equations could be
used in order to obtain ws from wb:

@Mx

@x
� Qx ¼ 0 ð8Þ

Now by imposing Eq. (8) into the stress resultants of Eq. (7):

EIc
@3wb

@x3
� AG

@ws

@x
¼ 0 ð9Þ

By integrating Eq. (9) with respect to x and then simplifying, the
shear deflection could now be obtained as follows:

ws ¼ W 0 ¼ B
@2wb

@x2
ð10Þ

Term B is explained below:

B ¼ EIc
AG

; G ¼ E
2ð1þ tÞ ð11Þ

where G represents the shear modulus, E is the Young’s modulus, Ic
ðIc ¼

R
A z

2dAÞ denotes the moment of area of the cross-section, A is
the cross-sectional area and m is the Poisson’s ratio for isotropic
nanobeams. Eventually, the new beam theory could be achieved as:
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Now : wb ¼ w0;
Uðx; z; tÞ
Wðx; z; tÞ

� �
¼

uðx; tÞ � z
@w0ðx; tÞ

@x

w0ðx; tÞ þ B
@2w0ðx; tÞ

@x2

8>><
>>:

9>>=
>>;

ð12a-bÞ
Using Hamilton’s principle, the potential energy in the whole

domain of the beam (V) was made available and is written in the
variational form as follows [20,46]:

dV ¼ d
Z t

0
ðSþX� TÞdt ¼ 0 ð13Þ

In which dS is the variation of strain energy, and for the varia-
tion of kinetic energy dT has been allocated and dV is the variation
of works, which are done by external forces. The strain energy by
variational formulation could be calculated:

dS ¼
Z Z

v

Z
rijdeijdV ¼ 0 ð14Þ

The strain tensor in Eq. (14) is expanded as follows:

exx
cxz

� �
¼

@u
@x

� z
@2w0

@x2
þ 1
2

B
@3w0

@x3
þ @w0

@x

 !2

B
@3w0

@x3

8>>>><
>>>>:

9>>>>=
>>>>;

� aDT
0

� �

ð15a-bÞ
In which a is the thermal expansion coefficient and DT is the

thermal changes across the thickness of the nanobeam (DT = T2-
T1, T1 = 300 K-room temperature). The kinetic energy of the beam
could be calculated as [20,46]:

T ¼ 1
2
q
Z Z

A

@U
@t

� �2

þ @W
@t

� �2
 !

dAdx ¼ 0 ð16Þ

So the kinetic energy in the variational form could be expanded
in the following form:

dT ¼q
Z Z

A
�z2

@4w0

@x2@t2
�@2w0

@t2
�B2 @6w0

@x4@t2
�2B

@4w0

@x2@t2

 !
dw0dAdx¼ 0 ð17Þ

In which q,m0 m0 ¼ q
R
A dA

� �
, and Im Im ¼ qIcð Þ are the volumet-

ric mass density, sectional density and mass moment of inertia,
respectively. With applying the variational formulation (dV = 0)
the nonlinear governing equation of motion is derived as follows:

dw0 ¼ 0; �@2Mx

@x2
þ B

@3Qx

@x3
þNx B2 @

6w0

@x6
þ @2w0

@x2
þ 2B

@4w0

@x4

 !

� Im
@4w0

@x2@t2

 !
�m0

@2w0

@t2
þ B2 @6w0

@x4@t2
þ 2B

@4w0

@x2@t2

 !
¼ qðx; tÞ

ð18Þ
In which Mx, Qx, and Nx are nonlocal stress resultants, respec-

tively. Here, the quantity Nx is the resultant with respect to the
axial applied in-plane force. According to the higher-order nonlocal
strain gradient theory, the following equation is employed [47–
50]:

ð1� l2
1r2Þð1� l2

0r2Þrij ¼ Cijklð1� l2
1r2Þekl

� Cijkll
2ð1� l2

0r2Þr2ekl;

l0ðnmÞ ¼ e0a;l1ðnmÞ ¼ e1a;r2 ¼ @2

@x2
ð19Þ

where l0, l1, and l are lower and higher-order nonlocality factors
and strain gradient length scale characteristic, respectively. Further-
more, a is an interior determined length. The Eq. (19) could be easily
converted into other forms of nonlocal theory as follows:

Lower-order nonlocal strain gradient theory:

l0 ¼ e0a

l1 ¼ e1a

�
! l0 ¼ l1 ¼ l! ð1� l2r2Þrij ¼ Cijklð1� l2r2Þekl

ð20Þ
a) Eringen’s nonlocal elasticity theory:

l ¼ l1 ¼ 0
� ! ð1� l2

0r2Þrij ¼ Cijklekl ð21Þ
b) A model without stress nonlocality:

l0 ¼ l1 ¼ 0
� ! rij ¼ Cijklð1� l2r2Þekl ð22Þ

By using higher-order nonlocal strain gradient theory and
applying it on the stress resultants, the following equation is
obtained:

ð1� l2
1r2Þð1� l2

0r2Þrij ¼ Cijklð1� l2
1r2Þekl

� Cijkll
2ð1� l2

0r2Þr2ekl ð23Þ
The stress resultants in local form are specified by relations

below:

Mx

Qx

� �
¼
Z
A

rxz

rxz

� �
dA ð24a-bÞ

Now, substituting Eq. (15) into the Eq. (24) the stress resultants
could be expressed as follows:

Mx

Qx

� �
¼ �EIc

@2w0
@x2

AGB @3w0
@x3

8<
:

9=
; ð25a-bÞ

The in-plane thermal force which is obtained from the axial
thermal strain as follows:

N0 ¼ �NT ¼ �EAaDT ð26Þ
Then, the Eq. (23) is used to rewrite the stress resultants in

higher-order nonlocal forms:

1� ðl2
0 þ l2

1Þr2 þ l2
0l

2
1r4

	 


Mx ¼ � ð1� l2
1r2Þ � l2ð1� l2

0r2Þr2
h i

EIc
@2w0

@x2

 !
ð27aÞ

1� ðl2
0 þ l2

1Þr2 þ l2
0l

2
1r4

	 

Qx

¼ ð1� l2
1r2Þ � l2ð1� l2

0r2Þr2
h i

AG B
@3w0

@x3

 !
ð27bÞ

Now, by incorporating Eq. (27) and using Eq. (26) and inserting
them into Eq. (18), the thermal forced vibration equation could be
acquired.

When the mechanical behavior of nanobeams is studied, the
beam could be deployed on a base as an impressive stability factor.
In this paper, the Pasternak elastic foundation was initially used
but by examining the vibrational problem, the viscous matrix
was later added to the Pasternak medium in order to take into
account the damper effects for the foundation. Indeed, the effect
of damping should be considered in the foundation whilst the
beam was undergoing dynamic loads. For this purpose, the
Visco-Pasternak foundation was introduced as an external force
which is defined as follows [46]:

V ¼
Z L

0
kGr2w0 � kww0 � Cd

@w0

@t

� �
dw0dx ð28Þ

In which kG, kw, and Cd are shear modulus, stiffness modulus
and damper coefficient in the viscoelastic matrix, respectively.
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3. Analytical approach

In order to apply the simple boundary condition and solve the
stability equation, the Navier’s solution is employed. Using this
method, the displacement field and potential functions could be
expanded in the following form [50]:

w0ðx; tÞ ¼
X1
m¼1

Wm expðixntÞ sin mp
L

x
	 


; i ¼
ffiffiffiffiffiffiffi
�1

p
ð29Þ

In which W0mn is the displacement quantity, m is the half-wave
number and xn denotes the natural frequency related to intrinsic
properties of the system such as mass and stiffness. In this paper,
it is assumed that the dynamic load was distributed uniformly
and acted harmonically (Fig. 1); that could be taken in the form
of the following expression [51]:

qðx; tÞ ¼
X1
m¼1

qm expðixextÞ sin mp
L

x
	 


ð30aÞ

qm ¼ 2
L

Z x0þc=2

x0�c=2
q0 sin

mp
L

x
	 


dx

¼ 4q0

mp
sin

mp
L

x0
	 


sin
mp
L

c
2

	 

ð30bÞ

In which qm is the Fourier coefficient, q0 is the uniform load
amplitude, x0 is the centroid of the uniform load, c is the length
of the distributed load and xex is the excitation frequency,
respectively.

Substituting Eq. (30) into the equation of motion, the algebraic
equation is obtained as:

ðK þ CDr þ Dr2MÞfWmg ¼ fð1� ðl2
0 þ l2

1Þr2

þ l2
0l

2
1r4Þqðx; tÞg ð31Þ

where Dr ¼ xex=xn is the excitation to natural frequency ratio.
For convenience, the following parameters are used in order to

obtain a non-dimensional equation.

W ¼ w0

L
;g ¼ x

L
; C0 ¼ l0

L2
; C1 ¼ l1

L2
; l� ¼ l

h
;

Q ¼ q0

EL
; G� ¼ G

E
; M0 ¼ m0

qL2
; IM ¼ Im

qL4
; B� ¼ B

L3

X ¼ xL

ffiffiffiffi
q
E

r
; CD ¼ Cd

h
ffiffiffiffiffiffi
qE

p ; f ¼ h
L
; IC ¼ Ic

L4
;

A� ¼ A

L2
; KW ¼ kw

E
; KG ¼ kG

EL2
; N� ¼ N0

EL2

ð32Þ

In which K represents the dimensionless stiffness matrix, C and
M are the dimensionless damping and mass matrixes. They are
extracted in the following forms, respectively:

K ¼ IC
@4W
@g4 þA�G�B� @

6W
@g6

 !(
� ðC2

1 þ l2�f2Þ IC
@6W
@g6 þA�G�B� @

8W
@g8

 !

þ l2�f2C2
0 � IC

@8W
@g8 þA�G�B� @

10W
@g10

 !

þN� I2C
A2�G2�

 !
@6W
@g6 þ @2W

@g2 þ2
IC

A�G�
@4W
@g4

 !

�N�ðC2
0 þC2

1Þ �
I2C

A2�G2�

 !
@8W
@g8 þ @4W

@g4 þ 2
IC

A�G�
@6W
@g6

 !

þN�C2
0C

2
1

I2C
A2�G2�

 !
@10W
@g10 þ @6W

@g6 þ 2
IC

A�G�
@8W
@g8

 !

þ KG
@2W
@g2 �KWW

 !
�ðC2

0 þC2
1Þ KG

@4W
@g4 �KW

@2W
@g2

 !

þC2
0C

2
1 KG

@6W
@g6 �KW

@4W
@g4

 !)
ð33aÞ
C ¼ �iCDfX W � ðC2
0 þ C2

1Þ
@2W
@g2 þ C2

0C
2
1
@4W
@g4

( )
ð33bÞ
M¼�X2 �IM
@2W
@g2 �M0 Wþ I2C

A2�G2�
@4W
@g4 þ2

IC
A�G�

@2W
@g2

 !(

�ðC2
0þC2

1Þ �IM
@4W
@g4 �M0

@2W
@g2 þ I2C

A2�G2�
@6W
@g6 þ2

IC
A�G�

@4W
@g4

 ! !

þC2
0C

2
1 �IM

@6W
@g6 �M0

@4W
@g4 þ I2C

A2�G2�
@8W
@g8 þ2

IC
A�G�

@6W
@g6

 ! !)

ð33cÞ
To obtain the natural frequencies, Eq. (31) could be solved by

ignoring the transverse load. After calculating natural frequencies,
the linear algebraic equation of motion could be solved in order to
compute maximum dynamic deflections.
4. Numerical results and discussions

In this section, the vibration of single-walled carbon nanotubes
(SWCNT) based on the new refined beam theory proposed in this
paper is investigated. First of all, the accuracy of the numerical
results originated from the one variable first-order shear deforma-
tion theory (OVFSDT) had to be compared and validated against
other theories. In particular, it is very important to understand
the differences generated in the results obtained by different the-
ories. Therefore, Table 1 presents natural frequencies collated from
the previous well-known research [25] and these are compared
with results obtained by the present new refined beam theories
combining with lower-order nonlocal strain gradient theory, or
strain gradient theory, or nonlocal elasticity theory. In this table,
the carbon nanotube (CNT) was modeled using the shell model
and constitutive equations were derived on the basis of the FSDT;
these were solved by using Navier’s solution method and also
employing molecular dynamics simulation (MD) for simple bound-
ary conditions. Several cases of using different strain theories
including lower-order nonlocal strain gradient theory, strain gradi-
ent theory and nonlocal strain theory are compared with the pre-
vious study’s results [25] from which the accuracy of the present
theories’ outcomes could be approved. It can be seen clearly that
using the strain gradient theory (l0 = 0, l1 = 0, l– 0) could not gain
appropriate results for analyzing vibrations of mechanical systems,
especially for small length ratios L/D. Increasing length of the CNT,
the results of the nonlocal elasticity case (l0 – 0, l1 = 0, l = 0)
became closer to MD-armchair CNT results; however, the results
of the lower-order nonlocal strain gradient case are in a better
agreement with the MD results. The difference among the results
of OVFSDT when compared with the previous study’s results [25]
could be due to many conditions such as using shear correction
factor in the FSDT, and/or modeling the CNT as a shell in this refer-
ence. Although modeling the CNT as a cylindrical shell might be
more accurate than modeling it as a beam, solving the governing
equations could be very expensive in terms of computational costs
and time consuming. Therefore, modeling the CNT as a beam could
be acceptable as reasonable results shown in the comparison sec-
tion. Overall, it deemed that Table 1 shows excellent agreements
in numerical results between the present theory’s and others, indi-
cating that the new refined theory could be used for analyzing the
vibration of single-walled carbon nanotubes. Table 2 shows mate-
rial properties of the CNT used in this study.

Fig. 2 shows the influences of the higher and lower-order non-
local parameters on the dimensionless maximum dynamic deflec-
tions. Fig. 2a illustrates the influences on the results which are
obtained for both the damped and undamped cases. It can be seen
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Table 1
Comparison of natural frequencies (THz) obtained from different theories for the CNT. E = 1.06TPa, t = 0.19, ks = 5/6, h = 0.34 nm, d = 0.68 nm, CNT’s shell model, SS [25] E = 1.06TPa, t
= 0.19, h = 0.34 nm, d = 0.68 nm, CNT’s beam model, SS [Present theory] e0a = 3.3–3.5 nm, l = 0.1–0.4 nm [25-Present theory].

L/D [25] (MD-armchair
CNT)

Lower-order nonlocal strain gradient
theory

Strain gradient theory Nonlocal elasticity theory

[25] (FSDT,
Navier)

Present (OVFSDT,
Navier)

[25] (FSDT,
Navier)

Present (OVFSDT,
Navier)

[25] (FSDT,
Navier)

Present (OVFSDT,
Navier)

4.86 1.138 1.209 1.25535 12.42 12.35233 0.758 0.75967
8.47 0.466 0.448 0.43207 4.461 4.69543 0.333 0.35485
13.89 0.190 0.192 0.19004 1.957 1.98552 0.165 0.16355
17.47 0.122 0.126 0.12431 1.321 1.22947 0.121 0.12460

Table 2
Mechanical properties of the nanobeam [25,52–56].

SWCNT Elastic properties
E = 1.06 TPa, m = 0.19
Other quantities
h = 0.34 nm, d = 0.7 nm, L = 40d q = 2300 kg/m3, a = 1.1e�6 K�1

Fig. 2b. The lower-order nonlocal parameter versus different half-waves (C1 = 0.01,
l* = 2, Dr = 0.1, x0 = 0.5L, c = L, KW = 0.01, KG = 0.01, q0 = 0.1 N/m, N* = 0.001).
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clearly that when the value of the higher-order nonlocal parameter
increases, the deflections decrease. This downward trend for the
greater load is shown with a steeper slope. Furthermore, it is wit-
nessed that for large values of the higher-order nonlocal parame-
ter, the impact of the damper on the deflection is drastically
decreased, and results for both cases are matched to each other.
To complete the above discussion, the influences of different values
of lower-order nonlocal parameter and half-waves on the deflec-
tion were investigated and results are shown in Fig. 2b. According
to this figure, it is clear that the half-waves have strong effects on
the deflection, and in the first half-wave, the gap between both
cases are more noticeable.

Fig. 3 reveals the effects of frequency ratio on the dynamic
deflection by taking various damping conditions. Fig. 3a presents
the appropriate amount of the viscous damper in order to damp
out the amplitude of the vibrations. As shown in the figure, when
the damping is reduced, the dynamic deflection increased; the
same phenomenon is observed when the frequency ratio
increased. When the damper is removed and the frequency ratio
increased, the dynamic deflection reached maximum values and
it approached the resonance region (Dr = 1). With the presence
Fig. 2a. The higher-order nonlocal parameter versus the two damped and
undamped cases (C0 = 0.01, l* = 2, m = 3, Dr = 0.1, N* = 0.001, x0 = 0.5L, c = L, KW =
0.01, KG = 0.01).

Fig. 3a. Frequency ratio versus various viscous damper quantities (C0 = 0.01, C1 =
0.02, l* = 2, m = 2, q0 = 0.1 N/m, x0 = 0.5L, c = L, KW = 0.01, KG = 0.01, CD = 1, N* = 0.001).
of the damper, the outcomes are reversed and whenever the dash-
pot is stronger the damping rate is higher, leading to an over-
damping case. In fact, after the value CD = 3, the vibration went into
a complete damping and with the frequency ratio about Dr = 0.3, it
is clear that the vibrating system subjected to the applied dynamic
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Fig. 3b. Frequency ratio versus different distributed loads (C0 = 0.01, C1 = 0.02, l* =
2, m = 2, q0 = 0.1 N/m, KW = 0.01, KG = 0.01, CD = 5, N* = 0.001).

Fig. 5a. Stiffness modulus versus higher and lower-order nonlocal parameters (l* =
2, m = 2, Dr = 0.5, q0 = 0.1 N/m, x0 = 0.5L, c = L, KG = 0.01, CD = 5, N* = 0.001).
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load is entirely damped out; and the negative effects of vibrations
are eliminated. As a matter of fact, if the deflection is expressed
based on time, the period that the number of cycles taken for
damping to be completed, could be obtained. On the other hand,
Fig. 3b illustrates the distribution of harmonic load on the nano-
beam at various damping conditions. It is worth noting that when
the load distribution became smaller, the maximum deflection
increased accordingly.

The influences of the in-plane force resultants obtained from
the change of temperature (in the thermal environment) versus
several higher and lower-order nonlocal dimensionless parameters
are demonstrated in Fig. 4. It can be seen that in the case C0 = 0.01,
C1 = 0.01, which is the general nonlocal strain gradient case, the
dynamic deflections reached largest values. This means that when
the higher-order nonlocal strain gradient conditions (C0 – C1) is
considered, the outcomes of the proposed theory are lower than
the previous conditions. It can also be seen that in terms of chang-
ing the heat in the environment, increasing the temperature
increased significantly the difference between the results of the
Fig. 4. Temperature changes versus higher and lower-order nonlocal parameters (l*

= 2, m = 2, Dr = 0.5, q0 = 0.1 N/m, x0 = 0.5L, c = L, KW = 0.01, KG = 0.01, CD = 5).
higher and lower-order nonlocal cases. The difference had an
increasing trend which shows the importance of the use of
higher-order nonlocal strain gradient case at high temperatures.

Fig. 5 presents the influences of different parameters of the
foundation versus higher and lower-order nonlocal cases. In
Fig. 5a, the variations of the stiffness modulus of the elastic foun-
dation show that when the stiffness increased, the deflections are
reduced. With regard to the negative slope of the curves W-KW,
as a rule, if the stiffness of the matrix approaches infinity, the
dynamic deflection reaches zeros. Fig. 5b shows the shear effect
of the elastic medium on the deflection, in which the curves W-
KG are nonlinear and this is different to the curves in Fig. 5a in
which the curves were linear. In other words, the decreasing
effects of results are more noticeable in the shear modulus than
the stiffness modulus, which could prove that the results of shear
layer are more unpredictable than the stiffness factor on the out-
comes of the forced vibrational system. The notable point could
be that with an increase in shear factor magnitudes, the results
of the three nonlocal cases are approaching to each other’s, and
Fig. 5b. Shear modulus versus higher and lower-order nonlocal parameters (l* = 2,
m = 2, Dr = 0.5, q0 = 0.1 N/m, x0 = 0.5L, c = L, KW = 0.01, CD = 5, N* = 0.001).
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Fig. 5c. Viscous damper versus higher and lower-order nonlocal parameters (l* = 2,
m = 2, Dr = 0.5, q0 = 0.1 N/m, x0 = 0.5L, c = L, KW = 0.01, KG = 0.01, N* = 0.001).
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finally in large values of the shear modulus, the dynamic deflec-
tions obtained from various nonlocal conditions could be matched
together. The influences of damping parameter on the results are
studied in Fig. 5c. Naturally, in light of the vibrational analysis,
the viscous parameter had more influence on the outcomes and
that is in contrast to other foundation factors. It is noteworthy that
by growing the value of the damper, the results of several cases are
becoming closer to each other’s. Indeed, it can be seen that large
quantities of the foundation led to very small deflections, the
effects of the higher-order nonlocal parameter are diminished
and the use of lower-order strain gradient theory is enough in
order to analyze the nanobeam under dynamic loads.

5. Conclusions

This article aimed to investigate the damped forced vibration of
single-walled carbon nanotubes (SWCNTs) placing on a viscoelas-
tic foundation embedded in the thermal environment, subjected
to transverse harmonic dynamic loads. To achieve this aim, a novel
first-order shear deformation beam theory combining with nonlo-
cal strain gradient theory was formulated to derive the governing
equations of motion. The influences of nanoscale were evaluated
by the help of higher-order nonlocal strain gradient theory. Fur-
thermore, the Navier’s technique was used to calculate the numer-
ical results. According to the numerical results of the present study,
some notable points could be expressed as follows:

� Decreasing the stiffness of the nanobeamwhich originated from
increasing values of nonlocal parameter, the effects of abating
resonant vibration would be increased in physical structures
of the nanobeam.

� Increasing temperature would increase the difference in the
results of the higher and lower-order nonlocal cases.

� The larger values the deflections approach, the more significant
the effects of the higher-order nonlocal parameter; and for the
smaller values of deflections, there could be no requirement
to use the higher-order nonlocal strain gradient theory.
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