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Degree of entanglement as a physically ill-posed problem: The case of entanglement with vacuum
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We analyze an example of a photon in a superposition of different modes, and ask what is the degree of their
entanglement with a vacuum. The problem turns out to be ill-posed since we do not know which representation
of the algebra of canonical commutation relations (CCR) to choose for the field quantization. Once we make
a choice, we can solve the question of entanglement unambiguously. So the difficulty is not with mathematics,
but with physics of the problem. In order to make the discussion explicit we analyze from this perspective a
popular argument based on a photon leaving a beam splitter and interacting with two two-level atoms. We first
solve the problem algebraically in the Heisenberg picture, without any assumption about the form of repre-
sentation of CCR. Then we take the o-representation and show in two ways that in two-mode states the modes
are maximally entangled with the vacuum, but single-mode states are not entangled. Next we repeat the
analysis in terms of the representation of CCR taken from Berezin’s book and show that two-mode states do
not involve the mode-vacuum entanglement. Finally, we switch to a family of reducible representations of CCR
recently investigated in the context of field quantization, and show that the entanglement with the vacuum is
present even for single-mode states. Still, the degree of entanglement here is difficult to estimate, mainly
because there are N+2 subsystems, with N unspecified and large.
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I. INTRODUCTION

One of the fundamental postulates of quantum theory is
that symmetry groups are represented unitarily. In principle,
all unitary representations of groups are allowed. The choice
of a concrete represenatation is dictated by the values of
“quantum numbers.” Irreducibility of representations is not
fundamental. Multiparticle systems are usually described by
reducible representations since a tensor product of two irre-
ducible representations is typically reducible. The restriction
of a physical analysis to an irreducible “block” is not always
justified, and superpositions of states belonging to different
blocks may be acceptable.

When it comes to quantum fields the main symmetry of
interest is the one associated with the harmonic-oscillator Lie
algebra of canonical commutation relations (CCR). The field
is often assumed to consist of many, perhaps even infinitely
many, oscillators. One often hears that the field is a system
with infinitely many degrees of freedom. Another way of
phrasing this is that the CCR corresponds to a system with
infinitely many degrees of freedom, and von Neumann’s
theorem implies it has infinitely many inequivalent irreduc-
ible representations. So even if we impose irreducibility as a
constraint, which representation should we choose? Do all of
them imply the same physics? Maybe different experimental
configurations require different representations? Moreover, if
the field is indeed a multioscillator system, why should we
impose the irreducibility constraint?—and so on.

For the moment there is no clear answer to any of these
questions, although an experiment that may distinguish at
least between reducible and irreducible representations of
CCR has recently been proposed [1]. The goal of the present
paper is to show the freedom of choosing different represen-
tations of CCR is at the root of yet another controversy. The
problem of “entanglement with vacuum” has led to the dis-
cussion whose never-ending character seems to be related to
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the fact the main question has never been precisely formu-
lated. Its most recent manifestation is the paper [2], which
will be the basis of our analysis. The physical configuration
we discuss is the same as the one analyzed in [2].

Consider two two-level atoms and a photon in a superpo-
sition of two orthogonal modes. A Jaynes-Cummings type
interaction couples each of these modes with a different
atom. Initially the atoms are in a product state, but finally
they become entangled. This conclusion can be reached
without any assumption about the form of representation of
the CCR algebra that models the modes:

[al‘ﬂ’al] = 5mn1m’ (1)

and Im=1jn commute with everything (i.e., belong to the cen-
ter of the algebra). Now, what can be said about the entangle-
ment present in the photon state? Apparently, and this is the
conclusion reached in a number of papers (cf. [2-4]), the
state had to be entangled because the interaction is a product
of two local operations and thus cannot increase entangle-
ment in the system. This is indeed true if one works with the
irreducible representation constructed in terms of an infinite
tensor product (we term it the “co-representation”). The
owo-representation is very popular in the quantum optics com-
munity and is often treated as the representation of CCR. The
problem is that this is only a representation and, according to
the theorem of von Neumann [5,6], there exists an infinite
number of inequivalent irreducible representations of this al-
gebra. Another representation can be found in the Berezin
textbook [7], so let us term it the “B-representation.” Now
the conclusion from [2-4] is no longer true: The state of the
photon is not entangled, but the interaction is no longer local,
and this is why the final state is entangled. We
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first show how the two calculations work in practice, and
then perform a calculation in the reducible “finite
N-representation” which, as shown for example in [1], recon-
structs the standard results with arbitrary precision for finite-
time evolutions. Here the conclusion is again different: A
single-mode state that is not entangled in the
oo-representation becomes entangled with the vacuum in the
N-representation if N> 1.

So the conclusion will be that the very notion of entangle-
ment is well defined only after having specified the math-
ematical representation of a state and, in particular, the num-
ber of subsystems it describes. But the characterization such
as a “two-mode state of a single photon” is not yet concrete
enough to fix the mathematics of the problem. And this is the
true source of the controversy.

II. CALCULATION INDEPENDENT OF REPRESENTATION

Consider the Hamiltonian

, 0 A
H=RT®A+R®AT=<AT 0). (2)

A is an arbitrary operator, and R is the atomic annihilation
operator satisfying R>=0, R|+)=|-), RT|-)=|+), where |+)
and |—) are the atomic excited and ground states, respec-
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tively. One can explicitly write the evolution operator with-
out any need of specifying the form or algebraic properties of
A:

e M =R'R @ cos(tVAAT) + RR" ® cos(rVATA)
—itR" ® sinc(tVAAT)A — itR ® sinc(rVATA)AT.
3)

Here sinc x=(sin x)/x and the square roots are well defined
since both AA™ and ATA are positive operators, no matter
which A one selects. Now take R;=R® 1, R,=1®R, and two
annihilation operators a;, a,, satisfying the CCR algebra
[dn>a!1= 8l The formula (3) when applied to the Hamil-
tonian H=H+H,,

H.=R} ® ia, - R, ® ia], k=12, (4)
implies ¢~ = H1le=iHal,
e = RIR, ® cos(t\aya)) + RiR; ® cos(t\ajay)
+ 1R} ® sinc(t\aya))a, — tR, ® sinc(t\ajay)a;.

(5)

Let |0) be a normalized vector satisfying a;/0)=0, and let a
=(a,+a,)/ V2. Then

. . 1 = . — .
e M|=)=)a'l0) = \'_5|_ )= Ycos(r1,)af[0) + cos(1\Ty)a3[0)) + V—IE(| )= dsine(t1)K[0) + =] +)sine(1)1|0)).  (6)

This final state is in general entangled, although the degree
of entanglement is difficult to estimate at such an abstract
level. But for irreducible representations the central elements
I,, I, are proportional to the identity /, and without loss of
generality we can take /;=1,=1. Then

e |- Ya"|0) = cos 1| )|- Ya'|0)

ML LTI SIS S
V2

The reduced density matrix describing the two atoms will be
important when we compare the predictions of irreducible
representations with those of the reducible ones. It reads

p=cos? f|—)- )~ (-
L sin? o 4 )= )+ =)+ DG =]+ (= [+ (8)

These formulas are valid for all irreducible representations of
CCR. It is obvious that our state is maximally entangled at
least at r=1r/2, but even now, as we shall see in the second
of the following sections, we cannot conclude that the initial
state a'|0) is entangled.

III. -REPRESENTATION CALCULATION

The Hilbert space H. is an infinite tensor product of
single-oscillator Hilbert spaces: H..=H®”. The operators are

a,=1"""Y®qe 1%, 9)

where [ is the identity in 7, and [a,a']=1. The vacuum is
given by the infinite tensor product

0=|0)® - @]0)® -+ =]0)"". (10)

Such a representation has all the mathematical pathologies
typical of infinite tensor products. If the index n refers to a
wave vector in a cavity, then a localized wave packet must
involve the entire infinite tensor product. However, it is typi-
cal to reduce discussions of two-mode problems involving a;
and a, to a;=a®]I, a,=I®a, and the vacuum to |0)=]0)|0).
Then a|0)=1)[0), a3[0)=0)[1), and

a10) = = (|1)]0) +0)]1)). (11)
V2

This state is explicitly entangled so there is basically nothing
left to prove. The statement is made somewhat stronger by
noting that the evolution operator in this representation is
[2-4]
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omiHl et(RT®u—R®uT) ® et(RT®a—R®aT)' (12)

We have ordered the Hilbert spaces in the tensor product so
that the initial state can be written as follows:

1 1
E|_>|1>|->|0>+V—EI—>I0>I—>I1>- (13)

e is a product of two operators that act locally on the
Hilbert spaces of “the first atom plus the first oscillator,” and
“the second atom plus the second oscillator.” In such a sys-
tem the entanglement can be exchanged only locally, and
since the final state at =r/2 involves nonlocal entanglement
between the atoms, the initial entanglement of the oscillators
had to be the same. This is consistent with the obvious con-
statation that initially the oscillators were entangled, and thus
the state of light behind a beam splitter involved maximal
entanglement between modes and vacuum.

IV. B-REPRESENTATION CALCULATION

Consider the Hilbert space of column vectors of the form

[7]

0
0 fn(pl) 0
ai=pPl 0 0 28, - k)f,(p2)

0 0 0

a, and af, are related by Hermitian conjugation. It is under-
stood that acting with al on |¥) we perform integration over
the k variables.

Let us now take two orthogonal functions, f;(p) and
f2(p), representing the wave packets leaving a beam splitter
and localized at r=0 at its two sides. The vacuum state is

1
0={o|. (17)
Acting on the vacuum with a"=(a{+a})/\2 we find

0
filp) + f2(p)

1
a’l0y=— 18
0) % 0 (18)

and

PHYSICAL REVIEW A 73, 042111 (2006)

¥
Wy (ky)
Wy=| Wilkiky) (14)
Ws(ky, ks, k)

with the norm
(U|Wy=>, | dk, - dk,|¥,(ky, ....k). (15
n=0

We apply the convention where all the degrees of freedom of
a photon are denoted by a single argument k, and dk is an
appropriate measure. We assume the functions are symmetric
in their arguments. The Hilbert space is therefore the direct
sum of symmetrized tensor products, Hz=2_ H®s". Denote
by P the projector on functions symmetric in the k variables,
and let the functions f,, form an orthonormal basis in the
Hilbert space H. The representation of CCR reads

0 P. (16)

\65(1)1 — k) 8(py—ka)f,(p3) O

0
1| filpy) +fo(p1)

e —)|=)a’|0y = cos 1| )|~ )=
V2

!
1
+sint%(|+>|—>+|—>|+>) g
| (19)
The initial state was
0
|-)1- >% filey J(;fZ(p') e H,®H, ®Hy (20)

and the final one, at t=7/2, is
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1
v_5(|+>|_>+|_>|+>) € Hy® Hy® Hp, (21)

where H, is the Hilbert space of a two-level atom. The dy-
namics is no longer a product one: The two atomic Hilbert
spaces get coupled through Hp, and there is no natural split-
ting of the single-photon subspace H of Hjp into tensor prod-
ucts. The initial state is explicitly a product state of three
subsystems.

One can say that the same structure has the initial state in
the co-representation, but the third subsystem is in an en-
tangled state. This is true, but the problem with the
B-representation is that the third subsystem does not have a
natural decomposition into subsystems [8]. The distinction
between the vacuum |0) and “a vacuum |0) at one side of the
beam splitter” is undefined in this representation [9] since the
vacuum is here unique, and corresponds to the vector (17).
An entanglement with a unique vacuum must be trivial. To
the reader who is not yet convinced we propose an exercise:
Try to prove that the initial state (20) is entangled by em-
ploying any known entanglement measure. It turns out that
the exercise is simply ill posed.

V. N-REPRESENTATION CALCULATION

The idea of the representation is to make the number of
modes independent of the number of oscillators: Each oscil-
lator is a wave packet containing all of the possible modes,
and the number N of oscillators is a parameter of the repre-
sentation. In the weak limit N— o the N-representation re-
constructs the results of irreducicle representations, but the
formulas get automatically regularized in UV and IR re-
gimes. Recently, in [1], it was shown that the representation
can be, in principle, directly tested in a cavity QED. The
N-representation of electromagnetic field operators was in-
troduced in [10], and further analyzed and generalized in
[11-14].

The representation is in the simplest case constructed as
follows. Take an operator a satisfying [a,a’]=1 and the kets
|k) corresponding to standing waves in some cavity. We de-
fine
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ap= kK ®@a, L=|k}k ®1. (22)

The operators (22) satisfy [ak,az,]= S Iy I, 1s in the center
of the algebra. The fact that I is not proportional to the
identity means that the representation is reducible. In our
terminology this is the “N=1 representation.” Its Hilbert
space ‘H is spanned by the kets |k,n)=|k)|n), where a'a|n)
=n|n). A vacuum of this representation is given by any state
annihilated by all a;. The vacuum state is not unique and
belongs to the subspace spanned by |k,0). In our notation an
N=1 vacuum state reads |0)=2,0,|k,0) and is normalized
by 24|0*==,Z,=1. The probabilities Z;,=|0,|* play an es-
sential role in the formalism, and of particular importance is
their maximal value Z=max,{Z;}. In relativistic theory Z is a
Poincaré invariant that additionally parametrizes the repre-
sentation and plays the role of a renormalization constant.
For N=1 the representation space is given by the tensor
power H=H®YN, ie., we take the Hilbert space of N
(bosonic) harmonic oscillators. For large N the effective pa-
rameter that controls the representation is the product NZ.
Let A:H—H be any operator for N=1. We denote A"
=12V @A @ [PV AW.H _H, for I<n<N. For arbi-
trary N the representation is defined by

1 2 1
_ (n) _ (n)
g=7=2a", L=—21", (23)
\’Wn:l g Nn:l
[awa)]= Sy (24)

The N-oscillator vacuum is the N-fold tensor power of the
N=1 case, a kind of Bose-Einstein condensate consisting of
N wave packets:

0 =0)@ -+ @[0)=0)*". (25)
Let us denote a;=g; , dy=¢;,. In order to apply the formula

(6) we first spectrally decompose the operators [;=I;,, I,
=lk2 []4]7

N N
L=S2E(). L= 2E(s). 26
Ly g) N 1(3) Iy g} N 2(5) ( )

The spectral projectors E,(s) are in the center of CCR. De-
fining a,(s)=a,E,(s),

[an(s)’am(s,)f] = (S/N) 5mn5.s\y’Em(s)a (27)

we rewrite (6) as

N N
SN0 =3 |—>|—>cos(r\/ NiZ)Na<s>*|Q>+§ sin(r\/ N—Z) \/g%q B0+ )] +)E)[0).

As before a=(a,+a,)/\2, and N is chosen to make Na'|0)
normalized:

(28)

IM0laa’(0) = [N*(Z, + Zy)12 =1, (29)
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(0la;afl0) = (0|0 = (0|7,]0) = Z,. (30)

The formulas look much more complicated than those from
the irreducible representations, but they turn out to imply the
same physics if one appropriately defines the limit N— .
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The limit cannot be performed directly (i.e., in the strong
sense) at the level of (28). It has to be computed in a weak
sense, for example at the level of averages or the atomic
reduced density matrix, which reads

s S N S -5 N S -
Zl +22S20 EENCIC |COS ( Y NZ)[T/[(S >Z1(1 -Z)N + (s )Zz(l -Z)N }
N
a+%;SH<V_Jﬂ+WXH<(>Tﬂ—ZW

s'=0

0
N
Z1+Z2YE Sln( \ ]\}YZ)\/? ( VN )\/\| >|_ >< |<+ ( )Z‘Z2 (1 -7, - ZZ)N—s—sr

s,

3 ol NG o
“ez 2 NV el D )7z a -z -z
N
ZI+ZZ§) Sm( V' )_l">|+><‘|<+|< )ZE“‘ZZ)N_ (31)

The law of large numbers for multinomial distributions implies

lim {Zzz(z\@%( V2 )}|—>|—>< -1+~ Z2smz(r\/§)|+>|—><+|<—|

P=lim p

+lejzzsm(\f Ji el Zzzsm(r\/%) lejzzsin(r\/%)u+>|—><—|<+|+|—>|+><+|<—|).

Various arguments based on the comparison of fields quan-
tized in N-representations with those quantized by means of
irreducible representations suggest that the vacuum probabil-
ity distribution Z; is qualitatively of the form shown in Fig.
1. If the two wave vectors ki, k, corresponding to @; and a,
are assumed to belong to the plateau region (i.e., Z,=Z,=Z7)
then p., becomes identical to (8). The dynamics looks as if it
were regularized by the cutoff function y;= \Zk/ Zif Z are in
the IR or UV regimes. Let us also note that the dynamlcs is
not generated by H but by its renormalized version H/ VZ a
property equivalent in quantum optics to bare charge renor-
malization. Internal consistency of calculations based on
N-representations requires that N<<oo. Simultaneously, as
discussed in detail in [1], for any finite-time evolution one
can choose such an N that the evolution will be indistin-
guishable, within some given error bars, from the result
based on irreducible representations. Taking #=/2 one can
always choose a finite N guaranteeing that (31) is arbitrarily
close to the maximally entangled atomic state (8). Paradoxi-
cally, we have this agreement for a large N, and not for N
=2 which one might naively expect on the basis of the ex-
periences with the %-representation.

(32)

Concerning the entanglememnt with the vacuum of the
initial state, the N-representation reads explicitly

q*|g>=\iw<a*|o>|o>--- 0y + -+ +[0) - 0a'l0)).

Here a=(a,+a,)/\2 with a; and a, defined for N=1. This
state is highly entangled, but it would be entangled also for a
single-mode problem, since

1
a110)=—=(a]|0}[0) [0} + --+ +0) -+ [0}a}[0))
VN
even though its co-representation is a product state. c_zﬂ(_)) is
similar to the %-representation state

1
T DI0)-++[0)+ -+ +0)- -+ 0)1))

representing a superposition of N different modes, but is
“more entangled” since each N=1 component a,|0) is a su-
perposition of all the wave-vector degrees of freedom.
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FIG. 1. Qualitative properties of the the vacuum probability dis-
tribution corresponding to the vacuum wave function in the
N-representation. For wave vectors in the “quantum optics regime”
we expect Z,/Z=1, where Z is the maximal value of Z;.

VI. CONCLUSIONS

It is not clear which representation of CCR should be used
to model quantum electromagnetic fields. The vonNeumann
theorem guarantees that there exists an infinite number of
different irreducible representations, and we have not found
a single quantum optics problem that required the use of the
oo-representation and not, say, the Berezin one. Even the
most spectacular problems involving entanglement, such as
teleportation or the violation of Bell’s inequalities, turned out
to be solvable at a representation independent level. To the
best of our knowledge all the formulas given in the recent
reviews on linear optics quantum computation [15,16] can be
translated into a representation independent formalism, and
then into the B-representation. Accordingly, it is absolutely
irrelevant which irreducible representation we select for our
explicit calculations. These remarks apply, in particular, to
all the papers on entanglement with the vacuum and the non-
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locality of a single photon where the calculations were per-
formed in the c-representation [17-25] (see however, [26]).
No single experimental prediction would be affected by
switching to the B-representation, but the discussion of en-
tanglement would be changed, of course.

The paper [27] whose intention was to clarify the status of
entanglement with the vacuum has increased the confusion
by making a distinction between “entanglement in configu-
ration space” and “entanglement in Fock space,” but the
Fock space was identified with the co-representation. It is
evident that any irreducible representation of CCR leads to
the notion of a Fock space, i.e., a direct sum of Hilbert
spaces constructed from a vacuum state by means of creation
operators. The conclusions of [27] would not be possible to
formulate if the authors discussed the problem in the
B-representation of the Fock space.

The situation changes if we consider the reducible repre-
sentations. As opposed to irreducible representations here
even a single-mode state of light is entangled with the
vacuum if N> 1. The N-representation is in principle experi-
mentally testable [1]. If we managed to determine the physi-
cal representation (representations?) of CCR, the discussion
of entanglement in optical systems might finally become
physically well posed.
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