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Abstract 

On the basis of laboratory tests of cylindrical composite - concrete columns, analysis of 

the shape of a buckled column and its coating in the form of a polymer composite pipe 

reinforced with glass fibers was carried out. Buckling of composite - concrete columns 

and their coating were analyzed for the angle of the glass fiber beam 20°, 55° and 85°. 

The studies used non-classical operational calculus and presented various models for 

determining the shape of the buckled column and its coating. This led to the 

determination, in the form of modulated harmonic signals, of the shapes of the column 

and its coating for different models and different angles of the glass fiber beam. The 

influence of the accuracy of measurements of selected values on the value of critical 

force was determined and compared for different models. 
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1. Non-classical operational calculus and the compressed column 

model  

From the point of view of modeling technical systems, the description of 

phenomena with the use of ordinary or partial differential equations or their sets is of 

great importance. This concerns the so-called continuous descriptions. A similar 

situation occurs in discrete descriptions and then the discrete differential equations and 

their sets are used. There are whole classes of differential equations which, despite a 

similar shape, describe various technical problems. Differential equations for beams are 

widely used in practice. Uneven tank settlement causes additional stress in its structure 

and can lead to its failure, i.e. damage or destruction, which is particularly dangerous in 

the case of tanks with oil derivatives. Such problems are analyzed using free-standing 

beam models replacing the tank bottom plate on a rigid base [1], as well as beams 

taking into account elastic base [2]. 

Investigation of the influence of small initial cylindrical curvature on deflection of 

a rectangular plate [3] also comes down to the analysis of a certain differential equation. 

All these problems, including the problem of an axially compressed articulated rod 

supported on both sides lead to equations within a certain class of equations. 

Due to the wide variety of phenomena described here, it is worth applying a 

universal form of description using the non-classical operational calculus [4], [5], [6], in 

which linear operations S, T and s play an important role. Then all the previously 

mentioned issues, and not only those, can be written in a general form: 

  𝑎𝑎1𝑆𝑆𝑆𝑆 + 𝑎𝑎0𝑆𝑆 = 𝑢𝑢  , (1) 
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where u is the input signal, w is the response of the set, while 𝑎𝑎1and 𝑎𝑎0 are coefficients. 

As was shown in [5] and [7], type (1) differential problems do not need to have a 

definite solution. Such a situation is sometimes beneficial, and sometimes not, in 

contrast to unambiguous solutions that have a specific interpretation. The adoption of an 

appropriate model of the operational calculus leads to various situations. In the case of 

beam analysis, it is often enough to use the operational calculus with the S operation 

specified by the formula: 

 𝑆𝑆 = 𝑑𝑑2

𝑑𝑑𝑥𝑥2
 (2) 

If in the equation (1) we accept the operation specified by the formula (2) as S, 

and additionally we assume that 𝑎𝑎1 = 1 ,   𝑎𝑎0 = 𝑃𝑃
𝐸𝐸𝐸𝐸

 , 𝑢𝑢 = 0, then we get the equation 

describing the shape of the neutral axis of the rod / beam / column axially compressed 

by force P, with EI stiffness, supported on both sides with an articulated joint. This axis 

is defined as the axis in the cross-section of the column, where longitudinal stresses / 

strains are not present. For a non-curved beam, not loaded with axial forces, the neutral 

axis is in the geometric center of the element. The position of the neutral axis is also a 

function of the state of the structure and is therefore used to create systems for 

monitoring the technical condition of the structure (Structural Health Monitoring) - [8]. 

By analogy, we can also create differential models of all the engineering problems 

mentioned above. 

Depending on the method of fixing the beam, appropriate s and T operations 

should be assigned to the S operation. In the case of a rod / beam / column supported on 
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both sides with an articulated joint, these operations should be described by the 

following formulas: 

 𝑇𝑇𝑢𝑢(𝑥𝑥) = ∫ (𝑥𝑥 − 𝜏𝜏)𝑢𝑢(𝜏𝜏)𝑑𝑑𝜏𝜏 + 𝑥𝑥−𝑥𝑥1
𝑥𝑥2−𝑥𝑥1

∫ (𝑥𝑥2 − 𝜏𝜏)𝑢𝑢(𝜏𝜏)𝑥𝑥2
𝑥𝑥1

𝑥𝑥
𝑥𝑥1

𝑑𝑑𝜏𝜏 (3) 

 𝑠𝑠𝑆𝑆(𝑥𝑥) = 𝑆𝑆(𝑥𝑥1) + [𝑆𝑆(𝑥𝑥2) − 𝑆𝑆(𝑥𝑥1)] 𝑥𝑥−𝑥𝑥1
𝑥𝑥2−𝑥𝑥1

 (4) 

(Operations (3) and (4) are special cases of operations defined in [5].) 

Using the formulas (1) - (4) we can create two models of a compressed column. 

In model I, we assume that in the entire compression process, both ends of the 

column with the height h = l do not move. This corresponds to the condition of 𝑠𝑠𝑆𝑆 = 0, 

where 𝑥𝑥1 = 0 , 𝑥𝑥2 = 𝑙𝑙 - Fig. 1a. 

 
 

Fig. 1. Axially compressed column: a) model I, b) model II. 
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In model II, we assume that in the entire compression process one end of the 

column with height l does not move, and the other moves by a certain amount 𝑥𝑥1 - the 

support is sliding. This corresponds to the condition 𝑠𝑠𝑆𝑆 = 0, where 𝑥𝑥2 = 𝑙𝑙, while 𝑥𝑥1 

changes - Fig. 1b. 

Equation (1) can be represented as a chain connection of generalized first order 

inertial units [9]. This is particularly important when testing beams / columns with 

variable cross-section [9]. Using the methods of non-classical operational calculations 

and defined operations (2), (3) and (4), it is possible to determine buckling y of the 

column corresponding to the first critical load 𝑃𝑃𝑘𝑘𝑘𝑘: 

  - for model I 

 𝑆𝑆𝐸𝐸 = 𝐶𝐶𝑠𝑠𝐶𝐶𝐶𝐶�𝑃𝑃
𝐸𝐸𝐸𝐸
𝑥𝑥 = 𝐶𝐶𝑠𝑠𝐶𝐶𝐶𝐶 𝜋𝜋

𝑙𝑙
𝑥𝑥   , (5) 

𝑃𝑃𝑘𝑘𝑘𝑘𝐸𝐸 = 𝜋𝜋2
𝐸𝐸𝐸𝐸
𝑙𝑙2

 

– for model II 

 𝑆𝑆𝐸𝐸𝐸𝐸 = 𝐶𝐶𝑠𝑠𝐶𝐶𝐶𝐶 ��𝑃𝑃
𝐸𝐸𝐸𝐸

(𝑥𝑥 − 𝑥𝑥1)� = 𝐶𝐶𝑠𝑠𝐶𝐶𝐶𝐶[ 𝜋𝜋
𝑙𝑙−𝑥𝑥1

(𝑥𝑥 − 𝑥𝑥1)]   , (6) 

𝑃𝑃𝑘𝑘𝑘𝑘𝐸𝐸𝐸𝐸 = 𝜋𝜋2
𝐸𝐸𝐸𝐸

(𝑙𝑙 − 𝑥𝑥1)2
 

where C is a constant. 

Constant C in each case can be determined using laboratory experiments for 

compression of various types of columns, including composite - concrete columns, as 

we will see later in this paper. 
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2. Laboratory tests of cylindrical CFGFT type columns [10]  

In the laboratory of the Department of Concrete Structures of Gdansk University of 

Technology, studies were carried out on composite - concrete columns with different 

heights h=1 and diameters 2r. These were CFGFT (Concrete Filled Glass Fibre – 

Reinforced Polymer Tube) columns, i.e. poles in the form of a concrete-filled polymer 

composite tubes reinforced with glass fibers [11]. The composite tube shall be called the 

coating or column covering. The columns constructed in this way take over the 

mechanical and strength properties of both materials: those of the composite reinforced 

with glass fibers and those of the concrete [12]. A batch of CFGFT cylindrical columns 

with different heights and their coats were tested. In the further part of the paper, we 

will focus only on columns with a height of h=1=200 cm, for which the column coating 

is made of a polyester resin tube. The tube was made using a continuous winding 

method and reinforced with continuous glass fibers [13]. E-type glass fibers used in the 

production of tubes were in the form of continuous roving with a linear density of 2400 

g/m. Tubes with different angles of continuous glass fiber bundles were prepared for the 

tests - Fig. 2. These were angles 20°, 55° and 85°, and the beam was cross-shaped. 

 

Fig. 2. Scheme of the coating / column cover with the beam angles of the glass fibers 

marked. 
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The actual content of glass fibers in the composite was determined by using the 

standardized method [14], applied in the USA. The test was carried out in the Womach 

furnace with a maximum heating temperature of 1300°C. According to [14], the furnace 

was heated up to 535°C during the test. The results obtained from the measurements are 

presented in Table 1. 

The volume content of fibers in the composite given in Table 1 was determined 

based on the theory of composites [15], according to the formula 

 𝑓𝑓�̅�𝜐 = 𝜌𝜌𝑚𝑚�̅�𝑓𝑔𝑔
𝜌𝜌𝑚𝑚�̅�𝑓𝑔𝑔+(100−�̅�𝑓𝑔𝑔)𝜌𝜌𝑙𝑙

   , (7) 

where ρm and ρl are the densities of the resin matrix and reinforcement fibers, 

respectively. Their values based on [15] were assumed as 1.1 g / cm3 and 2.58 g / cm3 

respectively. The other symbols used in formula (7) are defined in Table 1. 

Table 1. Fiberglass content in the sample [10]  

 For a tube with a beam angle of 

glass fibers 

20⁰ 55⁰ 85⁰ 

The average proportion of glass fibers in the mass 

of the sample  𝑓𝑓�̅�𝑔[%]. 

69.3 58.4 72.4 

The average square deviation 𝑠𝑠2  from the 

average sample mass [%]2 

2.28 0.59 0.22 

𝑠𝑠 [%] 1.51 0.77 0.47 

The average proportion of glass fibers in the 

sample volume 𝑓𝑓�̅�𝜐[%]. 

49.1 37.5 52.8 
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It is worth noting that in each case the glass fiber content in the composite 

declared by the producer was to amount to 60%. As can be seen from Table 1 tests have 

not confirmed this declaration. 

Similar tests were carried out with reference to the inner tube diameter 2r and its 

thickness d - Fig. 2. Detailed results of these tests can be found in [10]. From these tests 

it appears that the inner diameter 2r of the tubes was 200 mm, and the thickness d [mm] 

of their wall was in the range <4.9, 8.8>, with an average wall thickness of 6.5 mm with 

a standard deviation of about 0.5 mm. 

Filling the tested composite pipes with C30/37 grade ready-mix concrete 

according to Eurocode 2 [16], with a w/c ratio of 0.52, consistency S3 according to 

standard [17], maximum aggregate grains 16 mm and exposure classes according to 

standard [18]: XC3, XD2, XF1, XA1 CFGFT columns were prepared. The concrete in 

the tubes was successively compacted using a depth vibrator from the American 

company Wacker, model M2000 with a power of 1.5 kW. In addition, tests on the 

strength of the compressed concrete used were carried out. The average compressive 

strength received was well correlated with the estimated value of fcm= 38.0 MPa 

recommended for concrete class C30/37 in standard [16]. All tests were carried out after 

80 to 92 days from concreting, which is of particular importance in the case of 

composite-concrete columns. 

Compression of CFGFT columns and their coatings was made using a hydraulic 

strength press manufactured by the Swiss company Walter + Bai AG, model 102/5000-

HK4, with a load capacity of 5000 kN and a press piston extension from 0 to 100 mm. 
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The load was controlled by the piston stroke of the press. Press tooling enables digital 

recording of measurement results in the form of discrete signals. Measurement x1 [mm] 

of the piston stroke was recorded with an accuracy of 0.01 mm, while the measurement 

y [kN] of the force values was recorded with an accuracy of 0.1 kN. All tested elements 

were axially compressed. Support in accordance with previously adopted models was 

realized as articulated on both sides. Shaft joints (Fig. 3) were used, allowing buckling 

of columns only in one predetermined plane. The duration of a single experiment was 

several tens of minutes. 

 
 

Fig. 3. Composite-concrete column during the test (compression in the press) [10]  

On the basis of the research carried out in [19], the functional dependences were 

determined between the amount of the piston extension and the compressive forces 
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resulting from this compression. The process mainly used probabilistic methods and 

metric spaces with various metrics. Selected results are presented in Table 2, limiting 

only to the beam angles of glass fibers: 20° and 85°, which are representative of the 

problem under consideration. The symbols in the aforementioned table were adopted as 

in [19]. (Full analysis and data, including the beam angle of glass fibers 55° can be 

found in [19].) 

Table 2. Selected functional relations between the stroke amount 𝑥𝑥1 of the piston and 

the emerging compressive force y in the case of l = 2000 mm [19] 

A Column coating / covering 

A1 The angle of the glass fibers beam  200 

(A1.1) 𝑦𝑦 = 23,71𝑥𝑥1 , 𝑥𝑥1 ∈< 0,10) 

A3 The angle of the glass fibers beam 850 

(A3.1) 𝑦𝑦 = 19,89𝑥𝑥1  ,        𝑥𝑥1 ∈< 0,10) 

B  Composite - concrete column 

B1 The angle of the glass fibers beam  200 

(B1.1)                𝑦𝑦 = 15,63𝑥𝑥12 + 81,48𝑥𝑥1   ,     𝑥𝑥1 ∈< 0,4) 

(B1.2) 𝑦𝑦 = −8,81𝑥𝑥12 + 318,82𝑥𝑥1 − 587,30   ,     𝑥𝑥1 ∈< 4; 9,27) 

B3 The angle of the glass fibers beam  850 

(B3.2)                   𝑦𝑦 = 10,34𝑥𝑥12 + 96,25𝑥𝑥1 ,      𝑥𝑥1 ∈< 0,6) 

(B3.3) 𝑦𝑦 = −10,68𝑥𝑥12 + 334,78𝑥𝑥1 − 686,54 ,      𝑥𝑥1 ∈< 6; 8,49) 

 

The laboratory tests described here will be used to describe the shape of the 

compressed column and its coating. 
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3. Determining the shape of a buckled column 

As a result of the compression of the column in the hydraulic press, the column 

buckles. According to model I, its shape is described by the formula (5), while 

according to model II its shape is described by the formula (6). Model II is closer to the 

experiment carried out and described earlier. However, model I can also be used to 

describe the shape of a buckled column, because with small extensions of the piston 

(especially in the initial compression phase), the sine functions are close to zero. This is 

therefore some approximation of the II model.  

Let us suppose that in the compression process, the phenomenon of shortening of 

the column is small enough and can be neglected. With this assumption, the following 

condition must be met: the length of the buckled column must be equal to 1. Using the 

last condition and the formula for the length of the curve, power series and their 

properties and the properties of harmonic signals, the following approximate 

dependences on C appearing in formulas (5) and (6) were received. For:  model I: 

 𝐶𝐶 = 𝑙𝑙
𝜋𝜋 �

2𝑥𝑥1
𝑙𝑙−𝑥𝑥1

       ,    𝑥𝑥1 ≥ 0     (8) 

Model II: 

 𝐶𝐶 = 2
𝜋𝜋 �𝑥𝑥1(𝑙𝑙 − 𝑥𝑥1)    ,    𝑥𝑥1 ≥ 0      (9) 

Graphs of functions (8) and (9) for l = 2000 mm are shown in Fig.4. 
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Fig. 4 Graphs C for model I and model II 

Conclusion: 

From the formulas (8) and (9) it follows that the relationships (5) and (6) show the 

modulated harmonic signals. 

The C function is a non-linear function that grows in both models and is a 

convex function upwards. The C function values in model I are smaller than the C 

function values in model II, i.e. the model II closer to the described experiment shows 

the larger buckling of the column with the same piston stroke sizes. 

All functions shown in Table 2 are monotonic functions, more specifically 

increasing ones. From this it follows that they are reversible, i.e. they have reverse 

functions. These functions are defined by the formulas shown in Table 3. The following 

designations were adopted in this table: 

(. )−1 - corresponding with the designations adopted in [19]. This means the inverse 

function to the function from the line (.) in Table 2. 
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Table 3. Selected dependences of the thrust 𝑥𝑥1 of the piston as a function of the 

compressive force y. 

A Column coating / covering 

A1 The angle of the glass fibers beam  200 

(A1.1)-1 𝑥𝑥1 = 0,042𝑦𝑦  ,      𝑦𝑦 ∈< 0; 237 > 

A3 The angle of the glass fibers beam  850 

(A3.1)-1                               𝑥𝑥1 = 0,050𝑦𝑦   ,      𝑦𝑦 ∈< 0; 198,9 > 

B Composite - concrete column 

B1 The angle of the glass fibers beam  200 

(B1.1)-1   𝑥𝑥1 = −2,61 + 0,06�1659,75 + 15,63𝑦𝑦   ,      𝑦𝑦 ∈< 0: 576 > 

(B1.2)-1 𝑥𝑥1 = 18,09 − 0,11�20237,44 − 8,81𝑦𝑦    ,       𝑦𝑦 ∈< 547; 1611 > 

B3 The angle of the glass fibers beam  850 

(B3.2)-1 𝑥𝑥1 = −4,65 + 0,05�9264,063 + 41,36𝑦𝑦   ,      𝑦𝑦 ∈< 0: 949,7 >           

(B3.3)-1 𝑥𝑥1 = 15,67 − 0,047�82748,66 − 42,72𝑦𝑦    ,      𝑦𝑦 ∈< 937,7; 1385,9 > 

 

By inserting the dependences contained in Table 3 to the formulas (8) and (9) 

respectively, we obtain C in the form of a function dependent on the compressive force 

for model I and model II.  

For example, for model II for the coating and the angle of the glass fibers beam 

200 , we have: 

𝐶𝐶 =
2
𝜋𝜋
�0,042𝑦𝑦 (𝑙𝑙 − 0,042𝑦𝑦) 

for  𝑦𝑦 ∈< 0; 237 > and l=2000 mm (Fig. 5), 
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while for the composite-concrete column we will get 

𝐶𝐶 =
2
𝜋𝜋
�−2,61 + 0,06�1659,75 + 15,63𝑦𝑦   �𝑙𝑙 + 2,61 − 0,06�1659,75 + 15,63𝑦𝑦   � 

for 𝑦𝑦 ∈< 0: 576 > and  

𝐶𝐶 =
2
𝜋𝜋
�15,67 − 0,05�82748,66 − 42,72𝑦𝑦(𝑙𝑙 − 15,67 − 0,05�82748,66 − 42,72𝑦𝑦) 

for  𝑦𝑦 ∈< 547; 1611 >  and  l=2000 mm (Fig. 7). 

Proceeding in the same way, we will get dependences on C for model II. 

Corresponding graphs for the coating and the column at the fiber glass beam 850 are 

shown in Fig.6 and Fig. 8 respectively. 

 

Fig. 5. Graphs C for model I and model II for coating with the fiber glass beam 200. 
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Fig. 6. Graphs C for model I and model II for coating with the fiber glass beam 850. 

 

Fig. 7. Graphs C for model I and II in the case of a composite-concrete column with the 

fiber glass beam 200 
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Fig. 8. Graphs C for model I and II in the case of a composite-concrete column with the 

fiber glass beam 850 

The graphs show that in each case the C functions have the same character, i.e. they 

are increasing, convex upwards and bigger for model II than for model I. The values 

obtained for model II are closer to the real values. This is confirmed only by the 

analyses of images from experiments, as formal measurements of these quantities 

during the research were not carried out. 

4. Notes on the accuracy of measurements 

Let us return to equation (1), and thus to its special case with the S operation 

described by the formula (2) and leading to the equation of the compressed column. In 

fact, it is difficult to accurately determine the coefficient 𝑎𝑎0 = 𝑃𝑃
𝐸𝐸𝐸𝐸

. Therefore, one should 

answer the natural question: what effect, for example, on the magnitude of the critical 

force does an error in determining 𝑎𝑎0 = 𝑃𝑃
𝐸𝐸𝐸𝐸

 have? 
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In [5] it has been shown that if the S operation has the properties required when 

creating the operational calculus, the new operation 1
𝛼𝛼
𝑆𝑆  ,𝛼𝛼 > 0 also has the required 

properties. Therefore, after using the new operation in the description (1) and after the 

transformation of the equation (1) the coefficient 𝑎𝑎0 will take the form 𝑎𝑎0 = 𝛼𝛼 𝑃𝑃
𝐸𝐸𝐸𝐸

 and 

then the first critical load for model I determined from it assumes the form: 

𝑃𝑃𝑘𝑘𝑘𝑘𝛼𝛼 = 1
𝛼𝛼
𝜋𝜋2 𝐸𝐸𝐸𝐸

𝑙𝑙2
  , 

so  

 𝑃𝑃𝑘𝑘𝑘𝑘𝛼𝛼 = 1
𝛼𝛼
𝑃𝑃𝑘𝑘𝑘𝑘𝐸𝐸  . (10) 

From (10) it follows that this correction factor α decides about the influence of 

the 𝑃𝑃
𝐸𝐸𝐸𝐸

 measurement on the critical force. 

Remarks: 

If 𝑃𝑃
𝐸𝐸𝐸𝐸

 is underestimated (𝛼𝛼 𝑃𝑃
𝐸𝐸𝐸𝐸

 , 0 < 𝛼𝛼 < 1) then 𝑃𝑃𝑘𝑘𝑘𝑘𝛼𝛼  is overestimated. 

If the  𝑃𝑃
𝐸𝐸𝐸𝐸

 measurement is overestimated (𝛼𝛼 𝑃𝑃
𝐸𝐸𝐸𝐸

 , 𝛼𝛼 > 1), 𝑡𝑡ℎ𝑒𝑒𝐶𝐶  𝑃𝑃𝑘𝑘𝑘𝑘𝛼𝛼 is underestimated. 

Analogous reasoning can be carried out for model II and similar conclusions can be 

formulated. 

Additionally, based on formulas (5) and (6), it should be noted that 

𝑃𝑃𝑘𝑘𝑘𝑘𝐸𝐸𝐸𝐸 ≥ 𝑃𝑃𝑘𝑘𝑘𝑘𝐸𝐸 . 

The last formula is of practical importance from the point of view of the design of 

columns and systems of columns. 
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5. Conclusions  

The traditional construction materials used so far for constructing hybrid columns, 

such as steel [20], have been successfully replaced by modern composite materials 

reinforced with glass fibers of various fiber beam angles and subjected to laboratory 

experimental research.  

Experimental research allowed to determine the shape of compressed concrete - 

composite columns and their coating in the form of modulated harmonic signals.  

The use of non-classical operational calculus turned out to be helpful throughout 

the analysis.  

The adopted model has an influence on determining the shape of the buckled 

column and its coating under the influence of a given compressive force.  

The sensitivity of the critical force to changes in the parameters responsible for the 

technical properties of the column in the differential model describing the behavior of 

the compressed column has been shown. 

Measurement error affects the determination of the magnitude of the critical force.  

The use of the proposed models leads to significantly different results.  

Generally, the beam angle of glass fibers is not very important in the case of the 

tests carried out here, however, to precisely determine this impact, we need to consider 

the curves in metric spaces with an appropriately defined distance shown in Fig.5 - 

Fig.8. 
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In the conducted experiments, the shape of columns in the compression process was 

not recorded. 

Coats with a glass fiber beam of 200 and 850, disregarding the intermediate angle 

550, were considered, on the basis of [19], to be representative in the research process 

carried out here. 

The proposed model can be helpful in evaluation of structural damages of 

compressed columns, along with other methods, e.g. wavelet transform [21], [22] or 

fiber Bragg grating methods. 
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