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ABSTRACT This paper proposes the generalized direct modulation for Conventional Matrix Converters
(CMC) using the concept of analytical signals and barycentric coordinates. The paper proposes a novel
approach to the Pulse Width Modulation (PWM) duty cycle computing, which allows faster prototyping of
direct control algorithms. The explanation of the new idea using analytical considerations demonstrating
the principles of direct voltage synthesis has been presented in the article. The study concerns mainly the
CMC3× 3 but solutions for 3× n, 5× 5, and 5× 3 topologies have also been discussed. The transformation
of instantaneous input voltages to analytic signals great permits for simple presenting of real input voltage
conditions such as waveform type, asymmetry or other deformation like higher–order harmonics. The
proposed interpolation methods allow for determining the values of PWM duty cycles using simple formulas
based on the determinants of the 2nd–degree matrices. Therefore, the proposed method, which based on the
barycentric coordinates, frees an algorithm from trigonometry and angles.

INDEX TERMS Matrix converter, PWM computation, analytic signal, barycentric coordinates.

I. INTRODUCTION
To achieve a better understanding of the proposed concept
of direct modulation, the introduction section was divided
into two smaller subsections. The brief comparison between
typical DC–AC inverters and the matrix converter topology
has been presented first. That subsection contains some crit-
icism stand of such concept and tries to explain why this
kind of power converters are still interesting and perspective.
The second subsection is devoted to the presentation of the
issue of PWM duty cycle computation methods for multi–
phasematrix converters controls by the direct method ofmod-
ulation. In particular, this part of the Introduction indicates
a problem with elaboration on the mathematical form of an
equation for the PWM duty cycle when a number of CMC
input is greater than 3 (e.g. 5, 12).

The associate editor coordinating the review of this manuscript and
approving it for publication was Xavier Yang.

FIGURE 1. Typical VFD inverter.

A. A BRIEF LOOK AT THE MATRIX CONVERTER
Demands for energy savings have increased in recent years.
This trend also means smaller size, high efficiency, the power
density of the variable frequency drive (VFD) inverters.

Typical VFD, shown in Fig. 1, delivers power from the
source – typically the constant frequency grid – to an elec-
trical motor. This device converts an AC voltage into the DC
voltage by the rectifier. A voltage smoothing bulk electrolytic
capacitor in the DC-link circuit is required for this purpose.
Capacitor bank stores the power, which is converted back
into AC voltage with the desired frequency using the PWM
inverter. As can be seen in Fig. 1, the DC–link requires
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FIGURE 2. VFD with AFE inverter.

charge–up elements RDC and SDC to suppress the inrush high
currents that flow to the uncharged electrolytic capacitor CDC.
The 6–pulse diodes bridge is cost–effective but produces
grid current harmonics that are transferred back into the
power system, resulting in additional heat and losses, and
causing erratic behavior of connected equipment. Rectifiers
(i.e. 12–pulse, 18–pulse, or 24–pulse) can reduce harmonics,
but this solution is costly. Therefore the current smoothing
LDC reactor is installed to reduce the THD of the input
currents. Moreover, the diode rectifier is a unidirectional
device and a braking unit RDS-SDS should be used in order
to dissipate the regenerated power from the electrical motor.
This circuit also prevents dangerous increases in the over–
voltage in the DC circuit. The described typical VFD inverter
is economical but does not belong to the high–efficiency
power devices. The generated input current harmonics are the
main disadvantage of such a construction. Another solution
to reduce harmonics is to add passive absorbing harmonic
frequencies filters, which generally use more energy and for
medium voltage applications are characterized by the large
weight and volume. The VFD with an active front end (AFE)
inverter, shown in Fig. 2, is a sensible and popular alternative
recently. The AFE-VFD is a bidirectional power converter,
which can generate the input current waveform and shapes it
to be sinusoidal, reducing total harmonic distortion (THD) to
5 percent or less using the LCL filter. As for typical DC–AC
inverters, the charge–up circuit RC-SC is still required.
The conventional matrix converter (CMC), illustrated

in Fig. 3, arranges bidirectional switches into a matrix config-
uration (see Fig. 4), which permits for direct AC–AC voltage
conversion, without DC–link [1]–[3]. Such topology, with
a small input filter allows for realizing motor regeneration
with negligible input current harmonic content. The practical
realization of the single switch is of two IGBT’s with two
diodes or two RB–IGBT transistors [4]. There are other con-
cepts of real bidirectional switch like the Full Bridge Sub–
module used inM3C converter, but such a proposition is a real
cost challenge [5]. Note that, if the load current is interrupted,
a large over–voltage upon the switch, can damage this semi-
conductor element. Thus, the dead timemechanism like in the
conventional PWM inverter is applied and energy during this
time interval is absorbed by the auxiliary protection circuit
[6], [7]. From a pure industrial point of view – the real, not
theoretical – a matrix topology, does not have a significant
performance advantage over IGBT PWM inverters.

However, a four—quadrant model of CMC operation
without the need for extra components, the near–sinusoidal
input current, and no need for large reactive energy storage

FIGURE 3. Conventional Matrix Converter circuit configuration.

parts, like electrolytic capacitors, makesmatrix topology very
perspective [8]. Note that the Gallium Nitride (GaN) and
Silicon Carbide (SiC) semiconductors offer fundamental
advantages over silicon solutions, in particular, the higher
critical electrical field and smaller capacitances compared
to silicon switches [9]–[12]. The switching frequency of
these power semiconductors can be very high compared to
the silicon counterparts, which makes these devices great
for high–frequency application [13], [14]. The possibility of
modulation with a very high PWM frequency can increase
the efficiency of the matrix converter topology. In addition,
required passive components will be smaller, thus a panel size
of the CMC system can be significantly reduced. Attempts
to integrate the CMC with the electric motor have already
taken place [15]. It is another argument to further developed
this topology. It can also be signaled that in addition to RB-
IGBT technology, research is aimed at developing an equally
good, as a not better, bidirectional switch. Ideal Power com-
pany (idealpower.com) is pioneering in bi-directional power
switches Bi-polar Junction Transistor (B-TRAN) semicon-
ductor technology. As we can read in the white paper, the B-
TRAN is a unique double-sided bi-directional AC switch able
to deliver substantial performance improvements over today’s
conventional power semiconductors. Ideal Power believes B-
TRANmodules will reduce conduction and switching losses,
complexity of thermal management and operating cost in
medium voltage AC power switching and control circuitry.

Considering the advantages of matrix converters, such as
the lack of a large DC capacitor, the bidirectional power
flow, an input angle control, the undertaken research seems
adequate [16].

B. DIRECT VOLTAGE SYNTHESIS IN MULTIPHASE SYSTEMS
The synthesis of the desired average k output voltage vok ,
in the CMC shown in Fig. 4, can be expressed by following a
general formula

d1k · vi1 + d2k · vi2 + · · · + dmk · vim = vok (1)

where d1k–dmk are the non–negative PWM duty cycles,
of which sum

m∑
j=1

djk = 1 (2)
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FIGURE 4. The m–input and n–output Conventional Matrix Converter.

FIGURE 5. An idea of vok voltage synthesis.

FIGURE 6. Limitation of the output voltage synthesis.

is equal to unity by definition and in particular

djk = 1⇔ vok = vij (3)

Summation scheme, which correspondes to the formula (1),
is depicted in Fig. 5. The value of the reference output voltage
vok must lie between the top boundary

vmax = max{vi1, . . . , vim} (4)

and the bottom boundary

vmin = min{vi1, . . . , vim} (5)

which shown in Fig. 6, where depicted envelope defines an
available range of reference output value.

vmin ≤ vok ≤ vmax (6)

No doubt, based on recent research progress, the vok can
be generated using collections of PWM duty cycles calcu-
lated by various algorithms, which are widely reported in the

literature as a direct Venturini based methods, space vector
approach [17], [18] or carrier–based modulation methods
[1]–[3], [19]–[25]. A quite interesting approach to the AC-AC
voltage synthesis represents the Model Predictive Control
(MPC) with a finite control set and space vector modulation
(SVM), which are the most common control methods for the
CMC3 × 3 [23], [26], [27]. However, the possible range of
PWM duty cycle values for m × n topology, is rarely dis-
cussed and analyzed in papers, moreover the general formula
of direct AC–AC synthesis for any set of input voltages is
not fully developed and demonstrated. Interest in multiphase
electric machines and generators has rapidly increased in the
last decade due to the desire to improve the reliability of
the system, efficiency, and reduction of electromechanical
moment ripple [28]–[30].

The final solutions formulated in the literature to date
appear incomplete. The instantaneous reference output volt-
age changes have been presented as the trajectory in a two–
dimensional coordinate system in [31]. While it has been
concluded that the properties of the PWM modulation for
CMC are closely related to the shape of that trajectory,
the general formula of computing the PWM duty cycles
has been not presented. In the next paper [32] the general
approach of calculation of the PWM duty cycles has been
demonstrated. The developed method used the intersection
and projection techniques applied to the equilateral triangle,
which modeled graphically the proposed solution of PWM
duty cycles calculation. Despite the presented proposal, that
has not been limited to the three output, a novel approach
has focused finally on a balanced sinusoidal three–phase
source case only, which has been expressed by an equilateral
triangle, as noted above. Such a convex figure can not express
more than three input phases or the abnormal input conditions
including the non sinusoidal power supply. The generalized
theory and analysis of scalar modulation techniques form
CMCm× n has been presented in [33]. However, it has been
found that the method was only extendable to 3 × n matrix
converters.

The limitations of the above discussed approaches can
be eliminated, to a great extend, by re–formulating the
basis of AC–AC voltage synthesis. The paper at hand,
presents a comprehensive study of generalized direct mod-
ulation using analytical signals and barycentric coordinates
concepts.

The first section of the paper presents an analytical signal
concept together with discussion of practical methods of
analytic signal calculation. The PWM duty cycle computa-
tion using the barycentric coordinate concept is proposed in
section II. Comprehensive theoretical analysis of the direct
modulation for CMC3 × 3 and CMC3 × n is included and
explained in section III. This section presents comparison
between simulation and experimental results. Direct modula-
tion schemes for multiphase conventional matrix converters
with five inputs have been presented in section IV. Briefly
summarizes and few conclusions have been included in the
Conclusion section.
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II. PRESENTATION OF AC VOLTAGES AS A COLLECTION
OF ROTATING VECTORS USING THE ANALYTIC
SIGNAL CONCEPT
Characterization and analysis of the AC voltage, in particular,
the grid voltage, using an instantaneous amplitude, instanta-
neous phase, and instantaneous frequency are very important.
This characterization fulfills important tasks in the integration
of AC voltage source in the power grid such as synchroniza-
tion, power flow control and power conversion quality. The
presentation of AC voltages as a collection of rotating vectors
using the analytic signal concept is proposed and described
here.

The real measured and sampled voltage vx can be trans-
formed into analytic complex–valued signal written

v̄ = vx + j · vy = vx + j · H (vx) (7)

where j =
√
−1 and letter H denotes the Hilbert transform

defined as follows

H (vx) =
1
π

∫ π

−π

vx (τ )
t − τ

dτ (8)

This transform introduces a 90–degree phase shift to all sinu-
soidal components, which is illustrated in Fig. 7. Thus, in the
discrete–time periodic–frequency domain, the transfer can be
simply specified as

H (jω) = −H−1 (jω) =


−j ω > 0
0 ω = 0
j ω < 0

(9)

In relation to three–phase power supply, the sampled input
voltages, which are usually the pure three sinusoids with
pulsation ωi,

vi1x = V cos (ωit)
vi2x = V cos (ωit − 2π/3)
vi3x = V cos (ωit + 2π/3) (10)

By generating a phase–quadrature components

vi1y = V sin (ωit)
vi2y = V sin (ωit − 2π/3)
vi3y = V sin (ωit + 2π/3) (11)

they can be converted to a collection of three rotating vectors

v̄i1 = Vejωit

v̄i2 = Vej(ωit−2π/3)

v̄i3 = Vej(ωit+2π/3) (12)

FIGURE 7. An example waveforms of real and imaginary signals.

FIGURE 8. The three pure sinusoids representation by rotating vectors in
xy reference frame.

shown in Fig. 8, by a well known quarter–cycle time shift
method or using Clarke based triple transform as follows vi1x vi1y
vi2x vi2y
vi3x vi3y

 =
 vi1x vi2x vi3x
vi2x vi3x vi1x
vi3x vi1x vi2x

 1 0
0 1/

√
3

0 −1/
√
3


(13)

In the text, the subscript ’i’ denotes the input side of the
converter while the subscript ’o’ denotes the output side.
Proposed expression (13) can be interpreted as quadrature
components generator, which creates three virtual orthogonal
reference frame. Note, that no trigonometry and angles based
formulas have to be elaborated, thus the proposed algorithm
takes a simple form and no Phase Lock Loop (PLL) is needed.

The calculation of analytical signals for AC unbalanced
and distorted voltages requires the use of advanced opera-
tions. However, this should not be seen as disadvantage of the
proposed approach, because the frequency analysis is widely
implemented and supported in DSP processors and FPGA
devices. When high precision of output voltage generation
is needed, the accurate calculation of vectors coordinates
requires the Hilbert Transform Filter [34] or operation based
on Fast Fourier Transform (FFT) [35]. In many cases, the cal-
culation can be limited to several dominant harmonics, thus
the Discrete Fourier Transform (DFT) based approach, such
as moving–window DFT, may be applied [36].

For further deliberation let’s assume that all required ana-
lytical signals, which correspond to input voltages, have been
calculated appropriately and any deterministic voltage defor-
mations have been expressed by the Hilbert pairs represented
by equation (7). Each sampled AC voltage is transformed into
one point with coordinates xy. These points – either all or at
least three selected – are vertices of the convex polygon,
which is the voltage synthesis field. A similar proposal was
introduced in [32] as the Duty Cycle Space Vectors concept,
in which the synthesis field is presented only as of the sta-
tionary equilateral triangle, which does not rotate compared
to the proposed method and can not express abnormal voltage
conditions such as unbalance and higher–order harmonics.
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For three–phase balanced sources the synthesis field can
be easily constructed using (13). For symmetric and balanced
multi–phase voltage sources the construction of the synthesis
field is intuitive. If the input voltages are arbitrary and do
not create symmetric voltage systems or contain higher har-
monics, a precise AC–AC conversion requires special signal
processing techniques, as reported earlier.

FIGURE 9. The synthesis field.

Note that the distances, shown in Fig. 9, between the x
coordinates of the analytical voltage vectors are equal to the
instantaneous line–to–line voltages. The differences between
y coordinates define the boundaries of the combination of the
input voltage share during the forming process the average
output voltage. This situation is illustrated in Fig. 10, where
considered boundaries are designated by triangle edges, while
points P4, P5, and P6 represented the three possible reference
voltage location inside the synthesis field.

The real part of the reference analytical voltage (7) can
be generated using the average value concept. This means,
that in general, the average output voltage value is con-
structed based on the three fragments of supply voltages.
These fragments differ from each other of the instantaneous
voltage value. Two principle cases can be distinguished.
The output voltage can be generated using only two input
voltages. Point P5 represents a voltage synthesis using the
L1 and L3 input phase, while point P4 indicates the solution
based on the L1 and L2 input phase respectively. Point P6
represents a general variant, which is the essence of the
proposed approach. The output voltage is always generated
using all three input voltages. The straight line between the
point P5 and P4 constructs a geometrical change range for
the y coordinate. By definition, this coordinate represents the
imaginary part of the analytic signal and finally does not
influence on the average fundamental output voltage [37].

However, to preserve the feature of matrix topology such
as the sinusoidal current on both converter’s sides, the value
of the imaginary part of the reference output voltage has to
be especially elaborated. Changes in the output voltage value
represented by analytical form can be graphically demon-
strated as the 0 trajectory, which is shown in Fig. 8 and
corresponded to the input voltage collections. This issue will
be discussed in a separate chapter. However, for a better
understanding of the novel approach, the PWM duty cycle
calculation method should be presented before.

FIGURE 10. The three possible reference location inside the synthesis
field.

FIGURE 11. The general vectors arrangement for the geometrical solution
using trigonometry and angles.

III. PWM DUTY CYCLE COMPUTATION USING
BARYCENTRIC COORDINATES
This section has been divided into two parts. The first one
has been addressed to the problem of PWM duty cycle com-
putation for CMC3 × 3. An attempt to formulate a general
computation scheme for the multiphase matrix converter has
been proposed in the next subsection.

A. ELABORATION OF PWM DUTY CYCLES COMPUTING
CONCEPT FOR CONVENTIONAL MATRIX CONVERTER
A mathematical expression for computing the PWM duty
cycles can be constructed in an explicit algebraic form
based on the triangle vertices coordinates in two–dimensional
Cartesian reference frame [38]. Considering the vectors
arrangement illustrated in Fig. 11, the points P4 and P5
represent two trivial cases, while the point P6 – with the same
x coordinate – designates the general output vector position
Evo1 in the synthesis field. The following proportions based
on the sine rule applied to the shown geometry. They can be
formulated as follows

|P2P6|
sin (π − φ)

=
|P2P8|
sin (ϕ)

=
|P2P7|

sin (φ − ϕ)
(14)

Duty cycles d1 and d3, which correspond to the points P1 and
P3 respectively, can be calculated as a ratio of the absolute
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value of the appropriate vector products as expressed below

d1 =
|P2P7|
|P2P1|

=
|P2P6|
|P2P1|

sin (φ − ϕ)
sin (φ)

·
|P2P3|
|P2P3|

(15)

d3 =
|P2P8|
|P2P3|

=
|P2P6|
|P2P3|

sin (ϕ)
sin (φ)

·
|P2P1|
|P2P1|

(16)

which can be written as

d1 =

∣∣∣−−→P2P6 ×−−→P2P3∣∣∣∣∣∣−−→P2P1 ×−−→P2P3∣∣∣ (17)

d3 =

∣∣∣−−→P2P6 ×−−→P2P1∣∣∣∣∣∣−−→P2P3 ×−−→P2P1∣∣∣ (18)

Note, that the magnitude of the cross product of two vectors is
the area of the parallelogram with the two vectors as adjacent
sides. Thus equations (17) and (18) can be transformed finally
to expression

d1= ξ ·

∣∣∣∣det [ vi2x − vo1x vi2y − vo1yvi3x − vo1x vi3y − vo1y

]∣∣∣∣=1[2,6,3]

1[1,2,3]
(19)

d3= ξ ·

∣∣∣∣det [ vi1x − vo1x vi1y − vo1yvi2x − vo1x vi2y − vo1y

]∣∣∣∣=1[2,6,1]

1[1,2,3]
(20)

where "det" means the determinant of the matrix 2× 2, and

ξ =

∣∣∣∣det [ vi2x − vi1x vi2y − vi1y
vi3x − vi1x vi3y − vi1y

]∣∣∣∣−1 (21)

The value of d2 can be computed in the same manner

d2 = 1− d1 − d3 =
1[3,6,1]

1[1,2,3]
(22)

Thus angle and trigonometric functions have been elimi-
nated from the algorithm. According to the obtained result,
a novel approach for the PWM duty cycle computation may
be performed using the arrangement of the triangles shown
in Fig. 12, where equations (19) and (20) define barycentric
coordinates. An analogous scheme of consideration can pro-
ceed to any convex polygon, in the meaning of the synthesis

FIGURE 12. The general triangles arrangement for the proposed PWM
duty cycle computation.

field term, corresponded to arbitrary input vectors arrange-
ment [39]. The barycentric coordinate values for more com-
plex analytical vector collections can be calculated using the
Wachspress function. This issue has been discussed in the
next subsection.

B. THE PWM DUTY CYCLES COMPUTATION CONCEPT
FOR MULTIPHASE SYSTEMS
Electrical AC machines, generators, and voltage sources are
described usually by a collection of voltage vectors. A pre-
sentation of AC voltages as a collection of rotating vectors
using the analytical signal concept has been proposed in
section I. Due to this concept, each voltage vector of the
multiphase system can be represented exactly by one vector in
cartesian coordinate space, as shown in Fig. 13. Theoretically,
the rotation and pulsation of a given vector can be variable.
Practically, the set of rotating vectors represents an electrical
motor or generator voltages, which are symmetrical, regular
and have one nominal frequency.

FIGURE 13. An analytic input vectors arrangement of the multiphase
system.

The matrix converter topology permits for the time-
proportioning output voltage synthesis, which means, that the
desired output voltage is synthesized involving a certain num-
ber of the input voltages. We can use at least three selected
vectors for this purpose or try to realize the synthesis based
on the variable count of candidates. However, the physical
restrictions and the principle of the vector projection method
limit the modulation capabilities, which can be graphically
represented by the synthesis field shown in Fig. 14. Theoret-
ically, any convex polygon can be the synthesis field. How-
ever, regular and symmetrical polygons occurmost frequently
in practice. The regular type of vector arrangement can be
assumed and considered for typical multiphase transformers
and electrical machines [29].

The synthesis field can be constructed using any selected
vector collection. Example variations of the synthesis field
are illustrated in Fig. 15. The well–know the Three Near-
est Vector Modulation scheme should be firstly considered
because this solution is characterized by a relatively small
switching number, good performance, and low output voltage
THD. Generally, the synthesis field can form a different
figure than the triangle. Such a scenario can take place during
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the failure of one phase of the multiphase voltage source
when the output voltage generation has to be maintained
despite the mentioned problem. For instance, the five–phase
induction machine can work with one supply phase that is
broken [28]. Note, that the final properties of the chosen
modulation scheme also depend on the switching sequence
and commutation strategy [16], [40].

As reported earlier in the Introduction section, the calcula-
tion of the PWM duty cycles is pretty complicated in the case
of the irregular shape of the synthesis field or the number of
input voltage is greater than the typical value, which is equal
to three [33]. The smooth interpolation technique can be used
to solve this problem.

Let’s assume, that a point Po, with coordinates vox and
voy, represents the analytic output voltage resides inside the
synthesis field shown in Fig. 14. The PWM duty cycles for N
number of input voltages, can be calculated usingWachspress
formula for each input voltage Evi0 . . . Evi(m+1) as follows

d
(
P(m)

)
=

wm(Po,Pm)
N∑
k=1

wk (Po,Pk )

(23)

where the numerator is the weight calculated as follows

wm(Po,Pm) =
1 [m− 1,m,m+ 1]

1 [m− 1,m,Po] ·1 [Po,m,m+ 1]
(24)

According to the Wachspress approach properties [39], [41],
the sum of all calculated duty cycles are equal unity

N∑
k=1

d (Pk) = 1 (25)

and in particular,

d (Pm) = 1⇔ Pm = Po (26)

Then conditions expressed by equations (2) and (3) are sat-
isfied. Barycentric coordinates allow performing the volt-
age synthesis for any number of chosen input voltage
greater equal three. Thus, various synthesis fields can be
chosen.

FIGURE 14. The synthesis field of the multiphase system.

The shape of the synthesis field changes in time because
vectors are rotating. Therefore, the precision of the proposed
synthesis scheme depends on the quadrature component

FIGURE 15. Example variations of synthesis field obtained for: (a) all
vectors, (b) nearest three vectors, (c) selected arbitrarily, (d) three vectors
selected arbitrarily.

FIGURE 16. Example variations of centered trajectory: (a) rotation left,
circular trajectory 0I, (b) rotation right, circular trajectory 0II, (c) the
straight–line type of trajectory 0III, (d) modified rotated trajectory 0IV by
straight sloping.

extraction algorithm [37]. The reference output voltage,
which strictly corresponds to the x coordinates of the ana-
lytical output voltage, can be obtained by using a proper
modulating signal. That signal can be represented by the
trajectory, which is shown in Fig. 16, where four types
of centered trajectory have been illustrated. Let’s note, that
the range of the real part of the modulating signal can
be the same for all cases, thus the average output volt-
age is not affected by the y coordinates. Similar considera-
tions are presented in publication [31]. A detailed analysis
of the proposed approach has been presented in the next
section.
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IV. COMPREHENSIVE THEORETICAL ANALYSIS OF
DIRECT MODULATION FOR CMC3 × 3 AND CMC3 × N
This section illustrates the problem of direct voltage modula-
tion for a conventional matrix converter with three inputs and
outputs. The analysis is divided into three parts. One selected
case of the trajectory type has been discussed in subsections
– a circular type of trajectory, straight–line type of trajectory,
and optimal modified straight–line type of trajectory respec-
tively. These types of trajectories shown in Fig. 16 in the
previous section. Two major aspects have been taken into
account – the characteristic of the input current for a given
trajectory type and the available range of voltage transfer
ratio.

The fundamental relations between the input and output
voltages and currents can be written by two main equations.
The first equation defines a relation between voltages

vo = vi · D (27)

where output voltages are represented by

vo =

 vo1xvo2x
vo3x

T =
Re (v̄o1)
Re (v̄o2)
Re (v̄o3)

T (28)

while input voltages are expressed as

vi =

 vi1xvi2x
vi3x

T =
Re (v̄i1)
Re (v̄i2)
Re (v̄i3)

T (29)

and D contains required PWM duty cycles.

D =

 d11 d12 d13
d21 d22 d23
d31 d32 d33

 (30)

All elements d11–d33 of the square matrixD can be calculated
using proposed equations (19)–(22).

Let’s note, that according to the proposed approach an
analytic form is used to express input and output voltages in
equations (28) and (29). By definition and nature of Hilbert’s
pair, only themeasurable real part of these voltages physically
exists. However, by entering the imaginary part of these
signals, which has been explained in section II, the problem of
PWM duty cycle computation has been resolved graphically
based on barycentric coordinates.

The first column of the matrix D corresponds to the first
input phase commutation group. There are three commutation
groups in CMC3×3. By definition expressed by (2), the sum
of the column elements must be equal to unity. In prac-
tice, the commutation issue can be developed and performed
accordingly to the modulation schemes proposed in [40].
Among them, the Cyclic Venturini and MMM schemes of
modulation have been described. Both fundamental equations
have been proposed for the average–value model, in which
the output voltage and input current are filtered by an ideal
low pass filter. The higher–order harmonic analysis has been
omitted here and further consideration has been focused on
the average values only.

The input voltages from (12) for V = 1 can be represented
by the normalized analytic voltage

vi =
[
ejωi e

j
(
ωi−

2π
3

)
e
j
(
ωi+

2π
3

) ]
(31)

and the synthesis field, shown in Fig. 12 and Fig. 15(a).
It can be graphically illustrated as an equilateral triangle.
The collections of required triangle vertex coordinates can be
obtained directly

vix = Re (vi)

viy = Im (vi) (32)

An important feature of the proposed approach is the abil-
ity of the modifying of the imaginary part of the modulat-
ing signals. Selected variations of the modulationg signal
have been illustrated in Fig. 16 in the form of trajectories
0I–0IV. The four principal cases of the reference analytic
voltage formulas can be considered:
• circular type of trajectory with clockwise rotation

v̄o(0I) = q ·


ejωot

e
j
(
ωot− 2π

3

)
e
j
(
ωot+ 2π

3

)

T

(33)

• circular type of trajectory with clock–counter wise
rotation

v̄o(0II) = q ·


e−jωot

e
−j
(
ωot− 2π

3

)
e
−j
(
ωot+ 2π

3

)

T

(34)

• straight–line type of trajectory

v̄o(0III) = q ·


cos (ωot)

cos
(
ωot − 2π

3

)
cos

(
ωot + 2π

3

)

T

(35)

• modified straight–line type trajectory by the rotation
represented by the angle φi

v̄o(0IV) = q · (1+ j tan (φi)) ·


cos (ωot)

cos
(
ωot − 2π

3

)
cos

(
ωot + 2π

3

)

T

(36)

Now, having both, the input and the output coordinate
collections, each element of matrix D (30) can be elaborated
using proposed formulas (19)–(22). Due to the complexity
of the mathematical operation, the Matlab Symbolic Math
Toolbox was used for support and verification. Results were
additionally verified by a study based on PSIM11 simulation
software. A detailed analysis can be performed using the
script from Appendix 1. The script corresponds to the first
case of the trajectory type. The analysis of the rest types of tra-
jectories can be obtained by script row 18–20 modifications.

8 VOLUME 8, 2020

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


P. Szczepankowski et al.: Direct Modulation for CMC Using Analytical Signals and Barycentric Coordinates

TABLE 1. Characteristics of the modulation for the example trajectory
types for CMC3× 3.

The second important formula describes the relationship
between the input and output currents as follows

ii = io · DT (37)

The average input currents can be calculated using the
matrix D transposition. Again, the proposed script can be
used for finding theoretical formulas and analysis purposes.
This research performed under assumption of sinusoidal out-
put voltage and linear RL load with load angle ϕo. Analysis
results are collected and presented in Table 1. The first two
cases, which are characterized in Table 1, allow regulating the
input angle without the voltage transfer ratio value decrease.
These modulation schemes can be classified as the Venturini
approach. The last two trajectories represent more practical
importance because the maximum voltage transfer ratio qmax
is greater than 0.5. Let’s see again the trajectory illustrations
shown in Fig. 16. The distance between points marked as
minx and maxx denote peak–to–peak line–to–line voltage in
the linear range of modulation. An increasing voltage transfer
ratio can be performed by adding the common–mode signal
to the modulating signal. Thus, the maximum length of the
trajectory can reach the 3/4 of the value. The whole trajectory
must lie inside the synthesis field according to the proposed

voltage synthesis concept, therefore the appropriate trajectory
position has to be calculated and changed all the time.

The changes in the trajectory position can be controlled by
the displacement vector. The exemplary cases are presented
in Fig. 17. In all cases, the trajectory lies inside the synthesis
field, which instantaneously rotating. The length of trajectory,
in the meaning of the distance between the minimal and
maximal instantaneous output voltages also changes in time.
If the certain output voltage overlaps with the one of the input
voltage, as shown in Fig. 17(a) and (d), the commutation
group will not switching. Thus theoretically, by using such
a strategy, the total number of switching can be reduced.

FIGURE 17. The position of the trajectory inside the synthesis field: (a) the
one output minimal voltage overlaps the one input voltage, (b) arbitrarily
location, (c) rotated trajectory but none points overlap, (d) the trajectory
has a maximum length and is tied with one of the triangle vertices.

Considering the n–number of output phases of the matrix
converter supplied by the three–phase source, the following
conclusion can be formulated. Using the modulation tech-
nique with the common mode signal injection, defined as

vcm = −0.5(maxx + minx)

maxx = MAX{vo1x, vo2x, ..., vonx}

minx = MIN{vo1x, vo2x, ..., vonx} (38)

the maximum value of voltage transfer ratio q for n–phase
topology and angle φi = 0, can be expressed as follows

qmax(n)=

{
0.75 ⇔ n ∈ {4, 6, 8, ...}

0.75/ cos (π/(2n)) ⇔ n ∈ {3, 5, 7, ...}
(39)

Considering non–zero φi value, the following final formula
for maximum voltage transfer ratio can be proposed

qmax(n, φi) = qmax(n) cos(φi) (40)

Finally, the following modulating signal can be selected for
further investigation as an optimal

v̄o = (vo + vcm) ·
[
1 tan (φi)

]
(41)
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FIGURE 18. A simplified circuit configuration of CMC3× 11 converter
used in the simulation research.

A practical implementation details, including the algorithm
flow chart for CMC3× N , commutation strategy, and PWM
modulation scheme under abnormal input conditions, have
been presented in the separate open access paper [37] as the
Direct Analytic Vector PWM (DAV–PWM) modulation.

The proposed approach of the PWM duty cycle computa-
tion in the direct modulation for the matrix converter has been
verified and validated using the PSIM simulation software.
The selected results were graphically processed inMatlab and
Visio programs. In most cases, the value of the waveform
has been presented using p.u. units based on RL–type load.
The control board has been modeled using the general DLL
block and discrete numerical step equal to the 0.2 ns. The
C–code corresponded to the proposed algorithm was called
and performed every 100 µs. All required signals from the
simulation scheme and control path were connected to inputs
and outputs of the DLL block.

A. MATRIX CONVERTER WITH 3 INPUTS AND 11 OUTPUTS
By employing a higher number of electrical motor phases
the torque ripples can be reduced. Moreover, in such drives,
the current load per phase is decreased. This ensures satisfac-
tory performance of the mechanical system of the inverter–
fed motor even at lower speed. It has also been established
that the electrical efficiency of the inverter–fed multiphase
motors is higher. Increasing the phase numbers will also
improve reliability since the drive can start and run even
after stator phase failure [28], [29]. The proposed calculation
scheme for the 11–phase RL type load, based on the analytical
signal concept, has been successfully verified during the
simulation research. A simplified simulation circuit config-
uration with the CMC3 × 11 converter is shown in Fig. 18.
All required PWMduty cycles have been calculated using the
DAV–PWMmodulation method described in [37]. The Min–
Mid–Max (MMM) switching strategy presented in [40] has
been adopted. As can be observed in Fig. 19, the real, x part of
the line–to–line analytical voltage is sinusoidal and the load
current io1, ..., io11 are generated properly. The waveforms
are shown in Fig. 19 were obtained for the following circuit
and control parameters: φi = 0, ωi = 2ωo, q = qmax =
0.757, R = 0.5�, and L = 8.3 mH .
A large number of output phases doesn’t make a significant

complexity at all. The PWM duty cycle computation scheme
is the same for all output voltages. Therefore the optimized
pipelined DSP operations can be used to reduce the runtime.
Further development can be performed using FPGA devices.

Digital configurable structures are very convenient for hard-
ware designers because them offer a great feature of code
execution acceleration.

B. AN INPUT ANGLE CONTROL
Fully independent control of the input power factor, in a
matrix converter, is not available because of the fundamen-
tal relation between the input and output voltages (27) and
currents (37). Nevertheless, when the matrix converter does
not operate with its own maximum transfer ratio (it means
the maximum length of the reference output voltage trajec-
tory inside the synthesis field), an input angle can be set to
achieve a desired input power factor. The proposed algorithm
of power factor regulation has been verified for CMC3 × 5
converter, where analytical considerations have been also
confirmed. The example results, for three values of φi, are
shown in Fig. 20 and Fig. 21 respectively. Waveforms were
obtained for the following circuit and control parameters:
ωi = 2ωo, q = cos (π/6) (0.75/ cos (π/10)), ωi = 2ωo,
R = 0.53�, and L = 5.3 mH .
The maximum voltage transfer ratio q is dependent on the

cosine of angle φi, thus to maintain the constant amplitude of
the sinusoidal output current, an appropriate value of q should
be set.

The regulation of an input angle is realized in a simple way
using the formula (41) by the modification of the trajectory
position inside the synthesis field. Such a method can be used
for any number of output phases.

The line–to–line analytical voltage waveform, represented
by difference vo1x − vo2x, remains unchanged. Thus, the out-
put current waveforms, io1, ..., io5, are independent of an
input angle φi regulation.

C. ASYMMETRY OF THE INPUT VOLTAGES
AC output voltages are generated using the AC input volt-
ages. It is a general rule of direct voltage synthesis [1], [3].
If the input voltages are not purely sinusoidal than the output
voltage can be deformed. It strongly depends on the apply-
ing approach to CMC control. The paper propose the direct
method variant, which can be compared to the scalar or Ven-
turini methods. Such a comparison has been presented in [37].

Applying the formula (13) to voltages that are slightly
deformed, in particular asymmetrical, leads to the input cur-
rent distortion. Nevertheless, as shown in Fig. 22, the shape
of the output current is still pure sinusoidal despite the 20%
asymmetry of the first source phase. The advanced method of
analytic signal generation, discussed in section I, can be used
to improve the shape of the average (filtered) input currents.
Compare to the basic version of the Hilbert pairs generation,
an advanced Hibert transform presents better input current
quality.

D. THE GRID VOLTAGE WITH HIGHER–ORDER
HARMONICS
The shape of the synthesis field is strongly dependent on
the effect of input voltage harmonic analysis. The precise

10 VOLUME 8, 2020

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


P. Szczepankowski et al.: Direct Modulation for CMC Using Analytical Signals and Barycentric Coordinates

FIGURE 19. The control of CMC3× 11 converter under unity power factor operation.

FIGURE 20. Power factor regulation in CMC3× 5 converter for φi =
{
π/6,0,−π/6

}
.

detection of harmonic and an analytic signal generation [34],
[35], [42], [43] permit for controlling the input angle and
generate the proper load voltages. An example waveforms
have been shown in Fig. 23. Presented results have been
obtained under the assumption of the known spectrum of the
higher-order harmonics. Considering formal compatibility
with theoretical Hilbert transform, usage of the equation (13)
is limited to the balanced sinusoidal source. Nevertheless,
if the application only concentrates on the sinusoidal shape
of the load current, this simple formula may be applicable

for various shape voltage waveforms, as shown in Fig. 24.
A proposed approach has been verified also experimentally.
The basic tests have been performed for CMC3× 3 and bal-
anced sinusoidal source. A comparison of the simulation and
experimental results has been shown in the next subsection.

The presented simulation results are promising. Nev-
ertheless, it should be remembered, that in practical
conditions, accurate harmonic analysis generates the com-
putation delay and achieving good performance of the con-
trol is obtained only for accurately determined signals.
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FIGURE 21. Power factor regulation in CMC3× 5 converter for φi =
{
π/4,0,−π/4

}
.

FIGURE 22. An input current waveform comparison, in CMC3× 5 converter, for the basic and advanced version of the Hilbert transform.

The proposed method, in the context of the results presented
in Fig. 23 and Fig. 24, was not tested experimentally due
to the lack of appropriate equipment. Such work is planned
to be carried out in the future. However, the possibility of
immediate switching of various types of power supply with
maintaining a sine wave output current seems to be very
perspective.

E. COMPARISON OF THE SIMULATION AND
EXPERIMENTAL RESULTS FOR CMC3X3
The proposed novel approach for CMC3 × 3 has been ver-
ified in the laboratory using a prototype converter. Fig. 25
illustrates the CMC prototype and control board photos. The
proposed algorithm has been implemented with floating–
point multicore digital signal processor Analog Devices

12 VOLUME 8, 2020
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FIGURE 23. The synthesis of the pure sinusoidal output currents in CMC3× 5 under abnormal input conditions in the form of high–order
harmonic distortion: ωi = 2ωo.

FIGURE 24. An effect of proper output voltage synthesis for the three non–sinusoidal input voltages: ωi = 3ωo.

ADSP–SC589. A programmable logic device Intel FPGA
MAX10 has been used mainly for performing a four–step
commutation and analog–to–digital acquisition. System com-
mands have been served by the user console software con-
nected with the control board via fiber optic. Most important
setup parameters are collected in Table 2. The description of
markings used in figures is listed in Table 3.

Results presented in Fig. 26 to Fig. 29 demonstrate quite
good theoretical–practical coherence of the proposed solution
and, in particular, the proper generating of the load cur-
rent. However, an input angle control has been performed
in open–loop mode only without consideration of the dis-
placement generated by the input capacitor filter. Moreover,
the paper focuses on a novel PWM duty cycle computation

and the higher-order harmonic analysis has been omitted
here. Note, that the Cyclic–Venturini switching approach was
adopted [40]. The proposed method rather belongs to the
scalar method, in which the switch operation time is obtained
directly. Theoretically, the switching sequence can be devel-
oped in manyways: Cyclic Venturini method,MMMmethod,
discontinuous modulation, etc.

V. DIRECT MODULATION SCHEMES FOR MULTIPHASE
CONVENTIONAL MATRIX CONVERTERS WITH
FIVE INPUTS
The multiphase motor drives applications require a voltage
converter with more than three outputs. These applications
offer an inherent advantage compared to their three–phase
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TABLE 2. Parameters of the laboratory setup.

TABLE 3. Description of markings in Figures 26, 28, 27, 29.

FIGURE 25. Photos of an experimental setup.

counterparts, such as higher efficiency, lower torq ripple,
and increased reliability [28], [29], [44]. Multiphase electric
machines can be fed also by the conventional matrix con-
verter with three inputs [19]–[21], [45]. The matrix topol-
ogy is also presented as a unit, which control the power
flow between the voltage generator and the supply grid
[30], [46]–[49]. Multiphase generators have also been used in
systems generating electricity such as offshore installations
and wind farms [50], [51]. On the other hand, the power
density can be increased using the high–speed multiphase
generators. Although generators with the number of phases
6 and 9 are more applicable [44], [51], for simplicity of
the consideration, a 5–phase generator connected with the
5-input matrix converter has been mainly presented.

This section addresses the issue of the problem of the PWM
duty cycle computation for CMC5×3 and CMC5×5 convert-
ers connected with standard three–phase voltage grid through
the grid LCL filter, shown in Fig. 30, or using the dedicated
transformer [52]–[54]. The power flow is a task located in the
higher layer of the overall control, thus this application aspect
has been omitted here. The simplified circuit configuration
with the special 5–to–3 transformer is shown in Fig. 31.

Given the results discussed above the proposed approach is
analogous and developed both using the analytical signals and

FIGURE 26. Unity input power factor operation of the matrix converter,
comparison of experiment and simulations results for CMC3× 3:
q = 0.86, ωi = 2ωo, φi = 0.

FIGURE 27. Operation of matrix converter with reference input angle
φi = π/3, experimental results for CMC3× 3: q = 0.8 cos

(
φi

)
, ωi = 2ωo.

barycentric coordinates concepts. At first lets assume, that
the CMC is connected to the ideal five–phase voltage source
represented by five rotating vectors. In this case, the synthesis
field is a pentagon, which rotates with certain generator volt-
age pulsation. Two types of the modulating signal trajectory
were considered: the straight–line (Fig. 32), and the circular
trajectory (Fig. 33).
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FIGURE 28. Operation of matrix converter with reference input angle
φi = π/6, comparison of experiment and simulations results for
CMC3× 3: q = 0.8 cos

(
φi

)
, ωi = 2ωo.

FIGURE 29. Operation of matrix converter with reference input angle
φi = −75π/180, experimental results for CMC3× 3: q = 0.8 cos

(
φi

)
,

ωi = 2ωo.

The maximum value of the voltage transfer ratio for the
circular trajectory can be expressed as follows

qmax = cos
(
2π
5
·
1
2

)
= 0.809 (42)

for both converters – CMC5 × 3, and CMC5 × 5. By using
the straight–line type of trajectory and common mode signal

FIGURE 30. Simplified energy conversion system with CMC5× 3 and LCL
grid filter.

FIGURE 31. Simplified energy conversion system with CMC5× 5 and
special grid transformer.

FIGURE 32. The straight–line trajectory of the modulating signal.

FIGURE 33. The circular trajectory of the modulating signal.

injection technique, the maximum voltage transfer ratio qmax
can be increased to the value

qmax =
1+ cos

(
π
5

)
2 · cos

(
π
2·3

) = 1.044 (43)

in the case of CMC5 × 3. For the CMC5 × 5 the maxi-
mum voltage transfer ratio can be calculated using a similar
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FIGURE 34. The PWM duty cycles calculation for the reference output
voltage, represented by point 6, using the Wachspress scheme of
computing.

equation

qmax =
1+ cos

(
π
5

)
2 · cos

(
π
2·5

) = 0.9511 (44)

Theoretically, an average output voltage can be generated
using the freely selected input voltage collection. The PWM
duty cycles for CMC3 × N can be computed by the smooth
interpolation methods, which are transformed into the simple
rational function of triangle areas. The solution for the multi-
phase system can also be constructed based on the analogous
graphical–vector arrangement. According to the synthesis
field concept, the Wachpress rational functions (23), permit
for direct computation. A further consideration is focused on
just the three graphical–vector arrangements. So, the three
following calculation schemes can be proposed and analyzed:
• using the Wachspress barycentric coordinates for the
pentagon,

• applying the virtual zero–component, the triangular
input voltage sectors, and the rational function of trian-
gle areas,

• adopting the Nearest Three Vectors approach and
barycentric coordinates for the triangular synthesis field.

COMPUTATION OF THE PWM DUTY CYCLES USING THE
WACHSPRESS BARYCENTRIC COORDINATES
If the synthesis field is a regular polygon, as shown in Fig. 34,
the Wachspress formula (23), calculated for reference output
voltage marked in the figure by point 6, can be simplified to
the following expression

d16 =
516

516 +526 +536 +546 +556
(45)

where

516 = 1[6,2,3] ·1[6,3,4] ·1[6,4,5]

526 = 1[6,3,4] ·1[6,4,5] ·1[6,5,1]

FIGURE 35. The example waveform of PWM duty cycle d16 for the circular
trajectory with clockwise rotation of the reference output vector: q = 0.8,
ωo = 5·ωi, and ωi = 2·π·50.

536 = 1[6,4,5] ·1[6,5,1] ·1[6,1,2]

546 = 1[6,5,1] ·1[6,1,2] ·1[6,2,3]

556 = 1[6,1,2] ·1[6,2,3] ·1[6,3,4] (46)

The 1[i,j,k] is an area of triangle with vertices i, j, and
k respectively. The area is calculated using the determinant
of a square matrix, which contains coordinates of analyti-
cal voltages, as presented in previous sections. All the rest
PWM duty cycles, d26 · · · d56, are calculated by the same
method. The example waveform of PWM duty cycle d16
for the presented method has been shown in Fig. 35. The
Wachspress barycentric coordinates are also very useful for
irregular polygons, which can represent the graphical–vector
arrangements of asymmetrical AC voltages. All available
vectors are involved in voltage synthesis, as well as the power
switches. Thus, this solution is not optimized due to switch-
ing. However, the computation scheme is uniform and this
solution can be applied for special cases, such as temporary
amplitude or angle voltage asymmetry, rapidly source failure,
etc.

COMPUTATION OF THE PWM DUTY CYCLES APPLYING
THE VIRTUAL ZERO–COMPONENT AND THE TRIANGULAR
INPUT VOLTAGE SECTORS
The symmetrical arrangement of the input vectors allows to
define the virtual zero–component voltage represented by
the point with coordinates indicating the midpoint of the
pentagon. This voltage is represented by the point 0 in Fig. 36.
The PWM duty cycles can be calculated for local triangular
synthesis field with vertices 5, 1, and 0 as follows

d5 =
1[6,1,0]

1[5,1,0]

d1 =
1[6,5,0]

1[5,1,0]

d0 =
1[6,5,1]

1[5,1,0]
(47)

Thus formally the synthesis of the vo6x output voltage can be
represented by the equation below

vo6x=d1 ·vi1x+d5 ·vi5x+
d0 · (vi1x+vi2x+vi3x+vi4x+vi5x)

5
(48)

After grouping the PWM duty cycles in the above equation,
the following formula is finally obtained

d56 = d5 +
d0
5
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FIGURE 36. The PWM duty cycles calculation for the reference output
voltage, represented by point 6, using the Zero–Component Voltage and
triangular sector.

FIGURE 37. The example waveform of PWM duty cycle d16 for the circular
trajectory with clockwise rotation of the reference output vector: q = 0.8,
ωo = 5·ωi, and ωi = 2·π·50.

d16 = d1 +
d0
5

d26 = d36 = d46 =
d0
5

(49)

The proposed method can be used for a circular modulating
signal. Operations realized in the other four triangular sec-
tions are performed in an analogous manner. Fig. 37 shows
the example waveform of PWM duty cycle d16 for the dis-
cussed approach of calculation.

Subsection presents a less complicated solution compared
to the previous approach. The computations are reduced
to the direct relation of triangle areas. Such an approach
can be applied for regular synthesis fields and symmetrical
multiphase systems. The proposed concept is near to the
classic view of modulation. However, high switching is still
a disadvantage and the switching sequence optimization is
preferable. A short–time vectors can be eliminated through
the switching sequence or the switching sequence can be
rearranged in the context of commutations.

A. COMPUTATION OF THE PWM DUTY CYCLES ADOPTING
THE NEAREST THREE VECTORS APPROACH
In general, the nearest three vectors PWM (NTV–PWM)
modulation is not complicated and allows to reduce the
switching losses and improve the output voltage quality.
As demonstrated in section II, the PWM duty cycles can be
expressed by the triangles area ratio. Based on the triangle
1[5,1,2] illustrated in Fig. 38 the required PWM duty cycles

FIGURE 38. Modulation scenario using only the nearest three vectors.

FIGURE 39. The example waveform of PWM duty cycle d16 for the circular
trajectory with clockwise rotation of the reference output vector: q = 0.8,
ωo = 5·ωi, and ωi = 2·π·50.

can be calculated using the following formulas

d56 =
1[6,1,2]

1[5,1,2]

d16 =
1[6,2,5]

1[5,1,2]

d26 =
1[6,5,1]

1[5,1,2]
(50)

The example waveform of PWM duty cycle d16, d26, and d56
have been shown in Fig. 39.

According to the proposed synthesis scheme, the reference
output voltage represented by point 6 must lie inside the just
formed triangle. The rest of the input vectors, which do not
belong to the selected triangle, are not used during generation
the given output voltage.

An example phase output voltage and load current wave-
forms of CMC5×5 for discussedmethods of PWMduty cycle
computing has shown in Fig. 40, where the symulation results
have been only presented. A detailed higher–order harmonic
analysis and comparison for these variants of modulations
will be presented in a separate paper.

Table 4 presents a THD index for each modulation type
shown in Fig. 40. These values have been calculated using the
THD calc tool in PSIM11 simulation software. Based on the
results obtained, it can be indicated that the latest modulation
method has the best most–favorable THD coefficient. For
the voltage transfer values, which are near to the maximal
voltage gain, and the greater number of phases, the NTV
modulation technique is the best choice due to low total
harmonic distortion.
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FIGURE 40. The comparison of the phase output voltage shape for
different methods of PWM duty cycle computing for q = 0.8, φi = 0,
ωo = 5·ωi, and ωi = 2·π·50: (a) the circular trajectory, Wachspress
barycentric coordinates method, (b) the circular trajectory, virtual–zero
component method, (c) the straight–line trajectory, Wachspress
barycentric coordinates method, (d) NTV–PWM approach.

TABLE 4. Calculated Total Harmonic Distortion (THD) of vo1 for
modulation methods shown in Fig. 40, Ts = 200µs, φi = 0.

FIGURE 41. Synthesis field of the 12× 12 matrix topology.

The presented method of computing the PWM duty cycles
for a five–phase input converter can be successfully extended
to the other matrix converters with a greater number of inputs.
A new concept of power flow control in a power system
transmission line by a new Flexible AC Transmission Sys-
tems (FACTS) device, which contains two power transform-
ers and a multiphase matrix converter as an active control
unit was proposed in papers [55], [56]. However, the authors

FIGURE 42. Input voltage vectors and an example reference output
voltage Evo1 with its circle trajectory 0o.

TABLE 5. Three considered methods of the input angle φi control.

did not propose a technique of the voltage modulation than
the control for the cycloconverter. Therefore, the further text
presents a PWM modulation based on the NTV approach
applied to the CMC12× 12. Now let’s consider the graphical
vector arrangements for 12×12 topology expressed as regular
polygon shown in Fig. 41. One of 12 presented input vectors
is referred here as the base vector . It means that the distance
– defined as r1 · · · r12 and shown in Fig. 42 – between this
vector and the reference vector Evo1 is the smallest.

18 VOLUME 8, 2020

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


P. Szczepankowski et al.: Direct Modulation for CMC Using Analytical Signals and Barycentric Coordinates

FIGURE 43. An input angle control by adjusting the γ ratio factor for CMC5× 5: q = 0.8, ωo = 5·ωi, and ωi = 2·π·50.

There are three triangles with a common upper vertex with
coordinates {vi1x, vi1y}:1[2,1,12],1[3,1,11], and1[4,1,10]. The
given triangle 1[p,q,r] satisfies the modulation conditions
when the sum

6[p,q,r] = dp + dq + dr (51)

where

 dpdq
dr

 = ξ


∣∣∣∣det [ vqx − vo1x vqy − vo1y
vrx − vo1x vry − vo1y

]∣∣∣∣∣∣∣∣det [ vpx − vo1x vpy − vo1y
vrx − vo1x vry − vo1y

]∣∣∣∣∣∣∣∣det [ vqx − vo1x vqy − vo1y
vpx − vo1x vpy − vo1y

]∣∣∣∣

 (52)

and

ξ =

∣∣∣∣det [ vpx − vqx vpy − vqy
vrx − vqx vry − vqy

]∣∣∣∣−1 (53)

of PWM duty cycles dp, dq, and dr takes the smallest value,
ideally equal unity. When two triangles meet this condition,
the one whose area, the triangle with the smallest area should
be selected for further consideration. In practice, this oper-
ation can be performed by using optimized DSP functions
like qsort , vecmin or conditional operators. The gate signals
control can be performed by the MMM method, which is
similar to Cyclic Venturini method described in [40]. When
the value of transfer voltage ratio q is in the range

cos
(
π
6

)
cos

(
π
12

) ≤ q ≤ cos
( π
12

)
(54)

large number of output phases allows generating the output
voltage with lower THD, thus the cost of passive elements
can be also reduced.

B. AN INPUT ANGLE CONTROL SCHEMES FOR
MULTIPHASE CMCM ×M FOR THE CIRCULAR
TRAJECTORY OF THE MODULATING SIGNAL
The control of the input angle φi, defined as the displace-
ment between the input voltage and the input current, is an
important feature of the matrix converter control algorithm
[1]–[3], [32]. Therefore some existing classic approaches
have been considered and adopted for the multiphase
CMCm × m. Table 5 illustrates and gives the fundamental
formulas for three methods of control input angle φi.

Figures shown in Table 5 demonstrate the input angle
control methods for CMC12 × 12. These methods can be
applied to another number of phases as well. The first char-
acterized method of φi control is realized by setting the γ
ratio factor. The PWM duty cycle m–degree matrix D+ is
calculated for the circular trajectory of the modulating signal
and output vectors rotating clockwise. The D− indicates the
same collection but calculated for counterclockwise rotation.
The input angleφi is theoretically equal to zero for the γ equal
to 0.5. A selected currents and voltages waveforms for such
kind of input angle control have been shown in Fig. 43, where
the PWMduty cycle d11 has been also illustrated. All required
PWM duty cycles have been calculated using theWachspress
barycentric coordinates. The simulation has been performed
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FIGURE 44. An input angle control using the rotation matrix R for CMC5× 5: q = 0.4, ωo = 5·ωi, and ωi = 2·π·50.

FIGURE 45. The input angle control using the sequence type toggling for CMC12× 12 converter connected with RL load:
q = 0.95, ωi = 5ωo.

for RL type of load and all electrical waveforms have been
presented in p.u. units.

If the extended range of input angle control is needed
the scheme with rotation matrix R usage can be applied.
The proposed control of the input angle has been based on
the rotated collection of input voltage vectors by a rotation
matrix. In consequence, the real maximum voltage transfer
ratio q has been reduced depending on the cosine of the

desired input angle φi, as presented in Table 5. Example sim-
ulation results are presented in Fig. 44.

The NTV requires a proper selection of three input vec-
tors. There are two collections of rotating input vectors in
the proposed method. Both collections can be used for the
synthesis of the output voltage within the modulation period.
The input angle can be adjusted by setting a ratio factor δ,
as has been also presented in the Table 5. Simulation results
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FIGURE 46. Direct voltage synthesis using the circular trajectory of the
modulating signal performed by CMC5× 3 converter: q = 0.8, ωo = ωi/3,
and ωi = 2·π·50.

for the input angle control using the sequence type toggling
for CMC12× 12 converter are shown in Fig. 45. It has been
found that for the circular trajectory of the modulating signal
and an equal number of inputs and outputs, sinusoidal input
currents can be obtained.

The first two methods of control the input angle maintain
the maximum voltage transfer ratio q, but the adjustment
range strongly depends on the load parameters. This type of
control is needed when the purpose of the converter is to gen-
erate reactive power. The use of a rotation matrix R permits
for the wider adjustment of the input angle φi. However, using
this technique can decrease the qmax value.
The simulation result forωo = ωi/3 is presented in Fig. 46,

and the next case for ωo = 3 · ωi is illustrated in Fig. 47.
Worth noting is that both input current components have
been sinusoidal for the circular trajectories and the maximum
transfer voltage ratio cannot exceed 0.809 value.

C. THE CHARACTERISTIC OF THE DIRECT MODULATION
FOR CMC5× 3
Compare to the classical 3 × 3 and m × m topologies,
the disequality between the input and output voltage numbers
create other conditions for the direct AC–AC voltage conver-
sion. Some important properties of application two types of

FIGURE 47. Direct voltage synthesis using the circular trajectory of the
modulating signal performed by CMC5× 3 converter: q = 0.8, ωo = 3 · ωi,
and ωi = 2·π·50.

modulating signals, the circular and the straight–line, have
been analyzed in the subsection. Let’s start an analysis from
shortly defines two fundamental equations – for converter
voltages

 vo1xvo2x
vo3x

T =

vi1x
vi2x
vi3x
vi4x
vi5x


T

·


d11 d12 d13
d21 d22 d23
d31 d32 d33
d41 d42 d43
d51 d52 d53

 (55)

and for converter currents
ii1
ii2
ii3
ii4
ii5


T

=

 io1io2
io3

T ·
 d11 d21 d31 d41 d51
d12 d22 d32 d42 d52
d13 d23 d33 d43 d53


(56)

The PWM duty cycle collection d11 – d53 can be calculated
using the Wachspress full form (23) or simplified (45) due
to the input voltage symmetry assumption. This computa-
tion method has been applied to both types of trajectory,
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FIGURE 48. Direct voltage synthesis using the straight–line trajectory of
the modulating signal performed by CMC5× 3 converter: q = 0.8,
ωo = 5 · ωi, and ωi = 2·π·50.

thus the maximum voltage transfer ratios, represented by the
equations (42) and (43) respectively, could be successfully
obtained. However, the pure sinusoidal input currents have
not been reached by the proposed solution. Therefore, for
the further presentation of the input current, the following
extended Clarke transformation for five–phase system has
been used

C=
2
5
·


1 cos (α) cos (2α) cos (3α) cos (4α)
0 sin (α) sin (2α) sin (3α) sin (4α)
1 cos (2α) cos (4α) cos (6α) cos (8α)
0 sin (2α) sin (4α) sin (6α) sin (8α)
1
2

1
2

1
2

1
2

1
2


(57)

where α = 2 · π/5. Input currents can be presented in
two ortogonal reference frames {x1, y1} and {x2, y2} using
following expression

iix1
iiy1
iix2
iiy2
ii0


T

=


ii1
ii2
ii3
ii4
ii5


T

· C (58)

All presented results are prepared using MATLAB scripts
and PSIM11 software. The MMM method of gate signal
sequencing within a commutation group has been adopted.
Only the pure sinusoidal reference output voltage was con-
sidered during research. In the case of the circular trajectory
of the modulating signal application the input currents, aver-
aged for the given modulation period, have contained funda-
mental and additional components. Two current harmonics
were observed in all simulation results performed for the
circular trajectory. If the input voltage vectors collection and
the reference output voltage vectors collection are rotating
in the opposite direction, the frequency of the input current

FIGURE 49. Optimized direct voltage synthesis using the straight–line
trajectory of the modulating signal performed by CMC5× 3 converter:
q = 1.04, ωo = ωi/3, and ωi = 2·π·50.

additional component can be expressed as follows

ω{x2,y2} = ωi ·

(
3 ·
ωo

ωi
+ 2

)
(59)

If all vectors involved into AC–AC synthesis rotates in the
same direction, the additional component pulsation can be
written as

ω{x2,y2} = ωi ·

(
3 ·
ωo

ωi
− 2

)
(60)

The straight–line trajectory can be selected for obtaining a
zero input angle but the accurate analytical characterization
of the input current harmonic spectrum has not been made
yet due to the overall complexity. The simulation result for
ωo = 5·ωi is presented in Fig. 48, where the input current can
be also seen. This type of trajectory can be selected to increase
the maximum voltage transfer ratio to the 1.044 value. The
goal can be reached using the trajectory displacement to
the optimal vertex of the synthesis field. This displacement
guarantees that the real part value of the analytic signals is
limited by the input voltages envelopes. The second important
modification relies on the standard common–mode signal
injection into output references. The simulation result for
ωo = ωi/3 shown in Fig. 49.

VI. CONCLUSION
The paper introduces the alternative approach to the PWM
duty cycle computation for the direct modulation in con-
ventional matrix converters using analytical signals and
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barycentric coordinates. The AC voltage sources are pre-
sented as a collection of the rotating vectors with coordinates
obtained using the analytical signal concept. The several
techniques of the analytic signal generation have also been
discussed. The input vectors’ arrangement has been replaced
by the equivalent synthesis field , which is a convex polygon
with vertices described by two–dimensional coordinates con-
tain the real, and the imaginary component.
All reference output voltages are presented as points

described also by a coordinates pair. These points reside
inside the synthesis field by the introduced definition. The
output voltage generated by the matrix converter is dependent
on the real coordinates only. Thus the imaginary coordinates
can be taken theoretically variable values. However, each
modification of the analytic signal, which corresponds to the
reference output vector, must not move any points outside
the synthesis field. This modification can be presented by the
trajectory – in particular as the straight and the circular line.

Finally, the synthesis field and the points, which repre-
sent the reference output voltages, form a graphical domain
of the proposed solution. The PWM duty cycle modulation
can be calculated using the barycentric coordinates theory.
The mathematical relationship between the input and output
quantities has been formulated using smooth interpolation
methods. As the paper presents, these methods, have been
reduced into a simple ratio of triangle areas. The goal has been
reached by using the determinant of the two–dimensional
matrix. Thus, trigonometry has been significantly limited in
the algorithm.

The advantages of the proposed method, such as unifi-
cation and universality, appear in the case of asymmetrical
supply voltages or voltages with a shape different from sinu-
soidal. Until the Hibert transform or the quadrature com-
ponent of the input voltages is calculated accurately, any
input voltage can be used for the output voltage synthesis.
The proposed method can be not only applied to a wide
range of waveforms. As demonstrated, the synthesis field can
be chosen arbitrally. The paper also discusses this context.
The proposed approach can be applied for abnormal or non-
standard voltage sources without the major changes in the
algorithm.

The direct modulation for CMC3 × n has been also pre-
sented in the paper and proposed solution can be used in
multiphase electric drive application. Again, the expained
approach to modulation can be applied to the abnor-
mal or non–standard AC voltage sources.

The concept of multiphase voltage synthesis based on the
CMCm×mwas introduced and verified by the analytical and
simulation research. Three voltage synthesis schemes and a
couple selected input angle control method were develop and
proposed for multiphase systems.

The last fragment of consideration was dedicated to the
problem of direct PWM modulation for CMC5 × 3. The
desired output voltage is properly generated using the pro-
posed approach but the (filtered, averaged) input current
shape is not purely sinusoidal. The investigation of the

apropriate modification of the modulating signal is currently
ongoing.

The main purpose of the article was reducing the mul-
tiphase voltage synthesis algorithm complexity and formu-
late the direct synthesis rules. All proposals have been ver-
ified and successfully confirmed. Authors believe that due
to trigonometry amount reduction and a new look on the
modulation, the algorithms prototyping will be improved.

The presented paper does not include the high–order har-
monic analysis because it strongly depends on the chosen
switching sequence – Cyclic Venturini, MMM, etc. – and a
number of parameters. However, the paper authors would like
to present a selected variant of PWM modulation with high-
order harmonic analysis in the other paper.

As mentioned in the paper, the computation scheme can
be realized using the FPGA device only. Such research will
be taken in the near future. The comparison with the space–
vector approach will be also performed.

APPENDIX 1. AN ANALYSIS SCRIPT FOR USING WITH
THE MATLAB SYMBOLIC MATH TOOLBOX
This script allows to modify both the input and the output
voltages given in the analytic form. The PWM duty cycles
d11–d33 are calculated using the barycentric coordinates.
For three inputs case, these operations are performed using
the triangle area. The following script shows the theoretical
expression of PWM duty cycles, which finally leads to the
proof of the sinusoidal output voltage.

1 %init
2 clc;
3 close all;
4 clear all;
5 %symbolic time
6 t=sym(’t’,’positive’);
7 %symbolic data for input voltages
8 omega_i=sym(’omega_i’,’positive’);
9 %analytic form of input voltages

10 vi1_=exp(1i*omega_i*t);
11 vi2_=exp(1i*(omega_i*t-2*pi/3));
12 vi3_=exp(1i*(omega_i*t+2*pi/3));
13 %symbolic data for output voltages
14 q=sym(’q’);
15 assume(q < 0.5 & q > 0.0);
16 omega_o=sym(’omega_o’,’positive’);
17 %analytic form of input voltages
18 vo1_=q*exp(1i*omega_o*t);
19 vo2_=q*exp(1i*(omega_o*t-2*pi/3));
20 vo3_=q*exp(1i*(omega_o*t+2*pi/3));
21 %input coordinates
22 vi1x=real(vi1_);vi1y=imag(vi1_);
23 vi2x=real(vi2_);vi2y=imag(vi2_);
24 vi3x=real(vi3_);vi3y=imag(vi3_);
25 %output coordinates
26 vo1x=real(vo1_);vo1y=imag(vo1_);
27 vo2x=real(vo2_);vo2y=imag(vo2_);
28 vo3x=real(vo3_);vo3y=imag(vo3_);
29 %normalization factor
30 eta=det([vi1x vi1y 1;
31 vi2x vi2y 1;
32 vi3x vi3y 1]);
33 %PWM duty cycles computing
34 d11=det([vo1x vo1y 1;
35 vi2x vi2y 1;
36 vi3x vi3y 1])/eta;
37 d12=det([vo2x vo2y 1;
38 vi2x vi2y 1;
39 vi3x vi3y 1])/eta;
40 d13=det([vo3x vo3y 1;
41 vi2x vi2y 1;
42 vi3x vi3y 1])/eta;
43 d21=det([vi1x vi1y 1;
44 vo1x vo1y 1;
45 vi3x vi3y 1])/eta;
46 d22=det([vi1x vi1y 1;
47 vo2x vo2y 1;
48 vi3x vi3y 1])/eta;
49 d23=det([vi1x vi1y 1;
50 vo3x vo3y 1;
51 vi3x vi3y 1])/eta;
52 d31=det([vi1x vi1y 1;
53 vi2x vi2y 1;
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54 vo1x vo1y 1])/eta;
55 d32=det([vi1x vi1y 1;
56 vi2x vi2y 1;
57 vo2x vo2y 1])/eta;
58 d33=det([vi1x vi1y 1;
59 vi2x vi2y 1;
60 vo3x vo3y 1])/eta;
61 %display results
62 pretty(simplify(d11));
63 pretty(simplify(d21));
64 pretty(simplify(d31));
65 pretty(simplify(d11+d21+d31));
66 pretty(simplify(d12+d22+d32));
67 pretty(simplify(d13+d23+d33));
68 %calculation of the real output voltages
69 vo1=d11*vi1x+d21*vi2x+d31*vi3x;
70 vo2=d12*vi1x+d22*vi2x+d32*vi3x;
71 vo3=d13*vi1x+d23*vi2x+d33*vi3x;
72 %display results
73 pretty(simplify(vo1));
74 pretty(simplify(vo2));
75 pretty(simplify(vo3));
76 %theoretical output currents
77 angle_o=sym(’angle_o’,’positive’);
78 Imax=sym(’Imax’,’positive’);
79 io1=Imax*cos(omega_o*t-angle_o);
80 io2=Imax*cos(omega_o*t-angle_o-2*pi/3);
81 io3=Imax*cos(omega_o*t-angle_o+2*pi/3);
82 %calculation of the real input currents
83 ii1=d11*io1+d12*io2+d13*io3;
84 ii2=d21*io1+d22*io2+d23*io3;
85 ii3=d31*io1+d32*io2+d33*io3;
86 %display results
87 pretty(simplify(ii1));
88 pretty(simplify(ii2));
89 pretty(simplify(ii3));_____________________________________________
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