
1. INTRODUCTION

Vibration-based structural health monitoring (VBSHM) com-
prises many techniques, which are applied in analysis of me-
chanical, civil and also biological objects. They allow to study
structural health or structural mechanical behaviour with local
or global perspective, on a basis of measured vibration signals
[1]. Non-destructiveness and ease of data measuring are assets
of VBSHM, thus there are many applications in existing build-
ing structures, primarily in bridges [2, 3, 4], but also in historic
structures, particularly in masonry or rock towers [5, 6, 7].

Damage detection and localization is a big category of VB-
SHM problems. They rely on analysis of vibration signal time-
series or modal data identified from the vibration response.
Some group of methods has the additional advantage by not
requiring baseline data. For example, the traveling ultrasonic
waves technique enables detection and localization of a dam-
age using only current measurements, as proved in [8] in the
context of cracks detection in concrete elements. However the
method is suitable only for structural members. On the other
hand wavelet analysis or fractal dimension-based crack detec-
tor reveal high effectiveness in damage localization or even es-
timation of its size [9, 10]. Since they usually are used to de-
tect anomalies in mode shapes, they have potential to provide
global analysis of the entire structure.

High efficacy reveal also methods formulated of a basis of
mode shape curvature. The pioneer formulation is presented
in [11] and its further modifications are proposed in [12], [13].
There are numbers of practical applications of modal curva-

∗e-mail: milena.drozdowska@pg.edu.pl

ture method involving structural members, such as beams [14],
plates [15], masonry walls [16] or bridges [17].

The paper presents an analysis of the modal curvature-based
damage localization efficacy related to different ways of de-
termining baseline data and identifying mode shapes. A pio-
neer formulation is considered, which assumes that the bend-
ing stiffness at the location of the damage is reduced, leading
to local change of the mode curvature. Four strategies of de-
termining baseline data are considered: real measurement of
the undamaged structure, analytical function, Finite Element
model-based and approximation of current experimental mode
shape. While all of them are applicable to cases of labora-
tory models or newly-built structures, only the last two strate-
gies can be used in cases of existing structures. In order to
determine the mode shapes of the identified structures, three
modal identification (MID) methods are used, namely Eigen-
system Realization Algorithm, Natural Excitation Technique
with ERA and Covariance Driven Stochastic Subspace Iden-
tification. The analysis focuses on two objects: a laboratory
beam with a notch, and on a historic masonry lighthouse with
modern restoration in its upper part.

2. MATERIALS AND METHODS

2.1. Modal curvature approach to damage detection

In the adopted methodology [11], the mode shape curvature is
determined as the second derivative of mode shape and for a
discrete function can be calculated using the central difference
method. The curvature C j(i) of j-th mode φ j at the location
i, for irregularly distributed points, as in practical cases, is de-
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fined as

C j(i) =
φ j(i+1)−2φ j +φ j(i−1)

0.5(L2
i+1 +L2

i−1)
, (1)

where Li+1 and Li−1 are distances between measurement
points i+1 and i, or respectively i and i−1. The mode shape
curvature damage index takes form

WC j(i) = |Ca
j (i)−C0

j (i)|, (2)

where Ca
j and C0

j denotes the curvature of mode shape iden-
tified for the structure in the actual state and in the reference
state, respectively. The normalised damage index ZC(i), which
provides information about the probability of damage occur-
rence in section i, is defined by

ZC(i) =
WC(i)−W̄C

σC
, (3)

where W̄C is the mean value of WC(i), while σC is the standard
deviation of the index. From the normal distribution of the
index WC(i), if the likelihood of result ZC(i) equals 2, there is
97.725% confidence, that the damage is located at i-th point.

2.2. Modal Identification Methods

2.2.1. Eigensystem Realization Algorithm (ERA) The ERA
was developed as the evolution of the Ho-Kalmann minimum
realization problem [18] and estimates the modal parameters,
i.e., frequencies, damping ratios and mode shapes, based on
finite-time and noisy experimental data [19], [20]. The basic
principle of the ERA involves the identification of system ma-
trices An×n, Bn×p and Cp×n of a state-space model:

xk+1 = Axk +Buk,

yk = Cxk,
(4)

which represents the discrete-time, linear time-invariant (LTI)
system of order n (n is the number of significant equations
to define the identified system and p is the number of sen-
sors). The algorithm starts from forming Hankel matrix based
on the measured Markov parameters yk = [yk,1,yk,2, . . . ,yk,p]

T ,
i.e., the vectors that composed of the free-vibration responses
at k-th time step in each sensor:

H
(α p×β )

(k−1) =



yk yk+1 · · · yk+β−1

yk+1 yk+2 · · · yk+β

yk+2 yk+3 · · · yk+β+1
...

...
. . .

...
yk+α−1 yk+β · · · yk+α+β−2

 . (5)

The method parameters α and β decide about the size of the
Hankel matrix, i.e. number of signal samples used. The algo-
rithm results in the minimum realization defined by the triple:

Â = S−1/2
n UT

n H(1)VnS−1/2
n ,

B̂ = S1/2
n VT

n Er, Ĉ = ET
p UnS1/2

n ,
(6)

where the matrices Â, B̂ and Ĉ are estimated quantities, the
matrices Sn, Un, Vn are obtained by Singular Value Decom-
position of the Hankel matrix H(0), taking into account n sig-

nificant results. Auxiliary matrices Er and ET
p contain an ap-

propriate number of identity and zero matrices of order p:
Er = [IpOp . . .Op], ET

p = [IpOp . . .Op]. An eigenvalue decom-
position of the state matrix:

ÂΦ = ΦΛ, (7)

produces a diagonal eigenvalue matrix Λ and a correspond-
ing eigenvector matrix Φ. The mode shapes vectors are the
columns of the output matrix defined in modal coordinates
Ĉm = ĈΦ.

Following the algorithm, ERA belongs to the group of ex-
perimental modal analysis in time domain. It uses impulse or
free decay responses of the identified system, produced by a
dedicated impact excitation, initial condition or sudden inter-
ruption of running excitation, e.g., [21]. However, in the light
of practical research conclusions, the method is also applica-
ble to ambient vibration signals supplemented by immediate
excitation, e.g., [22, 23].

2.2.2. Natural Excitation with ERA (NExT-ERA) The NExT
serves as a tool that converts ambient signals into inputs suit-
able for experimental modal analysis methods [24]. The com-
bination of NExT and ERA is frequently employed and re-
ferred as NExT-ERA technique. Using the NExT, the mea-
sured ambient structural response can be transform into the de-
terministic form, i.e., the correlation functions of decay char-
acter, which corresponds to the free or impulse responses and
can be used as an input for the ERA. The cross-correlation
function gauges the similarity between two signals in relation
to the relative time shift τ between them. It can be interpreted
as an estimate of the correlation between two stationary ran-
dom sequences xk and yk

Rxk,yk(τ) = E [xk+τ yk] . (8)

For sampled time responses of two output coordinates between
two sensors i1 and i2, the normalized correlation function is
computed as:

Rxk,yk(τ) = Rxi1 ,yi2
(k∆t) =

1
N

N−τ−1

∑
n=0

xi1,nyi2,n−τ . (9)

Once the cross-correlation functions for each measurement
point are acquired, the Markov parameters Yk in the Hankel
matrix H(k−1) are substituted with the cross-correlation func-
tions Rxk,yk . This definition of the Hankel matrix allows for the
continuation of the modal identification process, following the
scheme of the ERA method.

2.2.3. Covariance Driven Stochastic Subspace Identifica-
tion (SSI-Cov)The Covariance Driven Stochastic Subspace
Identification (SSI-Cov) method was used in system identifi-
cation [25]. It is classified as an output-only, parametric op-
erational modal analysis in time domain. The basic princi-
ple of the SSI-Cov involves the determination of a state-space
model of order n, based on the measured ambient vibration re-
sponses. The excitation effect is considered as a zero-mean
white noise, represented by the disturbance vectors wk ∈Rn×1
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and vk ∈ Rp×1. Thus, the discrete-time stochastic space-state
model is defined by system of equations

xk+1 = Axk +wk,

yk = Cxk +vk.
(10)

The method starts with formulation of data matrices from mea-
sured Markov parameters Yk [19] and computation of output
correlations R̂s

R̂s =
1

N − s
Y(1:N−s)YT

(s:N), (11)

where Y(1:N−s) is obtained from data matrix Y(1:N) by remov-
ing the last s samples, while Y(s:N) by removing the first s sam-
ples. R̂s denotes the unbiased estimate of the correlation matrix
at time lag s based on a finite number of data, p is a number
of sensors considered and N is a total number of samples in
response signal.

The estimated correlation at different time lags are gathered
into the block Toeplitz matrix T1|s ∈ Rps×ps

T1|s =


R̂s R̂s−1 · · · R̂1

R̂s+1 R̂s · · · R̂2
...

...
. . .

...
R̂2s−1 R̂2s−2 · · · R̂s

 . (12)

Factorization of Toeplitz matrix using Singular Value Decom-
position (SVD)

T1|s = USVT =
[
Un Û

][Sn 0
0 Ŝ

][
VT

n

V̂T

]
(13)

and omitting non-significant singular values and corresponding
vectors yield

T1|s = PsΓs = UnSnVT
n . (14)

Matrices Ps and Γs are consecutively observability and re-
versed controllability matrices. Their definition

Ps = UnS1/2
n , Γs = S1/2

n VT
n . (15)

allows to estimate output matrix C as first n columns of matrix
Ps and state matrix A as

A = P↑†
P↓, (16)

where † denotes the pseudo-inverse of a matrix. Matrices P↑

and P↓ are defined as shifted matrices of observability matrix
P obtained by removing the last and the first p rows, respec-
tively. Natural frequencies are identified by solving eigenvalue
problem of the state matrix A. Corresponding mode shapes are
computed using eigenvectors and output matrix C.

2.3. Considered structures

2.3.1. Laboratory beam The steel cantilever beam with di-
mensions of 2×0.06×0.01 [m] was under investigation. The
beam was clamped in hydraulic clams of Zwick/Roell Z400
strength machine to fulfil fixation condition. Its vibrations in
horizontal direction (more compliant) were measured in eight
sections (sensors P1-P8) spaced in the uniform distances (Fig.
1). A 16-bit HDM QuantumX acquisition system (Hottinger

Baldwin Messtechnik GmbH, Darmstadt, Germany) was used,
together with one-dimensional piezoelectric accelerometers
Isotron Endevco 7752-1000 (PCB Piezotronics Inc., Depew,
NY, USA) with a voltage sensitivity of 1 V/g (±20%) and an
amplitude response of 0.02÷500 Hz (±5%).

Tests were performed in two beam states: before and af-
ter damage was introduced. The damage was induced in the
form of 5 mm width saw cut located at xd = 1.44 m from the
support, between points P3 and P4 (Fig. 1), with the depth
of 0.5 cm. Ambient excitation was considered to provide
data for SSI-Cov and NExT-ERA modal identification algo-
rithms. Thirty-minutes signals were collected with a sampling
frequency of 200Hz, giving signals with 360000 samples. For
the ERA technique short-lasting decaying signals were col-
lected after application of initial displacement at the free end
of the beam (ERA-b case), which is in line with the method
definition, however difficult to apply in cases of real construc-
tions. Due to this practical limitation, a hit in the model sup-
port (machine clamps) was introduced as the second scenario
of free-vibration inducing (ERA-m case), mimicking structural
excitation caused by ground vibrations.

Assumptions concerning baseline mode shape. The follow-
ing four possibilities were considered:

• Real measurement of the undamaged structure (RM).
• Analytical function (AF).

The general free vibration response uniform modal function
W is derived from Euler-Bernoulli theoretical representation
of a prismatic cantilever beam with length L [26]. The coef-
ficient β changes for each mode shape j.

W j(x) =
a−b

sinhβ jL+ sinβ jL
,

a = (sinhβ jL+ sinβ jL)(coshβ jx− cosβ jx),

b = (coshβ jL+ cosβ jL)(sinhβ jx− sinβ jx).

(17)

• Finite Element Method (FEM) model.
The numerical model of the analysed beam was created us-
ing SIMULIA Abaqus software and FEM. An 8-node linear
brick element with three transitional degrees of freedom at
each node (element C3D8) was selected to generate a mesh
grid size of 0.0025 [m]. The material properties were as-
sumed based on standard characteristics of steel, which are:
elastic modulus E = 210 GPa, Poisson’s ratio ν = 0.3, ma-
terial density ρ = 7850 kg/m3. The first four natural fre-
quencies of the beam were identified from measurements
and they were similar to the calculated values, in the un-
damaged case of the beam.

• Approximation of current mode shape (GSM).
Gapped smoothing method (GSM) was utilized, which as-
sumes that the mode shape of a healthy beam exhibits a
smooth curve and it can be approximated by a polynomial
function Φ j(z) [27, 28]:

Φ j(z) =
j+1

∑
l=0

clzl , (18)

where z is a distance coordinate of sensor location and j be-
ing number of bending mode shape. The parameters cl are
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Fig. 1. The laboratory beam: (a) the scheme with the sensors arrange-
ment; (b) the anchor area (c) the damage area

Fig. 2. (a) the lighthouse; (b) sensors arrangement and directions of
measurements.

calculated using the least squares method.

2.3.2. Historic masonry lighthouseThe lighthouse, con-
structed in 1894, sits approximately 40 m from the bank of the
Dead Vistula River channel in the Port of Gdańsk, across the
Westerplatte Peninsula. Rising to a total height of 27.3 meters,
the tower is a monumental stone and masonry-build structure.
A brief description of the structure was presented in [23], fol-
lowing an in-situ inventory and examination of technical doc-
umentation. During the World War II, the upper part of the
structure was damaged by a cannon [29]. The shot made a vast
breach in the tower wall, however the tower remained standing
due to its strong internal construction (central core + winding
stone staircase). It was repaired between the 1940s and 1950s
using new brick material (Fig.2). Nowadays the technical con-
dition of the structure is recognized as good, with no visible
cracks indicating structural damage.

An opportunity arose to capture amplified structural vibra-
tions during the operation of a peel hammer located 40m from
the tower [23]. Thus, both ambient vibration signals (SA)
and forced vibration signals (SH) amplified by the hammer-

Fig. 3. The first bending mode shape of the beam, identified with the
four approaches

ing were gathered and analyzed. Sensors (measuring points)
were positioned along two vertical axes and affixed to the
stairs near the walls (points P1–P5 and points P6–P10 accord-
ing to the Fig.2). They collected horizontal accelerations in
two perpendicular directions to identify bending modes in two
principal directions. It was presumed that one of these direc-
tions aligned with stone-made, external stairs integrated into
the tower. Moreover, considering the stair’s orientation toward
the river, excitation from water waving originating in that di-
rection - could influence the principal direction of vibrations in
this nearly symmetric structure.

The same equipment was used as for laboratory beam mea-
surements. Due to channels limitations, four series of mea-
surements were carried out with the reference points P4 and
P9. The duration of SA signals were set to 1200 s, while the
length of SH signals varied depending on duration of sheet pile
driving (from several dozen seconds to several minutes). The
sampling frequency was 200 Hz, with the vibratory hammer
operating at approximately 34 Hz. The collected signals al-
lowed the application of three mentioned operational modal
analysis techniques for system identification. Both SA and SH
signals were considered in the NExT-ERA and SSI-Cov tech-
niques, while short-lasting parts of signals of decaying charac-
ter were selected from both kinds of vibrations for ERA. These
segments of structural response were induced by water waves
generated by boats floating on the river, so the impulses trans-
mitted through the foundations.

Assumptions concerning baseline mode shape. In this case
two possibilities were utilized. The GSM described in section
2.3.1 and FEM model-based mode shape. The FEM model of
the lighthouse is described in [23].
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Fig. 4. Z indices values for beam for FEM baseline data and mode
shape from the given MID method

Fig. 5. Z indices values for beam for GSM baseline data and mode
shape from the given MID method

3. RESULTS AND DISCUSSION

First bending mode shapes of both structures were considered.
Multiple realizations of the ERA and NExT-ERA algorithms
were made, considering different orders of the systems and a
few sections of vibration signal of decaying character, in case
of ERA. This provided sets of variants of the mode shape ob-
tained by the two techniques. The SSI technique produces one
modal result, based on the whole measured vibration signals.

3.1. Laboratory beam

The mode shape identified with the four techniques is pre-
sented in Fig. 3. The presence of damage is marked by a
local breakdown of the mode. The single result for SSI-Cov
technique is presented and multiple outputs for other methods,
resulting in a thicker line of the mode shape plot, which is ac-
tually a composition of several lines of different solutions. The
most significant discrepancies occur for the ERA-m case.

The Z indices values obtained for different modal identifi-
cation techniques and different strategies of baseline data de-
termination are presented in Figs. 4-7. The horizontal axis in

Fig. 6. Z indices values for beam for RM baseline data and mode shape
from the given MID method

Fig. 7. Z indices values for beam for AF baseline data and mode shape
from the given MID method

the graphs represents P1-P8 sections of the beam, while the
vertical axis refers to various variants of the mode shape. The
colour of each cell indicates the Z index value, with the refer-
ence to the legend placed on the right of each plot. The upper
limit of the plots scale is set to 2.5, as no values greater than
this were obtained.

In the case of ERA, the effectiveness of damage indication
depends largely on the applied method of vibration excitation.
In the ERA-b case, the discrepancy of the identified mode
shape is relatively small (see Fig. 3), which results in the good
stability of damage location indication, similar to those ob-
tained with the NEXT-ERA and SSI-Cov methods. This is due
to the fact, that this type of excitation (initial condition) pro-
duces a good quality response signals, which satisfy directly
the method’s assumptions. However, such excitation is diffi-
cult to implement in the case of real structures of considerable
size (e.g., bridges and towers), because it requires dedicated
initial excitation (e.g., tugging, swaying, dropping the weight,
etc.) or applying external forces by the use of exciters that
have force controlling instrumentation. In the ERA-m case, a
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greater discrepancy of the identified mode shapes occur (see
Fig. 3), which results in lowering of the damage location indi-
cation efficacy.

This is particularly in the case of RM-baseline strategy
(see Fig. 6), because both ’undamaged’ and ’damaged’ mode
shapes are burdened with discrepancies. In the case of FEM,
GSM and AF, the baseline mode shape is unambiguously de-
fined, which positively affects the effectiveness of damage in-
dication. Most often section P3 is indicated, which is the cor-
rect result. However there are also indicators to P1 section and

Fig. 8. Z indices values for lighthouse, input: SA signals, points P1-P5
and top of the masonry wall, baseline data from (a) FEM; (b) GSM

Fig. 9. Z indices for lighthouse, input: SA+SH signals, points P1-P5
and top of the masonry wall, baseline data from (a) FEM; (b) GSM

also there are no damage localization, with low Z index values
for all eight considered sections of the beam.

The above observations are in accordance with the previous
works [22, 23], which demonstrated the possibility of applying
the ERA to ambient data, however multiple realizations using
different parts of response signals are required.

All methods of baseline data determination led to similar ef-
fectiveness in damage detection in case of SSI-Cov and NExT-
ERA applying. However, the results obtained using the GSM
method are the most precise (Fig. 5) - there is the most clear

Fig. 10. Z indices values for lighthouse, input: SA signals, points P6-
P10 and top of the masonry wall, baseline data from (a) FEM; (b) GSM

Fig. 11. Z indices for lighthouse, input: SA+SH signals, points P6-P10
and top of the masonry wall, baseline data from (a) FEM; (b) GSM
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indication at the P3 section, situated next to the damage, where
the Z index exceeds the value of 2. In the other three kinds of
baseline data the damage localization is more blurry, demon-
strating some probability of the damage situated in neighbour-
ing sections P2 and P4.

The outstanding positive results obtained using GSM are
particularly satisfactory because this is the simplest method,
easily applicable in practical cases of real structures, where
neither reference data are available nor FEM model can be
easily built. This method appears to be the most promising
for indicating damage in the next case, that of the lighthouse.

3.2. Masonry lighthouse

The first mode shape of the structure, identified with ERA and
NExT-ERA are presented in [23]. In the present study multiple
realizations of the techniques are made, thus sets of solutions
exist when considering ERA and NExT-ERA, similarly like
in the previous case, of the laboratory beam. The SSI-Cov
technique produces a single result.

The Z indices values obtained for the lighthouse are depicted
in Figs. 8-11, organized similarly to Figs. 4-7. Three modal
identification techniques and two baseline data determination
strategies were considered.

The parts of the walls rebuilt in the tower are visible be-
tween height levels P3-P4 and P8-P9 (see Fig. 2). Thus, an
increase in Z value is expected for these section, which is
indeed observed in most considered variants of the analysis.
The indication is particularly clear when NExT-ERA and SSI-
Cov techniques were used. The Z values obtained from the
ERA-based modal data are blurred, similarly to the beam case,
where ERA-m simulated excitation coming from the ground.
That means, once again, that existing of different variants of
the ERA solution imposes considerable impact on the damage
detection possibility - not every ERA solution leads to proper
damage location. That happened for ERA solutions in variants
no. 11-20 for points P1-P5, ambient excitation, see Fig. 8.

Comparing the effectiveness of damage detection regard-
ing possession of reference data, the results obtained based on
FEM and GSM are comparable. That means that the GSM
method, which is practically the most easy to apply, is reliable
and can be used in practical cases of damage detection.

4. CONCLUSIONS

The research proves that the efficiency of modal curvature
method may vary depending on modal identification technique
used to obtain mode shapes. The ERA results should be con-
sidered carefully and, preferably, a set of results should be in-
cluded in the damage localization, to avoid false results. The
other two MID methods produce more reliable data for this
method of damage detection. This conclusion is drawn from
the analysis of both cases analysis, laboratory beam and his-
toric stone-masonry tower.

In the beam case, using the GSM for baseline data definition
led to the highest accuracy of the damage localization. In the
lighthouse case, the two considered methods of baseline data
possessing yield comparable results. These results allow to

conclude that the GSM is the most convenient one, as it leads
to reliable results and is easy in application.

To summarize, the modal curvature method, pioneer one in
damage localization, provides reliable results and remains ap-
plicable in practical cases, although modern methods, such as
machine learning have been proposed [30].
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