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Abstract

A hybrid technique combining finite element and mode matching methods for the analysis of scattering

problems in open and closed areas is presented. The main idea of the analysis is based on the utilization of

the finite element method to calculate the post impedance matrix and combine it with external excitation. The

discrete analysis, which is the most time- and memory-consuming, is limited here only to the close proximity of

the scatterer. Moreover, once the impedance matrix is calculated, any rotation or shifting of the post can be

performed without the need for structure recalculation. All the obtained results have been verified by comparison

with simulations performed using the hybrid finite difference-mode matching method and commercial software.
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Figure 1: Open and closed structures: a) plane wave illumination at an arbitrary angle, b) waveguide junction.

1 Introduction

Scattering problems are important issues in the analysis and design of microwave and optical devices. For structures
with simple geometries, which can be precisely described by the constant coordinates of orthogonal systems, the
analytical methods can be applied (e.g., the mode matching (MM) method for circular and elliptical rods [1, 2, 3,
4, 5, 6, 7, 8, 9]). These techniques are characterized by high efficiency and low numerical costs; however, they are
inflexible and are dedicated to a specific structural shape. For more complex structures, integral equation methods
[10, 11, 12, 13, 14, 15, 16, 17] have been developed, which allow us to examine scattering from almost any obstacle
shape. These techniques require the introduction of electric and magnetic currents and the application of proper
Green’s functions. From a numerical point of view, there are some drawbacks to such an approach. Its efficiency
depends on the choice of electric and magnetic current bases, while the use of Green’s functions is often complicated
by the singular points in the computational domain [18]. The generalization of MM technique which does not
involve Green’s function is presented in [19]. This solution is simple and intuitive; however, due to the used field
description, it is restricted to the convex shapes of the structure’s cross section.

Nowadays, with the development of computing power, space discretization methods, such as the finite element
method (FEM) [20] or the finite difference (FD) method [21], have become more popular. Due to their flexibility and
versatility, they are often implemented in commercial software for electromagnetic analysis. The main disadvantage
of these techniques is their high numerical cost, which results in low efficiency in the design and optimization of
the electromagnetic structures. Moreover, the accuracy of the results depends on the boundary conditions used for
domain truncation and near-to-far field transformation.

The third class of methods for scattering problem analysis are hybrid techniques, which combine the advantages
of the aforementioned approaches. They allow us to achieve higher flexibility, increase the accuracy and reduce
the numerical complexity of the analysis. One of the most popular hybrid methods is based on a combination of
the FEM and the boundary integral equation (BIE) [22]. However, this approach still requires the utilization of
Green’s functions and the correct choice of the current base. The approaches proposed in [23] and [24] do not involve
Green’s function and the hybridization utilizes analytical description of the field in waveguide cross sections (ports).
These ports can be generalized to open space, which was utilized in the analysis of radiating structures where the
computational domain was truncated by a hemisphere [25]. However, in these approaches the entire computational
domain is analyzed with the use of discrete method and only the boundary conditions are modeled analytically.

An alternative approach is the utilization of discrete methods only to small fragments of the structure, whereas
the rest of the computational domain is analyzed analytically. This allows for the analysis of complex structures
more efficiently, as the numerically demanding (discrete) part of the computational domain is significantly reduced.
This facilitates multi-object scattering analysis, while the interaction between the obstacles can be modeled using
the iterative procedure [26]. Such a technique is especially efficient for structures containing identical objects
(fragments of the domain), as their analysis is performed only once and the results can be replicated. In this
approach, the object (fragment of the domain) is replaced by a hypothetical circular cylinder, on the surface of
which the electric and magnetic fields are derived. In order to obtain the solution which is independent of the
external incident field only the relation between the electric and magnetic fields of this abstract (effective) cylinder
is determined. This relation can be formulated in a form of a multimode impedance matrix Z or transmission matrix
[27]. Such an approach allows for the analysis of scattering in different scenarios, e.g., scattering from cylindrical
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Figure 2: The geometry of an investigated structure.

objects located in free space and illuminated obliquely by a plane wave, or located in multiport waveguide junctions
and excited from the waveguide ports as presented in Fig. 1. For the simple cylindrical structures the Z can be
obtained analytically [26, 28]. For the arbitrary geometries the impedance matrix can be obtained utilizing FD
method [29, 30]. However, for complex shapes, the analysis with the use of the FD method requires a very dense
mesh or complicated cell modification algorithms (with the introduction of an effective dielectric constant and a
locally conformal mesh).

In this paper, we present a FEM formulation for the multimode impedance matrix Z calculation, which allows
for the analysis of scattering problems in open and closed areas. In contrast to semi-analytical approach described in
[19] which is restricted to convex structures, the proposed procedure can be applied to post of fully arbitrary cross-
sections (e.g. convex, concave or multilayered structures with injections of different materials). Moreover, FEM
formulation allows for easier inclusion of different material types in contrast to FD method due to the possibility of
irregular mesh utilization. The discrete analysis, which is the most time- and memory-consuming, is limited here
to the close proximity of the scatterer, which improves efficiency of the proposed procedure. The higher efficiency
of the proposed hybrid approach, as opposed to discrete formulation in the entire computational domain (with
higher flexibility of scatterer shape in contrast to pure analytical methods) allows to utilize the proposed approach
in optimization procedures. Moreover, once the impedance matrix is calculated, any rotation or shifting of the post
can be performed without the need for discrete part recalculation. All the obtained results have been verified by
comparison with simulations performed using the FD/MM method [29] and commercial software [31].

2 Formulation of the problem

The considered structure is presented in Fig. 2. The cross section of the obstacle is arbitrary, but it is homogeneous
in the z direction (so-called 2.5D problem). Two regions of investigation can be distinguished in the structure:
region I, located inside the cylindrical surface of radius R, and region II, which is outside.

2.1 Definition of impedance matrix

The z components of the electric and magnetic fields in the outer region take the following form (suppressing ejωt

time dependence):

EII
z =

M
∑

m=−M

(

aEmJm(κρ) + bEmH
(2)
m (κρ)

)

e−jβzejmϕ (1)

HII
z =

M
∑

m=−M

(

aHmJm(κρ) + bHmH
(2)
m (κρ)

)

e−jβzejmϕ (2)

where κ =
√

k20 − β2, β = k0 cos(θ0), k0 is a wavenumber of free space and θ0 is an angle of plane wave incidence,

defined with respect to the z axis, while a
(·)
m and b

(·)
m are the coefficient of incident and scattered fields, respectively.

The other transverse components of the electric and magnetic fields (especially Eϕ and Hϕ) can be derived from
Maxwell’s equations, as in [32].
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For an assumed incident excitation the coefficients a
(·)
m are known. In order to determine the coefficients of

scattered field b
(·)
m , according to the procedure in [26], the impedance relation between electric and magnetic fields

on the cylindrical surface of radius R needs to be derived.
The electric and magnetic fields on the cylindrical surface can be expanded with the following series:

~Ez(R,ϕ, z) =

M
∑

m=−M

Vzm~ezm(ϕ, z), (3)

~Eϕ(R,ϕ, z) =

M
∑

m=−M

Vϕm~eϕm(ϕ, z), (4)

~Hϕ(R,ϕ, z) =

M
∑

m=−M

Iϕm
~hϕm(ϕ, z), (5)

~Hz(R,ϕ, z) =

M
∑

m=−M

Izm~hzm(ϕ, z). (6)

where Vzm, Vϕm, Iϕm and Izm are the field coefficients. Since the boundary is represented by a cylindrical surface
of radius R, then it is convenient to assume the following expansion functions:

~ezm(ϕ, z) = e−jβzejmϕ~iz, ~eϕm(ϕ, z) = −e−jβzejmϕ~iϕ,

~hϕm(ϕ, z) = e−jβzejmϕ~iϕ, ~hzm(ϕ, z) = e−jβzejmϕ~iz.

Then, the relation between the electric and magnetic fields can be described as follows:
[

Vz

Vϕ

]

= Z

[

Iϕ
Iz

]

=

[

ZTM,TM ZTM,TE

ZTE,TM ZTE,TE

] [

Iϕ
Iz

]

(7)

where V(·) and I(·) are column vectors of the field coefficients and Z is the impedance matrix.
In the case of perpendicular excitation (θ0 = 90◦), the TEz and TMz solutions are uncoupled and all the

elements of submatrices ZTM,TE and ZTE,TM equal zero. Therefore, in this case, the analysis can be performed
separately for each polarization.

2.2 Impedance matrix evaluation with the use of the finite element method

In this paragraph, the inner region of the structure is considered. Let us assume the relative permeability and
permittivity of the post as follows (the algorithm can also be applied in the case of anisotropic media, e.g., ferrite):

µ̄r =





µrxx µrxy 0
µryx µryy 0
0 0 µrz



 , ε̄r =





εrxx εrxy 0
εryx εryy 0
0 0 εrz



 . (8)

In order to obtain the impedance matrix using the FEM, we start from the Maxwell’s equations. They can be
separated into terms involving transverse and longitudinal components of the fields ~E = ~Et + ~Ez and ~H = ~Ht + ~Hz

~∇t × ~Et = −jωµ0µrz
~Hz ,

~∇t × ~Ez − jβ~iz × ~Et = −jωµ0µ̄r
~Ht,

~∇t × ~Ht = jωε0εrz ~Ez,

~∇t × ~Hz − jβ~iz × ~Ht = jωε0ε̄r ~Et, (9)

where ~∇t =~ix
∂
∂x

+~iy
∂
∂y

. By elimination of the magnetic fields, we get the two following relations:

~∇t · (~iz × µ̄−1
r
~iz × ~∇tEz) (10)

+jβ~∇t · (~iz × µ̄−1
r
~iz × ~Et) = k20εrzEz

for the longitudinal component (scalar) and:

~∇t × µ−1
rz
~∇t × ~Et + jβ~iz × µ̄−1

r
~iz × ~∇tEz

−β2~iz × µ̄−1
r
~iz × ~Et = k20 ε̄r ~Et (11)
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for the transverse component (vector), where (·) denotes a dot product. Using simple vector identities and Green’s
theorem, the relations can be transformed into a weak form. Then, for the scalar component, we get:

−

∫∫

S

~∇tF · (~iz × µ̄−1
r
~iz × ~∇tEz) ds (12)

−k20

∫∫

S

FεrzEz ds

−jβ

∫∫

S

~∇tF · (~iz × µ̄−1
r
~iz × ~Et) ds

= −

∮

L

[

(F~iz × µ̄−1
r
~iz)× (~∇tEz + jβ ~Et)

]

· ~n dl

and, respectively, for the transverse vector component:

jβ

∫∫

S

~F · (~iz × µ̄−1
r
~iz × ~∇tEz) ds (13)

+

∫∫

S

(~∇t × ~F) · (µ−1
rz
~∇t × ~Et) ds

−k20

∫∫

S

~F · ε̄r ~Et ds

−β2

∫∫

S

~F · (~iz × µ̄−1
r
~iz × ~Et) ds

=

∮

L

[

~F × (µ−1
rz
~∇t × ~Et)

]

· ~n dl,

where ~n is a unit vector directed outside the computational domain S. The weight functions F : S → R and
~F : S → R

2 are bounded and quadratically integrable. At the boundary L (for the assumed circular cylinder
boundary ~n = ~iρ), the electric field can be replaced by a proper magnetic component; hence, the RHS of (12) can
be replaced by:

−

∮

L

[

(F~iz × µ̄−1
r
~iz)× (~∇tEz + jβ ~Et)

]

· ~n dl

= jωµ0

∮

L

F~iz · (~n× ~Ht) dl

= jωµ0

∮

L

F~iz · (~iρ × ~Hϕ) dl (14)

and the RHS of (13) by:
∮

L

[

~F × (µ−1
rz
~∇t × ~Et)

]

· ~n dl

= jωµ0

∮

L

~F · (~n× ~Hz) dl

= jωµ0

∮

L

~F · (~iρ × ~Hz) dl. (15)

For the above formulation, the standard FEM can be used to determine the electric field corresponding to any
excitation represented by the magnetic field (Hϕ and Hz).

We use standard hierarchical basis functions α
[n]
(i) of the second order [20] for the (scalar) Ez component:

Ez =

N
∑

n=1

6
∑

i=1

Ψ
[n]
(i)α

[n]
(i) (16)

and ~W
[n]
(i) for the (vector) ~Et component:

~Et =

N
∑

n=1

8
∑

i=1

Φ
[n]
(i)
~W

[n]
(i) , (17)
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where n is the element number, i represents the local node/edge, and Ψ
[n]
(i) and Φ

[n]
(i) are unknown coefficients for

the scalar and vector components, respectively. Then, by applying Galerkin’s method for (12) (enhanced by (14)),
we obtain the following local matrices for each element:

G[n]
zzΨ

[n] +G
[n]
zt Φ

[n] = B[n]
ϕ Iϕ, (18)

where:
[

Ψ[n]
]

i
= Ψ

[n]
(i) ,

[

Φ[n]
]

i
= Φ

[n]
(i) ,

[

G[n]
zz

]

p,i
=

−

∫∫

S[n]

~∇tα
[n]
(p) ·

(

~iz × µ̄−1
r
~iz × ~∇tα

[n]
(i)

)

ds

−k20

∫∫

S[n]

α
[n]
(p)εrzα

[n]
(i) ds,

[

G
[n]
zt

]

p,i
=

−jβ

∫∫

S[n]

~∇tα
[n]
(p) ·

(

~iz × µ̄−1
r
~iz × ~W

[n]
(i)

)

ds,

[

B[n]
ϕ

]

p,m
= jωµ0

∫

L∩L[n]

α
[n]
(p)
~iz · (~iρ × ~hϕm) dl.

The surface S[n] and the curve L[n] correspond to the area and the boundary of the n-th element (S =
⋃N

n=1 S
[n],

L =
⋃N

n=1 L
[n]).

Similarly, by applying Galerkin’s method for (13) (enhanced by (15)), we obtain:

G
[n]
tz Ψ

[n] +G
[n]
tt Φ

[n] = B[n]
z Iz, (19)

where
[

G
[n]
tz

]

p,i
=

jβ

∫∫

S[n]

~W
[n]
(p) ·

(

~iz × µ̄−1
rt
~iz ×∇tα

[n]
(i)

)

ds,

[

G
[n]
tt

]

p,i
=

∫∫

S[n]

(

~∇t × ~W
[n]
(p)) · (µ

−1
rz
~∇t × ~W

[n]
(i)

)

ds

−k20

∫∫

S[n]

~W
[n]
(p) · ε̄rt

~W
[n]
(i) ds

−β2

∫∫

S[n]

~W
[n]
(p) ·

(

~iz × µ̄−1
rt
~iz × ~W

[n]
(i)

)

ds,

[

B[n]
z

]

p,m
= jωµ0

∫

L∩L[n]

~W
[n]
(p) · (

~iρ × ~hzm) dl.

Finally, the global matrices can be constructed and the electric field can be evaluated for any excitation (repre-
sented by coefficients Iϕ and Iz):

[

Ψ

Φ

]

= G−1B

[

Iϕ
Iz

]

=

[

Gzz Gzt

Gtz Gtt

]−1 [
Bϕ 0

0 Bz

] [

Iϕ
Iz

]

. (20)

In order to determine the impedance matrix, the electric field coefficients Vzm and Vϕm must be evaluated from the

electric field. To this extent, relations (3) and (4) can be projected using (~iρ × ~hϕm) and (~iρ × ~hzm), respectively
∫

L

Ez
~iz · (~iρ × ~hϕm)∗ dl (21)

=

M
∑

p=−M

Vzp

∫

L

~ezp · (~iρ × ~hϕm)∗ dl = 2πRVzm,
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∫

L

~Et · (~iρ × ~hzm)∗ dl (22)

=

M
∑

p=−M

Vϕp

∫

L

~eϕp · (~iρ × ~hzm)∗ dl = 2πRVϕm.

By applying matrices Bϕ and Bz the previous relations can be written in matrix form:

BH
ϕ Ψ = 2πRVz (23)

and
BH

z Φ = 2πRVϕ. (24)

Finally, the impedance matrix can be expressed as

Z =
1

2πR
BHG−1B (25)

The obtained impedance matrix allows for the analysis of scattering in different scenarios, e.g., in waveguides
and resonators, as well as in the open region [26].

3 Results

In order to verify the validity of the proposed technique, a few examples of electromagnetic field scattering from
dielectric, metal and ferrite posts in open and closed structures were analyzed.

The first example considers a plane wave scattering from a dielectric cylinder with a crescent cross section. The
relative permittivity of the posts was assumed to be εr = 5, while the plane wave illuminated the structures at
angles θ0 = 30◦ and φ0 = 30◦ with a polarization rotation angle of ψ = 30◦. For the assumed angle of incident
(since ψ is different than 0◦ and 90◦) the wave has both TE and TM components. The incident field coefficients
take the form:

aEm = E0 cos(ψ) sin(θ0)j
−me−jmφ0 (26)

aHm = E0/η0 sin(ψ) sin(θ0)j
−me−jmφ0 (27)

where η0 = 120π Ω is the outer space electromagnetic wave impedance and E0 is the field magnitude. The scattered
fields in the far zone (at distance 100λ0) were calculated (see Fig. 3) and compared with the results obtained from
the FD/MM method [29] The results agree well with each other.

The convergence of the method is examined in Table I with the following definition of error:

Err(M,N) = max
ϕ∈[0,2π)

|F̂ (M,N)(ϕ, ρ = 100λ0)

−F̂ (MR,NR)(ϕ, ρ = 100λ0)| · 100% (28)

where F̂ is the normalized magnitude of the electric or magnetic fields in the far zone ρ = 100λ0, MR = 25 and
NR = 3614. As can be observed, the utilization of about N = 2000 triangular elements of the FEM discretization is
sufficient to obtain accurate results, with the number of modes not less than M = 10. The increase of mesh density
and number of modes does not significantly reduce the convergence error but increases the analysis time. Similar
convergence analysis was performed for all the presented examples and the results led to the same conclusion. The
calculations were performed in a MATLAB environment on an Intel Core i7-5930 3.5 GHz. For the assumed number
of mode expansions (M = 10) and the number of elements (N = 1940), the calculation of a scattered pattern on a
single frequency took approximately 8.2 s. It is worth noting that the calculation of this structure with the use of
FD/MM method [29] took 46 s to obtain convergent results, which is over 5 times longer than with the proposed
approach.

The second example considers a ferrite post with a triangular cross section, which can be realized with the use
of self-magnetized ferrite material [33], illuminated perpendicularly by a TMz polarized plane wave. The calculated
far field patterns of the electric field in the case of three angles of excitation (φ0 = 0◦, φ0 = 120◦ and φ0 = 240◦)
are presented in Fig. 4. It was assumed that ferrite material had the following parameters: εr = 15, saturation
magnetization Ms = 190 kA/m, and internal bias magnetic field Hi = 15 kA/m. The tensor parameters [34]
calculated at f = 10 GHz have the following values:

µrxx = µryy = 1.0353, µrxy = −µryx = 0.6704j, µrzz = 1.
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Figure 3: Normalized amplitude of scattered electric and magnetic fields from the dielectric (εr = 5) crescent
cylinder with radius of larger circle 0.35λ0, radius of smaller circle 0.28λ0 and offset 0.12λ0 for the plane wave
incidence angle θ0 = 30◦, φ0 = 30◦ and ψ = 30◦. Solid line - this method; dashed line - FD/MM method [29].

Table 1: Convergence of the method for the example from Fig. 3: the E-field error (H-field error) according to (28),
and calculation time in lower row

N 1722 1940 3614

M=3
1.331 (1.140) 1.350 (1.131) 1.350 (1.131)

6.0 s 7.0 s 12.7 s

M=5
0.086 (0.072) 0.068 (0.054) 0.064 (0.048)

6.4 s 7.2 s 13.2 s

M=10
0.028 (0.027) 0.008 (0.007) 0.003 (0.002)

7.1 s 8.2 s 14.7 s

M=15
0.027 (0.024) 0.008 (0.007) 4.14·10−4 (3.07·10−4)

7.9 s 9.0 s 16.0 s

M=20
0.027 (0.024)) 0.008 (0.007) 4.85·10−5 (3.72·10−5)

8.7 s 9.8 s 17.5 s

M=25
0.027 (0.024) 0.008 (0.007) 0 (0)

9.5 s 10.7 s 19.2 s

As can be seen, the ferrite post shifts the main lobe of the field pattern by 60◦ with respect to the plane of excitation.
Therefore, a space wave circulation was obtained.

In order to show an obvious advantage of the proposed technique, we analyzed a WR-90 waveguide filter
employing five metallic posts of full height with a rectangular cross section [35]. The scattering matrix of the
filter can be calculated e.g. in three different ways as illustrated in Fig. 5. The most time consuming option is
the utilization of full FEM analysis in which the entire structure is discretized. Alternatively, only the fragments
of the waveguide in the close proximity of the rectangular posts can be analyzed with the use of FEM, whereas
the homogeneous parts are modeled analytically, as proposed in [23]. Then the cascading procedure of scattering
matrices is utilized to derive the entire scattering matrix. As the structure is symmetric, only three waveguide
fragments need to be considered and the results of the first and the second post are replicated. In the proposed
approach the FEM analysis is further limited to the close proximity (circular region) of the scattering object, and
in the case where all posts are the same the analysis can be performed only for a single object. The dimensions
and the obtained results are presented in Fig. 6. The results were compared with the calculations using the field
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Figure 4: Normalized amplitude of scattered electric fields for TMz scattering from the ferrite cylinder with trian-
gular cross section magnetized in +z direction. Ferrite post parameters: dimension 0.15λ0 (equilateral triangle),
εr = 15, Hi = 15 kA/m, Ms = 190 kA/m and f = 10 GHz. Solid line - this method; dashed line - field matching
method [19].

matching method [19] and InventSim software [31]; a good agreement was achieved. It is worth noting that the
analysis of the entire structure (101 frequency points) with the use of full FEM domain took approximately 10
minutes (mesh with 3574 elements), the hybrid FEM/MM method took 2 minutes and 13 seconds (mesh of a single
section with 1260 elements), whereas the analysis with the use of the proposed technique (mesh with 556 elements)
took 30 seconds.

analytical
domain

FEM
domain

d3 d2 d1

l1 l2 l1l2

Figure 5: The concepts of the analysis of the four-pole filter: full FEM analysis; hybrid method (finite element and
mode matching methods) analysis; proposed technique analysis.

The last example considers periodic structure from [36] in the form of a linear array of copper posts with
rectangular cross-section with dimensions 15 × 3 mm. The objects were arranged with distance hx = 26.6 mm
as depicted in Fig. 7 and the calculations were performed assuming perpendicular plane wave illumination for
both wave polarizations and three different angles of post rotations. The calculated results, shown in Fig. 7 were
compared with HFSS calculations and measurements from [36] obtaining satisfactory agreement.
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frequency (GHz)
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| 
(d

B
)

this method

FM

InventSim

Figure 6: Scattering parameters of the four-pole filter. Dimensions: w1 = 6 mm, w2 = 3 mm, l1 = 18.31 mm,
l2 = 21.31 mm, d1 = 5.76 mm, d2 = 3.00 mm, d3 = 2.27 mm; height of the posts h = 10.16 mm.

8 9 10 11 12 8 9 10 11 12

TM
polarization

TE
polarization

x

y
z

incident wave

hx

f

Figure 7: Transmission coefficients for normal plane wave incidence on periodic structures composed of metallic
cylinders with rectangular cross section with dimensions 15× 3 mm arranged with period hx = 26.6 mm for several
angles of posts rotation in the array (solid line - this method, dashed line - HFSS, circles - measurements [36]).

4 Conclusion

A new hybrid approach combining the FEM and MM method was proposed for the analysis of anisotropic posts
with arbitrary cross sections. Its validity has been verified on structures with different cross-sectional shapes, and
the results are in good agreement with other numerical techniques and commercial software.
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