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1. Introduction

In the following we consider only simple nonempty graphs, and we use standard notations of the graph theory. Let G be
a graph and let X C V(G). By an open neighborhood of X in graph G we mean the set {v € V(G): 3,ex{v, u} € E(G)}, denoted
by N¢(X). By a closed neighborhood of X in graph G we mean set X U N¢(X), denoted by N¢[X]. Set X is a dominating set of G iff
V(G) = N¢[X], and X is a total dominating set iff V(G) = Ng(X). By y:(G) we denote the size of the minimum total dominating
setinG.

Let S C V(G). We define for any non-empty subset X of S the predicate SEC; s(X) = true iff [Ng[X] N S| > |Ng[X]\ S|. In
the following, we use the notation SEC(X) instead of SEC¢ s(X) if G and S are clearly given.

By G[A], where A C V/(G), we denote a subgraph of G induced by set A, and by G \ A we mean the graph G[V \ A]. For
the sake of notation simplicity, we write Ng[v] and Ng[v, u] instead of Ng[{v}] and Ng[{v, u}], respectively, and analogously,
SEC(v)and SEC(v, u). Letdeg;(v) = |Ng(v)| be the degree of a vertex v € V(G). By n(G), A(G) and §(G) we denote the number
of vertices of G, the maximum and the minimum degree of a vertex of G, respectively. By an isolated vertex (in a graph G)
we mean a vertex v € V(G) with deg;(v) = 0, and by an isolated edge (in a graph G) we mean an edge {u, v} such that
deg.(u) = deg(v) = 1.Set X C V(G) is an independent set iff each vertex of X is isolated in G[X]. By a pendant vertex we
mean a vertex of degree 1. We call each neighbor of a pendant vertex in a tree a support vertex. Let diam(G) = max{d¢(v, u):
u, v € E(G)}, where dg(v, u) is the length of a shortest path in G between v and u.

Let S C V(G) for a given graph G. Set S is an edge alliance in G iff G[S] has no isolated vertices and for each edge
e = {v,u} € E(G[S]) we have SEC(v, u) = true. An edge alliance S is a global edge alliance in G if it also dominates G. By
¥eq(G) we denote the size of the minimum global edge alliance in graph G.
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Fig. 1. The examples of the global alliance number and the global edge alliance number: (a) ys =2 < Yeq = 3and (b) yea = 3 < 4 = 5.

1.1. Related problems and our contribution

A set S is a defensive alliance (or alliance) iff for each vertex v € S we have SEC(v) = true. If S is also a dominating set of
G, we say that S is a global defensive alliance (or global alliance). By y,(G) we mean the size of the minimum global alliance
in G. The concept of alliances and global alliances in graphs is due to [16] and [15]. The problem has certain interesting
applications in web communities [12] or fault-tolerant computing [22].

In [15] the authors proved bounds on the minimum global alliance for general graphs (lower bounds: ¥*~2-— 4"+ =1

and

4 w+1
upper bound: n — f%} ), for bipartite graphs (lower bound: Az—fﬂ ), and trees (lower bound: , upper bound 35") For the
other bounds on trees, see [1,2,8]. The exact values of the minimum global alliance were glven in [15] for complete graphs,

complete bipartite graphs, cycles, paths and wheels, for k-ary trees (k € {2, 3, 4}) in [6], and independently in [14] (for
k € {2, 3}), and for star graphs in [17]. In [5] the authors proved the AP-completeness of the minimum global alliance
problem for general graphs, in [18] the author proved it for bipartite or chordal graphs, and in [20] the authors proved
NP-completeness for subcubic bipartite planar graphs. In [21] the authors study the problem of finding two disjoint global
alliances in graphs.

Set S is a defensive set in G iff for each vertex v € S we have: SEC(v) = true or there exists a neighbor u € S of v
(i.e. {v, u} € E(G)) such that SEC(v, u) = true. If S is also a dominating set of G, we say that S is a global defensive set. By
yas(G) we denote the size of the minimum global defensive set in G. The concept of defensive sets introduced and studied
in [20] arises from the concept of alliances, but is a kind of relaxation of the alliance problem. In [20] the authors proved
the A"P-completeness of the minimum global defensive set problem for subcubic bipartite planar graphs, they constructed
polynomial time algorithm for trees, and proved some bounds on y.

Set S is a secure set in G iff VxsSEC(X) = true. The concept of secure sets was introduced in [3] and studied in certain
papers, e.g., [4,9-11].

In the paper we introduce and study the global edge alliance problem. The concept of edge alliance arises from the idea of
alliances and it is a restriction of defensive sets. In the alliance problem a vertex being under an attack (say x) can be defended
by itself and some of its neighbors, and it is possible iff SEC(x) = true. In the defensive set problem [20], if SEC(x) = false,
we allow one of the neighbors of x, say y, to join ‘the war’, i.e., an attack can be simultaneously done on two vertices x and
y, and in that case each attack on x and y can be defended, whenever SEC(x, y) = true. In the edge alliance problem, instead
of defending the nodes, we defend the links between them, i.e., the structure being under an attack is an edge which can be
defended by its end vertices and some of their neighbors. Note that an edge alliance is a defensive set.

We prove the A"P-completeness of the global edge alliance problem for subcubic graphs and we construct polynomial
time algorithm for trees. We find the exact values of the size of the minimum global edge alliance for certain classes: paths,
cycles, wheels, complete k-partite graphs and complete k-ary trees. We prove the lower bound for arbitrary graphs.

n+2

2. Bounds on the minimum global edge alliance

By Geq(G) we denote {S C V(G): S is a global edge alliance of G}. If §(G) > 1, then Gq(G) # 0.
Let G be a graph with §(G) > 1, and let S C V(G) be a global edge alliance. Since S is a dominating set of G and G[S] has
no isolated vertices, we have that S is a total dominating set of G. Moreover, S is a global defensive set. Thus,

Proposition 2.1. Let G be a graph with §(G) > 1. Then,

Yea(G) = max{yss(G), y:(G)}. O
There is no such a relation, in general, between the global alliance number and the global edge alliance number, which is
shown in Fig. 1. For subcubic graphs with § > 2 by [15] we have that y; = y,. Thus,

Proposition 2.2. Let G be a graph with §(G) > 2 and A(G) < 3. Then,
Yea(G) > va(G). O

Following [20], we prove the lower bound on y,, for arbitrary graphs. By v(G) we mean the size of the maximum matching
in graph G (i.e., set of edges no two of which have a common end). For a given global edge alliance S in graph G, by vs(G) we
mean v(G[S]). Finally, let us define by ve,(G) = max{vs(G): S € Gea(G) A Vea(G) = |S|}.
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Theorem 2.1. Let G be a graph with §(G) > 1. Then,

G > VAN(G) + (vea(G) — 12 4 veg(G) — 1
Yea = 2 :

Proof. Let S be any global edge alliance such that |S| = Y.(G) and veq(G) = vs(G), and let V = V(G), n = n(G), s = ||
and v = ve(G). Obviously, v > 0. The thesis is equivalent to s> — (v — 1)s — n > 0. Let us assume to the contrary that
s> — (v —1)s —n < 0. Since S is a total dominating set of G we have [Ng[S]N(V\ S)| = |V \S|=n—s > s> — vs.

On the one hand, let M = {{v;,u;} : i € {1,...,v}} be a maximum matching in G[S], and let U = Uiv=1 {vi, us}.
Since SEC(v;, u;) = true, we have that |[Ng[v;, ;] N (V \ S)] < [Nglv;, ui] NS| < s. Hence, by [Ng[S\UIN(V\S)| +
%,L] |N3;[v,-, w] N (VA\S) = (NelS\ UTU UL, Nelvi, w]) N (VA S) = [V \ S| > 5> — vs, we get [NG[S\ UIN(V \S)] >
s(s — 2v).

On the other hand, since for every w € S there is u € S such that {w, u} € E(G[S]) and SEC(w, u) = true, we have that
ING[w] N (V\ S)| < [Ne[w. ul N(V\S)| < INg[w, u] N S| < 5. Thus, INg[S\ UIN(V\ S)| < Y csu INclw] N (V\ )] <
s(s — 2v), a contradiction. O

Following [20], let us observe that for any r > 1and [ > r there is a graph G with n(G) = I + r + I(l + r) vertices and
Veq(G) = 1 such that the lower bound proved in Theorem 2.1 is tight. Let G = K*) be the graph obtained from the complete
bipartite graph K, ; by attaching [ 4 r vertices to each vertex of the part with [ vertices. It is easy to notice that y(G) = I+ 1

and y,4(G) — Vea(G)vea(G) — 1) = n(G).

Proposition 2.3. Let G be a graph with §(G) > 1. Then,
diam(G) + 1
Vea(G) = [———— 1.
5
Proof. Let d = diam(G), and let v and u be vertices of G such that dg(v, u) = d. Let A; = {w € V(G):dg(v, w) = i}, for
i €{0,...,d}. Obviously, Ap = {v} and u € Ay. Let us observe that for each edge {x,y} € E(G),ifx € Ajandy € A;, then
li—jl<1

Let S C V(G) be a global edge alliance of G such that y,,(G) = |S|. Since S is a total dominating set we have S NA; # @
and there is {vg, ug} € E(G) such that {vg, ug} C S N (Ag UA; UA,).Ifd < 4, the thesis holds.

Letd = 5k 4 i,where k > 1and 0 < i < 4. Let us observe that foreach! € {0,...,d —2},SN (A UA1 UAL) # 0.
Thus, foreachj € {1, ..., k — 1} there is an edge {v;, uj} € E(G) such that {v;, u;} C S N (Asj_y U Asj_1 UAsj U Asjyq UAsjpa).
If j = k, then there is an edge {vy, ux} € E(G) such that {vi, ux} C S N (Asg—n U Asg_1 UAsp U - - - U Asp).

Since {{vo, ug}, ..., {vk, ux}} is the matching in G[S], we have v,,(G) > vs(G) > k+ 1 = [%1. O

Corollary 2.4. Let G be a graph with §(G) > 1. Then,

1 fan©)+ rdEmesty e g pdiomony
Yea(G) = 5 .

O

3. Global edge alliance of certain graph classes

In this section we give the exact formulas for the global edge alliance number of the following classes: paths, cycles,
wheels, complete multipartite graphs and complete k-ary trees.

Let G be a graph with §(G) > 1 and A(G) < 2. Hence, we have that |[Ng[u, v] \ {u, v}| < 2 for each {u, v} € E(G), and so
Yea(G) = ¥:(G). Thus,

Proposition 3.1. Let G be a path of order n > 2 or a cycle of order n > 3. Then,
1AMZ@Pif4 | n,
L2] 4+ 1AMZ@Potherwise. O

Let us recall that by wheel Wy (k > 3) we mean a graph obtained from cycle C; by adding the central vertex v. and joining it
with all other vertices of the cycle Cy. Hence, we have [Ny, [v]| = V(W )| = k+ 1, A(W) = kand for each v € V(W) \ {v}
we have degy, (v) = 3.

Vea(G) = {

Proposition 3.2. Let G be a wheel of order n. Then,

n
Yea(G) = |—5-| .

Proof. Let G be a wheel of order n. If n = 4, then y,,(G) = 2.Letn > 5 and let v, € V(G) be the central vertex of wheel G. Let
S C V(G) be any global edge alliance of G. If v, € S, then there is v € V(G) \ {v¢} such that v € S. Hence, N¢[v, v.] = V(G),
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so |S| = [n/2].Let v. ¢ S. For each {v, u} € E(G[S]) we have |Ng[v, u] \ {v, u}| = 3, so |S N Ng[u, v]| > 3. Hence, each
connected component of graph G[S] has at least three vertices. Since S is a dominating set of G, we have |S| > [3(n — 1)/5].
Thus, |S| > min{[n/2], [3(n — 1)/5]} = [n/2]. Take any S C V(G) such that v, € S and |SNV(G)| = [n/2]. Thus, S is a
global edge alliance and y,,(G) = [%]. O

Theorem 3.1. Let G be a complete multipartite graph of order n > 3. Then,

n
Yea(G) = |—5-|

Proof. Let G be a complete multipartite graph of order n > 3. For each edge {u, v} € E(G) we have Ng[u, v] = V(G). Let
S C V(G)be any global edge alliance of G, and let {u, v} € E(G[S]). Then, SEC(u, v) < |V(G)N S| > |[V(G)\ S| < |S| = [n/2].
Thus, yeq(G) = [n/2].

Let V(G) = V{ U --- UV, where k > 2, and all V; are maximal independent sets and pairwise disjoint. Let r; = |V|, for
eachi e {1,...,k}.Ifforeachi € {1, ..., k} aninteger r; is even, then let S C V(G) be any set such that |S N V;| = r;/2. Thus,
S is a global edge alliance and |S| = n/2.

Without loss of generality, let us assume that r, ..., r; are odd integers, and 41, ..., I, are even integers, for some
1 <1l < k.Take any S C V(G) such that |[SNV;| = [ry/2] foreachi € {1,...,[l/2]}, ISNV;| = |r;/2] for each
ie{[l/21+1,...,0},and [SNV;| = r;/2 foreachi € {I+ 1,...,k}. Hence, 5(G[S]) > 1and |S| = [n/2]. Thus, S is a
global edge alliance. O

3.1. Complete k-ary trees

Let us remind that the exact formulas for the minimum global alliance of complete k-ary trees are known only for
k € {2, 3, 4} [6]. In this section we give the exact formulas for the minimum global edge alliance of complete k-ary trees for
arbitrary k > 2.

Let §(G) > 1and A C V(G). By yeq(G, A) we mean min{|S NA|: S € Geq(G)}.

Observation 3.3. Let G be a graph with §(G) > 1, and let A; C V(G), fori € {1,...,p}, wherep > 1. Ifsets Ay, ..., A, are
pairwise disjoint, then
p
Zyea(G,A ) = YealG UA ) < Vea(G). O
i=1
By a complete k-ary tree of height h, k > 2, h > 1 (both integers), denoted by T, we mean a tree with a vertex set and
an edge set, respectively,
V(T,?) = {v?, v}, e v,:, vf, R vfz, cees vlffl, ,’:h 11, v?, . U;Zh},

h—1 K ik

=UU U el

1=0 i=1 j=(i— 1)k+1
LetT = T,?. Let us observe that degT(vﬁ’) = k,and foreachi € {1,...,h}andj € {1,...,ki}, dT(v], j) =iand,ifi # h,

degr(v}) = k+ 1.Set of all leaves in T is {v], ..., vf},},and dr(v}, v]') = h, foreach j € {1, ..., k"}. By r(T) we mean the only
vertex of degree kinT.
Foreach! € {0, ..., h}, let us define L; = {vll,...,vl’{,} (obviously, L; = {v € V(T):dr(v, r(T)) = 1}) and let Ly; = 0,

fori > 1. Letwv e Lp, for some p € {0,...,h}. By C(T, v) we mean Nr(v) N Lp;4, and for each A C V(G), by C(T, A)
we mean | J,., C(T, v). Obviously, |C(T, v)| = k, and C(T, L;) = @. Let us define C%(T,v) = {v}, and for each | > 1, let
CYT,v) = C(T, C* 1(T, v)).Let T! = T[U\_, C{(T, v)],and T, = T"~P.

Lemma34. LetT = T)

wh>2k>2andletl € {1, 2, 3}. Then,
K= —1

Yea(T, V(Trl(rl ) = =1

Proof. Letr = r(T).If | < 2, then the thesis is obvious. Let | = 3 and S € Go(T). If r € S, then thereisu € L; N S. Since
SEC(r, u) = trueand |Nt[{r, u}]| = 2k+1, [INr[{r, u}] N S| > k+ 1. Hence, yeq(T, V(TZ)) > k+1 Ifr ¢ S,thenforeachu € Ly,
Vea(T, V(T )) > 1.Since Nr[r] NS # &, thereisu € L1 N S.Since Nr[u] NS # @, |SN V(T )| > 2. Thus, by Observation 3.3,

Yea(T, V(Trz)) = X:ueL1 Yea(T, V(T N >=k+1. O

Lemma3.5. LetT =T" h > 2,k > 2. Then,

k-’

Yea(T, Lo ULy_1 ULy) > (k+ 1)k"2.


http://mostwiedzy.pl

A\ MOST

R. Lewori, A. Matafiejska, M. Matafiejski et al. / Discrete Applied Mathematics 261 (2019) 305-315 309

. ﬂ(\) CPN s /.!P.\/\; ﬁ\;ﬂ\/\; ff\;

Fig. 2. Subgraphs of T,z' discussed in Lemmas 3.5 (a) and 3.6 (b).

Proof. Letv € L,_5,and let L = C*(T, v)and U = C!(T, v) (see Fig. 2(a)). Let S € Geq(T). Since L C Ly and Ny(L) = U, U C S.
IfveS, then |SNV(T,)| > k+ 1.1fv ¢ S, then for eachu € U, |S N V(T,)| > 2. Thus, yea(T, V(T,)) > k + 1.

Since |Ly_z| = k"~ 2 ,and UveL i V(T,) = Lh_o U L,_1 U Ly, by Observation 3.3 we get the thesis. O

Lemma3.6. LetT =T}',h > 5,k > 2. Foreachl € {0,...,h— 5},
YealT, LU Lyt ULp UlLys) > (k+ DK

Proof. Let! € {0,...,h—5}andv € L. Let B = C3(T,v),M = C*(T,v)and U = C!(T, v) (see Fig. 2(b)). Let S € Geq(T).
Since Ny(M) = BU U, foreachu € U, |SN V(Tuz)l > 1.Ifv € S, then |SNV(T,)] > k+ 1.Ifv ¢ S, then foreachu € U,
ISNV(T2)| > 2. Thus, yeu(T, V( V) = k+ 1.

Since |L;| = k!, and U T ) =L UL ULy, ULys, by Observation 3.3 we get the thesis. O

veL

Lemma3.7. LetT =T/, h=4p+2,p > 0,k > 2. Then,
kh+2 -1

Yea(T) = (k + Uﬁ'

Proof. Let A; = L4 U Lgipq U Lgiyp U Lajys, foreachi e {0,...,p — 1}, and let A, = Lgp U Lgp1 U Lgp 0. By Observation 3.3
and by Lemmas 3.5 and 3.6, ea(T) = Y7 Vea(T. A1) = (k + 1) 30 k4 = (k + 1)k

k-1 °

Let S = (J7_o(Lai U Lai11). Since S € Geo(T) and |S| = (k + 1)",; =l YeoT) = ISI. O

Lemma 3.8. LetT = T,?, k> 2andleth=q+4p+2 > 2, whereq € {1,2,3} and p > 0. Then,

k=1 —1 k2 — |9
VeolT) = —— +(k+ D).
Proof. Leth =q+4p+ 2 > 2,whereq € {1,2,3}andp > 0.Letr = r(T). Let A; = Lgy4i U Lgtait1 U Lgtait2 U Lgtait3, for
eachi € {0,...,p— 1},and let A, = Ly14p U Lgsaps1 U Lgrapro. Since V(T) = V(T7 ) U ", A;, by Observation 3.3 and by
Lemmas 3.4 and 3.7 we get yeq(T) > "ql:] +(k+1) ,42_]"q.
LetS = Uf:O(Lq+4i U Lgyait1)- Let S = @, S, = {u}, where u € Nr(r), and S3 = V(T!). Let us observe that for each
q€{1,2,3},5 =5US; € Geo(T), and |5 = 51 4 (k + 1)K Thus, yeo(T) = ISI. O

By Lemmas 3.7 and 3.8 we conclude

Theorem 3.2. LetT =T}, h > 2, k > 2. Then,

1. ifh =0 mod 4, then ye(T) = (
2. ifh =1 mod 4, then y(T) = (
3. ifh =2 mod 4, then ye(T) = KL (K2 — 1),
4. ifh =3 mod 4, then ye(T) = (

4. NP-completeness for subcubic graphs

In this section we prove the A“P-completeness of the global edge alliance problem for subcubic graphs, by the reduction
from the AP-complete 3DM problem [13].
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G

b q

Fig. 3. Graph C, replacing vertex v € V of degree 2. Note that p,, q, ¢ V(C,), butp, € V(H,), q, € V(Hg).

G

e

Fig.4. Graph D, replacing vertex v € V of degree 3. Note that p,, q,, 1, ¢ V(D,),butp, € V(H,), q, € V(Hy), 1, € V(H;).

3DM
Instance: A subcubic bipartite graph G = (V U Q, E) without pendant vertices, where V and Q is a
bipartition of G,V =X UY UZ, |X| = |Y| = |Z| = m, |[V| = 3m. For each vertex q € Q,
deg:(q) = 3 and q is adjacent to exactly one vertex from each X, Y and Z, and for each vertex
v e V,degg(v) € {2, 3}.
Question: Is there a subset Q" C Q of cardinality |Q’| = m dominating all vertices in V, i.e.,, Ng(Q') = V?

Theorem 4.1. The global edge alliance problem for subcubic graphs is N'P-complete.

Proof. The proof proceeds by the reduction from the problem 3DM. Let G = (V U Q, E) be a subcubic bipartite graph with
bipartition V and Q, suchthatV = XUYUZ, |X| = |Y| = |Z]| = m, |V| = 3m,and |Q| = t.For each vertexq € Q, deg.(q) = 3
and q is adjacent to exactly one vertex from each of the sets X, Y and Z, and for each vertex v € V, deg:(v) € {2, 3}. Let
Vi ={v e V :degc(v) = i},and m; = |Vj|, fori € {2, 3}. We construct a subcubic graph G* such that there is a subset
Q' C Q of cardinality |Q’| = m dominating all vertices in V iff there is a global edge alliance S in graph G* such that
IS| < 2mjy + 5m3 4+ 9¢.

We shall transform (in polynomial time) graph G into graph G* in four steps:

(S1) each v € V,, where Ng(v) = {p, q} C Q, replace with graph C, (Fig. 3),

(S;) each v € V3, where Ng(v) = {p, q, r} C Q, replace with graph D, (Fig. 4),

(S3) eachq € Q, where Ng(q) = {x,y,z} CVandx € X,y € Y, z € Z, replace with graph H, (Fig. 5),
(S4) each {v, q} € E(G), where v € V, q € Q, replace with edge {vg, q,} € E(G*).

Formally, all graphs {C,},ev, are isomorphic and pairwise vertex disjoint (analogously, {D, },ev, and {Hg}geq ), SO

V(e = | J vy u vy ul JviH,)

veVy veVs qeQ
EG) = (JEC)UJEDHUJEHYU | e aud)
veV, veVsy qeqQ veV,qeqQ,{v,q}€E(G)
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Fig. 5. Graph H, replacing vertex q € Q. Note that xq, yq,z; ¢ V(Hg).

It is easy to observe that A(G*) < 3.

(=) Suppose that Q' C Q dominates all verticesin V and |Q’| = m. Since |X| = |Y| = |Z| = m, we have [Ng(v) N Q'| =1,
for each v € V. Hence, let {q(v)} = Ng(v) N Q/, for each v € V. Moreover, if v € V,, then let {p(v)} = Ng(v) N (Q \ Q') and
if v € V3, then let {p(v), r(v)} = Ng(v)N(Q \ Q’). Foreach q € Q,if N¢(q) = {x,y,z} C Vandx € X,y € Y,z € Z, then let
Q" = {qx Gy, 92, 93, 44, 99, G10, G15, G16} C V(Hg) and Q; = {1, G2, G3, G7, Gs, qo, q13, G1a, G1s} C V(Hg) (see Fig. 5). Let

S= U{Ul, Vg()} U U{vq(v% bvge), V), Vpwyr(v)s UVr(w)} U U QU U Q-

veV; veVs qeQ’ qeQ\Q’

Foreachv e V;,set {vy, vy} C V(C,)isadominating set of C,,, and for each v € V3, set {vgw), bvgw), Uvpe), Upoyr(v)s Ulr(v)}
C V(D,) is a dominating set of D,. If ¢ € Q/, then Qq+ is a dominating set of Hg, and if ¢ € Q \ Q’, then Q, is a dominating
set of Hq. Thus, S is a dominating set of G*.

Each edge of G*[S] belongs to the one graph from {C,},ev, U {D,}yevs U {Hglqeq, OF is equal to {vg, q,} for some q € Q'
andv e V.

Let e € E(G*[S]). If e is one of the edges {q3, 4}, {q9, G10} OT {q15, q16} for some q € Q’, then SEC(e) = true. Otherwise, e is
not an isolated edge in G*[S]. Thus, by A(G*) < 3, we have that S is a global edge alliance, and |S| < 2m, + 5m3 + 9|Q’| +
9|Q \ Q| = 2my + 5ms3 + 9t.

(<) Let S be any global edge alliance of G* such that |S| < 2m; 4 5m3 4 9¢. In the following we refer to the notation from
Figs. 3-5.

Claim 4.1. For each v € V,, SN V(G,)| > 2. Moreover, if |S N V(C,)| = 2, then |S N {vp, vg}| = 1, and, {v1, vy, py} C Sor
{v1, vq, v} C S, where Ng(v) = {p, q}.

Proof. Let v € V5, and let Ng(v) = {p, q}. Since S is a total dominating set of G*, v; € S.If v3 € S, then |Ng«[v,] N S| > 1
and [SNV(C,)| > 3. Otherwise, v, € S or v, € S. Since S is an edge alliance, p, € S and q, € S. Thus, {vy, vp, p,} C Sor
{v1, Vg, ¢} CS. O

Claim 4.2. Foreachv € V3, [SNV(D,)| > 5. Moreover, if |S N V(D,)| = 5, then |S N {vp, vg, vr}| = 1, and, {bvy, vp, p,} C S
or {bvg, vq, q,} C S or {bv;, v, 1,} C S, where Ng(v) = {p, q, 1}.

Proof. Let v € V3 and Ng(v) = {p, q, r}. Let us remind that S is a global edge alliance.

Suppose {bvy, bvg, bv,} NS = @. Hence, {vy, vg, v;} C S.If vy € S, thenthereisu € Ng«[v1]NS such that [S N Ne=[u]| > 3.
Thus, |SNV(D,)| > 6. Let vy ¢ S, and let us assume without loss of generality that v,, € S. If [Ng+[v, ] NS| > 3, then
ISNV(D,)| > 6. Let [Ng+[vp ] N S| = 2. If uv, € S (uv, € S, analogously), then Ng«[vpq] NS # @. Thus, |SNV(D,)| > 6.

Suppose S N {bvy, bvg, bv,} # @.1f |S N {bvy, bvg, by, }| > 2, then analogously to the case S N {bvy, bvg, bv;} = ¥ we get
IS NV(Dy)| > 6. Thus, without loss of generality, let us assume that bvg € S and S N {bv,, bv;} = @. Hence, vy € S and we
consider two cases uvg € Sorq, € S.Let U = Ng+[vp,] and U; = Ng=[U].

Let {bvg, vg, uvg} C S.If vy € S, then S N Uy| > 3. Since {bvg, vq, uvg} NU; = ¥, we have [S N V(D,)| > 6.So, let v, ¢ S.
Let us observe that S N {vpg, vgr} # 0. If {vpg, vgr, v1} C S, then [SNV(D,)| > 6. If vy ¢ S (vpq ¢ S, analogously), then
Upg € S and [S N Ne=[{vpr, uv, ]| > 2. Thus, |[S N V(D,)| > 6. So, let S N {vpq, vgr, V1} = {vpg, Vgr}. Since SN U # @, we have
IS V(D,)| = 6.
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Let {bvg, vq, q,} C S, and let U, = Ng<[U1] N V(D,). Since SN U # @ and U, N {byy, vq} = ¥, we have |S N U,| > 3. Thus,
ISNV(D,)| >=5. O

Claim4.3. Foreachq € Q, |SNV(Hy)| > 9.

Proof. Let g € Q and Ng(q) = {x,y, z}, wherex € X,y € Y,z € Z. Let us remind that S is a global edge alliance. We prove
that |S N {qx, q1. 92, G3, G16, 17, G1s}| = 3. Let gx € S and [S N {q2, q17}| < 1.1fg» € S (q17 € S, analogously), then g; € S or
qs € S.IfSN{q2, q17} = B, then S N {q1, g3} #Z P and S N {qs, 18} # V. Let gy ¢ S.1f g1 € S (q1s € S, analogously), then
thereisu € Ngx[q1] such that |S N Ne«[u]| > 3.1fSN{q1, q18} = ¥, then {q2, q17} C S,and so S N {qs, q16} % ¥. Analogously,
we have |S N {qy, 44, G5, g6, G7. g3, qo}| = 3 and |S N {qz, q10, 11, G12. 413, 14, G1s}| = 3. Thus, [SOV(Hg)| = 9. O

Claim 4.4. |S| = 2m;, + 5m3 + 9¢t, and

(i) Foreachv € V,, |S N V(C,)| = 2. Moreover, |S N {vp, vg}| = 1and {vy, u,} C S for exactly one u € Ng(v) = {p, q}.
(ii) Foreachv € Vs, |S N V(D,)| = 5. Moreover, |S N {v,, vq, v/ }| = 1and {vy, u,} C S forexactly oneu € Ng(v) = {p, q, r}.
(iii) For each q € Q, [SNV(Hy)| = 9. Moreover, {qx, qy, 4z, Xq, ¥q, Zq} C S or S N {qx, Gy, Gz, Xq, Yq, Zq} = 9, where
Ne(q) = {x,y, z}.

Proof. Since |S| < 2m; + 5m3 + 9t, by Claims 4.1-4.3 we have that |S| = 2m; + 5m3 + 9t, and the properties (i) and (ii)
hold.

(iii). Let ¢ € Q and N¢(q) = {x,y, z}, wherex € X,y € Y,z € Z. Since |S| = 2m, + 5m3 + 9t, we have by properties (i)
and (ii) that |S N V(H,)| = 9. From the proof of Claim 4.3 we have

IS N {ax, 91, G2, q3, 916, 917, q18}| = 3 (1)
IS N {4y, 44 g5, g6, 97, qs, Go}| = 3 (2)
IS N {4z, q10, q11, 912, 913, 14, 15} = 3 (3)

By properties (i) and (ii) we have that

for each v € N¢(q), if vq € S, then g, € S. (4)
In the following we prove that

for each v € N¢(q), if g, € S, then S N Ng+(q,) = {vq}. (5)

Without loss of generality, let v = x (see Fig. 5). Let us assume to the contrary that g, € S and S N {q1, q18} # 9.
Hence by Eq. (1), we have that |S N {q2, ¢3, q1s, q17}| < 1. Thus, we consider three cases: (a) |S N {q2, q17}| = 1, or (b)
IS N {gs, g1}l = 1,01 (c) SN {q1, qus}l = 2.

Case (a).Let q17 € S (q2 € S, analogously). Hence, g1 € S and SN{qy, g3, q16} = ¥, and so, {qa4, gs, q14} C S.1f gy € S, then
by Eq. (2) we have SEC({q4, g5}) = false, a contradiction. Thus, q, ¢ S. Hence by Eq. (4), we have thaty, ¢ S, implying that
qs € S. Further, by (2), we have that SN {gs, g9} = @, and so {q10, q11} C S. Since q14 € S, by (3) we get SN {q12, 13, 4.} = ¥,
which contradicts (4).

Case (b). Let g3 € S(q16 € S, analogously). Hence, we have that g5 € S, otherwise S N\ Ng+[q17] = @. So, {44, q14, q15} C S,
and by (3) and (4) we get g3 € S. Thus, {qs, g9} C S, and by Eq. (2) we get SEC({qs, qo}) = false, a contradiction.

Case (c). Let {q1, 13} C S.Hence, S N {q2, q3, q16} = ¥, and so, {qa, gs, g14} C S. The proof goes analogously to case (a).
Thus, we proved property (5).

In the following we prove that {qx, gy, .} C S or S N {qx, qy, q.} = @. It suffices to prove that if g, € S, thengq, € S.
Let us assume to the contrary that g, € S and g, ¢ S. By (1) and (5), we have that x;, € S, S N {q1,q18} = ¥ and
IS N {q2, g3, q16, q17}l = 2.1f{q2, q17} C S, then by (1) we have SEC({q2, q17}) = false, implying that [S N {qz, q17}] < 1
and SN {gs3, q16}| = 1.1f q3 ¢ S, then {g16, q17} C S,and soq4 € S.1f g5 € S, then qy7 ¢ S, and so q4 € S. Analogously, we
have q;5 € S. Thus, {q4, 15} C S. Since q, ¢ S, we have by (4) thaty, ¢ S. Hence by (2), we have that 1 < |S N {gs, q7}| < 2,
and so {q4, gs, qs} C S. Further, S N {gs, qo} = @, and so {q10, q11} C S. By (3), we have that SEC({q10, g11}) = false, a
contradiction.

By (4) and (5), we have that for each v € Ng(q), vy € S & q, € S.Thus, {qx, qy, Gz, Xq, Yq, 2} C SorSnN
{ax. Ay, 4z, Xq, Yq> Zq} =0. O

For each q € Q, let us define N¢(q) = {x(q), y(q), z(q)}, where x(q) € X, y(q) € Y, z(q) € Z. Let
Q' ={geQ: {Axq)» Gyq) 9z(q)} C S}

Let v € V. By Claim 4.4 (i) and (ii) there is g € Ng(v) such that {vq, q,} C S. Hence by Claim 4.4 (iii), we have thatq € Q'.
Thus, set Q' dominates V, and so 3|Q'| = quq, INg(q)] > |INg(Q")] = |V| = 3m. By Claim 4.4, we have that for every
p,q € Q" and p # q, N¢(p) N Ng(q) = @. Thus, |Q’| = m. This establishes Theorem 4.1. O
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5. 0(nA? log A)-time algorithm for trees

In [6] the authors constructed O(n log A)-time algorithm for finding the minimum global alliance in trees. In this section
we present O(nA? log A)-time algorithm for finding a minimum global edge alliance in trees.

We construct the optimal solution for a given tree T using the bottom-up technique in accordance with a defined
orientation of T. First, we orient all edges of T in an in-tree manner with a leaf as root, i.e., we choose any leaf r as root
and orient all edges of tree T towards the root r. As a result, for each vertex v € V(T)\ {r}, there is exactly one oriented edge
outcoming from a vertex v towards r, let us denote this edge by e, = {v, r,}. By T, we denote a subtree of T rooted at v and
consisting of all (oriented) edges that lead to vertex v. By T; we mean the tree T, with an attached edgee,,ie,T; =T, Ue,.
Let p(v) = degr(v) — 1 and let Nb {vy, .. (v)} be the set of vertices adjacent to v and different from r,.

The key idea of the approach is to use the recursive scheme, in which we build a data structure A,, related to the vertex
v, from data structures A,,, . .., A, Upw) related to the children of vertex v (i.e., Nb ). We will use some auxiliary data structure
(B,) to clarify the process of building A, from A, , . .. It is important to ensure that one can apply the data structures
associated with all children of vertex v to build A,. The afgorrthm goes as follows:

1. Starting from leaves, first build A,, and go towards root r.
2. Traversing tree T for each vertex v # r:

(i) construct an auxiliary data structure B, using A,,, ..., A
(ii) construct A, from B,.

Up(v)*

3. Use As, where s is the only neighbor of root r, to find an optimal solution.

The total time complexity of the algorithm depends on the time complexity of the construction of structures A, and B,. In
fact, by this schema we calculate the size of the optimal solution. The construction of the optimal solution may be possible by
using additional data structures for saving the appropriate information while building structures A, and B,,, which, however,
does not change the time complexity of the algorithm.

In the following, for the sake of notation simplicity, we shall use gea instead of global edge alliance, and ea instead of edge
alliance. We use the symbol oo to denote illegal cases, and assume that oo > a, oo £ a = oo and min{co, a} = a, where a is
a number or oco.

Theorem 5.1. There exists 0(nA? log A) time algorithm finding the minimum global edge alliance for trees with at most n vertices
and the maximum degree bounded by A.

Proof. Letv € V(T)\ {r},p = degy(v) — 1and q = deg;(r,) — 1. We define a tree T’ obtained from T by attaching [ > 0

pendant vertices L; = {uq, ..., u;} to vertex r,,. Note that TO =T,.
Let us define A, = (a%°, agl, al®, A1), where ¢ is an 1nteger or oo, for (j, h) € {(0, 0), (0, 1), (1, 0)}, and A!! is a matrix of

the size (q + 1) x 1, all described as follows:
a®® = min{|S \ {r,}|:SisageainT, Av ¢ S AT, ¢S},

v

a® = min{|S\ {r,}|:S\ {r,} isageainT, \ {v}andaneain T, A
véSAr, €S},
al® = min{|S\ {r,}|:SisageainT* AveSAT, ¢S}

Foreachk € {0, ..., q},ifk < q/2, then let
Al'[k] = min{|S \ {r,}|:SisageainT"* A {v,1,} CS AL NS =@},
and if k > q/2, then let
ANkl = min{|S \ (Lok—q U {r,})|: Sisageain T* 9 A {v,1,} CS ALy_q CS}.

Let us observe that for a{f‘, we havej = 1iffv € S,and h = 1iffr, € S. If any min(-) cannot be legally defined, we preset
the value as oo.

In the next steps we construct A, in accordance with the given definitions.

Let v be a leaf. Then, by definition we initially put a?® = 0o, a%' = 0, a)’ = oo and A!'[k] = 1 for 2k + 2 > q, and
All[k] = cofor2k +2 < q.

Let v be a vertex that is not a leaf. Let us define B, = (B%, B), where B is a matrix of the size p x 3 and B} is a matrix of

the size (p + 1) x p x 4. Let us remind that Nb {vi, ..., v}

For eachi € {1,..., p} we set B°[i, 0] = i, and if a‘0 > a00 then let BY[i, 1] = 1, otherwise, let B°[i, 1] = 0. Finally,
BO[i, 2] = |a)’ — a)’|. Let us observe that if a)> = oo or a°° = o0, then B%[i, 2] = co. The matrix B% can be constructed in
O(p) time.

Foreachk € {0,...,p}andi € {1,...,p} weset B)[k, i, 0] = i,and if A}![k] > a!, then let B} [k, i, 1] = 1, otherwise, let
BI[k, i, 1] = 0.We put B![k, i, 2] = min{AT[k], aoil} and finally, B![k, i, 3] = |All_l [k] — 811 |. The matrix B! can be constructed
in O(p?) time.
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With all the values BU, a,, b, and ¢, already calculated, now we can determine A,. Let ag = ?:1 (1- B‘v)[i, 1]) and
b =  min{a,’, a%®}. If for some i € {1,...,p} we have a,> = a%’ = oo, then b = oo. Let ¢ = min{BJ[i,2] : i €
{1,... ,p} A B[i, 1] = 1}. The values a?, b% and c? can be calculated in O(p) time.

Claim 5.1. The value a® can be determined in O(p) time.

Proof. We have to ensure that v is dominated by at least one v;, wherei € {1, ...,p}.Ifa® > 0, then a% = bY, otherwise,
00 0 0
a, =by+c. O

Claim 5.2. The value a®' can be determined in O(p) time.
Proof. Since v is dominated by r,, just take the best solution: a®! = b%. O
Claim 5.3. The value a!° can be determined in O(p® log p) time.

Proof. We have to ensure that for each v; € S the edge alliance property holds for an edge {v, v;}. Forevery k € {1, ..., p},
let us define

se =min{|S\ {r,}| : SisageainT* AveSAr, ¢SAIN NS| =k},

or s, = oo, if there is no such S. Obviously, al® = min{sy, ..., s,}.
For k € {1, ..., p} we calculate s; or prove that there is | > k, such thats; < s;. Leta = ?:1 (1—Bl[k—1,i,1]), and
b= le Bl[k — 1, i, 2]. We have to ensure that exactly k edges {v, v;} satisfy the edge alliance condition fori € {1, ..., p}.

The rest of vertices v; are outside the edge alliance.

If a > k, then it is easy to observe that for some [ > a we have s; < si. Thus, without loss of generality we can assume
thata < k.

Ifa = k, then we can puts, = b + 1.

Ifa < k, then we do the following: let B be a matrix of the size p x 4 obtained from Bl [k—1] by sorting rows B1 [k—1,1]
(fOl‘l e {1,...,p})inanon- decreasmg order with respect to the value B! [k — 1, i, 3]. Thus we get B[l 3] < B[2 3]<--- <
B[p 3]. The construction ofB can be done in O(p log p) time. Let kg be the smallest integer such that k — a = Zko B [1 1],

and letc = Zko Bu[l, 3]- B,,[l, 1]. Hence, we put s, = b + ¢ + 1. Thus, we constructed a}jo in O(p? logp) time. O

Claim 5.4. The matrix Al' can be constructed in O(qp® log p) time.

Proof.

Now, forany I € {0, ..., g} we construct A!'[I] in time O(p? log p).

The main dlfference between the constructlon of al® and A!! is that we have to ensure that edge {v, r,, } satisfies the edge
alliance property (i.e., SEC(v, r,) = true). The proofgoes analogously as for al®. Forevery k € {0, ...,p}andl € {0, ..., q},

e if[ < q/2, thenlets,; = min{|S\ {r, UL, »}| : SisageainTI" ! AveSAT, e SAIN NS|=kAL;NS =0},

e if[ > q/2, thenlet s, = min{|S \ {r, ULy 4} : Sisageain T4 AveSAT, € SAINYNS| =kAlLy_qCS}

e and in both cases, if there is no such S, then we put s ; = co.
Analogously as in the construction of a!°, we have to ensure that exactly k edges {v, v;} satisfy the edge alliance property for
ie{l,...,p} Letusobserve that SEC(v, r,) = trueiff 2k + 21+ 2 > q+ p. Thus, if 2k 4 2142 > q + p, then we calculate the

value s analogously as for al?, otherwise, we put s ; = oo. Finally, A!'[l] = min{s;, ..., sp,}. The construction of matrix
Al can be done in O(gp? log p) time. O

Claim 5.5. The equality y,(T) = min{a!®, A1'[0] + 1} holds, where {s} = Nr(r)

Proof. The root r needs to be dominated, so for any global edge alliance S it is true that {r, s} NS # @. Thus a%° = oo. The

vertex s is the only neighbor of the root r, so a global edge alliance S such thatr € S and s ¢ S cannot exist. Thus a = 00.
Since q(s) = 0, therefore the matrix A11 has only one element, i.e. A'[0]. Thus y,,(T) = min{a!®, A1'[0] + 1}. O

To sum up, the algorithm that gives the size of the minimum global edge alliance goes as follows:
(1) For every leaf [ in tree build A, using the following values:

(i) a)° = 00, a)! = 0,a/° = oo,
(ii) A/'[k] = 1 for each k such that 2k + 2 > q,
(iii) A]'[k] = oo for each k such that 2k + 2 < q.

(2) Traversing tree T towards root for each vertex v # r and v is not a leaf:
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(i) construct an auxiliary data structure B, using A,,, .. ., Avp(v),
(ii) applying Claims 5.1-5.4 construct A, from B,:

1

(3) By Claim 5.5 the value of an optimal solution is min{a!®, AI'[0] + 1}, where s is the only neighbor of root r.

By Claims 5.1-5.4 we can deduce that the construction of data structure A, can be done in O(qp? log p). Therefore, the
time complexity of the algorithm is O(nA? log A).

As mentioned before, the construction of an optimal solution may be possible in the same time complexity by using
additional data structures for saving the appropriate information while building structures A, and B,. O

6. Future work and open questions

Recently, in the paper [19], the authors proved the upper bound on the edge alliance number for trees, i.e., y,(T) < 2n/3,
and characterized the class of trees reaching this upper bound.

In the papers [7] and [8] the authors proved the upper bound for trees on the minimum total domination number, and
the minimum global alliance problem, respectively. Precisely, let s(T) be the number of support verticesinatree T.If T isa
tree of order n(T) > 3, then y,(T) < w [7] and y,(T) < w [8]. In the paper [19] the authors proved that if T is a
tree of order n(T) > 2, then ye.(T) < w

The challenging problem is to give the complexity of the problem of finding the minimum global edge alliance in the class
of cubic (bipartite) graphs.
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