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Abstract. The problem of off-line identification of a nonstationary au-
toregressive process with a time-varying order and a time-varying degree
of nonstationarity is considered and solved using the parallel estimation
approach. The proposed parallel estimation scheme is made up of several
bidirectional (noncausal) exponentially weighted lattice algorithms with
different estimation memory and order settings. It is shown that opti-
mization of both settings can be carried out by means of minimization
of the locally evaluated accumulated forward/backward prediction error
statistic.
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1 Introduction

Autoregressive analysis is a popular modeling tool, used to solve practical prob-
lems in many different areas, such as biomedicine [1]-[3], geophysics [4]-[6],
telecommunications [7]-[8] etc. When the analyzed processes are nonstation-
ary, identification of their autoregressive models can be carried out using local
estimation techniques, such as the well-known sliding-window or exponentially
weighted least squares (EWLS) approaches. Local estimation algorithms are of-
ten called finite-memory since they relay on the limited (or effectively limited)
number of signal samples. Owing to this property they are capable of tracking
the time-varying signal parameters.

Two important decisions that must be taken when identifying the time-
varying autoregressive model are the choice of the number of estimated autore-
gressive coefficients, i.e., the model order, and selection of the size of the local
analysis interval, i.e., the estimation memory. Both decisions may have impor-
tant quantitative (estimation accuracy) and qualitative (estimation adequacy)
implications.

* This work was partially supported by the National Science Center under the agree-
ment UMO-2015/17/B/ST7/03772. Calculations were carried out at the Academic
Computer Centre in Gdarisk.
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In this paper we will focus on noncausal estimation techniques, which can
be applied when the analyzed signal is prerecorded and can be analyzed off-
line. Noncausality means that at any given time instant ¢ the local parameter
estimates can be based on both “past” observations (collected prior to ¢) and “fu-
ture” observations (collected after ¢). When applied to identification of nonsta-
tionary processes, noncausal estimators can significantly reduce the estimation
bias (due to elimination of the so-called estimation delay, typical of all causal
algorithms [9]).

In the proposed approach, which is a nontrivial modification of the method
described in [10], noncausal estimates are obtained by combining results yielded
by the exponentially weighted least squares lattice/ladder algorithms [11] run-
ning forward and backward in time, respectively. The problem of model order
and estimation memory adaptation is solved using the parallel estimation ap-
proach. In this approach several competing algorithms, with different order and
memory settings, are operated simultaneously and compared according to their
locally assessed predictive abilities.

The proposed technique is computationally attractive and yields time-varying
models with guaranteed uniform stability property which is important is such
applications as parametric spectrum estimation.

2 Nonstationary autoregressive processes

Suppose that the analyzed discrete-time signal {y(¢)}, t =...,—1,0,1,..., can
be described or at least approximated by the following time-varying autoregres-
sive (AR) model

y(t) = Z @i (£)y(t — 1) + en(t) = @p (Do (t) + enlt)

var(en (t)] = pa(t)

(1)

where @, (t) = [y(t — 1),...,y(t — n)]T denotes regression vector, cv,(t) =
[a1,n(t), ... ann(t)]T denotes the vector of autoregressive coefficients, and {e,, (¢)}
denotes white noise with a time-dependent variance p,,(t). In the sequel we will
assume that the entire history of the signal {y(¢),t = 1,...,Tp} is available,
along with the “boundary” conditions {y(1 —4),y(Tp +1i),i = 1,..., N}, where
N denotes the maximum model order that will be considered.

When the driving noise variance p,(¢) is bounded, a,,(t) is a “sampled”
version of a sufficiently smooth continuous time parameter trajectory, and at
all time instants ¢ all zeros of the characteristic polynomial Az, a,(t)] =1 —
S ain(t)z7" are uniformly bounded away from the unit circle in the com-
plex plane, the process (1) is uniformly exponentially stable [12]. According to
the theory developed by Dahlhaus [13], under the conditions specified above
{y(t)} belongs to the class of locally stationary processes with uniquely defined
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instantaneous spectral density function given by

_ pn(t)
52 = (Ao, O o

where j = /—1 and w € (—m, 7| denotes the normalized angular frequency.

3 Equivalent parametrizations of a stationary
autoregressive process

It is known that a zero-mean stationary AR process characterized by the set P,, =
{pn,@1m,. .. ann} (further referred to as direct parametrization) can be equiv-
alently specified in terms of autocorrelation coefficients R,, = {ro,71,...,7n}
where 7; = E[y(¢)y(t — i)] (autocorrelation parametrization), or in terms of par-
tial autocorrelation coefficients Q,, = {ro,q1,...,¢n} where ¢; is the normalized
autocorrelation between y(t) and y(¢t — ¢) with the linear dependence on the
intermediate variables y(s),t —i < s < t removed (lattice parametrization).

All three parametrizations are equivalent, i.e., given any of them, one can
determine the remaining two using invertible mappings

P, = F[R,], Rn=F'P,)
Ry = G[Qn]7 Qn = Gil[’R’n}
Q, = H[P,], Pn=H'Q,]

Description of these mappings can be found e.g. in [14].

4 Causal lattice algorithm

The exponentially weighted least squares normalized lattice/ladder algorithm
proposed by Lee, Morf and Friedlander [11], further referred to as EWLMF
algorithm, is a time- and order-recursive estimation procedure known of its low
computational cost and numerical robustness. The EWLMF algorithm is a lattice
approximation of the EWLS algorithm. The EWLS algorithm, equipped with the
forgetting constant Ar, 0 < A\ < 1, provides a direct signal parametrization

~

Prir(t) = {Pnjr(); @1 i) - - s G (t)}
where
an\k(t) = [al,n|k(t)7 cee 7an,n\k(t)]T

t—1 ) 3
=argmin ) | A fy(t — 1) — ¢y (8 — D)o ]? ¥

=0
Puk(t) = 1 A~ 0) — = 0] (@)
=0
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and Lg(t) = Zf;é Ai denotes the effective width of the applied exponential
window. The explicit solution of (3) can be obtained in the form

Oy i (t) = ﬁ;\lk(f)?nw(t)’ Dok (8) = Tojg () — T (1) Qe (2) (5)
where
R,k (1) an i)epn (t— 1)
Tkt Z Ney(t = i)epn(t — )
Top(t Z)‘ky (t —i) = Tox(t).

The EWLMF algorithm estimates the normalized partial autocorrelation coeffi-
cients directly from the data, yielding the lattice signal parametrization

Qi () = {Fop ), @i (1), - -, G ()}

The estimates qy|x(t), ..., @nx(t) are usually called reflection coefficients. Due
to appropriate normalization, the estimates provided by the EWLMF algorithm
obey the condition

|Zjﬂk(t)|<1a Vt,i=1,...,n (6)

which guarantees that the corresponding AR models are at all times stable.
Denote by

ﬁn|k(t) = Hil[émk(t)] = {ﬁn\k(t)aal,n|k(t)a o 7an,n|k(t)}

the direct parametrization that is an equivalent of the lattice parametrization
yielded by the EWLMF algorithm. Since the EWLS algorithm does not guar-
antee model stability, it is clear that P, ;(t) # Ppx(t). We note, however, that

both parametrizations become identical if the matrix ﬁn‘k(t) and the vector
T, ;(t) appearing in (5) are replaced with
Tolk(t) Tr—1)k(t)
~ . . - - - T
Ry (t) = : : s Taw() = [FR(t) - Tap(t) ]
Tr—1k(t) Tolk(t)
where

Rouji(8) = {Foi (0): Faje(t), - Fuji (1)} = GOy (2)]

denotes an autocorrelation parametrization equivalent to @nl & (t). Therefore, the
parametrization P, (t) can be regarded as a stable approximation of ﬁn‘k(t).
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5 Noncausal lattice algorithm

To obtain noncausal estimator of p,(t) and a,,(t) we will combine results yielded
by two lattice algorithms — the forward-time (—) EWLMF algorithm equipped
with a forgetting constant A\,-, providing the estimates

é7:|Ic(t) = {770|k— (1), Zjl|k— (t),..., an|k— (t)}

and the backward-time (+) EWLMF algorithm equipped with a forgetting con-
stant \,+ providing the estimates

éak(t) = {Tor+ (1), qui+ (1), - -+ Gyt (1) }-

We will not assume that the forward and backward time EWLMF algorithms
are equipped with the same forgetting constants. Setting k=~ # kT, one can
fuse long-memory forward time estimation results with short-memory backward
time ones or vice versa. Such asymmetric variants may be useful in the presence
of abrupt parameter changes. Let # = {k=,kT}, T_(t) = {1,...,t — 1} and
T (t) ={1,...,Ty — t}. The combined estimate can be obtained using a three-
step procedure.

First, one can determine the autocorrelation parametrizations corresponding
to @, (t—1) and QF, (t +1)

REW(t£1) = GIOF, (¢ £ 1)] = {Fope (¢ £ 1), Py (E£1), . P (£ 1))

Since parametrizations Q;I L(t—1) and é:l o (t + 1) are stable, the covariance

matrices made up of the estimates {7~ (t),7 = 0,...,n} and {7+ (t),i =
0,...,n} must be positive definite [14]. Second, the two-sided autocorrelation
parametrization

Rn\ﬂ(t) = {FO\ﬂ(t)a Fl\w(t)a s 7?7L‘7T(t)}
can be obtained using the formula
Tilr(t) = p—O)Fyp-(t — 1) + ps (OFyp+ (t+ 1), i=0,....n (7)

where 14 (t) = L, (t£1)/La(t), Lr(t) = L, (t—1)+ L}, (t+1) and L (t£1) =
ZieTi(t) };1. Note that since the sequence {7;.(t),i = 0,...,n} is a convex
combination of {7, (t —1),4 = 0,...,n} and {7+ (t + 1), = 0,...,n}, the
parametrization ﬁnh(t) is at all times stable. Finally, based on ﬁn‘ﬂ(t), one can
obtain the direct parametrization

Pnlﬂ(t) = F[ﬁ'nIW(t)] = {ﬁnlw(t)7al,n|7r(t)a s 7an,n\7r(t)}

The doubly exponentially weighted Lee-Morf-Friedlander (E2?WLMF) algorithm
described above differs from the one proposed in [10] in one important aspect —
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unlike [10] the obtained parameter estimates do not depend (in a deterministic
sense) on the “central” sample y(t).

Similarly as in the case of the EWLMF estimate, one can show that the
E?WLMF estimate Ay (t) = [a1pn)x(t),. -, Emn‘,r(t)]T can be regarded as a
“stable approximation” of the estimate obtained using the noncausal doubly
exponentially weighted least squares (E?WLS) algorithm

an\?r(t) - [al,nhr(t)v s 7an,n\7r(t)]T
t—1

= argin | 3NNy —i) = fon (- Ol
To—t

+Z)\ Hy(t+3) - [of (¢t + )] ")’

where @ (t) = [y(t £1),...,y(t £n)]T. Actually, note that

Gug(t) = [ (R (6= 1)+ e (ORY L0+ )]

X {,u,(t) nlk— (t—=1) +ps()r n|k+(t+1)} (8)
where
Rt £1) = oy Z Nl (i) (¢ 4)]T
ZET:t(t)
T (tE1) = (tﬁ:l S XSyt ki)t £ ).
€T+ (1)

Similarly, since a,|(t) must obey Yule-Walker equations defined in terms of
{Tijx(t),i=0,...,n} [14], it holds that

G (1) = [ (OB (- 1)+ e RS (0+1)]

X [l (OF g (6= 1)+ o (OF s (6 1)
where
FO\ki (t:l: 1) /’Fn_l‘ki(ti 1)

R+ (t£1) = : . :
anl\ki (t:l:].) ?7O|kj:(t:|: ].)

Fape(t 1) = [Fape(t£1) . Fupe(t£1)]"

Hence, the estimates o, (t) and o, |(t) coincide if the quantities ﬁflki (t+1)

and ?flki (t£1) are replaced in (8) with Ri|ki (t£1) andT \ki (t£1), respectively.
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6 Model order and estimation memory adaptation

Based on ﬁn‘ﬂ(t% the parametric estimate of the instantaneous spectral density
function S, (w,t) can be obtained in the form

= ﬁn|ﬂ'(t>

Spl=(t) = |Aled, oty - (1)]|? "

where @, (t) = [@1,njx(t); -, G ne ()] T

Selection of the order n of the autoregressive model, and the choice of for-
getting factors A\p+ plays an important role in parametric spectral analysis. If
the order is underestimated some important features of the resonant structure
of {y(t)} may be not revealed, while when it is overestimated some nonexistent
resonances may be indicated. In both cases one may arrive at false qualitative
conclusions. The optimal choice of A\;,— and A+, i.e., the one that trades off the
bias and variance components of the mean squared parameter estimation error,
depends on the rate of parameter variation — forgetting factors should be smaller
(which corresponds to shorter memory) when process parameters are subject to
fast changes, and larger (which corresponds to longer memory) when parameters
vary slowly with time.

Our solution to the order/memory optimization problem will be based on
parallel estimation. Consider several E2WLMF algorithms with different order
and memory settings, running in parallel. Denote by N' = {1,..., N} the set of
all model orders that will be considered, and by II the set of all considered pairs
m = {k_,ky}. The data-adaptive version of (9) can be expressed in the form

N Pawiz® (1)
Sawze (t) = v o "
n(t)[7(t) |Aled® | o)z (1)] 2

where

{7(8), 7(0)} = {A(0), b (), b (1)} = awg i Ty (1)
keKx

and J,,|.(t) denotes the local decision statistic.

The proposed selection criterion takes advantage of the fact that, unlike the
estimates considered in [10], the estimates v, (t) are not functions of y(t) and
therefore they can be used to compute unbiased forward and backward prediction
errors

() = y(t) = [pr (t £ 1) T @y (1),

Consequently, one can adopt for J,.(t) the following prediction error (PE)
statistic
M M
Tax(®) = D len t =0+ Y e (¢ +0) (11)
i=—M i=—M
where M € [20,50] is the parameter that controls the size of the local decision
window [t — M, t + M] centered around t.
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7 Computational complexity

Denote by K, < K(K + 1)/2 the number of considered forward-backward pairs
7= (k—, k™). For the assumed maximum model order N the per sample compu-
tational load (the number of multiply-add operations) of the proposed parallel
estimation scheme is pretty low and is approximately equal to

I(N) = 2KA(N) + 2K B(N) + K,.C(N)

where A(N) = 30N denotes the load of the ELMF algorithm (given that the
Newton-Raphcon method is used to evaluate square roots), B(N) = 2N + N2
denotes the load of the G transform (computation of autocorrelation coefficients
based on reflection coefficients), and C(N) = 2 + 4N + N? is the load of the
F transform (computation of autoregressive coefficients based on autocorrela-
tion coefficients). Note that the first stage of processing is the computationally
cheapest one and that the only quantities that have to be memorized during the
forward /backward sweep of the EWLMF algorithms are the forward/backward
reflection coeflicients.

8 Simulation results

To verify the proposed order and estimation memory selection rule, a nonsta-
tionary variable-order autoregressive process was generated. Process generation
was based on 4 time-invariant AR anchor models M1, My, M3 and My, of orders
2, 4, 6 and 8, respectively. The characteristic polynomial A;(z) of the model M;
had ¢ pairs of complex-conjugate zeros, given by z,:f =0.995¢7k7/5 | =1,... 1.
The generated signal {y(t),t = 1,...,Tp} had stationary periods, during which
it was governed by anchor models, and nonstationary periods, when the gen-
erating model was obtained by morphing one anchor model into another one.
Transition from M;_; to M; was realized by moving, with a constant speed, the
i-th pair of complex-conjugate zeros from their initial zero positions towards the
unit circle — see Fig. 1. The simulation scenario is symbolically depicted in Fig. 1.
Note that according to this scenario the order of the generating model gradually
increased from 2 to 8.

The adopted value of Ty was equal to 5000 and the breakpoints, marked
with bullets in Fig. 1, had the following time coordinates: t; = 1000, t3 =
1500, t3 = 2500, t, = 3000, t5 = 4000, tg = 4500. The parallel estimation
scheme was made up of 4 E2WLMF algorithms combining results yielded by
K = 3 forward /backward EWLMF trackers equipped with forgetting constants
A1 =0.95, A2 = 0.99 and A3 = 0.995. The 4 combinations of forward/backward
forgetting constants were: (0.99, 0.99), (0.995, 0.995), (0.995, 0.95) and (0.95,
0.995), which corresponds to m; = (2,2), m2 = (3,3), 13 = (3,1) and 74 = (1, 3),
respectively. The parameter M which determines the width of the local decision
window was set to 50.

Two measures of fit were used to evaluate identification results: the mean
squared parameter tracking error and the Itakura-Saito spectral distortion mea-
sure (see Table 1), both averaged over ¢ € [1, Tp] and 100 independent realizations
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of {y(¢)}. Table 1 compares results yielded by 3 unidirectional {Aq,...,A3) and
4 bidirectional (my,...,m4) lattice algorithms (for different values of n), with the
results yielded by the proposed adaptive scheme (for different values of V). Note
that when the model order is not underestimated (n, N > 8) the algorithm with
adaptive order and memory assignment (A} provides results that are uniformly
the best, irrespective of the choice of N.

Imaginary Part

)
Feal Part

5000

Fig. 1. Trajectories of zeros of the characteristic polynomial (top figure), the applied

simulation scenario {middle figure), and the corresponding time-varying spectral den-
sity function (bottom plot).
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Table 1. Averaged Ttakura-Saito distortion measures (left table) and mean square
parameter estimation errors (right table).

o IENEES m | ma | ws | wa A /N[ M N Xz Ty o g Ty A

T [[4,600[42664,100( /2,156 |4,151]2,108]4,170]| 4,165 T [[12,027|11,096(11,056] 12,00311,002|11,05612,040/ 12,010
2 ||3,183|2751|2,706] 2 551 |2 552|2,607| 2,644 2,603 3 || o673 | 2623|8577 | e670 | 8,685 | 2,587 | 8,780 || 2,621
3 |3,.003(2,610|2,660| 2,308 (2,307 |2 550/ 2,488(| 2 446 2 ||6504 | 6,326 | 6,330 | 6,418 | 6,444 | 6,330 | 4,615 || 6,494
4 |2.002|15%6|1,616(1,318]1,258(1,482(1,488|| 1,257 4 ||3018 | 2,807 | 2830 | 3,011 | 2,201 | 2,820 | 3,720 || 2,084
5 |2,160(1536]1,611(1,208|1,333|1,472] 1,464/ 1 338 5 || 2,628 | 2460 | 28646 || 2,215 | 2,517 | 2,514 | 2,720 || 2,402
& |1,118(0877|0,7110, 82 |0 584|0,563]0,726 | 0 437 6 || 1,106 | 1,026 | 1,282 | 0,508 | 0,863 | 1,156 | 1,112 || 0,215
7 |1,120(0,583(0,607| 0,416 |0 518]0 5580620 0 415 7 || 1,083 | 0547 | 0,675 | 0,723 | 2,412 | 0,506 | 2,870 || 0,478
8 |0,775|0,144|0,2080,070{0,163|0,126(0,230||0,067 g || 1,102 | 0,348 | 0,441 | 0,365 | 1,592 | 0,352 | 2,125 ||0,236
o |0848(0,147|0,127|0,071|0,144]0,117|0,206||0,068 o ||1,302 | 0426 | 0528 | 0,390 | 1,284 | 0,436 | 1,712 ||0,252
10 |0 925]0,154|0,180] 0 072(0,134/0,120(0, 192/ 0,068 10 || 1,828 | 0,485 | 0552 || 0,444 | 1,347 | 0,464 | 1,749 || 0,266
11 ||1,006(0,160]0,101( 0,073 |0,125|0,122|0,183| | 0,068 11 || 2,014 | 0551 | 0578 || 0,407 | 1,448 | 0,496 | 1,852 ||0,278
12 | 1,0030,1670,104]|0 078 ]0,121|0,124|0, 120/ 0,069 12 || 2,340 | 0,828 | 0,618 | 0,580 | 1,680 | 0,523 | 2,135 ||0,204
13 ||1,187(0,174|0,108] 0 077{0,120/0,126|0, 182| 0,060 12 || 2,812 | 0,800 | 0,646 | 0,549 | 1,560 | 0,546 | 2,067 || 0,208
14 ||11301]0,181|0,108] 0 077(0,116(0,128|0,179| 0,060 14 | 2,047 | 0,761 | 082 | 0,557 | 1,377 | 0,580 | 1,910 (/0,305
15 ||1,4128{0,100(0,204] 0,080(0,114|0,132/0,178/| 0,070 18 || 2,107 | 0,827 | 0,716 | 0,570 | 1,278 | 0,613 | 1,901 ||0,312
16 |1 547(0,198|0,208] 0 082(0,112)0,135|0, 178/ 0,070 16 || 2,814 | 0004 | 0,756 | 0,615 | 1,245 | 0,646 | 1,778 || 0,322
17 ||1674|0.206(0,212] 0 084]0,111/0,138]0, 179/ 0,071 17 | 3,287 | 0,062 | 0,784 | 0,663 | 1,306 | 0,672 | 1,356 | 0,328
18 |1821]0.214|0218|0,0880,112|0,142(0,182||0,071 18 || 4,134 | 1,026 | 0,818 || 0,673 | 1,302 | 0,702 | 1,868 ||0,333
10 ||1952]0.221|0,222( 0 088(0,111|0,145]0,183| 0,071 19 || 4,475 | 1,085 | 0847 | 0,601 | 1,260 | 0,721 | 1,341 ||0,330
20 |\2,008(0,231[0.227/0,001(0,111|0,142(0,125(|0,072 20 || 4,805 | 1,160 | 0,385 || 0,723 | 1,223 | 0,760 | 1,820 || 0,345

Our second example shows the result of application of the proposed approach
to analysis of a real signal. Fig. 2 shows the plots of 5 fragments of a speech signal
(sampled at the rate of 22.05 kHz) and the corresponding estimates of the time-
varying spectrum obtained using the parallel estimation scheme described above
(with the same settings).

9 Conclusion

A new noncausal (bidirectional) lattice filtering algorithm was designed for off-
line identification of nonstationary autoregressive processes and an adaptive
mechanism was proposed for dynamic selection of the number of estimated co-
efficients and the most appropriate estimation memory, matching the degree of
process nonstationarity. It was shown that the proposed adaptive parallel esti-
mation scheme outperforms the fixed-order fixed-memory algorithms it is made
up of.
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