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Abstract: In this work we study the problem of the existence of bifurcation in the solution
set of the equation F(z,)\) = 0, where F': X x R¥ — Y is a C%-smooth operator, X and Y are
Banach spaces such that X C Y. Moreover, there is given a scalar product (-,-): Y x Y — R!
that is continuous with respect to the norms in X and Y. We show that under some conditions
there is bifurcation at a point (0, \g) € X x R* and we describe the solution set of the studied
equation in a small neighbourhood of this point.
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1 Introduction

Let X and Y be real Banach spaces and F': X x R¥ — Y be a continuous map. Suppose
that the equation
F(z,\) =0, (1)

where ¥ € X and A = (A, \a, ..., \) € R¥, possesses the trivial family of solutions
A=1{(0,\) € X x R¥: A € R*}.

A point (x,\) such that F(z,\) = 0 and = # 0 is called a nontrivial solution of (1).
Bifurcation theory is concerned in part with the existence of nontrivial solutions of (1)
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in a small neighbourhood of A. A point (0, \g) € A is called a bifurcation point of (1) if
every neighbourhood of (0, \g) contains a nontrivial solution of (1).

Methods of bifurcation theory are often applied in mathematical physics. Let us
mention some applications to mechanics of elastic constructions and hydromechanics. In
[3] the buckling of a thin elastic plate subject to arbitrary forces and stresses along its
boundary is studied by the use of a perturbation theory and a variational method. In
[6] to describe a deformation of the minimal interface of two fluids in a vertical tube in
a gravitational field one applies a method based on the Crandall-Rabinowitz bifurcation
theorem and representation theory. In [9] the buckling of a thin elastic rectangular plate
simply supported on sides is studied numerically. In [14] the forms of equilibrium of
a thin elastic circular plate lying on an elastic foundation and simply supported along
its boundary are investigated via a finite-dimensional reduction and the Krasnosielski
bifurcation theorem. Finally, in [16] the buckling of a homogeneous finite beam clamped
at the edges to an elastic foundation is studied by a method of a key function due to
Sapronov.

Assume that F' is C'-smooth. For every A € R* let F'(0,\): X — Y denote the
Fréchet derivative of F' with respect to x at (0, ). Let N(\) = ker F.(0,\) and R(\) =
im F/(0,\). It is easily seen that if F.(0,\o): X — Y is a Fredholm operator of index
zero then a necessary condition for (0, \) to be a bifurcation point of (1) is

In this paper we investigate bifurcation at (0, A\g) when X is a linear subspace of Y,
there is given a scalar product (-,-): Y x Y — R! that is continuous with respect to
the norms in X and Y, and F is a CP-smooth map (p > 2) that satisfies the following
conditions:

(I,) F(0,)\) =0 for every \ € RF,

(I3) dim N(\g) =1,

(Is) N(h) L B(Ao),

(1) FL(0,X): X — Y is a Fredholm operator of index 0.

Our aim is to prove a theorem on bifurcation at (0, Ag) and a local structure of a solution
set of equation (1) in a neighbourhood of a bifurcation point. We apply a kind of fini-
te-dimensional reduction of Liapunov-Schmidt type and the implicit function theorem.
We are motivated by applications in mathematical physics [6], [14], [16] in which the
problems under considerations (see above) are described by (1) with F' that satisfies
(I)—(1,) and is a variational gradient. The main results of this work are Theorem 3.7
and its variational version: Conclusion 3.10. Theorem 3.7 is an analogue of the Crandall-
Rabinowitz bifurcation theorem (see [17], [21]). However, our theorem is formulated in
terms of a finite-dimensional reduction and in a variational case it seems to be easier
to apply. Conclusion 3.10 is well adapted to a class of nonlinear problems of elasticity
described by the von Kédrmén equations with one or a few parameters (see [4], [15], [16])
in the case when the linearization space is one-dimensional. An example is given in
Section 4.
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The paper is divided into four sections. In Section 2 we introduce some notions and
we briefly sketch a scheme of finite-dimensional reduction. Section 3 is devoted to the
study of bifurcation and local properties of the solution set of (1) near a bifurcation point.
In Section 4 some applications of our results are indicated.

In practice it suffices to suppose that F' is defined in a neighbourhood of (0, Ag) in
X x R*, but we want to omit inessential details.

2 Finite-dimensional reduction

In this section we describe a kind of a finite-dimensional reduction of the Liapunov-
Schmidt type. The scheme we present is adapted from [21] ( see also [10], [11], [17],
20)).

From now on we assume that X C Y are real Banach spaces with a scalar product
(,-): Y xY — R! that is continuous with respect to the norms in X and Y. The norms
in X and Y can be defined independently of the scalar product (-, ), and the norm in X
does not have to be induced by the norm in Y. In particular, X and Y with (-, -) may
be Hilbert spaces. Let F: X x R¥ — Y be a CP-smooth map, where p > 1, satisfying
conditions: (1), (I3), ({4) and
(15) dim N(\g) =n # 0.

The aim is to show that under the above assumptions the problem of bifurcation for
equation (1) at the point (0,)\g) € X x RF is reducible to the problem of bifurcation
for the equation p(&,\) = 0 with a certain map ¢: S C R® x R¥ — R"™ at the point
(0, \g) € R" x R¥. The reader may find the proofs of the propositions given below in [13]
and [15].

Proposition 2.1. For every A € R* the following equality holds:
Y = R(\) & N(A). (2)
Let G: X x R" x R¥ — Y be a map defined by
G(x,&,N) = F(z,\) +Z (x,e))ei, (3)
where & = (§1,&2,...,&,) and {ey,eq,...,¢e,} is a fixed orthonormal base of N()\).
Proposition 2.2. The operator G’(0,0, Ag): X — Y is an isomorphism.

It is easily seen that G is CP-smooth. From the implicit function theorem it follows that
there exist two open sets U C X and S C R" x R¥ such that 0 € U, (0, \¢) € S and the
solution set of the equation

G(z,6,)) =0 (4)
in U x S is a graph of a certain C?-smooth function x: S — U such that x(0, \g) =
Moreover, it is obvious that x(0,A) = 0 for all (0,A) € S, because G(0,0,\) = 0. Let
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© = (©1,92,---,pn): S — R™ be defined by coordinates as follows:
@i(§,A) =& — (@A) e), i=1,...n. (5)

Proposition 2.3. (0, \g) € A is a bifurcation point of equation (1) if and only if (0, o) €
S is a bifurcation point of equation

p(€,A) = 0. (6)

3 Theorem on bifurcation

In this section our main results are stated and proved.

Let F: X x R¥ — Y be a CP-smooth map, p > 2, satisfying conditions (I1)-(14) (see
p. 562). Fix e € N()) such that (e,e) = 1 and denote A\g = (o1, Aoz, - - - Aok ). We will
describe the solution set of (1) in terms of the finite-dimensional reduction. Notice that
now in the formulas of maps G and ¢ there are n = 1 and e; = e. Differentiating the
equality G(x(§,A), &, A) = 0 with respect to £ at (0, \g) we obtain

F(0, X0)2¢(0, M) + (1 — (2£(0, \o), €))e = 0.

From this and (I3) it follows that z;(0, Ag) = e

Theorem 3.1. There exist open sets V5 C X and V' C R such that (0,\¢) € Vo x V
and for every (xz,\) € Vo x V we have F(z,\) = 0 if and only if ((z,e),\) € S and
r=zxz((x,e),\).

Proof 3.2. Suppose contrary to our claim, that there are no open sets V; C X and
V C R with the above properties. Then for every n € N there exists (2, \,) € X x RF
such that [|z,]|x < %, |\, — Xo| < = and one of the following conditions is satisfied:

L. F(xp,Ay) =0 and ((xn,e), An) &S,

2. Fxp, \n) =0, ((zn,€),\n) € S and z,, # x((zn, €), \p),

3. F(zp,\n) #0, ({(xn,€),\n) €S and z,, = z((xy, €), \p).

If ((zn,e),\n) € S and z,, = x((zp,€), \y) then F(x,, \y) = F(z((Tn,€), An), An) +
((xn’ 6> - <ZE(<ZEn, 6)? /\n)v 6>)6 = G(:L'(<:L’n, 6>7 /\n)7 <£L’n, 6>7 /\n) = 0.

Since x, — 0 in X, there exists ng € N such that z, € U for every n > ng. If for some
n > ng we have F(x,, A,) = 0 and ((x,,€),A,) € S then 0 = F(x,, \) + (@, €) —
(Tn,e))e = G(xp, (xy,€), \n), and so x, = x({x,, €), \y).

Since ((xp,€), A\n) — (0, ) € S there exists ny € N such that ({(x,,e), \,) € S for every
n > ny — a contradiction.

The equality (G(z(&, A),&, A),e) = 0 implies
@(67 )‘) = —<F(l‘(§,)\),/\),6>. (7)

From (7) we obtain

Pe(&5A) = —(FL(x(8, A), Mg (€, M), e),
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and hence ¢;(0,Ag) = 0. Moreover, since p(0,A) = 0 for every (0,\) € S we have

gogf,n) r, (0,A0) = 0 for all iy,iy,...,im € {1,2,...,k} and m € N. In order to get our

i1 i g
main result we have to assume that there is i € {1,2,...,k} such that o, (0,X) # 0.
There is no loss of generality if we assume

(I5) Spg,\k((), Ao) # 0.

From now on, if A = (A1, A, ..., A1, Ae) € RE, N = (A, Aoy, Aimy) € REL we will

write A = (N, Ag).

Proposition 3.3. There exist open sets Qg C R* x R*"! and Q C R! such that (0, \)) €

Qo, Aor € € and there exists a CP-smooth map f: €y — 2 that satisfies the following

conditions:

(1) £(0,3) = Aok,

(2) for every (&, N) € Qg and A\, € © we have (£, N, A\x) = 0 if and only if £ = 0 or
A= f(EN).

Proof 3.4. Let ¢): S — R! be a function defined by

BEN) = / oL (16, Nt ®)

Observe that we have

p(€,A) = EY(E,A). (9)
Hence ¢(§,\) = 0 only if £ = 0 or ¥(§,A) = 0. From (8) and ([5) it follows that
¥(0,A0) = (0, Ao) = 0 and ¥}, (0, Ao) = %), (0, Ao) # 0. Applying the implicit function
theorem we get the desired claim.

Let B,.()\)) denote a ball in R*~! of radius r centered at )\, and B;(0) a ball in X of
radius 9 centered at 0.

Theorem 3.5. Let f: Qy — Q be a function of Proposition 3.3 and r > 0 be a number
such that (—r,7) x B, (X)) C Q. There exist open sets Vo € X and V C B,(\)) x Q such
that (0,\) € Vo x V and for every (z,)) € Vi x V we have F(x,\) = 0 if and only if
x = 0 or there exists £ € (—r,r) such that A\ = f(&, \) and z = z(§, N, f(§, \)).

Proof 3.6. There exists § € (0,7) such that for every z € X if ||z||x < 6 then |[(x,e)| < 7.
Let Vo = VoN Bs(0) and V = V N (B,(\)) x Q), where Vy € X and V C R* are open sets
of Theorem 3.1. Take (z,\) € Vp x V.

(=) By Theorem 3.1, if F(x,\) = 0 then ((z,e),\) € S and x = z({x,e), \), which
gives p((z,e), A) = 0. From Proposition 3.3 it follows that (x,e) = 0 or A\, = f({z,e), \).
If (x,e) =0 then z = x(0,\) = 0. If A\, = f({x,e), \) then x = z({x,e), N, f((z,e), \)).

(<) Assume now that x = 0 or there exists £ € (—r,r) such that A\, = f(&,N)
and z = z(§, N, f(§,\)). In the first case, F(z,\) = F(0,\) = 0. In the second case,
by Proposition 3.3, we have ¢(£,\) = 0, and hence F(z,\) = F(z,\) + ¢({, N)e =
F(x,\) + (€= (x(&, M), e))e=F(z,\) + (£ — (z,e))e = G(z,&,\) = 0.
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We are now in a position to prove our main result.

Theorem 3.7. Under assumptions (1;)-(I5), the solution set of equation (1) in a certain
neighbourhood of (0, \g) € A is the union of two sets: A and =. The set = is given by

E={@EN),N, FEEN) L <r [N =X <},
where  and f are CP-smooth functions such that (0, A\y) = 0, £(0,Ag) = Aok, 2£(0, Ap) =
ol (0%) . ©%y, (0,20)
e, f¢(0,XAp) = _%wgi(o,;ow 24\ (0,Ay) = 0 and f3 (0,A)) = —wz,iz(07/\z) for every s €
(1,2,... k—1}.
Moreover, the intersection of A and = in a sufficiently small neighbourhood of (0, A¢) can

be parametrized as follows

Inz = {(0, N, F(EN), M)t [N = N| < o}

where 0 < p < r and ¢ is a CP-smooth function such that £(X,) = 0 and éf\s()\{)) =0 for
every s € {1,2,...,k — 1}, which gives that (0, \¢) is a bifurcation point of (1).

Proof 3.8. Let f: Q¢ — 2 be a function of Proposition 3.3. Fix r > 0 such that (—r,r) x
B (X)) C Q. Let Z: (—r,r) x B.(Ay) — X be given by (&, \) = z(&, X, f(§,N)). Then
f(0,25) = Aox and (0, A5) = (0, Ag) = 0. Differentiating & we get 2¢(0,\y) = e and
24 (0,X5) = 0 for every s € {1,2,...,k — 1}. Moreover, differentiating the equality

. ¥ (0,M0) " (0,M0)
Y6 X, F(EA)) = 0 we obtain f(0, X)) = —EE3 = 557y and f1,(0,2) =
—zésig’f\?); = —;ff,“ig’ig; for every s € {1,2,...,k — 1}. From Theorem 3.5 it follows
Ap V2 EX VT

that there exist open sets Vo € X and V' C B,(\;) x Q such that (0, ) € Vo x V and
{(x,)) € VoxV: F(x,\) =0} = {(2,\) € VoxV: 2z = 0}U{(2,\) € VoxV: Fec(Lppy & =
(&N, FEXN) AN = F(EN)} = (AUE)NVy x V. A point (x,)) € ANZE only if it

satisfies the following system

=z N),
)\k’ = f(f?A/)7 6 € (_Ta 7“), Ne BT()‘6>7
x=0.

Since (0, A\5) = 0 and 1¢(0, \y) = e # 0, there exist: 0 < ¢ <r, an open set B C (—7,7)
such that 0 € B and a CP-smooth function £: B,(\,) — B such that (X)) = 0 and
for all (£,X) € B x B,(\,) we have (&, X) = 0 only if £ = £(V). Differentiating
the equality #(£(X\), N) = 0 we receive ic’f(f()\’), )\’)fﬁ\s()\/) + @ (E(X), N) = 0 for every
s € {1,2,...,k — 1}, and hence éf\(Ag) = 0. Summarizing [z C ANZE and in a
sufficiently small neighbourhood of (0, A¢) the intersection A N = is equal to I =.

Conclusion 3.9. Assume that (I;)-(I5) hold and k& = 2. Then the solution set of (1) in
a small neighbourhood of (0, \g) € A is the union of two surfaces: A and =. The surface
= can be parametrized as follows

E={@@(& M) A F(6 M)z (6 M) € (=) X (Ao =7 Ao + 1)},
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where &: (—=r,7) X (Aogr =7, A1 +7) — X and f: (=7, 7) X (Ag1 — 7, Ao1 +7) — R are CP-
smooth functions such that ‘%(O, )\01) = 0, f(O, /\01> = )\02, :?:’5(0, )\01) =€, Zi’l)\l (0, /\01) = 0,

1 ¢£:(0,201) 9y, (0,001)
fé((), Aor) = _5<P/§2 (0,201) and £, (0, A1) = _992; (0,201) "
hood of (0, A\g) the surfaces A and = intersect only along the curve

In a sufficiently small neighbour-

~

In=={(0, A1, f(E(AM), M) A€ (Aot — 0, ho1 +0)},

where 0 < ¢ < r and é: (Ao1 — 0, Ao1 + 0) — (—r,7) is a CP-smooth function such that
E(Ao1) = & (Mo1) =0, and hence (0, \g) is a bifurcation point of (1).

Let us consider the following condition:
(I4) F: X x R¥ — Y is a variational gradient of a certain functional £: X x R¥ — R!
with respect to the scalar product (-,-), i.e. for all z,y € X and X € R¥

E,(z, Ay = (F(z,A), y).
It is evident that ([5) implies (/3). Furthermore, by formula (7) we obtain

Wi, (0,0) = —EY

TTg

(07)‘0)(6767 1) (10)

for s € {1,2,...,k}. From this it follows that if F' satisfies (1}) then (I5) can be replaced
by the equivalent condition:

(I8) Eph (0. 20)(e.e,1) # 0.
By (7) we also obtain
gpgg((), Xo) = —E®) (0, Xo)(e, e, e). (11)

rxrxr

Summarizing, in a variational case we have the following result.

Conclusion 3.10. Under assumptions: (Iy), (1), (13), (I4) and (I}), the solution set of
equation (1) in a certain neighbourhood of (0, Ag) € A is the union of two sets: A and =.
The set = is given by

E= {<i‘<£’ )‘/)7 X? f(f, X)): ’5‘ <, ‘)‘/ - )‘6‘ < 71}7

where  and f are CP-smooth functions such that (0, A\y) = 0, f(0,A5) = Aok, 2£(0, Ap) =

' 1y 1 ESL(00)(eee) o / o _ESE)AS(O’AO)(@’@J)
e? fg(()? )\0) - 2 E;?e)kk(07A0)(67671)7 I)\s (07 AO) - 0 a’nd f)\s <O7 AO) - Eg(c?)\k(o,)\o)(e,e,l) for eVery

se{l,2,...,k—1}.
Moreover, the intersection of A and = in a sufficiently small neighbourhood of (0, Ag) can
be parametrized as follows

Inz = {(0, N, FEN) X)) [N = Xl < o}

where 0 < p < r and ¢ is a CP-smooth function such that £(X,) = 0 and éf\()\{)) =0 for
every s € {1,2,...,k — 1}, which gives that (0, \¢) is a bifurcation point of (1).
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4 Applications

It is obvious that if we assume that F' is a map from a small neighbourhood of the
point (0, o) in X x R* to Y, our results remain true. After this remark we are ready
to give an example of application of Conclusion 3.10 to mathematical physics. All the
results of Section 4 were proved either in [12] or [15]. However, to make this exposition
self-sufficient we give the main ideas of the proofs.

For every m € N and p € (0, 1), let C™#(D) denote the real Holder space of functions
defined on D = {(u,v) € R*: u* + v? < 1} with the standard norm

||z; C™*(D)|| = max sup {|D%x(u,v)|: (u,v) € D} +

la|<m
{ |D*x(u,v) — D*z(u, v)|
|(u —u,v—0v)H

max sup
la|<m

: (u,v), (w,v) € D, (u,v) # (u,v)} ,

where Do = 9%z o _ (a1, 9) € Ng X Ny, No = NUA{0} and |a] = a1 + ay. It is

0%1ud*2v’

well-known that C™#(D) is a Banach space (see [1]). Let
. 6‘8‘6‘( D) = {f € C**(D): Aflop = flop = 0},
o C"(D) = {f € C*¥(D): flap = 0},
. 045(17) x Co (D),
o Y =C%(D) x C*"(D).

The norms in X and Y are defined by coordinates. That is as the maximum (or the sum)
of norms of both coordinates of a given element. The function given by

((z1,72), (Y1, 2)) // T1Y1 + Toye)dudv

is a scalar product in Y, which is continuous with respect to the norms in X and Y. We
define F': X x R? — Y as follows

1
F(z,\) = (A%l — [z1, ma] + 2XM Azy + Aoy — ﬂyx?{, —A%py — §[$17$1]), (12)

where R, = (0,400), x = (x1,22), A = (A1, A2), 7 is a positive constant and [, ]: X — Y
is given by
62I1 821'2 821‘1 821‘2 821'1 82I2

ouz o T Oudvoudv | O ou?

(71, 72] =

The equation
F(z,\) =0 (13)

with F' given by (12) is called the von Karman equation for a thin circular elastic plate
which lies on an elastic base and is uniformly radially compressed along its boundary. In
mechanics x; is a deflection function, x5 is a stress function, A\ is a value of a compressing
force, Ay and v are parameters of an elastic foundation. The solutions of (13) lying in a
sufficiently small neighbourhood of the set of trivial solutions of (13) are called the forms
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of equilibrium of a plate. The map F' is C'"*°-smooth and an easy computation shows that
for all y = (y1,92) € X

Fl(z, Ny = (A% — [y1, @] — [T1, yo) + 22X Ay1 4+ Aoyr — 3vaiyr, —A%ys — [21,31]). (14)

Let E: X x R%Z — R' be given by
E(z,\) = — // ((Azy)* = (Aza)? — 21, 1)22) dudv +
a1\’ dx1\’ 1
E is easily seen to be C'*°-smooth.

Theorem 4.1 (see Th. 2.4 of [12]). The map F is a variational gradient of the
functional E with respect to the scalar product (-, -).

Sketch of the proof 4.2. For all z,y € X and A € R, we have

d 1
E (x,\)y = th(a: +ty, A)|1=o = // Az Ayrdudy — — // AxoAysdudv

——// x1, y1|redudv — —// x1, T1)yedudv
Oy ayl 31‘1 Oy
"// M (a u o %) dudv

+— // (Aom1y1 — Y2y )dudv.
m™JJD
Integrating by part we receive

// Az Ay dudy = / (A22))y dudv,
// AxoAysdudy = // A x9)yodudv,
// x1, Y1) radudy = // x1, Tolyrdudv

Om1 0yy 071 0y _ //
//D ( ou Ou - ov v ) dudy = D(Axl)?hdudv.

Hence E! (z,\)y = (F(z, ), y), which completes the proof.

and

Theorem 4.3 (see Th. 2.2 of [12]). For every A € R?, F.(0,A): X — Y is a Fredholm
map of index 0.

Sketch of the proof 4.4. Fix A € R2. By (14) we get

Fé(O, )\)y = (Ale + 2)\1Ay1 =+ )\2’!/1, —A2y2). (16)
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We can write (16) as
F(0,\)y = A(y) + B(y),

where A, B: X — Y are given as follows:
Aly) = (A%, =A%), B(y) = 2\ Ay + Aoy, 0).

It is known that A: C3*(D) — C%#(D) is an isomorphism. Moreover, it is a simple
matter to check that B is compact, which finishes the proof.

Let Ji: R — R, k € Ny, denote the k-th Bessel function. It is well-known (see [8],
[18]) that & € R is an eigenvalue of A: Cg*(D) — C%#(D) if and only if a < 0 and there
is k € Ny such that Ji(v/—a) = 0. Furthermore, if Jy(v/—a) = 0 then the eigenspace
corresponding to « is one-dimensional. If Jy(y/—a) = 0 for a certain k € N then the
corresponding eigenspace is two-dimensional.

For A = (A, Ag) € B2, let 6 = (\1)2 =N, a = =\ — V6 and b = —\; +V/4. Of course,
a and b are determined on condition & > 0. Let A% + 2\ A + A\ol: C’gﬂ’(’)‘(ﬁ) — C%(D)
and A — al, A — bl: Co*(D) — C%*(D), where I(h) = h are natural embeddings of the
appropriate Holder spaces.

Lemma 4.5 (see Lemmas 4.1-4.3 of [12]). Under the above assumptions:
(i) If 6 < 0 then ker(A% + 2\ A + \oI) = {0}.

(ii) If § = 0 then ker(A? 4+ 2\ A + AoI) = ker(A + A\ 1).

(iii) If 0 > 0 then ker(A% + 2\ A + \oI) = ker(A — al) @ ker(A — bI).

By (16), N()\) = ker(A? 4+ 2 ;A + \oI) x {0}. From this and Lemma 4.5 we obtain what
follows.

Theorem 4.6. dim N(\) = 1 if and only if one of the below conditions is satisfied:
(I) 6 =0 and Jo(v/A1) =0,

(IT) § > 0, Jo(v/—a) = 0 and Jx(v/=b) # 0 for every k € Ny,

(III) § > 0, Jo(v/=b) = 0 and Ji(v/—a) # 0 for every k € N.

Suppose that \g = (A1, Ag2) and dim N(\g) = 1. Fix e = (e1,0) € N(Ag) such that
(e,e) = 1. Set

_ Jao if (I) or (II),
7 oo it (1),

where ag = —)\01 - \/%, bo = —)\01 + \/% and (50 = ()\01)2 — )\02. A trivial verification
combining Theorem 4.1 with (14) shows that

El 5 (2, M)y, 2,1) // (Ayp)z1dudv,

E{,’U’.’T}\Q('x A)(y,z 1) W//D ylzldudv
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and

1
B (x, M)y, z,w) = = // ([y1, 22] + [y2, 21] + 672 1y121 )wrdudv
D

1
——// [y1, 21| wedudv,
™ D

where © = (21,22) , y = (y1,%2), 2 = (21, 22), w = (w1, wy). From this and Lemma 4.5
we receive

E7 (0, M) (e, e,1) // (Aey)erdudv = 2cqle, €) = 2cq,

E7 (0, X)(e,e, 1) = ;//D 2dudv = {e,e) = 1,
EY (0,X)(e,e,e) = 0.

rxrxr

Applying Conclusion 3.10 we get the following theorem.

Theorem 4.7. Let A\ € R? satisfy the above assumptions. Then the solution set of
equation (13) in a certain neighbourhood of (0, Ag) € X x R? is the union of two sets: A
and =. The set = is given by

E= {<£(§7 >‘1)a )‘1a f(gv Al)): |§| <, |>‘1 - )‘01| < T}7

where & and f are C*-smooth functions such that z(0,\o1) = 0, f(0,A01) = Aoz,
JA,’/&(O, )\01) =€, fé(O, A01> = 0, JAI,)\I (O, )\01) =0 and f§\1 (O, )\01) = —200.

Moreover, the intersection of A and = in a sufficiently small neighbourhood of (0, Ag) can
be parametrized as follows

Inz = {(0, A1, F(EA), M)t A — Aot < 0},

where 0 < o < r and € is a C™-smooth function such that &(Xe;) = 0 and &(Ag;) = 0,
which gives that (0, \g) is a bifurcation point of (13).
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