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A B S T R A C T

The paper focuses on confined silo flow of cohesionless sand. The problem considered is a quasi-static flow in a plane strain model silo with parallel walls 
simulated with the material point method (MPM). The simula-tion used a non-local hypoplastic constitutive model. Initially, the paper validated the 
implemented numerical approach with basic element tests and a plane strain compression test. The subsequent MPM calculations for a model silo were 
performed with different initial void ratios of sand and silo wall roughness. The flow simulations took also into account the different both location and 
width of the outlet. The emphasis was on the evolution of both shear zones (wall and internal curvilinear shear zones) and their impact on wall stresses/
forces during flow. The numerical findings enhance the understanding of shear localization in granular mate-rials during confined controlled flow in silos and 
its immense effect on the magnitude and distribution of wall pressures.

1. Introduction

Silos are engineering structures that are largely used in the in-
dustry for storing, feeding and processing bulk solids in agricultural,
mining, mineral processing, chemical and shipping industries [1–4].
Although there exist extensive experimental and theoretical data on
silo problems, the rate of silos failures is still much higher than the
failures of other industrial structures [5–7]. Most of the silo failures
happen during the emptying process of bulk solids which frequently
leads to a collapse of entire structures. In general, these failures are
due to weak knowledge of several complex characteristic phenomena
that occur during bulk solid flow in the interaction with silo struc-
tures (e.g. shear localization, dynamic effects) [8–10]. Experiments in
full-scale silos are obviously the best tool to investigate those phe-
nomena. However, they are expensive, work-intensive and difficult to
conduct (e.g. [11–13]). Therefore, numerical analyses are desired to
reproduce experiments in silos for improving their design. The prob-
lem of granular silo flow is of high complexity. To realistically de-
scribe granular flow in silos within continuum mechanics to estimate
wall pressures and determine flow patterns for the flowing material
[8], some basic conditions should be fulfilled such as: 1) the bulk
solid behaviour during flow has to be described with a realistic con-
stitutive model by taking the effect of pressure and initial void ratio
into account, 2) the continuum constitutive model has to be enhanced
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by a characteristic length of micro-structure in order to obtain
mesh-independent results and to properly capture shear localization
(width, inclination and spacing), which is a fundamental phenomenon
of each granular flow and 3) the excessive distortion of the finite ele-
ment mesh during silo flow has to be avoided by means of a suitable
description of the material motion. We satisfied these three conditions
by using: 1) a hypoplastic constitutive model that captures the salient
properties of granular bulk materials (e.g. [14–17]), 2) the hypoplas-
tic model was enhanced by a characteristic length of micro-structure
in the frame of a non-local theory [14,18] to get objective numerical
results (e.g. [8,14,18]) and 3). the material motion was captured with
the material point method (MPM) allowing for large mesh deforma-
tion (e.g. [19–25]).

The objective of our two-dimensional (2D) plane strain numerical
investigations was to provide an accurate representation of quasi-sta-
tic granular flow in a model silo with parallel walls and slowly mov-
able bottom with a constant velocity using the explicit MPM [25] and
a non-local hypoplastic model [18] by taking shear localization into
account. The current paper is numerically oriented. The focus was on
the development of shear zones during granular silo flow which are
an inherent property of all deforming granular materials. The shear
zones are crucial for both the wall pressure distribution and flow pat-
tern in silos [8,10]. In the calculations, the location and width of the
silo outlet, wall roughness and initial void ratio of granular mater-
ial were varied. The paper consists of three numerical parts. The first
part presents some MPM results of various simple geotechnical ele-
ment tests (triaxial compression and shear with free dilatancy) carried
out with a local hypoplastic material model to demonstrate its capa-
bility to realistically capture the most salient properties of granular
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Fig. 1. MPM element test calculations for triaxial compression: A) MPM grid and B) evolution of mobilized internal friction angle ϕ and C) void ratio e versus vertical normal strain
ε11 for different initial void ratios of sand (a) eo = 0.60, b) eo = 0.75 and c) eo = 0.90) and lateral pressures (σ22 = 500kPa and σ22 = 50kPa).

materials (effect of initial void ratio and pressure). In the second
part, some numerical results with a non-local hypoplastic constitutive
model based on MPM are presented as compared to two different lab-
oratory tests on Karlsruhe sand to show its capability to reproduce ob-
jective shear localization during granular flow. The calculations were
performed for quasi-static plane strain compression [26] and quasi-sta-
tic mass flow of with controlled outlet velocity along the entire bot-
tom in a model silo with parallel walls [8,10,27]. The simulation re-
sults were directly compared with the corresponding experiments. In
the numerical analyzes, initial void ratio of sand and wall roughness
were varied. Finally, in the third numerical part, the same approach
was used for the same model silo wherein the location and width of
the silo outlet were varied (the width of a symmetric/non-symmetric
outlet was always smaller than the silo width). Thus, large bulk solid
deformation took place. The simulations were aimed at showing the
impact of the outlet location and width on the evolution and distribu-
tion of shear zones in sand and wall pressures (by varying also the wall
roughness and initial void ratio of sand). In calculations with the out-
let at the wall, the phenomenon of multiply branching of shear zones
occurred in initially dense sand. Such comprehensive shear zone sim-
ulations during granular flow in silos were not carried out yet.

In our previous paper concerning the simulations of confined gran-
ular mass flow with a slowly movable bottom in a model bin us-
ing the finite element method (FEM) [10], we employed the same
constitutive model for describing granular flow but within a differ-
ent motion's description, namely the so-called uncoupled Arbitrary
Lagrangian-Eulerian (ALE) formulation (accessible in the program
Abaqus/Explicit [28]). The ALE formulation was thus proved to be
successful in describing silo flow, however, it failed during silo flow
with inserts due to the convergence problems caused by the presence
of ‘empty’ finite elements under fixed inserts. This fact was a motiva-
tion for us to use now another description of motion during silo flow
- MPM wherein this drawback does not happen. The novel elements
of the paper are: 1) a careful calibration of the MPM approach based
on two different laboratory experiments (plane strain compression and
granular mass silo flow), 2) use of MPM for investigating wall and
internal shear zones during granular flow and 3) investigations of the
effect of the outlet location and outlet width on the evolution of shear
localization and wall pressures for the different wall roughness and
initial void ratio of the solid.

MPM was used to different problems concerning the flow behav-
iour of granular materials (e.g. [29–33]). The granular silo flow was
also numerically investigated using MPM [34–38], based mainly on
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Fig. 2. MPM element test calculations for simple shear with free dilatancy: A) MPM grid and B) evolution of mobilized internal friction angle ϕ versus shear strain γ for different
initial void ratios of sand (eo = 0.60, eo = 0.75 and eo = 0.90) and lateral pressures (a) σ22 = 200kPa and (b) σ22 = 50kPa).

Fig. 3. Boundary conditions, specimen geometry and computational MPM grid: a) com-
putational mesh, b) imperfection and c) granular specimen (P - vertical top force, u -
vertical top displacement.

elasto-plastic and hypoplastic constitutive models without a charac-
teristic length of micro-structure. The method proved to be effective
to describe the entire emptying process in silos. However, the numer-
ical results were dependent upon the number of material points. In
[39], MPM was applied to granular flow in a silo for the elastic-per-
fectly plastic material model enhanced by viscosity. The viscoplastic
regularization is solely effective if a granular flow velocity is rela-
tively high. The granular silo flow was also modelled in Eulerian co

ordinates (e.g. [40–45]), mixed Lagrangian-Eulerian coordinates (e.g.
[10,46,47]) and Lagrangian coordinates [8,48–50]. In addition, the
granular silo flow was simulated with DEM (e.g. ([44,51–54]) and cel-
lular automata (CA) (e.g. [55,56]). Because of its heavy computational
demand, the application of DEM and CA is limited to relatively small
silos.

The paper is structured as follows. After Introduction (Section
1), a hypoplastic constitutive model and its non-local enrichment are
shortly summarized in Section 2. The numerical framework of MPM
is given in Section 3. Sections 4 and 5 include the MPM results of el-
ement tests and plane strain compression. The MPM results on granu-
lar silo flow with controlled outlet velocity with key findings are dis-
cussed in Sections 6 (the case of the outlet width equal to the silo
width) and 7 (the cases of the outlet width smaller than the silo width
and the non-symmetric outlet location with respect to a symmetry
axis). We summarize and conclude in Section 8.

2. Hypoplastic constitutive model for granular materials

Local hypoplastic constitutive models for granular materials were
comprehensively described in several earlier publications (e.g.
[9,14–17]). Below, their most important basic properties are summa-
rized. In hypoplastic constitutive models [13–15], the stress rate tensor
depends on current stress, strain rate and void ratio using linear and
non-linear isotropic tensorial functions. The models are incrementally
non-linear in the deformation rate. They reproduce the salient prop-
erties of granular materials such as e.g. non-linear stress-strain rela-
tionship, dilatant and contractant volumetric change, stress level de-
pendence, void ratio dependence, deformation direction dependence
and strain softening. They include the critical states (characteristic for
granular materials) at which the granulates continuously deform at the
constant stress and void ratio. They do not assume in advance the
coaxiality (the coincidence of the direction of the principal stresses
and principal plastic strain increments) and stress-dilatancy rule [57].
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Fig. 4. Evolution of mobilized internal friction angle ϕ versus vertical strain u/ho during
plane strain compression using MPM (p = 50kPa, eo = 0.55 and lc = 1.5mm) for different
material point grids and time steps Δt: a) grid 16× 56 (grid size 2.5× 2.5mm2), b) grid
24× 84 (grid size 1.66× 1.66mm2) and c) grid 32× 112 (grid size 1.25× 1.25mm2).

Fig. 5. Deformed specimens for u/ho = 5% with distribution of void ratio e during plane
strain compression using MPM for different material point grids (Δt = 1× 10−7): a) grid
16× 56 (grid size 2.5× 2.5mm2), b) grid 24× 84 (grid size 1.66× 1.66mm2) and c) grid
32× 112 (grid size 1.25× 1.25mm2).

The failure surface and flow rule emerge as by-products [58] and are
also not prescribed. Hypoplastic models are characterized by simple
formulation and procedure for determining material parameters with
standard laboratory tests. Thus, the material parameters can be re-
lated to the granulometric properties of granular materials, such as
grain size distribution curve, shape, angularity and hardness of grains
[57]. Only one single set of material parameters is needed being valid
for a wide range of pressures and densities. Hypoplastic models cor-
rectly perform for monotonous deformation paths due to grain skele-
ton rearrangements. However, they show a shortcoming for deforma-
tion with small amplitudes (so-called ‘ratcheting’ [60]). Based on pre-
liminary calculations, the hypoplastic constitutive model was not ex-
tended by the intergranular strain to avoid ratcheting [60] and dynamic
viscosity [61] due to slow quasi-static silo flow assumed in numerical
simulation.

The equations of the local hypoplastic constitutive law used in
our calculations [16] are listed in Appendix (Eqs.A1-A10) [16]. The
calibration procedure of hypoplastic material parameters for different
sands was given by Bauer [16] and Herle and Gudehus [59]. The hy-
poplastic constitutive model requires eight material parameters: ei0,
ed0, ec0, ϕc, hs, β, n and α (Appendix ‘A'). They are valid for a pressure
range of 1kPa < ps < 1000kPa. For problems involving shear localiza-
tion, the constitutive model was enriched by a characteristic length
of micro-structure to regularize the boundary value problem and to
achieve objective and convergent numerical solutions [9]. We used a
non-local approach [9,18,62] to include a characteristic length of mi-
cro-structure for properly calculating shear zones (width, shape and
spacing). Our hypoplastic MPM calculations were carried out with a
non-local norm of the deformation rate d⁎

with

where d⁎ - the non-local norm of the deformation rate, d=‖Ds‖ - the
local norm of the deformation rate (Eq. A1 in Appendix ‘A'), V - the
body volume, x - the coordinates of the considered (actual) point, ξ
- the coordinates of the surrounding points, ω - the weighting func-
tion, lc - the characteristic length of micro-structure and r the distance
between two points. The parameter lc is usually determined with an
inverse identification process of experimental data [9]. For Karlsruhe
sand, the characteristic length was about lc = 1.5mm (3 × d50) [9,10].
The MPM simulations were carried out with the following set of the
material constants for so-called Karlsruhe sand (mean grain diame-
ter d50 = 0.5mm): ei0 = 1.3, ed0 = 0.51, ec0 = 0.82, ϕc = 30o, hs = 190MPa,
β= 1, n= 0.5, α= 0.3 [16] and lc = 1.5mm [10].

3. Material point method (MPM)

MPM calculations were carried out with the Uintah open-source
software [23]. The non-local hypoplastic model was implemented into
Uintah.

(1)

(2)
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Fig. 6. Plane strain compression using MPM: evolution of mobilized internal friction angle ϕ versus vertical strain u/ho (p = 50kPa and eo = 0.55) and deformed specimens for u/
ho = 5.0% with distribution of void ratio e for different characteristic length lc = 0–4mm (a) lc = 1.5mm, b) lc = 1.75mm, c) lc = 2mm, d) lc = 2.5mm, e) lc = 3mm and f) lc = 4mm).

Fig. 7. Plane strain compression using MPM: evolution of mobilized internal friction
angle ϕ versus vertical strain u/ho (eo = 0.55, lc = 1.5mm) and deformed specimens for u/
ho = 5% with distribution of void ratio e for different lateral pressure (a) p= 50kPa, b)
p= 200kPa and c) p= 500kPa).

3.1. Standard formulation

The material point method (MPM) is a powerful numerical tool
in dynamic simulations of large deformation/distortion problems
[19–23]. It is very similar to FEM but overcomes difficulties as-
sociated

Fig. 8. Plane strain compression using MPM: evolution of mobilized internal friction
angle ϕ versus vertical strain u/ho (p = 50kPa, lc = 1.5mm) and deformed specimens for
u/ho = 5% with distribution of void ratio e for different initial void ratio eo (a) eo = 0.55,
b) eo = 0.75 and c) eo = 0.90).

with large mesh distortion since it uses an arbitrary computational
mesh to trace the history of state variables for body particles during
the entire deformation process. The method may be classified as a
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Fig. 9. MPM model of silo with parallel walls (height h= 0.5m and width b= 0.2m) with
constant outlet velocity along bottom: a) bulk solid, b) zoom on material point grid of
silo fill and c) zoom on material point grid of rigid wall (u - constant bottom displace-
ment).

meshless method. For each time increment, the MPM calculations in-
clude 2 main steps: 1) Lagrangian step and 2) convective step. In step
‘1’, the computational mesh deforms together with the material. All
spatial and temporal state variables are calculated for each material
point by using conventional shape functions and nodal parameters de-
fined on the computational mesh. In step ‘2’ (convective step), the ve-
locity field is mapped from material points to the computational grid
that can remain at the same position as at the beginning of the time in-
crement. The important differences with FEM are: a) the mass matrix
varies with time, b) the gradient, stress and strain are evaluated at ma-
terial points that can move and c) the point masses appear in internal
and external force vectors.

The continuum is discretized by a grid composed of material points
(cells) whose motion is traced by a background mesh which may
be regular. The equation of the virtual work formulated for MPM is
[19–21].

where Ω describes the region of the analyzed continuum at time
t, ∂Ω is the boundary of the region Ω where stresses Γσ and contacts
Γc are given, σij and ti are the Cauchy stress tensor and vector, bi de-
notes the vector of body forces, nj stands for the unit vector outwardly
normal to the boundary region ∂Ω, ϱ represents the mass density, ai
is the vector of accelerations and wi is the test (weighting) function.
The entire mass of a continuum subregion is concentrated in a repre-
sentative material point. The density field around each material point
is expressed as [19]:

where MP - the mass and XP - the position of the Pth material point,

δ(x) - the Dirac delta function with dimension of the volume inverse
and N - the point number. After applying Eq. (4) and using the stan-
dard finite element approximation for the fields ai and wi, the follow-
ing system of equations is obtained

where

(6)and

The mass M is the consistent or lumped mass matrix, Fint is the
vector of nodal internal forces, G(XP) is the gradient of the shape func-
tion evaluated at XP, s is the particle stress tensor and Fext is the vec-
tor of nodal external forces. Most standard MPM implementations use
piecewise-linear basis functions N due to their implementation ease.
The full explicit algorithm was given in [19]. There exist also some
implicit formulations of MPM [63–68].

3.2. Improved MPM formulations

An improved variant of MPM called the generalized interpolation
material point (GIMP) method may be used [69,70] in the open-source
program Uintah to improve the accuracy, stability and robustness of
simulations through the introduction of particle characteristic func-
tions which have a positive smoothing effect on grid basis functions.
GIMP replaces the Kronecker delta (Eq. 4) with a general particle
characteristic function centred at the particle position. Any material
point and property may be computed at the point x as

where χP - the particle characteristic function. Thus e.g. the mass cor-
responding to the point is smeared over a constant volume. The nodal
values (‘n’) for the quantity f, known at material points, are defined as

with the weighting function (VP - the material point volume) using the
particle spacing as the width of the particle characteristic function.

The equations with the gradients are similarly modified to use
a gradient weighting function. In GIMP, the standard piecewise-lin-
ear grid basis functions and piecewise-constant particle characteristic
functions are applied. In traditional MPM, boundary conditions only
need to be applied to those nodes which coincide with the extents of

(3)

(4)

(5)

(7)

(8)

(9)

(10)D
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Fig. 10. Evolution of experimental and numerical resultant forces after bottom displacement u in model silo for: A) initially dense sand (eo = 0.60) and B) initially loose sand (eo = 0.90)
(a) resultant bottom force P, b) resultant wall friction force T and c) resultant wall normal force N).

the computational domain. In GIMP, the particles may be influenced
by nodes that lie outside of the simulation domain to reduce the nu-
merical noise associated with particles crossing grid boundaries [23].
In contrast to a standard formulation, there exists a computational do-
main in GIMP that can undergo normal deformation, lengthening or
shortening (called cpGIMP) or constitutes a constant area around a
material point (called uGIMP). The effective averages of the basis
function and its gradient over the particle domain are

Uintah gives also the opportunity to use another improved variant
of MPM called CPDI [71] (convected particle domain interpolation)
wherein an additional computational domain exists subjected to shear
deformation. Moreover, CPDI uses a modified shape function gradi-
ent that is continuous at cell borders. The particle domains are treated

as rectangles with uGIMP and cpGIMP. Under shear deformation, the
particle domains should become parallelograms which is not possi-
ble in GIMP directly. In CPDI, the alternative grid basis functions are
constructed to be an interpolation of standard grid basis functions at
four corners of each particle domain for calculations of the integrals in
Eqs.11 and 12 (when the particle domains became parallelograms)

in which Qα
p is the standard FE 4-node (Q4) shape function related to

the αth corner of the domain corresponding to the particle p and xα
p is

the corner position.

3.3. Errors and stability of MPM

MPM is still in development with no formal proof of convergence
available. The method is being constantly improved with recent devel-
opments showing a consistent rate of convergence [72] and strategies
to deal with identified errors. An overview of some of the method er-
rors is given below.

(11)

(12)

(13)
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Fig. 11. Evolution of the experimental and numerical mobilized resultant wall friction
angle φw = arctan(T/N) after bottom displacement u in model silo: a) initially dense sand
(eo = 0.60) and a) initially loose sand (eo = 0.90) (T - resultant wall friction force and N -
resultant wall normal force).

3.3.1. Cell-crossing errors
Cell-crossing instabilities reduce the accuracy of the standard for-

mulation of MPM. They are caused by a discontinuous gradient of
weighting functions that results in a sudden change of the stress when
material points move to new cells. They can be mitigated by using a
smooth gradient of weighting functions (as in GIMP).

3.3.2. Quadrature and projection errors
Quadrature errors in MPM are due to the first-order integration of

field quantities (density, stress) in the background grid [73]. They re-
duce the accuracy, leading to a reduction of the spatial convergence
rate. They can be reduced by using higher-order weighting functions
(as in GIMP). MPM uses a first-order Shepard interpolation [74] to
project velocities from material points to grid nodes. A velocity gradi-
ent enhancement reduces velocity projection errors [75].

3.3.3. Null-space errors
Null-space errors are caused by a mismatch between material

points and grid nodes when Fourier modes in material points with
wavelengths shorter than the grid spacing are indistinguishable at grid
nodes [76]. This error may be reduced by a null-space filter [77–79].

3.3.4. Non-linear instability
In the explicit MPM formulation, the Courant-Friedrichs-Levy

(CFL) condition is commonly used to determine the critical time step
for numerical solutions [80]. However, this condition which is used
for linear stability analyses does not always ensure a stable non-linear
solution in MPM [81]. Jiang et al. [82] selected the critical time step
considering the maximum velocity of material points. Berzins [83]
proposed a critical time step using a non-linear stability analysis.
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Fig. 12. Numerical evolution of void ratio in sand after bottom displacement u in
model silos depending upon initial void ratio and wall roughness: a) initially dense sand
(eo = 0.60) and smooth walls, b) initially dense sand (eo = 0.60) and very rough walls, a)
initially loose sand (eo = 0.90) and smooth walls and d) initially loose sand (eo = 0.90)
and very rough walls.

4. Basic element tests

Initially, some basic element tests on sand (oedometric compres-
sion, plane strain compression, triaxial compression, shear with con-
stant and free dilatancy) were carried out with a local hypoplastic
model using MPM. The results of a triaxial compression test and shear
test with free dilatancy were shown. Regular computational grids
compose of quadrilateral elements were always applied. Hypoplastic
calculations were carried out for the red points in Figs. 1A and 2A.
The green points were introduced to consider pressure and the blue
points to discretize the rigid elements in Figs. 1A and 2A.

4.1. Triaxial compression

The evolution of both the mobilized internal friction angle φ (cal-
culated with principal stresses from the Mohr's equation) and void ra-
tio e against the vertical strain ε11 is shown in Fig. 1B and C for the
different lateral pressure σ22 and initial void ratio of sand eo. The cal-
culated peak internal friction angle φpeak realistically increased with
decreasing initial void ratio and lateral pressure. The residual inter-
nal friction angle φres was always about 30o. The material dilatancy or
contractancy increased/decreased by reducing lateral pressure in ini-
tially dense/loose sands.

4.2. Simple shear with free dilatancy

Fig. 2 describes the evolution of the mobilized internal friction an-
gle φ for the different eo and normal pressure σ22 for shear with free
dilatancy where a smooth top boundary freely moved in a vertical di-
rection. The peak internal friction angle φpeak again increased with de-
creasing initial void ratio. The residual internal friction angle φres was
again about 30o.

5. Plane strain compression

The sand specimen under plane strain conditions was numerically
simulated with a size of 140× 40mm2 (h× b) as in the experiments by
Vardoulakis [26,84] and Vardoulakis et al. [85]. The constant vertical
displacement was slowly prescribed along the top boundary to enforce
compressive deformation. The horizontal displacements along hori-
zontal boundaries were free (corresponded to ideally smooth bound-
aries). To preserve the specimen stability, the mid-point at the spec-
imen bottom was fixed. The quadrilateral MPM grid was used (Fig.
3) with one material point per grid cell. Gravity was taken into ac-
count. For inducing a shear zone, a small imperfect element of a size
5× 5mm2 with a higher void ratio (eo = 0.91) was placed at the speci-
men mid-height (left side). The initial void ratio of sand was eo = 0.55,
0.75 and 0.90 and the lateral (confining) pressure was p= 50kPa,
200kPa and 500kPa. The characteristic length lc varied between 0mm
and 4mm. The calculations were carried out using the CPDI version
of MPM (Section 4).

5.1. Effect of time increment and material point mesh

MPM calculations were performed with a different time step
Δt = 5× 10−8 - 5× 10−6 s (applied in the explicit procedure of time inte
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gration of dynamic equations) and a different material point grid:
16× 56, 24× 84 and 32× 112. The grids corresponded to the cell size
of 2.5× 2.5mm2, 1.66× 1.66mm2 and 1.25× 1.25mm2, respectively.
The evolution of the mobilized internal friction angle ϕ against the
vertical strain u/ho is shown in Fig. 4 for four different time steps
and three different numbers of material points (p= 50kPa, eo = 0.55
and lc = 1.5mm). The optimum time increment was found to be
Δt = 1× 10−7 for the mesh composed of 24× 84 material points (cell
size was 1.66× 1.66mm2). Fig. 5 demonstrates the effect of the size
of the material point mesh on shear localization. The material point
mesh dependence did not occur for the grid 24× 84 (element size
1.66× 1.66mm2) and the grid 32× 112 (grid size 1.25× 1.25mm2).

5.2. Effect of characteristic length

The various characteristic lengths were tested, ranging from
lc = 0mm up to lc = 4mm (Fig. 6). The initial void ratio was set on
eo = 0.55 and the lateral pressure on p= 50kPa. Similarly, as in real
experiments [26,84,85], the initially dense specimen showed an as-
ymptotic behaviour; it exhibited initially small elasticity, hardening,
reached a peak, gradually softened and dilated approaching a resid-
ual (critical) state. Both the maximum internal friction angles ϕpeak

and residual internal friction angle ϕres increased with growing lc. For
the value of lc = 1.5mm, the value of ϕpeak = 55o for the strain of u/
ho = 1.2% and was close to ϕres = 30o for u/ho = 4.0%. For lc = 4mm,
ϕpeak = 60o and ϕres = 45o.

During deformation, a clear internal inclined shear zone occurred
inside the sand specimen as in the experiment [26]. It was marked
by shear strain and volume increase. First, two shear zones occurred
starting from the imperfection. Later a single shear dilatant zone dom-
inated that was created just before reaching the peak stress. For
lc = 1.5mm, the final inclined shear zone developed in the upper part
of the specimen, whereas for lc > 1.5mm, it was located in the lower
specimen region. The thickness of the shear zone was determined
based on the distribution of void ratio e by assuming e ≥0.70. The
thickness of the inclined dilatant shear zone was on average in the
residual state about ts = 7.5mm = 5× lc = 15× d50 based on the dilatant
region and its inclination against the bottom was about 55° as in the
experiment [26].

5.3. Effect of lateral pressure and initial void ratio

The influence of the lateral pressure p= 50–500kPa on the mobi-
lized internal friction angle and shear localization is shown in Fig. 7
(eo = 0.55 and lc = 1.5mm). Fig. 8 describes the influence of the initial
void ratio eo = 0.55–0.90 on the mobilized internal friction angle and
shear localization (p = 50kPa and lc = 1.5mm).

As the lateral pressure p increased, the peak internal friction an-
gle decreased: ϕpeak = 55o for 50kPa, ϕpeak = 50o for 200kPa and
ϕpeak = 47o for 500kPa. As the initial void ratio increased, the peak in-
ternal friction angle decreased: ϕpeak = 55o for eo = 0.55, ϕpeak = 40o for
eo = 0.75 and ϕpeak = 30o for eo = 0.90. The residual internal friction an-
gle remained always the same. With increasing p, the thickness of the
shear zone ts slightly increased: ts = 5× lc for p= 50kPa,

Fig. 13. Calculated distribution of wall stresses in model silo (σ22 - wall horizontal
stress and σ12 - wall shear stress) after bottom displacement depending upon initial void
ratio and wall roughness: a) initially dense sand (eo = 0.60) and smooth walls, b) ini-
tially dense sand (eo = 0.60) and very rough walls, c) initially loose sand (eo = 0.90) and
smooth walls and d) initially loose sand (eo = 0.90) and very rough walls (‘maximum
state’ corresponds to maximum resultant wall normal force Nmax and ‘residual state’ cor-
responds to residual wall friction angle φw, res).

ts = 6.33× lc for p= 200kPa and ts = 7.33× lc for p= 500kPa. With grow-
ing eo up to eo = 0.75 the thickness of the shear zone ts increased from
ts = 5× lc for eo = 0.55 up to ts = 6× lc for eo = 0.75. No shear was ob-
served in an initially loose specimen (eo = 0.90) (Fig. 8c). The incli-
nation of the shear zone to the horizontal θ decreased with growing p
(θ=55o for p= 50kPa, θ=54o for p= 200kPa and θ=52o for p= 500kPa)
and with increasing eo (θ=55o for eo = 0.55 and θ=50o for eo = 0.75).
The outcomes were again close to the experiments [24]. They were
also in agreement with the numerical results using a micro-polar hy-
poplastic model within a pure Lagrangian approach [9,86].

6. Quasi-static mass sand flow with controlled outflow

The experiments in a plane strain model silo with parallel walls
of the height h= 0.5m and width b= 0.2 and a slowly moveable bot-
tom [8] were modelled. In numerical calculations, a slow emptying
process was induced by lowering the entire silo bottom (b= 0.2m) at
a constant velocity of v = 0.1mm/s. The bottom velocity was small
enough to ensure quasi-static sand mass flow. No damping was de-
fined. The grid of material points was 40× 100 (Fig. 9). The cell size
was 5mm (3 × lc) and was small enough to obtain mesh-independent
results [9]. The parallel silo walls were assumed as rigid. The initially
dense (eo = 0.60) and initially loose (eo = 0.90) sand specimens were
assumed in the silo. To model very rough walls, the vertical and hori-
zontal sand displacements were assumed to be zero [9]. For the other
wall roughness, the usual Coulomb friction was assumed with a con-
stant wall friction angle φw = arctan(σ12

w/σ22
w) that was equal to the

maximum resultant wall friction angle, measured in the model silo ex-
periments (σ12

w – wall shear stress, σ22
w – wall normal stress) (e.g.

φw = 19o for initially dense sand and φw = 12.3o for initially loose sand)
[8,10,26]. The calculations were carried out using GIMP in two steps:
1) gravitational filling of the model silo and 2) uniform lowering the
silo bottom with a constant velocity. The filling state was assumed in
a simplified way through a linear increase of the material weight pre-
scribed to the entirely pre-filled silo. The calculations were performed
for two extreme cases with respect to the initial void ratio eo and wall
roughness rw. Fig. 10 shows the calculated evolution of the resultant
forces (P, T and N) during silo filling and after bottom displacement
u for initially dense (eo = 0.60) and initially loose sand (eo = 0.90) with
smooth and very rough walls as compared to the experiments (T - the
resultant vertical wall friction force, N - the resultant horizontal wall
force and P - the resultant vertical bottom force). The evolution of the
resultant mobilized wall friction angle φw = arctan(T/N) in experiments
and calculations is demonstrated in Fig. 11.

6.1. Evolution of resultant forces

The evolution shapes of the resultant forces P and T and of mobi-
lized wall friction angle φw = arctan(T/N) during emptying for smooth
and very rough rigid walls (Figs. 10 and 11) are in satisfactory agree-
ment with our both experiments [8] and previous FE calculations [10].
The initial reduction of the force P and initial growth of T was sim-
ilar to the experimental outcomes. The reduction (P) or growth (T)
became stronger with increasing wall roughness and decreasing ini-
tial void ratio. After the force Pmin or Tmax was reached, the resul-
tant force increased (P) or decreased (T) with very rough walls and
next reached its asymptote. This increase (P) or decrease (N) was
stronger with initially dense sand (due to high dilatancy) and weaker
with initially loose sand. Larger differences between the experimen-
tal and numerical values happened for the resultant horizontal wall
forces N which always increased after bottom displacement. The cal
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Fig. 14. Calculation evolution of void ratio in initially dense sand (eo = 0.60) after bottom displacement u in model silo with very rough walls for different width and location of outlet:
a) symmetric outlet width of 80mm, b) asymmetric outlet width of 150mm and c) asymmetric outlet width of 50mm.

culated maximum values of N in calculations were too high (by fac-
tor 1.3–2.5), in particular for smooth walls (Fig. 10Ac and Bc). How-
ever, the growths of the wall force N after bottom displacement u
were similar in both the calculations and experiments. The differ-
ences in values of Nmax during sand flow are mainly due to wall force
discrepancies after silo filling (Fig. 10Ac and Bc), in particular for
smooth walls and initially dense sand. More attention must thus be
paid to a filling process in calculations (e.g. a more accurate layer-by-

layer filling method should improve the results [8,87]). The influ-
ence of a filling method on wall pressures was also studied by DEM
[88]). The higher the wall roughness and the lower initial void ra-
tio, the higher was the maximum mobilized wall friction angle φw

max

(Fig. 11). For very rough walls and initially dense sand, the mobilized
wall friction angle φw increased after bottom displacement u reached a
peak, decreased and finally approached its asymptote as in the exper-
iment. For remaining cases, the increase of φw after bottom displace
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Fig. 15. Calculated distribution of wall stresses (σ22 - wall horizontal stress and σ12
- wall shear stress) after bottom displacement in model silo with initially dense sand
(eo = 0.60) and very rough walls for different width and location of silo outlet: A) sym-
metric outlet with width of 80mm, B) asymmetric outlet with width of 150mm and C)
asymmetric outlet with width of 50mm (a) left wall and b) right wall) (‘maximum state’
corresponds to maximum resultant wall normal force Nmax and ‘residual state’ corre-
sponds to residual wall friction angle φw,res).

ment and its drop after reaching the maximum was insignificant as in
the experiment.

6.2. Evolution of shear zones

Shear zones appeared in moving initially dense sand with very
rough walls as vertical dilatant vertical shear zones along walls and

Fig. 15. (Continued)

as dilatant parabolic ones in the interior (Fig. 12b). They occurred at
the outlet and propagated upward to the free boundary. At some places
of the wall, they branched into a vertical and parabolic one. The thick-
ness of vertical wall shear zones was about ts = 13mm (26 × d50) and
of internal parabolic shear zones ts = 10–12.5mm [(20–25) × d50]. In
the remaining cases (Fig. 12a, c and d), the wall shear zones occurred
only. The thickness of vertical dilatant wall shear zones in initially
dense sand was ts = 1mm (2× d50) for smooth walls (Fig. 12a). For ini-
tially loose sand (Fig. 12c and d), the contractant vertical wall shear
zones developed with the thickness of about ts = 16mm (32 × d50) for
very rough walls and ts = 1mm (2× d50) for smooth walls. The values
of ts are in agreement with the experimental outcomes and numerical
results [8,10]. The initially dense sand was subjected to global dila-
tancy during flow and finally moved almost as a rigid body. The ini-
tially loose sand was first subjected to insignificant loosening and then
to continuous low contractancy.

6.3. Evolution of wall pressures (tractions)

The distribution of the wall horizontal stress σ22 and wall shear
stress σ12 was demonstrated for the different initial void ratio of sand
along the silo wall of the different roughness. The wall stresses were
computed in material points close to the walls. They were calculated
after filling for the maximum horizontal wall force Nmax (described
as ‘maximum state’) and for the residual wall friction angle φw

res

(u= 20mm) (described ‘residual state’). The wall tractions signifi-
cantly changed in initially dense sand with very rough walls after bot-
tom displacement u (Figs. 12b and 13b). They strongly increased and
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Fig. 16. Calculation evolution of void ratio in initially dense sand (eo = 0.60) after bottom displacement u in model silo with smooth walls for different width and location of outlet:
a) symmetric outlet with width of 80mm, b) asymmetric outlet with width of 150mm and c) asymmetric outlet with width of 50mm.

then gradually decreased until a residual state was obtained. They also
oscillated with wandering peaks due to the presence of internal curvi-
linear shear zones [10]. Thus, a strongly non-regular distribution of
wall stresses along the wall was obtained (Fig. 13b). In the remain-
ing cases, the distribution of wall pressures only slightly changed after
bottom displacement and their oscillations were negligible (Fig. 13a,
c and d). The highest wall horizontal stress was obviously for smooth
walls independently of the initial void ratio (σ22(max) = 4–4.5kPa) (Fig.
13a and c). For very rough walls, the maximum horizontal stress
was σ22(max) = 2.6kPa. The wall distribution of σ22 during

flow was almost linear for smooth walls. The highest wall shear stress
σ12 was obviously for very rough walls with initially dense sand
σ12(max) = 2.4kPa (Fig. 13b) while σ12(max) = 1.0kPa for smooth walls
(Fig. 13a and c).

7. Quasi-static sand flow with controlled outflow for different
outlet width and location

Figs. 14–21 demonstrate the effect of the different both outlet
width and location on shear localization and wall stresses in initially
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Fig. 17. Calculated distribution of wall stresses (σ22 - wall horizontal stress and σ12
- wall shear stress) after bottom displacement in model silo with initially dense sand
(eo = 0.60) and smooth walls for different width and location of silo outlet: A) sym-
metric outlet with width of 80mm, B) asymmetric outlet with width of 150mm and C)
asymmetric outlet with width of 50mm (a) left wall and b) right wall) (‘maximum state’
corresponds to maximum resultant wall normal force Nmax and ‘residual state’ corre-
sponds to residual wall friction angle φw,res).

dense/loose sand with very rough/smooth walls during quasi-static
flow of sand mass with a constant outlet velocity prescribed along the
movable bottom of a smaller width than the width of the model silo
of Section 6 (b = 0.20m). The outlet was either symmetrically (case
‘1’) or asymmetrically located (case ‘2’) with respect to a vertical

Fig. 17. (Continued)

symmetric line. It the case ‘1’, the outlet width was b= 80mm (Fig.
14a) and in the case ‘2’, the outlet width was b= 150mm (Fig. 14b) or
b= 50mm (Fig. 14c). The results with initially dense sand (eo = 0.60)
at very rough walls are demonstrated in Figs. 14 and 15, the results
with initially dense sand (eo = 0.60) at smooth walls are in Figs. 16 and
17, the results with initially loose sand (eo = 0.90) at very rough walls
are in Figs. 18 and 19. Finally, Figs. 20 and 21 show the results with
initially loose sand (eo = 0.90) at smooth walls. All initial and bound-
ary conditions and the time increment were the same as in Section 6.

7.1. Evolution of shear zones

The width and location of the silo outlet, and wall roughness and
initial void ratio strongly affected the flow pattern of sand and pat-
tern of internal shear zones in sand during emptying. In almost all
cases, funnel flow took place. The mass flow in the silo (beyond the
outlet region) was mainly preserved in initially loose sand (Figs. 18,
and 20). The pattern of internal curvilinear shear zones in the model
silo with very rough walls and initially dense sand during asymmet-
ric flow (Fig. 14b and c) was more complex than during symmetric
mass flow (b= 200mm) (Fig. 12b). It was also affected by the close
location of a rigid wall at the outlet. If the outlet was located at the
wall, the phenomenon of multiply branching of shear zones occurred
in initially dense sand both at very rough walls (Fig. 14b and c) and
smooth walls (Fig. 16b and c). For the smaller symmetric/asymmetric
outlet widths with very rough/smooth walls of b= 80mm (Figs. 14a
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Fig. 18. Calculation evolution of void ratio in initially loose sand (eo = 0.90) after bottom displacement u in model silo with very rough walls for different width and location of outlet:
a) symmetric outlet with width of 80mm, b) asymmetric outlet with width of 150mm and c) asymmetric outlet with width of 50mm.

and 16a) and b= 50mm (Figs. 14c and 16c), a large dilatant region
occurred above the outlet. All wall and internal shear zones in ini-
tially loose sand were subjected to contractancy (Figs. 18 and 20). For
initially loose sand, a pattern of internal curvilinear shear zones was
mainly limited to the small region above the outlet (Figs. 18 and 20).
The number of internal shear zone was also higher with very rough
walls. The contractant shear zones (Figs. 18 and 20) were more flat
than the dilatant ones (Figs. 14 and 16).

7.2. Evolution wall pressures

The evolution of wall stresses was also affected by a flow pat-
tern in moving sand. For the symmetric flow of initially dense sand
(eo = 0.60) in the silo model with very rough walls (Fig. 15A), ini-
tially the horizontal and shear wall stresses slightly increased in the
first emptying phase, as compared to the filling state. Next, the mixed
flow appeared and the wall stresses significantly increased above
the effective transition point between funnel and mass flow and de-
creased below this point. The maximum wall stresses in the lower
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Fig. 19. Calculated distribution of wall stresses (σ22 - wall horizontal stress and σ12
- wall shear stress) after bottom displacement in model silo with initially loose sand
(eo = 0.90) and very rough walls for different width and location of silo outlet: A) sym-
metric outlet with width of 80mm, B) asymmetric outlet with width of 150mm and C)
asymmetric outlet with width of 50mm (a) left wall and b) right wall) (‘maximum state’
corresponds to maximum resultant wall normal force Nmax and ‘residual state’ corre-
sponds to residual wall friction angle φw,res).

silo region after bottom displacement (σ22(max) = 2.2kPa and
σ12(max) = 2.0kPa) were smaller by about 15–20% than for the sym-
metric flow with b= 200mm (Fig. 13b) except for the upper region at

Fig. 19. (Continued)

the residual state where the larger wall horizontal wall stresses
(σ22(max) = 3.0kPa) happened. The wall stresses strongly oscillated.

For the slightly asymmetric outlet with very rough walls and the
outlet width of b= 150mm (Fig. 15B), the maximum wall horizon-
tal stresses after bottom displacement were higher along the oppo-
site (left) wall than along the right wall at which the flow took place
(σ22(max) = 4.0kPa versus σ22(max) = 3.0kPa). Thus, they were higher
for b= 150mm by 15%–50% than for b= 200mm (σ22(max) = 2.6kPa)
(Fig. 13b). The maximum wall shear stresses were similar along both
the vertical walls (σ12(max) = 2.3–2.4kPa) and also similar to the silo
width b= 200mm (σ12(max) = 2.4kPa) (Fig. 13b). When the outlet of
the smaller width of b= 50mm was strongly asymmetric (Fig. 15C),
the maximum wall horizontal stresses after bottom displacement were
again higher along the left wall than along the right wall
(σ22(max) = 3.0kPa versus σ22(max) = 2.3kPa). They were respectively
higher/smaller by 15%/10% than for b= 200mm (Fig. 15b). The max-
imum wall shear stresses were similar for both the walls
(σ12(max) = 1.7–1.8kPa) and were lower by 25% than for b= 200mm
(Fig. 13b). The wall stresses strongly reduced in the lower silo part at
the right wall during emptying due to pronounced material loosening.

For smooth walls and initially dense sand (eo = 0.60) (Fig. 17),
the horizontal wall stresses were obviously higher and the shear wall
stresses were smaller than for very rough walls (Fig. 17). With a sym-
metric outlet (b = 80mm), a symmetric funnel flow initially occurred
that caused an increase of wall stresses at the effective transition
level between mass and funnel flow (Fig. 17A). For a large asymmet-
ric outlet (b = 150mm) (Fig. 17B), the asymmetric funnel flow took
place that resulted in asymmetric wall stress distribution, i.e. a signif
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Fig. 20. Calculation evolution of void ratio in initially loose sand (eo = 0.90) after bottom displacement u in model silo with smooth walls for different width and location of silo
outlet: a) symmetric outlet with width of 80mm, b) asymmetric outlet with width of 150mm and c) asymmetric outlet with width of 50mm.

icant increase in the lower part of the opposite (left) wall and a pro-
nounced increase above the effective transition and a decrease below
it on the right wall at which the flow took place. For a small asym-
metric opening (b= 50mm) (Fig. 17C), due to the material dead re-
gion along the left side wall, the wall stresses on the right side of the
silo solely changed, i.e. the wall stresses slightly increased (less than
for b= 150mm) except for the lower wall part where they strongly
dropped.

For very rough walls and initially loose sand (eo = 0.90) (Fig. 19),
the increase of wall stresses after bottom displacement was smaller
due to small contractant volume changes as compared to initially
dense sand with high dilatant volume changes. As usually, the wall
stresses increased above the effective transition point between mass
and funnel flow and diminished below it with a symmetric outlet
(b = 50mm) (Fig. 19A). With non-symmetric outlets (Fig.19B and C),
the maximum horizontal wall stresses were in contrast to initially
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Fig. 21. Calculated distribution of wall stresses (σ22 - wall horizontal stress and σ12
- wall shear stress) after bottom displacement in model silo with initially loose sand
(eo = 0.90) and smooth walls for different width and location of silo outlet: A) sym-
metric outlet with width of 80mm, B) asymmetric outlet with width of 150mm and C)
asymmetric outlet with width of 50mm (a) left wall and b) right wall) (‘maximum state’
corresponds to maximum resultant wall normal force Nmax and ‘residual state’ corre-
sponds to residual wall friction angle φw,res).

dense sand higher at the right wall at which the flow took place. The
behaviour of wall stresses on the right side was similar in all cases.
On the left side, the wall stresses insignificantly changed during flow.

Fig. 21. (Continued)

The behaviour of initially loose sand with smooth walls was similar
(Fig. 21). The increases of wall stresses were still slightly lower than
in Fig. 19.

In general, for asymmetric outlets, the horizontal wall stresses in
the lower part of the silo increased after bottom displacement at the
opposite wall (at which flow did not take place) and decreased at the
wall at which flow took place. A similar conclusion was derived in
[90]. The outcome is different that this given in the silo Eurocode 1
[89] for large silo discharge eccentricities wherein the increase of hor-
izontal pressures at the opposite wall is not expected.

The flow behaviour of granular materials is always affected by a
size effect caused mainly by the different both the pressure level and
ratio between the silo diameter/width and mean grain size of the solid
[8,14,91,92]. Thus, the nominal wall stresses in silos always become
higher with reducing silo size since both mobilized friction and di-
latancy of bulk solids increase with reducing pressure. Similarly, the
nominal wall stresses reduce when the ratio between the mean grain
diameter and silo diameter/width decreases since the width of shear
zones is related to the mean grain diameter.

Finally, to show the capability of the MPM method for simu-
lating dynamic emptying in silos due to gravity, some calculations
were also performed for the silo model with initially dense sand
(eo = 0.60) and very rough walls assuming a symmetric narrow out-
let (b = 80mm) (Fig. 22). The hypoplastic constitutive model was ex-
tended by the intergranular strain to avoid a ratcheting phenomenon
[60] (its effect was, however, insignificant on the flow pattern). The
dynamic viscosity was neglected [61]. The numerical results regard
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Fig. 22. Numerical results dynamic gravitational granular outflow in model silo with very rough walls, initially dense sand (eo = 0.60) and symmetric outlet with width of 80mm:
A) evolution of void ratio during flow and B) distribution of wall stresses (σ22 - wall horizontal stress (a) and σ12 - wall shear stress (b), ‘maximum state’ corresponds to maximum
resultant wall normal force).

ing the flow pattern and wall stresses are demonstrated in Fig. 22A
and B.

As compared to quasi-static flow (Fig. 14a), the dynamic flow pat-
tern of sand was similar (Fig. 22A). However, a slightly wider and
higher funnel flow was created above the silo outlet during dynamic
emptying. The material in a funnel flow region was looser. In addition,
more internal shear zones occurred. The effective transition point was
also located at a lower height above the outlet. The wall stresses dur-
ing dynamic flow (Fig. 22B) were more non-uniform than those dur-
ing quasi-static flow (Fig. 15A) [8]. The peak dynamic wall stresses
values were locally higher by about 3 times than for quasi-static flow.
The dynamic silo flow merits further numerical investigations.

8. Conclusions

The results of a series of MPM simulations of quasi-static cohe-
sionless sand flow in a silo model with parallel walls and controlled
outlet velocity were presented by taking shear localization into ac-
count. In the simulations, the initial void ratio of sand, wall roughness,
outlet width and outlet location were varied. Comparisons of results
between the MPM simulations and physical silo tests showed good
agreement in measured resultant wall and bottom forces, wall friction
angles and thickness of wall shear zones. Some main conclusions may
be drawn from our calculations:
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- The MPM approach allowed for simulating bulk solid flow without
excessive mesh distortion. The numerical outcomes were insensitive
to the number of material points and a time increment. It produced
trends consistent with those observed in the physical experiments. It
realistically captured shear localization in the form of both the verti-
cal wall and internal curvilinear shear zones.

- The initial void ratio of the solid and the silo wall roughness were
found both to have a huge influence on the resultant wall and bottom
forces, the thickness of wall shear zones and the pattern of internal
curvilinear shear zones.

- The magnitudes of wall stresses/forces were strictly combined with
the thickness of wall shear zones that increased with both growing
wall roughness and initial void ratio. The wall stresses during emp-
tying were strongly affected by those during the filling state. The
wall shear zone was dilatant in initially dense sand and contractant
in initially loose sand. It is of great importance to properly model the
thickness of wall shear zones for realistic evaluation of wall stresses/
forces.

- The pattern of both granular flow and internal curvilinear shear
zones was affected by the location and width of the outlet, wall
roughness and initial void ratio of sand. The internal curvilinear
shear zone always occurred during the asymmetric flow indepen-
dently of the wall roughness and initial void ratio and during mass
flow in initially dense sand with very rough walls. The pattern was
very complex during asymmetric flow of initially dense sand at the
wall.

- The internal shear zones had a tendency to multiply branching at
several points along the wall. The curvature of internal shear zones
increased with a diminishing initial void ratio of sand. The internal
shear zones caused both the oscillation and non-uniform distribu-
tion of wall pressures in particular for very rough walls and initially
dense sand. Thus, it is also of great importance to properly model
the thickness and shape of internal shear zones for realistic evalua-
tion of wall stresses.

- The maximum horizontal wall stresses happened for smooth walls
and the maximum shear wall stresses occurred in initially dense
sand with very rough walls. In general, the smaller outlet width de-
creased the wall pressures during symmetric flow. The significant
wall stresses growths appeared at the effective transition between
mass and funnel flow. Below the transition level, the wall stresses
decreased. The asymmetric outlets either increased more the hori-
zontal wall stress on the opposite wall at which flow did not take
place (initially dense sand) or increased more the horizontal wall
stress on the wall at which flow occurred (initially loose sand).
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Appendix A. Appendix

The local hypoplastic model [16] describes the evolution of nor-
malized stress tensor with the evolution of rate of deformation ten-
sor Ds using isotropic linear and non-linear tensorial functions, L and
N.

with

where - the Jaumann stress rate tensor, fs - the stiffness factor, fd -
the density factor, - the normalized granular stress tensor and Ts -
the Cauchy stress tensor (index ‘s’ denotes the skeleton). The follow-
ing representations for L and N (which are linear and nonlinear in re-
spect to deformation tensor Ds) are proposed

where

with φc – the critical angle of internal friction during stationary flow,
θ - the Lode angle and - the deviatoric part of normalized stress
tensor . The influence of the current void ratio and pressure level is
taken into account by the stiffness factor fs (proportional to the granu-
lar hardness hs and depending also on the mean stress and void ratio)
and the density factor fd which are represented as.

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)
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where α - the pycnotropy coefficient, n – the compression coefficient,
β – the stiffness coefficient, a1 - the parameter representing the devia-
toric part of the normalized stress in critical states, ec - the critical void
ratio, ed - the void ratio at maximum densification and ei - the maxi-
mum void ratio. The current void ratio e is updated during calculations
by the formula

where – the rate of void ratio (e is limited by ei and ed). The values
of ei, ed and ec decrease with the pressure ps according to the exponen-
tial functions:

where ei0, ed0, ec0 are the values of ei, ed and ec for the granular pres-
sure ps = 0.
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