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ABSTRACT 

The paper deals with multiparameter sensitivity analysis of a composite footbridge. A shell-like structure is 

14.5 m long shows U-shaped cross-section and inner service dimensions 1.3 x 2.5 m. Glass fiber reinforced 

polymer GFRP laminate constitutes faces of a sandwich structure while PET foam received from recycled bottle 

builts a core. The structure was divided into 285 independent areas where the thickness of laminates and stiffness 

modulus of PET foam were established as design variables. The impact of their variation on variation of state 

variables was investigated, vertical displacement of structure, longitudinal strain in handrail and transverse strain 

in deck were addressed here. Sensitivity vector was computed by a semi-analytical method and, subsequently, 

expressed in a matrix form and next presented graphically in the form of sensitivity areas. The conducted 

sensitivity analysis exhibits areas that can be strengthened in order to minimize vertical displacement, longitudinal 

strain in handrail and transverse strain deck, determining the areas where parameters can be reduced without 

increasing the value of state variables. The obtained results are bound to support the structural design process or 

to improve the performance of existing structures. 
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1. Introduction  

The design of all types of engineering structures is a complicated and lengthy process. It 

often involves creating a complex mathematical model representing the real structure. 

Afterwards, many aspects of its behavior have to be studied, the possilbe problems have to be 

solved, involving statics, dynamics or buckling. Sensitivity analysis is a useful tool in this 

process by means of the information on the impact of chosen parameters describing the model 

on the structural response [1] [2]. The obtained results can also be applied to solve the 

optimization problems [3] [4] [5] [6].  

Two methods of sensitivity analysis can be distinguished: continuum (or variational) 

method and discrete (or implicite differentiation) method. In the course of the continuum 

method a continuous mathematical model represents the real structure [7]. However, due to 

complexity and difficulties in solving mathematical equations, and the widespread use of Finite 

Element Method (FEM) to represent behavior of real structures, the discrete sensitivity method 

becomes more popular [8]. Moreover, the discrete method approaches can be divided into the 

analytical method (AM) [9] [10] [11] [12] [13] [14] and the semi-analytical method (SAM) [15] 

[16] [17] [18] [19] [20]. Generally, in order to conduct sensitivity analysis discrete methods 

require the derivatives of a stiffness matrix or a mass matrix with respect to chosen design 

variables. The AM method is based on analytical computation of that derivatives. However, in 

many cases, it is difficult and sometimes impossible due to lack of access to internal source of 

software, e.g. implicit character of stiffness or mass matrix. Thus the SAM method can be used 

as a response for this inconvenience where derivatives can be approximated by means of a finite 

difference method. On the other hand, approximation always results in an error, and therefore 

the improved semi-analytical method is studied [17] [18] [19] [20].  

Nowadays composites structures are widespread on aviation or maritime industry, but they 

become more popular in civil engineering, especially in bridge structures [21] [22]. Fiber 
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reinforced polymer (FRP) composites meet the requirements as their strength is increased with 

minimized mass, comparing to traditional materials like steel [23]. Moreover, the FRP 

composite exhibits high corrosion resistance, low thermal expansion and especially the ability 

of forming almost unrestricted shape [24] [25]. Thus, reinforcement can be individually 

arranged in order to increase structural capacity under applied loading. Therefore, the design of 

structures made of composite material is a very complex problem.  

Until recently, structural elements made of FRP composites applied in bridges were mainly 

manufactured in pultrusion process and applied in structures of truss models. However, the 

manufacturing technology of composite structures improves every year, providing new 

possibilities for shape forming and cost reduction. The recent years increased the application of 

large scale structural elements in bridges, moreover, entire structures are designed to be fully 

made from composites. To take full advantage of the properties of FRP elements in road 

bridges, traditional steel girders are replaced by composite members [26] [27] [28]. Similarly, 

cables traditionally made of high-strength steel are substituted by FRP composites [29] [30]. 

Besides, also time-honored concrete deck is bound to be replaced by composite panels to 

minimize mass of the structure [31] [32]. There exist structures, mainly footbridges, made of 

composite materials alone [33] [34] [35]. Additionally, theoretical studies are widely conducted 

in order to design new structure with the use of FRP [36] [37] [38]. 

The aim of the presented research is to present the possibility of applying sensitivity analysis 

for a novel composite footbridge, which is a sandwich structure made of GFRP laminate and 

PET foam. The innovative structure with theoretical length of 14 m was studied in the paper in 

order to improve its behavior under the serviceable loading. The objective of the paper is to 

find areas of the structure with the highest or the lowest sensitivity that affects the structural 

response: vertical displacement, longitudinal and transverse strain in chosen points in the mid-

span length. 
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2. Description of the footbridge 

The structure considered in the paper was designed, manufactured and studied as a part of 

the grant conducted by Gdansk University of Technology, Military University of Technology 

in Warsaw and private company ROMA Sp. z o.o. throughout the years 2013-2015 [33]. Several 

numerical, experimental and technological investigations were carried out in the project 

framework. Standard specimens were tested in order to determine material parameters [39] [40]. 

Moreover, experiments performed on specimens with greater dimensions i.e. sandwich beams 

[41] or a footbridge segment of a 3 m length [42] [43] [44] [45] allow to validate numerical 

models applied to design the target structure. Finally, the footbridge was manufactured by the 

infusion process and investigated in Gdansk University of Technology campus (Fig. 1a). Short 

and long-term static tests and dynamic experiments have been performed [46] [47]. Upon 

positive evaluation, the footbridge was installed over Radunia River near Gdańsk, Poland to 

currently serve the pedestrians and cyclists (Fig. 1b). Nevertheless, some further analysis is 

conducted up till now, i.e. parametric optimization or sensitivity analysis in order to make the 

structure more competitive in the global market [48] [49].  

(a) 

 

(b) 

 
Fig. 1. The footbridge (a) during examination in Gdansk University of Technology campus [46], (b) installed for 

public traffic over Radunia River near Gdańsk, Poland 

The footbridge was fully made of composite materials as a shell-like structure, 

manufactured as a single element in a single technological process. The cross-section is constant 

along the entire structural length (Fig. 2) and is U-shaped with service width of 2.5 m and depth 

of walls 1.3 m due to requirements of Polish and European law for pedestrian and cyclic traffic. 
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The total length of the performed structure is 14.5 m, while the theoretical length is 14 m. 

Moreover, the structure is designed to be manufactured with the length up to 16 m.  

 
Fig. 2. Dimensions of the footbridge 

The footbridge is a sandwich structure with glass fiber reinforced polymer GFRP laminate 

as faces and PET foam as a core. A six-layered laminate is constituted by vinylester polymer 

resin reinforced by glass stitched two-directional fabrics BAT and GBX with fiber orientation 

(0/90) and (+45/-45) respectively. Both, with the same density and amount of fibers in two 

directions, are regarded as a single ply whose thickness is 0.663·10-3 m. Its material properties 

were determined after several experiments conducted in Military University of Technology in 

Warsaw [39]. They are presented in a principal direction of the ply, listed in Table 1. 

Table 1. Material parameters of single GFRP ply [39] 

Parameter Value Unit Description 

E1 E2 23.4 [GPa] longitudinal (1) and transverse (2) elastic moduli 

ν12 0.153 [-] Poisson’s ratio 

G12 3.52 [GPa] in-plane shear modulus 

G13 G23 1.36 [GPa] transverse shear moduli 

Xt Yt 449 [MPa] longitudinal (1) and transverse (2) strength in tension 

Xc Yc 336 [MPa] longitudinal (1) and transverse (2) strength in compression 

S 45.2 [MPa] in-plane shear strength 

St 34.7 [MPa] transverse shear strength 

 

The stack sequence of plies is constant through whole structure, it reads 

[BAT/GBX/BAT2/GBX/BAT], equivalent to [(0/90)/(+45/-45)/(0/90)/(90/0)/(-

45/+45)/(90/0)]. Hence, the laminate is symmetric and six-layered of a total thickness of 

3.978·10-3 m assumed as a quasi-isotropic material. Furthermore, PET foam, received from 
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recycled bottles, shows constant properties along a structure - density equal 100 kg/m2 and 

thickness 0.1 m. The material properties of foam follow the manufacturers specification, listed 

in Table 2. 

Table 2. Material parameters of PET foam 

Parameter Value Unit Description 

E 0.07 [GPa] elastic modulus 

ν12 0.4 [-] Poisson’s ratio 

Rt 2.7 [MPa] strength in tension 

Rc 1.8 [MPa] strength in compression 

 

The footbridge is subjected to a surface loading applied on a deck according Eurocode EN 

1991. The load value was assumed qt = 5 kN/m2. Moreover, the structure was supported on four 

elastomeric bearings of dimensions 0.30x0.30 m providing a simple support scheme. 

The design process of a structure was complex due to the small number of standards, it 

includes: experimental, numerical and technological investigations. Based on their results and 

conclusions, the conditions and requirements were outlined for the designed structure. The 

Ultimate Limit State ULS and Serviceability Limit State SLS are checked according to 

Eurocode EN 1990: [50]. The ULS focuses on structural safety which leads to control stresses 

or strains. As the sandwich structure consists of two components, conditions are set 

individually. Thus the capacity of a laminate is estimated not to exceed the failure index FI = 0.2 

according to Tsai-Wu hypothesis [51] [52], to prevent occurrence of micro-cracking in resin 

[53], while in foam, the extreme stress can reach up to 80% of its strength. On the other hand, 

the SLS requires that displacements do not exceed a limited value. The maximum displacement 

were taken after Polish standard PN-S-10052-1982 [54] for plated beam span of steel road 

bridge which is vmax = L/300 equal to vmax = 48.33·10-3 m for the analyzed structure. 
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3. Numerical model of the footbridge 

The numerical model of the footbridge was created in FEMAP with NX Nastran 

environment employing Finite Element Method to assess the structural response under assumed 

load. As a result of various static and dynamic experimental tests on segment with full-scaled 

cross-section and the length reduced to 3 m (e.g. [42]), the shell-solid hybrid FEM model was 

chosen to represent the sandwich structure. Thus the GFRP laminate which constitutes faces is 

modeled by means of shell four-nodes elements while the PET foam is represented by solid 

eight-nodes elements. Both models exhibit linear shape functions and full integration. Due to 

the designed stack sequence of laminate plies, where fibers are orientated in 0, +/-45 and 90 

direction, the laminate is considered quasi-isotropic material with properties assumed as 

follows: elastic moduli E = 23.4 GPa and Poisson’s ratio v = 0.153. However, in the previous 

analysis (e.g. [48]) other models were considered, assuming the laminate as a single layered 

shell with orthotropic properties or as a multilayered shell. In the second case, the Equivalent 

Single Layer ESL theory was applied, here the laminate is represented by a single layered shell 

of equivalent properties [55]. The three models are compared with the real structural behavior 

[46]. Values in the mid-span: vertical displacement zv , longitudinal strain in handrail 1 x  and 

transverse strain in the deck 2 y , the analytical results of the models were compared with the 

experimental one and listed in Table 3. Modeling the laminate in the form of a single layered 

shell of isotropic properties simulates behavior of the structure with even higher accuracy than 

in the case of orthotropic properties or as a six-layer shell by means of ESL theory. 

Due to symmetry, only a quarter of the structure has been analyzed (Fig. 3a). The 

characteristic size of a single finite element was assumed approximately 0.025 m (Fig. 3b). 

Hence, a total number of elements was equal to 210.207, while a total number of nodes was 

178.638. The boundary conditions, the value of pressure acting on a footbridge deck and the 

bearing dimensions, were assumed as in the previous chapter. 
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Table 3. Comparison of values obtained from experiment and various models  

Model 
zv  1 x  2 y 

value 

[mm] 

error 

[%] 
value 

[µm/m] 

error 

[%] 
value 

[µm/m] 

error 

[%] 

Experiment [46] 31.4 - -885 - 345 - 

Laminate as a single layered 

shell with isotropic properties  
34.35 9.39% -1048.9 18.52% 477.9 38.52% 

Laminate as a single layered shell 

with orthotropic properties [48] 
37.64 19.87% -1081.1 22.16% 497.4 44.17% 

Laminate as a six-layered shell by 

means of ESL theory [48] 
38.75 23.41% -1215.0 37.29% 507.9 47.22% 

 

(a) 

 

(b) 

 

 

Fig. 3. Numerical model of the footbridge: (a) overall view, (b) FEM mesh size 

It is worth mentioning, that laminate can also be modeled in three-dimensional 3D theory 

with solid elements of various properties along the thickness of laminate [56], or, in the case of 

reduced thickness of each ply by means of Layerwise LW theory [57] [58]. Although the 

approaches are more sophisticated, in the scale of the analyzed structure the reduction of 

multilayered laminate thickness according to ESL theory proves sufficient leading to the 

decrease of computational time. 

 

4. Sensitivity analysis  

Simulation or prediction of real structural behavior is one of the most challenging tasks to 

complete during design process. Generally, it involves creating the mathematical model 
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fulfilling all requirements and assumptions. The parameters defining mathematical model can 

be divided into three groups:  

 design variables, ib , where i = 1, 2, …, n1, stated by the designer directly, i.e. 

dimensions of cross-section, length of structure or its elements, material parameters, etc. 

 model parameters jp , where j = 1, 2, …, n2, which are fixed, without any impact of the 

designer, i.e. construction height or span length of bridge determined by the obstacle 

under the structure, etc.  

 state variables kS , where k = 1, 2, …, n3, structural responses, i. e. cross-sectional 

forces, stresses, strains, natural frequencies and corresponding mode shapes in 

dynamics. 

In a deterministic approach structural analysis deals with determination of state variables 

kS  given determined values of design variables ib  and model parameters jp . In practice, 

however, the task is inverse. Expecting a certain value or range of state variables kS , the design 

variables ib  are selected while model parameters jp  are pre-set. The presented sensitivity 

analysis discussed in the paper is an inverse problem. Its aims at determining of variations of 

design variables in the function of variation of state variables, assuming model parameters 

fixed. Sensitivity analysis is based on the Taylor theorem (e.g. [1]), approximating of 

differentiable function around a given point by a k-th order Taylor polynomial, here the function 

of a chosen state variable S in determined by the initial value of design variables: 

 
2

0 0 0 0 0( δ ) ( ) δ ( ) δ ( )    S b b S b S b S b . (1) 

The structural response described by the state variable S, taking into account only two first 

components of eq. (1) is a linear approximation of the solution given an initial value of the 

design variable 0b  (Fig. 4a). On the other hand, considering the following components of eq. (1) 

the function S would be approximated with a higher order function, the approximation error 
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would decrease (Fig. 4b). However, a linear approximation concept is employed in the paper 

for two main reasons. The variation of design variables ib  is usually small which means that 

even their linear approximation is close to the solution. Sensitivity coefficient or sensitivity 

vectors provide a direct relation of variations of state and design variables. 

 
Fig. 4. Approximation concept of a function S: (a) linear, (b) higher order 

The mathematical model may be a continuous or a discrete one. The first approach is rather 

theoretical, possible to apply in simple cases only. In the latter case procedure starts with the 

Finite Element Method, defining geometry and structural response by nodal values generated 

together with the mesh. Thus more demanding structures may be regarded like the one which 

is the subject of designers consideration. In this case, the basic FEM equation reads: 

 ( ) ( ) ( )K b q b p b , (2) 

where ( )K b  is a global stiffness matrix, ( )q b  is a global displacement vector and ( )p b  is a 

global load vector. All three objects are, generally, functions of vector of design variables 

1 2{ , ,..., } T

nb b bb . In a general case, sensitivity of a state variable S depends on both design 

variables b  and displacement vector ( )q b , hence ( , ( ))S S b q b . Searching for the relation 

between state variable S and design variables b , variation of state variable δS  has to be 

computed relative to variation of any design variable 1 2δ {δ ,δ ,...,δ } T

nb b bb . In discrete 

description, the exact differential equation of function S has to be considered: 
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d d ( )

δ δ δ
d ( ) d

  
   

  
i i

i i i

S S S
S b b

b b b

q b

q b
. (3) 

Differentiating eq. (2) leads to: 

 
( ) d ( ) ( )

( ) ( )
d

 
 

 i i ib b b

K b q b p b
q b K b , (4) 

here, the expression 
d ( )

d ib

q b
 can be determined from eq. (4) and substituted to eq. (3) which lead 

to 

 
1

,

( ) ( )
δ ( ) ( ) δ δ

( )


     

     
     

i S i i

i i i

S S
S b w b

b b b

p b K b
K b q b

q b
, (5) 

where 1

,

( ) ( )
( ) ( )

( )

     
   
    

S i

i i i

S S
w

b b b

p b K b
K b q b

q b
 is a first order sensitivity coefficient 

of state variable variation δS  relative to design variable variation δ ib .  

Conducting multiparameter sensitivity analysis, when the state variable is affected by a 

number of design variables, eq. (5) may be developed as follows: 

 δ δ SS w b , (6) 

where ,1 ,2 ,{ , ,..., }S S S S nw w ww  is a sensitivity vector containing sensitivity coefficients, while 

1 2δ {δ ,δ ,...,δ } T

nb b bb  is a vector of design variable variations.  

In order to determine sensitivity coefficients by means of commercial software the eq. (5) 

may be excluded due to the lack of access to internal source, e.g. implicit character of stiffness 

or mass matrix. Hence, semi-analytical sensitivity analysis may be conducted in order to find 

the sensitivity coefficient which can be possibly computed with the use of central difference 

equation: 

 

0

0 0

0

( ) ( )

2

  





i i

i

S b b S b b

S S
w

b

b

0

, (7) 
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where 0 0 0( )S S b  is state variable value corresponding to the initial value of a design variable 

0b ,  ib  is the variation of a chosen design variable and 0( )   iS S b b  is a state variable 

value related with the updated value of design variable 0   ib b . 

 

5. Numerical example 

5.1. Description of numerical example  

In order to conduct multiparameter sensitivity analysis, the computational model of the 

footbridge was divided into 285 independent areas as presented in Fig. 5a. Fifteen segments, 

0.5 m long were established along the structure,  named S1÷S14, while the last one, S15, located 

near the mid-span is 0.25 m long. Additionally, looking at the cross-sectional walls and deck, 

they were also divided into three sections of a length about 0.43-0.44 m (Fig. 5b). Thus the 

inner laminate, PET foam and outer laminate in wall and deck were divided into 15x3 = 45 

areas, respectively. Furthermore, the laminate in a handrail was divided into 15 areas. As a 

result, 285 design variables were obtained to be classified into two types with respect to 

material. It was assumed that the laminate thickness is variable as it can be made of a different 

number of plies. On the other hand, the thickness of PET foam cannot change. However, locally, 

the foam may exhibit various density, therefore, various material parameters. Thus, the vector 

of design variables can be expressed as 

 195 196 197 285

PETfoa

1 2

laminate m

{ , , ,..., ,..,  ,..., ,. . ., }. , i

T

jE Et Et t Etb . (8) 
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(a) 

 

(b) 

 

 

 

Fig. 5. The footbridge divided into 285 independent areas: (a) overall view, (b) cross-section 

According to the Eurocode, both structural ULS and SLS have to be analyzed, hence, stress 

or strain and displacement may be considered state variables, respectively. The extreme stresses 

in a laminate are assumed at a relatively low level – the failure index IF cannot exceed 0.2 

according to Tsai-Wu hypothesis. Thus the Serviceability Limit State becomes more 

significant, as a consequence, vertical displacement zv  in the middle of width and length of the 

structure (Fig. 3a) is assumed a state variable. However, additionally, longitudinal strain in 

handrail 1 x  and transverse strain 2 y  in outer laminate, both in the middle of footbridge length 

(Fig. 3a), were adopted as state variables as well, in order to investigate the impact of variation 

of design variables on their variations. 

 

5.2. Results 

The structure was divided into 285 independent sections – the wall and deck into 45 areas 

and the handrail into 15 areas. The elements of a design variable vector (eq. (8)) are mutually 

independent, varying at the level from -50% to 50% with respect to their initial values. Thus, 

laminate thickness ranges from 1.989·10-3 m to 5.967·10-3 m, the elastic modulus of PET foam 

ranges value from 35 MPa to 105 MPa. Hence, 285 sensitivity coefficients were computed 

according to eq. (7).  
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While the sensitivity analysis is performed, the 285-elemental vector of sensitivity 

coefficients is divided into 6 matrices with 3 rows and 15 columns that represent inner laminate, 

foam and outer laminate in wall and deck, additionally, into a single vector with 15 elements 

that represent laminate in a handrail. The example of the matrix including sensitivity 

coefficients of thickness variation of the inner laminate in the wall reads: 

 

1,1 1,2 1,15

1 2,1 2,2 2,15

3,1 3,2 3,15

 
 

  
 
 

w

w w w

w w w w

w w w

, (8) 

where rows and columns represent the height of wall and segments along the length, 

respectively, as presented in Fig. 5a. 

The circles shown in the following figures represent central points of independent areas 

where the sensitivity coefficients are determined. In order to receive more precise results, the 

values of sensitivity coefficients are interpolated between these points with the 3-rd order 

polynomial, at the same time, extrapolated in the range from external points to the boundaries 

of wall, deck or handrail. Thus, the sensitivity areas are obtained of each structural element. 

Furthermore, in order to present sensitivity areas according to eq. (7) the sensitivity coefficient 

is divided by a relevant area shown in Fig. 5a. Hence, in the following figures, the colors 

represent the values of a relative sensitivity coefficient in unit 2[% / m ] . The values marked in 

color have to be integrated to obtain sensitivity coefficient in unit [%], multiplying the 

computed coefficient by the appropriate surface. Subsequently, the  computed value shows the 

extent the state variable varies after the design variable increase by 50% with respect to its 

initial value.   
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5.2.1. The impact of laminate thickness variation on the variation of displacement zv  

First of all, vertical displacement zv  is assumed a state variable, the laminate thickness is a 

design variable. The impact of laminate thickness variation on the variation of displacement zv  

is shown in the form of sensitivity areas in Fig. 6-Fig. 8. The extreme sensitivity occurs in 

handrails (Fig. 6) and in outer laminate in the deck (Fig. 8b) near the mid-span reaching up to -

8.5 %/m2. Thus, multiplying the value by the area e.g. 1 m2 shows that after increasing the 

laminate thickness in this region by 50% vertical displacement zv  decreases by 8.5 %. 

Moreover, in both inner and outer laminates of the wall the highest sensitivity absolute value 

occurs in the upper part for about 2/3 of the length. Additionally, in the inner laminate of the 

wall sensitivity increases in the lower part near the support. Finally, considering the deck, in 

both inner and outer laminates, the highest sensitivity absolute value appears around its middle 

width and length, reaching the mentioned value over -8.5 %/m2. 

 

 

 
Fig. 6. The impact of laminate thickness variation on the variation of displacement – sensitivity areas [%/m2] of 

the handrail 
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(a) 

 
 

(b) 

 
 

Fig. 7. The impact of laminate thickness variation on the variation of displacement – sensitivity areas [%/m2] of 

the inner laminate (a)  of the wall, (b) of the deck 

(a) 

 
 

(b) 

  
Fig. 8. The impact of laminate thickness variation on the variation of displacement – sensitivity areas [%/m2] of 

the outer laminate (a) of the wall, (b) of the deck 

 

5.2.2. The impact of PET foam stiffness modulus variation on the displacement zv  variation 

Furthermore, the impact of PET foam stiffness modulus variation on variation of 

displacement zv  is addressed, the corresponding sensitivity areas are presented in Fig. 9. With 

regard to the deck, the highest absolute value of sensitivity occurs near the support zone, 

reaching around -8 %/m2. Thus strengthening this area with a block of PET foam of dimensions 

0.5 x 0.5 m and with the elastic modulus increased by 50% makes the vertical displacement 

decreased by 2%. Moreover, the sensitivity near mid-span reaches -2 %/m2. On the other hand, 
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nearly 1/4 of the deck surface shows sensitivity equal to 0 %/m2 which means, that in this area 

the foam with decreased stiffness can be inserted without any negative impact on displacement. 

Additionally, considering the wall, minimum sensitivity occurs in the bottom of the wall around 

support and in the top around mid-span. 

(a) 

  
(b) 

 
 

Fig. 9. The impact of PET foam stiffness modulus variation on the variation of displacement – sensitivity areas 

[%/m2] of PET foam: (a)  of the wall, (b) of the deck 

 

5.2.3. The impact of laminate thickness variation on the variation of longitudinal strain 1 x  

Subsequently, the longitudinal strain is presented in a handrail in the mid-span of the 

footbridge 1 x  (Fig. 3a) assumed state variable and the thickness of laminate as a design 

variable. Sensitivity areas, showing impact of laminate thickness variation on the variation of 

strain, are presented in Fig. 10-Fig. 12. The results are more complex here. The sensitivity 

coefficients are both negative and positive, which means that the increased laminate thickness 

may cause a decrease or increase of the strain. Considering the handrail (Fig. 10), sensitivity is 

nearly zero from the support along the length of about 5 m, after which from 5 m it increases 

up to 10 %/m2, to finally fall to -10 %/m2 near the mid-span. The related results occur in the top 

of the inner (Fig. 11a) and outer (Fig. 11a) laminates of the wall. However, below, about 

halfway down, the sensitivity coefficients take mainly negative value, to become positive again 

in the bottom of the walls. On the other hand, in the deck, the minimum sensitivity value occurs 
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in the outer laminate under the wall in the mid-span equal -5.5 %/m2, while the maximum value 

appears in the inner laminate in the middle of the width reaching 1 %/m2. 

 

 

 
Fig. 10. The impact of laminate thickness variation on the variation of longitudinal strain – sensitivity areas 

[%/m2] of the handrail 

(a) 

 
 

(b) 

 
 

Fig. 11. The impact of laminate thickness variation on the variation of longitudinal strain – sensitivity areas 

[%/m2] of the inner laminate (a)  of the wall, (b) of the deck 

 

(a) 

 
 

(b) 

  
Fig. 12. The impact of laminate thickness variation on the variation of longitudinal strain – sensitivity areas 

[%/m2] of the outer laminate (a) of the wall, (b) of the deck 
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5.2.4. The impact of foam stiffness modulus variation on the variation of longitudinal strain 1 x  

Afterwards, the impact of variation of PET foam stiffness modulus on variation of 

longitudinal strain 1 x  is computed and presented in the form of sensitivity areas in Fig. 13. 

Considering the wall, the extreme value occurs in its top near the mid-span of the footbridge 

reaching -5.5 %/m2. Except that area, the sensitivity value is around 0 %/m2, which means that 

neither increasing nor decreasing the stiffness modulus of PET foam affects the change in strain. 

In the case of deck, the only area of positive sensitivity coefficient is the support zone. The 

sensitivity values are displayed in the form of a surface area of 0.5 x 0.5 m dimensions, taking 

values up to -2.5 %/m2. 

(a) 

 
 

(b) 

 
 

Fig. 13. The impact of PET foam stiffness modulus variation on the variation of longitudinal strain – sensitivity 

areas [%/m2] of PET foam (a)  of the wall, (b) of the deck 

 

5.2.5. The impact of laminate thickness variation on the variation of transverse strain 2 y  

Finally, the transverse strain in the outer laminate in the middle of the footbridge width and 

length 2 y  (Fig. 3a) are assumed state variable, the thickness of laminate is a design variable. 

Sensitivity areas are shown in Fig. 14-Fig. 16. Sensitivity coefficients may take both negative 

and positive values, like before. The extreme absolute value of sensitivity coefficient exceeds 

10 %/m2, mainly in the inner and outer laminates of the deck in the mid-span of the footbridge. 
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However, at the point in the middle of structural length and width, in the inner laminate, the 

sensitivity coefficient is positive while in the outer laminate it is negative. Thus, increasing 

thickness of inner laminate in this area causes significant increase of the considered strain. On 

the other hand, increasing thickness of the outer laminate leads to high decrease of a state 

variable. Furthermore, the presented sensitivity areas exhibit high variability. The maximum 

and minimum values of sensitivity coefficients occur in close proximity. The extreme values 

appear at a distance of about 1 m.  

 

 

 
Fig. 14. The impact of laminate thickness variation on the variation of transverse strain – sensitivity areas [%/m2] 

of the handrail 

 

(a) 

  
(b) 

 
 

Fig. 15. The impact of laminate thickness variation on the variation of transverse strain – sensitivity areas [%/m2] 

of the inner laminate: (a) of the wall, (b) of the deck 

 D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


(a) 

 

 
(b) 

  
Fig. 16. The impact of laminate thickness variation on the variation of transverse strain – sensitivity areas [%/m2] 

of the outer laminate: (a) of the wall, (b) of the deck 

5.2.6. The impact of foam stiffness modulus variation on the variation of transverse strain 2 y  

In addition, the influence of PET foam stiffness modulus variation on the variation of 

transverse strain 2 y  are presented in the form of sensitivity areas in Fig. 17. The sensitivity 

coefficients in the wall are relatively low, they reach extreme values of about -0.25 %/m2. 

However, in the deck, the value becomes significant, it exceeds 10 %/m2 in the mid-span of the 

footbridge. Thus, increasing the stiffness modulus in this areas make the transverse strain in the 

outer laminate increase. On the other hand, from 0 m to 6.5 m of the length the sensitivity 

coefficients are negative, taking values up to -5 %/m2 

(a) 

  
(b) 

 
 

Fig. 17. The impact of PET foam stiffness modulus variation on the variation of transverse strain – sensitivity 

areas [%/m2] of PET foam: (a) of the wall, (b) of the deck 
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6. Conclusions 

The paper focuses on multiparameter semi-analytical sensitivity analysis of U-shaped 

composite footbridge of a sandwich structure. The sensitivity vector that consists of sensitivity 

coefficients is computed by FEM and expressed in a matrix form, next represented graphically 

in the form of sensitivity areas. The conducted sensitivity analysis shows the regions to be 

strengthened in order to minimize vertical displacement, longitudinal strain in handrail and 

transverse strain deck in selected points, and the sections where the parameters can be reduced 

without the increment of state variables. 

Considering vertical displacement in the middle of the footbridge length and width, all 

sensitivity coefficients are negative. Therefore, increasing laminate thickness or elastic 

modulus of PET foam, a reduced displacement is obtained. Moreover, sensitivity areas indicate 

the regions with the highest impact of variation of the mentioned parameters on variation of 

considered displacement – the laminate in the deck in the mid-span of the footbridge, the top 

of wall, and PET foam near support zone.  

In terms of vertical displacement sensitivity coefficients are always negative, thus due to 

the considered longitudinal and transverse strain sensitivity coefficients take both negative and 

positive values. Thus increasing thickness of laminates or stiffness modulus of PET foam results 

in a decrease or increase of strain depending on the area.  

The presented sensitivity analysis, linked identification and optimization, forms divisions 

of theory of design. Sensitivity analysis shows similarities with optimization process, the latter, 

in order to find optimal solution, defines the objective function with set constrains determined 

by the design variables. The results are the final values of design variables. However, sensitivity 

analysis studies the relations between variations of design variables and state variables, 

providing more information for structural designer on the areas which affect chosen state 

variables in greater, lower or none extent. Hence, the obtained sensitivity analysis results may 
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support structural design process and the development of designed or existing structures to 

bring a more competitive product in the global market.  

Finally, the paper proves sensitivity analysis as a very helpful tool. Along with optimization, 

it can be effectively applied in the process of identifying parameters defining the numerical 

model. The final decision is always the designer’s work, but advanced, comprehensive methods 

provide him with the tools to complete the task successfully.  
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