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Abstract: We study the non-perfect propagation of information for evolving a low-dimensional
environment that includes self-evolution as well as noisy initial states and analyse the interrelations
between the degree of objectivization and environment parameters. In particular, we consider an
analytical model of three interacting qubits and derive its objectivity parameters. The numerical
analysis shows that the quality of the spectrum broadcast structure formed during the interaction
may exhibit non-monotonicity both in the speed of self-dynamics of the environment as well as
its mixedness. The former effect is particularly strong, showing that—considering part of the
environment as a measurement apparatus—an increase of the external magnetic field acting on the
environment may turn the vague measurement into close to ideal. The above effects suggest that
quantum objectivity may appear after increasing the dynamics of the environment, although not with
respect to the pointer basis, but some other, which we call the generalized pointer or indicator basis.
Furthermore, it seems also that, when the objectivity is poor, it may be improved, at least by some
amount, by increasing the thermal noise. We provide further evidence of this by analysing the upper
bounds on distance to the set of states representing perfect objectivity in the case of a higher number
of qubits.

Keywords: quantum Darwinism; decoherence; objectivity

1. Introduction

Quantum mechanics works perfectly and is reliable in an appropriate regime. Never-
theless, it leaves us with cognitive discomfort, as a theory that pretends to be fundamental
should describe whole physical reality, including the classical objective properties of the
systems that are inter-subjectively verifiable by independent observers. The problem is
that quantum formalism does not offer a simple footbridge from the quantum world to our
actual world. This issue involves many aspects; it has a long history and huge literature [1].
In particular, it involves a highly non-trivial question: Is it possible to circumvent the
fundamental restrictions (no-broadcasting [2,3]) on the processing of quantum informa-
tion to explain the emergence of the objective nature of information redundancy in the
actual world?

Thanks to Zurek’s quantum Darwinism concept [4], there are strong reasons to believe
that the decoherence theory pioneered by Zeh [5] and developed by Zurek [6,7] and
others [8,9] based on the system–environment (or, in the Bohr’s spirit: system–context [10])
paradigm offers the most promising approach to the emergence of classicality from the
quantum world.

Quantum Darwinism (QD) considers a decohering environment E as a “witness” that
monitors and can reveal the information about a system S . The environment consists of
multiple independent N fragments, and objectivity emerges when interacting with the
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system led to redundant information proliferation about system S measured by quantum
mutual information I(S : E) between the system and an accessible fragment of the environ-
ment, E ⊂ E, where I(S : E) = H(S) + H(E)− H(SE) is the mutual information between
the system and part of the environment and H(·) is the von Neumann entropy (see [11] and
the references therein). The term “objectivity” means that the state of the system satisfies
the following:

Definition 1. A system state S is objective when many independent observers can determine the
state of S independently, without perturbing it, and arrive at the same result [12–14].

The different theoretical and experimental implementations of QD have been consid-
ered and discussed based on the information-theoretic condition:

I(S : E) = H(S). (1)

In many cases, the above relation is sufficient to identify correctly emergent objective
properties in a quantum system in contact with an environment. Interestingly, sometimes
the nature of the quantum-classical interplay may be richer. In particular, examples have
been found in which QD can falsely announce objectivity, and it has been indicated that QD
can be inconsistent with the emergence of objectivity when the condition (1) is used [14–16].

In connection with the QD, a problem arises: To identify quantum primitive information
broadcasting state responsible for the emergence of the perceived objectivity. This issue was raised
in [14], where it was proven that Bohr’s non-disturbance measurement, full decoherence
and “strong independence” lead to the paradigmatic spectrum broadcast structure (SBS)
responsible for objectivity, which can be written in the following form:

$SE = ∑
i

pi|ψi〉〈ψi | ⊗ $E1
i ⊗ · · · ⊗ $EN

i , (2)

where E is the accessible environment, Ek ∈ {E1, E2, . . . , EN}, Ek ∩ Ek′ = ∅, Ek ⊂ E are the
subenvironments. The conditional states {$Ek

i } can be used to perfectly distinguish index i,
where {|ψi〉} is some diagonal basis of the S and {pi} its spectrum.

The basis {|ψi〉} has a special role in the above picture. It represents the objective
information about the quantum system. The above form (2) is agnostic about the physical
mechanism leading to it. Hence, we shall call the basis {|ψi〉} a generalised pointer basis (or,
alternatively an indicator basis). In the case of quantum Darwinism, when determined by
the interaction Hamiltonian, this basis becomes exactly the pointer basis. However, there
may be other physical processes that lead to the above (2) structure. This is directly related
to the main point of the present paper: any pointer basis is the generalized pointer basis
but not vice versa.

The above SBS state clearly shows the meaning of the terms “objective”/inter-subjective
used in Definition 1. This reveals the contextual nature of objectivity, which emerges as
a property of a system dependent on the combined properties of the system and the en-
vironment. These states have a discord of zero; hence, only the “classic” spectrum of the
system {pi} is broadcast to the environment, and therefore independent observers do not
have access to quantum information.

It has been proven that SBS is a stronger condition than the QD, i.e., SBS implies
QD [14]. The objective states with spectrum broadcast structure can be used as ideal
“frames of reference” to which any real states can be compared. The SBS was identified
in the many models of open quantum systems (see [17] and the references therein), and
its simulations on a quantum computer were demonstrated [18]. It was also shown that
the objectivity is subjective across quantum reference frames [19], including its dynamical
aspects [20].

It was mentioned in [14] that the SBS-like states may open a “classical window” for
life processes within the quantum world. Interestingly, the process of objectivization of
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information over time was analysed using quantum state discrimination and potential
applications for the theory of evolution of senses were suggested [12]. Remarkably, in
nature, there are thermal states the properties of which, seem to contradict objectivity
suggesting that thermality and objectivity are mutually exclusive. Recently Le et al. [21]
examined the overlap between thermal and objective states and showed that there are
certain regimes in which exist states that are approximately thermal and objective.

As mentioned above, the SBS implies quantum Darwinism condition (1); however,
the opposite implication does not hold. The discrepancy between the QD and SBS led
to the discovery of a stronger version of quantum Darwinism (SQD) [22], where (1) is
replaced by a stronger condition: A system state is objective if the following conditions
hold simultaneously:

I(S : E) = χ(S : E), (3a)

Iacc(S : Ek) = H(S), (3b)

I(E1 · · · EN |S) = 0, (3c)

where χ(S : E) is the Holevo information in the pointer basis π, Iacc(S : Ek) is the accessible
information and I(E1 · · · EN |S) is the conditional multipartite mutual information. It has
been shown that SQD is equivalent to bipartite SBS, and it is sufficient and necessary for
objectivity [22–24]. Thus, SBS and SQD are two extensions of the standard QD based on
the quantum state structure and information, respectively [25].

However, in the limit of a large environment the standard QD works very well.
In [11], the authors investigated a model based on imperfect C-NOT gates and showed that
relevant quantities for QD exhibited similar dependence on the size |Ek | of a fragment of
environment Ek, including scaling independent from the quality of the imperfect C-NOT
gates and the size of the fragment of environment Ek.

2. Aspects of Emergence of Objective Information on Quantum Ground

The fundamental elements of Zurek’s quantum Darwinism discovery were (1) The
methodological identification that classical correlations between the system and environ-
ment and redundant character of the information about the system in the environment are
a constitutive feature of objectivity. (2) Proof that this objective information is very special,
unambiguously determined by a system–environment interaction. More precisely, the
interaction chooses a basis, called the pointer basis, and this is the information concerning
the question “In which state of the pointer basis is the system in?” that is replicated by
interaction in the environment in a stable way. Quite remarkably, the latter feature is
responsible for the strong cognitive power of the whole process.

This is the case for the following three reasons. First, the information-theoretic correla-
tions between the system and parts of the environment have a classical, well-understood
character. Second, a subject observing a part of the environment not only knows that the
system is in some particular state but also knows exactly what the system state is, since the
latter belongs to a special basis—the pointer basis. Third, by a repetition of an experiment
of placing the system in the same state many times into the environment and observing
some part of the latter, the subject is also able to learn (via a collection of the experiment
statistics) about some parameters of the initial state of the system.

These correspond to the diagonal of the state written in the pointer basis. The parame-
ters are revealed in this process. In this sense, we may understand the quantum Darwinism
process as a process of objectivization that discloses the parameters of the system state.

In the present paper, we inquire as to whether and when the dynamical emergence of
objectivity is possible in a more relaxed sense—namely, when one retains only the element
(1) of Zurek’s program. More precisely, we only demand that the information about the
system being in one of the elements of some basis is classically present in the environment—
there are only classical correlations between system and environment. However neither
the basis needs to be directly related to the system–environment interaction nor do the
corresponding statistics need to directly correspond to some particular parameters of the
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initial state of the system. In this sense, the basis has only the character of the generalized
pointer basis (see discussion below (2)).

Below, we show that this kind of objectivization can emerge in low-dimensional
qubit systems. For this purpose, we examine the non-perfect propagation of information
from system S to the noisy environment E with self-evolution and analyse interrelations
between the degree of objectivization and environment parameters. We consider two
different environments, the first composed of one observed and one unobserved qubit and
the second one where there are seven observed qubits and one unobserved.

In particular, we consider an analytical model of three interacting qubits and derive
its objectivity parameters. Then, we show that, if the imperfection of the C-NOT gate is
known, the emergence of the objectivity albeit with respect to a different basis than the
one associated with the gate itself—can be triggered by carefully chosen environment
self-dynamics. For a seven-qubit environment, numerical calculations show that dynamics
of the environment may help the emergence of relaxed objectivity to happen.

3. Analytical Model for Three Interacting Qubits

Let us now investigate a model of three interacting qubits, where we consider one of
them as the observed system, and the remaining two constitute the observing environment
E . In the following, we will derive a closed analytical formula for the objectivity parameters,
viz. decoherence and orthogonalization, in a scenario where the information is widespread
using imperfect C-NOT gate (C-INOT gate), and where the time evolution includes self-
evolution of each of the qubits and their inter-environmental interaction.

3.1. Derivation of Objectivity Parameters

We model the C-INOT gates [11] defined by the formula:

UC-INOT ≡


1 0 0 0
0 1 0 0
0 0 sin(θ) cos(θ)
0 0 cos(θ) − sin(θ)

, (4)

where θ ∈ [0, π/2] is the imperfection parameter. For θ = 0, the gate reproduces the perfect
C-NOT gate. It does not allow to model the two qubit identity unitary. In this work, we
have chosen the Kronecker product convention where the primal structure of the matrix
representation is determined by the first space involved in the product.

There is an infinite number of Hamiltonians that can realise the gate (4) after some
fixed time of interaction. Here, we choose the following Hamiltonian:

HC-INOT ≡


0 0 0 0
0 0 0 0
0 0 (π/2)(1− sin(θ)) −(π/2) cos(θ)
0 0 −(π/2) cos(θ) (π/2)(1 + sin(θ))

. (5)

One may check that exp(−itHC-INOT) = UC-INOT for t = 1. We denote by H1
C-INOT, H2

C-INOT,
the Hamiltonians of C-INOT acting on the first and second qubits of the environment,
respectively, conditioned by the system bit.

We assume that the total Hamiltonian is given by:

HTOTAL ≡ H1
C-INOT + H2

C-INOT + α1H1 + α2H2 + α3H3. (6)

where
H1 ≡ σZ ⊗ 112 ⊗ 112, (7a)

H2 ≡ 112 ⊗ σZ ⊗ 112 + 112 ⊗ 112 ⊗ σZ, (7b)
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H3 ≡σZ ⊗ σZ ⊗ 112 + σZ ⊗ 112 ⊗ σZ+

112 ⊗ σZ ⊗ σZ + σZ ⊗ σZ ⊗ σZ,
(7c)

with 112 denoting identity on a single qubit space. Here, H1 is the self-evolution Hamiltonian
of the central system; H2 is the self-evolution of the environmental qubits that can be, e.g.,
caused by an external magnetic field; H3 contains inter-qubit interactions, between each pair
of the qubits plus the joint interaction between all three qubits via ZZ and ZZZ coupling,
respectively. α1, α2, α3 ≥ 0 are the interaction strength parameters.

Whereas (7b) easily generalizes for cases with more qubits in the environment, (7c) is
specific for the two-qubit case. Further in this paper, we consider other inter-environmental
interactions with larger environments.

One can rewrite HTOTAL = (π− α1)118 + M with 118 being the 3-qubit identity operator,
and M a block-diagonal matrix, giving V ≡ exp(−itM) also of block-diagonal form, with
blocks denoted by V0 and V1. The explicit form of those matrices is given in Appendix A.

We assume that the initial system–environment state $SE is given by:

$SE = |+〉〈+ | ⊗ $E1 ⊗ $E2 , (8)

where
$E1 = $E2 = $ ≡ p| 0〉〈0 |+ (1− p)| 1〉〈1 | (9)

are the environment qubit states, p ∈ [0, 0.5].
We note that, for α1 = α3 = 0 the state $ is the termal state of the environment and

p = e−α2/β

e−α2/β+eα2/β , or 1/β = 1
2α2

ln((1− p)/p), where β is the inverse temperature. This
holds because of the form of H2, i.e. the state | 1〉 is the ground state of the Hamiltonian.
After the time evolution, given by exp(−itHTOTAL), the joint state of the system and two
qubit environment in the computational basis of the observed system is

ρSE1E2comp = (1/2)
[

V0EV†
0 V0EV†

1
V1EV†

0 V1EV†
1

]
, (10)

where each element of the 2 × 2 matrix is a block 4 × 4 matrix and E ≡ $ ⊗ $ and
Vk ≡ exp(−itMk), k = 0, 1. After tracing out the second environmental qubit, we find,
again, in the computational basis, the following two qubit joint state of the system and
observing qubit:

ρSE1comp = (1/2)
[

Tr2(V0EV†
0 ) Tr2(V0EV†

1 )
Tr2(V1EV†

0 ) Tr2(V1EV†
1 )

]
, (11)

where Tr2 is the second qubit partial trace operation. Hence, we obtain the collective
decoherence factor in the form

Γ =
∣∣∣∣∣∣Tr2

(
V0EV†

1

) ∣∣∣∣∣∣
Tr

. (12)

This equation is the value of the trace norm of a 2 × 2 upper off-diagonal block of the 4 × 4
matrix (11). The trace norm is defined as ||A ||Tr = Tr(

√
A† A).

The probabilities c0 and c1 of the system being in a state 0 or 1 of the computational
basis are given by ci = (1/2)Tr (ViEV†

i ) = 0.5 and are revealed to be constant in time.
Conditioning upon the system state in the computational basis and tracing out the second
environmental qubit, we find that the conditional states of the remaining (observing) qubit,
denoted $0 and $1, where $i ≡ 〈i |S

(
ρSE1

)
| i〉S is a single qubit. Those states are obtained

by a projection of the joint state of the system and part of the environment on one of the
possible states of the system in the computational basis. If there is no coherence between
different states of the system, then the off-diagonal elements should vanish, as is explicitly
stated in the definition of SBSs.
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The (generalized) fidelity [26] (also called the Bhattacharyya coefficient), used as a
measure of state overlap [12] for two matrices $0 and $1 is defined as

F ($0, $1) ≡ Tr
√√

$0$1
√

$0. (13)

The larger the value of the fidelity, the poorer the orthogonalization of the relevant observ-
able. We provide explicit formulae for (12) and (13) in Appendix B.

The upper bound to the distance to the Spectrum Broadcast Structure [12,14] is

||ρSE1 − ρ
(SBS)
SE1

|| ≤ 2(Γ +
√

c0c1F ($0, $1)), (14)

which is true for some state ρ
(SBS)
SE1

having the SBS form (2). The bound (14) can be applied
to any state, not only qubit-qubit states. In Appendix C, we discuss the distance of the
evolved state to the thermal state.

3.2. Generalised Pointer Basis Optimal for SBS

Since the constituent Hamiltonians in (7) do not commute with the C-INOT gate
Hamiltonians, one cannot follow the paradigm of [6] and determine the generalized pointer
basis from the interaction Hamiltonian only. In other words, this is the case when the
generalized pointer basis (which may also be called the indicator basis) is a different object
from the pointer basis known from quantum Darwinism.

Above in (11), we wrote the evolved state in the computational basis, and the calcula-
tions of (A12) and (A16) refer to this basis. On the other hand, one may ask the question,
whether there exists some other basis of the observed system that manifests structure closer
to SBS.

For the two environmental qubit cases with one of them being traced out, we shall
look for the optimal SBS state—namely, the one that is the closest to the actual system–
environment state represented in the computational basis ρSE1comp (see (11)). To this aim,
we minimize the distance of the latter to the SBS states, which, by definition, have the form:

ρSBS
SE1

= p̃|ψ〉〈ψ |S ⊗ | χ〉〈χ |E1 + (1− p̃)|ψ⊥〉〈ψ⊥ |S ⊗ | χ⊥〉〈χ⊥ |E1 . (15)

Note that this form easily generalizes for environments of higher dimension with | χ〉〈χ |E1

and | χ⊥〉〈χ⊥ |E1 replaced with orthogonal $E1
0 and $E1

1 :

ρSBS
SE1

= p̃|ψ〉〈ψ |S ⊗ $E1
0 + (1− p̃)|ψ⊥〉〈ψ⊥ |S ⊗ $E1

1 . (16)

In the two-qubit case, minimisation of the corresponding distance∣∣∣∣∣∣ρSE1comp − ρSBS
SE1

∣∣∣∣∣∣
Tr

(17)

over all probability p̃, and state vectors |ψ〉, and | χ〉 defining (15) gives the optimal
SBS state:

ρSBS
SE1opt = p̃∗|ψ∗〉〈ψ∗ |S ⊗ | χ∗〉〈χ∗ |E1 + (1− p̃∗)|ψ∗⊥〉〈ψ∗⊥ |S ⊗ | χ∗⊥〉〈χ∗⊥ |E1 . (18)

The basis {|ψ∗〉, |ψ∗⊥〉} for which the minimum of (17) is attained should be consid-
ered as a candidate for the generalised pointer (equiv. indicator) basis for the case when
the total Hamiltonian (6) does not commute with the interaction Hamiltonians (5).

To be more specific, for |ψ〉 and | χ〉 being qubits, as in (15), we use the standard Bloch
parametrization

|ψ〉 = cos
(

xψ/2
)
| 0〉+ sin

(
xψ/2

)
exp

(
iyψ

)
| 1〉, (19)

with xψ ∈ [0, π], yψ ∈ [0, 2π], and similarly for | χ〉. Further, without loss of generality, we
assume p̃ ∈ [0.5, 1]. This last assumption assures continuity of the parameters obtained in
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the optimization, as without it the optimization has two possible equivalent solutions, viz.
the one from (15) and the second one with p̃ replaced with 1− p̃ and states replaced with
their orthogonal complements.

In the actual numerical calculations, we used unconstrained gradient search with
a continuous map R → [0.5, 1] for the p̃ parameter, and postprocessing of the resulting
optimal values xψ, yψ, xχ, yχ ∈ R to obtain angles within the proper Bloch parameter range
yielding the same qubit states. We illustrate the optimization of the SBS basis in Figure 1.

(a) SBS distance (b) p̃

(c) max(cos(xψ/2), sin(xψ/2)) (d) yψ

Figure 1. Sample results of SBS basis optimization (15) using the Bloch parametrization (19). We
consider the state state after time t = 1, with Hamiltonian (6) with parameters α1 = α3 = 0, for
different values of α2 and environmental mixedness p, cf. (9), and perfect CNOT interaction. Figure 1a
contains the minimized distance (17) obtained for p̃, xψ and yψ parameters shown in Figure 1b–d,
respectively. Note thin Figure 1a is the same as in Figure 2a (seen from a different angle). For xψ in
Figure 1c, we used trigonometric transformation, and thus that the value 1 refers to the computational
basis. Note that the phases factor yψ of the Bloch qubit strongly fluctuates in the region where the
computational basis is optimal, as in that case yψ has no impact on the state. In Figure 1c, the yellow
part corresponds to the standard basis and the light purple represents bases complementary to the
standard basis. The latter bases are in general different from Hadamard basis, which can be seen by
examination of the phases in Figure 1d. Each of the basis in the light purple region represents some
generalised pointer basis (see the discussion at the beginning of Section 3.2).
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(a) θ = 0 (b) θ = π/8

(c) θ = π/4 (d) θ = 0.9π/2

Figure 2. SBS distance for C-INOT central interaction with various values of the gate imperfection
parameter θ with 2 environmental qubits. Each value of θ = 0, π/8, π/4, 0.9π/2 refers to different
interactions between the central system and each of the environmental qubits, as given in (4). The
axis α2 describes the strength of the self-evolution of the environmental qubits, see (7b), and p refers
to the initial mixedness of the environmental qubits, see (9). The figure illustrates non-monotonic
dependence of the distance of the evolved state from the closes SBS state of the form (15) from the
parameters α2 and p. In particular, it can be seen that, in many cases, it is not the smallest value of
mixedness that leads to states close to the SBS form but the “optimal” environment mixedness p
depends on the value of the self-evolution strength α2.

3.3. Marginal Cases

Another interesting marginal case is for maximally mixed environment, i.e., for p = 0.5.
Then, µ = 1/4 and ν = 0, again leading to F ($0, $1) = 1. This is in agreement with [27], as
this case refers to maximal entropy of the environment, and thus its capacity is 0.

For fixed p 6= 0.5 and θ < π/2, we see from (A16) that the orthogonalization factor is a
function of r4. Thus, by changing the difference α2− α3, we can adjust the total Hamiltonian
so that the orthogonalization reaches its maximum. Thus, knowing the imperfections of
the interaction θ, mixedness p environment, and the internal interaction H3, we can, e.g.,
manipulate the magnetic field H2 acting on the environment, to improve the quality of the
measurement. We illustrate this adjustment in the following section.

4. Central Interaction: Optimization of Spectrum Broadcast Structure for
2 Environmental Qubits

We now consider the case when α1 = α3 = 0, and α2, θ ≥ 0, i.e., with imperfect central
interaction and self-evolution of environmental qubits with initial mixedness parameter p
after time t = 1, viz. at the time after which the central interaction has fully occurred.

We first note that, in the former Section 3, we considered the Spectrum Broadcast Struc-
ture obtained in the pointer basis [6], which was, in that case, equal to the computational
basis of the observed system. Yet, it is possible to calculate the SBS distance for a different
basis, viz. for the optimal basis, as introduced in Section 3.2.
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We used the gradient method [28] to find the basis that minimizes the SBS distance.
We note that the considered setup with only two qubits is very far from the one involving
the macroscopic environment, and thus the objectivity present in this model can be only
temporary since a single qubit is not able to induce full decoherence that is stable in time or
orthogonalization of observables.

Yet, we are interested in the classical properties of the evolved system at a particular
time moment, namely, the time that we denote as t = 1, the time at which the measurement
is supposed to occur. Still, this scenario illustrates the mechanism, and we leave the actual
scaling of the discussed non-monotonic phenomena for further research.

We performed the calculation of the SBS distance (17) for the case with α1 = α3 = 0 as
a function of self-evolution of the environment parameter α2 and environmental mixedness,
or noise, parameter p for various C-INOT imperfection parameter θ. The results are shown
in Figure 2. For better readability we show their marginal values for p = 0 in Figure 3a,
and for α2 = 0 in Figure 3b.

We observe that, for θ > 0, there exist values of α2 that allow improving the SBS
structure of the evolved state; thus, the self-evolution can to some extent counter-act the
interaction gate imperfections.

For the perfect C-NOT depicted in Figure 2a, we observe that, for small p, the self-
evolution has a destructive influence on the SBS formation. On the other hand, for large
values of p, adding some self-evolution may improve the SBS structure. This reveals
that, for p close to 0.5, the Hadamard basis is the actual optimal basis for SBS formation.
For α2 ≈ 1.5, we observe a surprising phenomenon—that increasing the environmental
mixedness may also improve the SBS formation.

A similar situation of non-monotonicity in both α2 and p can be clearly noticed in
Figure 2b,c refering to imperfect C-NOT with θ = π/8 and θ = π/4, respectively. For
small α2 ≈ 0 with increasing environmental mixedness, the optimal SBS basis approaches
the actual computational basis.

For large imperfections of C-NOT, with θ = 0.9π/2, Figure 2d, we see that the SBS is
being destroyed by noise in a monotonic way, but non-monotonicity in α2 shows that the
state is closest to SBS for α2 ≈ 1.5.

To better illustrate the non-monotonic phenomena, we depicted the marginal cases in
Figure 3a, where we show the SBS distance depending on α2, and in Figure 3b, where the
dependence on p is plotted.

(a) (b)

Figure 3. Illustration of non-monotonicity of SBS distance from the self-evolution of the environment
parameter α2 and environmental mixedness (noise) p. (a) Dependence of the SBS distance as a
function of α2 for α1 = α3 = p = 0 for various values of θ. (b) Dependence of the SBS distance as a
function of p for α1 = α2 = α3 = 0 for various values of θ.

For the sake of completeness, let us consider another form of the interaction between
the two environmental qubits—that is, the neighbour–neighbour interaction 2112 ⊗ σZ ⊗ σZ.
We plot this dependence in Figure 4. The same non-monotonic pattern can be seen as in
Figure 2.
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(a) θ = 0 (b) θ = π/8

Figure 4. SBS distance for interactions with C-INOT for various gate imperfection parameter θ with
2 environmental qubits. Visible is the dependence of the optimal environment mixedness p on the
value of the inter-environmental-evolution strength α3 for the Hamiltonian H3 = 2112 ⊗ σZ ⊗ σZ

instead of (7c).

Importance of the Basis Choice

In the present section, we illustrate the emergence of different indicator bases than
the pointer basis in another way, rougher than the one performed in Section 3.2. Rather
than performing full optimization, we perform a partial one, fixing the first one of the two
anticipated bases (standard or Hadamard) and analysing a specific parameter that will tell
us which of the bases is closer to the optimum.

To be more specific, in the optimization of the quantity (17), we allowed for any SBS
basis | φ〉 of the observed system in the calculation of the minimal distance of ρSE1comp from
the SBS set.

Now, let us assume that the basis | φ〉 is fixed, and the optimization is performed
only over pure qubits | χ〉 and p̃ ∈ [0, 1]. To this end, let us define the following subset of
SBS states:

S|ψ〉 ≡
{

σ : σ = p̃|ψ〉〈ψ | ⊗ | χ〉〈χ |+ (1− p̃)|ψ⊥〉〈ψ⊥ | ⊗ | χ⊥〉〈χ⊥ |, p̃ ∈ [0, 1]
}

. (20)

We define the distance D of the state ρ from the set S:

D[ρ,S] ≡ min
σ∈S
||ρ− σ ||Tr. (21)

Now, we illustrate the difference between choices of different bases by comparing
SBS distance if the basis of the SBS state is fixed to be either in the computational or in
the Hadamard basis in (15). To this end, in Figure 5, we plot the difference between the
minimized SBS-distance in the latter basis subtracted the minimized SBS distance in the
former basis, viz.

∆ ≡ D
[
ρSE1comp,S|+〉

]
−D

[
ρSE1comp,S| 0〉

]
. (22)

It can be easily seen that, even if we are not considering the optimal basis from (18)
but restrict to the two simplest choices, the computational and Hadamard, the formation of
the SBS structure favours either the former or the latter basis depending on the evolution
and environment parameters, even though the pointer basis in quantum Darwinism sense
does not change. One must remember that this is a very rough picture if compared to
that of Section 3.2. However, it shows that some tendencies concerning the information
about the system encoded in the environment may still be identified despite the use of less
computational effort.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Entropy 2022, 24, 467 11 of 19

(a) θ = 0 (b) θ = π/8

(c) θ = π/4 (d) θ = 0.9π/2

Figure 5. The difference ∆, see (22), of SBS distance for interaction with C-INOT various gate
imperfection parameter θ with 2 environmental qubits if the SBS is restricted to be in the Hadamard
basis subtracted with the SBS distance if the SBS is restricted to be in the computational basis. The
warmer color indicates that the evolved state ρSE1comp is closer to SBS in the computational basis, and
the cooler colour is in those regions, where the evolved state is closer to SBS in the Hadamard basis.

5. Central Interaction: Optimization of Spectrum Broadcast Structure for
8 Environmental Qubits

Next, we considered a case with a larger number Nenv of environmental qubits. In this
case, we consider the broadcast Hamiltonian to be a sum

Hint =
Nenv

∑
i=1

Hi
C-INOT, (23)

where Hi
C-INOT is defined by (5) with transformation over i-th environmental qubit con-

trolled by the central system. We consider only the self-evolution of separate environmental
qubits, and thus this is a direct generalization of the three-qubits case with α1 = α3 = 0
and arbitrary α2. The self-evolution Hamiltonian is (in analogy to the 3-qubit case from
Section 3.1):

H2 = α2

Nenv

∑
i=1

σi
Z, (24)

where σi
Z acts on i-th environmental qubit.

We performed numerical calculations for an 8-qubit environment. We assumed that
7 of these qubits constitute the observer, with the last qubit being trace-out. In all cases in
this section, we considered the optimal SBS basis.

The optimization of (17) for environments of dimension larger is much more difficult;
thus, we were not able to find the state (16) exactly. Instead, we calculated the upper bound
of [12], cf. (14) to check if the non-monotonic phenomena that we observed for two qubits
can be expected to occur also in this case. The results of the numerical optimization are
shown in Figure 6. The calculated upper bounds suggest that there exists some regime of
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gate imperfection θ, where both self-evolution and noise of the environment can improve
the SBS structure as in the case of a two-qubit environment (see Sections 3 and 4).

We stress that the quantity (14) of [12] is only an upper bound, even though it can be
applied to a state, and is easily computable. The calculation of (14) is purely algebraic and
does not require any optimization procedure. On the other hand, since it provides only an
upper bound, the exact results may diverge from those obtained with the bound, yet the
similarity of behaviour of the plots obtained with the bound (see Figure 6) is similar to those
derived using optimization of an exact formula (see Figure 2). This shows that the upper
bound is able to properly grasp the non-monotonic tendencies occurring in both scenarios.

(a) θ = 0 (b) θ = π/8

(c) θ = π/4 (d) θ = 0.9π/2

Figure 6. SBS distance for C-INOT with various gate imperfection parameters θ with 8 environmental
qubits. Each value of θ refers to a different interaction between the central system and each of the
environmental qubits, as given in (4). The axis α2 describes the strength of the self-evolution of the
environmental qubits, see (24), and p refers to the initial mixedness of the environmental qubits,
see (9). The figure illustrate non-monotonic dependence of the upper bound (14) on the distance of
the actually evolved state from the closes SBS state of the form (15) on the parameters α2 and p. In
particular, it can be seen that, in many cases, it is not the smallest value of mixedness, which leads to
states closing (in an upper bound sense) to the SBS form, but the “optimal” environment mixedness
p depends on the value of the self-evolution strength α2.

For perfect C-NOT, see Equation (4), with θ = 0, for majority values of α2 the SBS
distance is gradually growing with increasing p, approaching value close to 1 for the
maximal mixedness p ≈ 0.5. For α2 ∈ [0, 1] the SBS distance is also increasing for p ≈ 0.
Yet, for large values of α2 and p, a slightly non-monotonic behaviour is seen in p.

For θ = π/8, a clear improvement in SBS formation with increasing p can be seen
in Figure 6b, where the optimal value of α2 is increasing with p. For α2 ≈ 0, it can
be observed that the SBS is best formed for p ≈ 0.1, which is also a surprising effect,
confirming the previous observation that, with self-evolution of environment, it is possible
that more noised (mixed) initial environment is more suitable for SBS formation that the
pure environment. Even stronger effect is visible in Figure 6c. Still, it should be noted that,
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in those cases the SBS distance upper-bound is very large, close to 1, or even higher, and
thus its behaviour may serve only as a preliminary suggestion regarding the behaviour of
the actual distance to SBS of the formed states, and as such, should be followed by tight
analytical approximations in the future.

In the case of large imperfections of C-INOT, viz. θ = 0.9π/2, see Figure 6d, a
clear effect of improvement in SBS formation for increasing self-evolution of environment
parameter α2 occurs, which is especially strong for small p ≈ 0.

6. Non-Central Interaction for Eight Qubits

Now, let us consider the case with interaction between environmental qubits of the
following neighbour–neighbour form:

H3 = α3

Nenv

∑
i=1

σi
Z ⊗ σ

(i mod Nenv+1)
Z , (25)

where Nenv is the number of qubits in the environment, and σi
Z acts on i-th qubit of the

environment. We calculated the upper bound [12] for the case with α1 = α2 = 0 and eight
qubits as a function of the imperfection of C-INOT parameter θ and environmental noise
p. The results are show in Figure 7. A strong non-monotonicity in α3 can be observed for
low values of p, e.g., in the case of θ = 0.9π/2, where taking α3 ≈ 2 can repair the effect of
C-INOT imperfection.

The analogous situation takes place for fixed α ≈ 0.75 where the bound is decreasing
with increasing initial noise for the region of p ≈ 0.1. One should remember, however,
that, in this case, the numerical values of the bound are high, and the search for possible
non-monotonous behaviour of the exact distance as a function of p should be continued.

Figure 7. Upper bound on the distance to an SBS state for 8-qubit environment and α1 = α2 = 0 as a
function of neighbour–neighbour interaction (25) strength α3 and mixedness p of the environment.

7. Conclusions and Discussion

We examined the aspects of the emergence of objective information in the dynamic
physical scenario in low-dimensional qubit systems. More precisely, we considered the
non-perfect propagation of information from the system to the noisy environment with
self-evolution, where the imperfect C-NOT gate [11] is accompanied by the presence of
the self-dynamics of the environment, which—in general—may be in an initially mixed
(thermal) state. We considered two different environments, the first composed of one
observed and one unobserved qubit and the second one where there are seven observed
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qubits and one unobserved. In particular, we examined an analytical model of three
interacting qubits, and we derived the objectivity parameters.

We considered examples with the system in the Hadamard state and showed that, if
the imperfection of the C-NOT gate is known, the emergence of the objectivity—albeit with
respect to a different basis than the one associated with the gate itself—can be enhanced
by a carefully chosen environment self-dynamics, which may be interpreted only as an
external magnetic field. The numerical optimization shows that the quality of the spectrum
broadcast structure formed during the interaction may be non-monotonic both in the speed
of self-dynamics of the environment as well as its mixedness. We interpret this phenomenon
as the emergence of a new type of objectivity, which may be called a relaxed objectivization,
since the statistics do not disclose any parameters of the initial state of the system but
present to the observer some new ones, generated during the complex dynamical process.

We also discussed the case of eight qubits of environment and numerical calculations
supporting the general conjecture, where the dynamics of the environment may help the
emergence of objectivity to occur. This suggests that, even if the imperfectness of the C-NOT
is large enough to destroy objectivity in the standard scenario [11], one may observe its
“comeback” as a kind of phase transition due to the carefully tuned self-dynamics of the
environment.

We believe that the above concept of the relaxed objectivization is interesting in itself
because it concerns the general question of whether the system is in fully classical relation
with the environment in the philosophical, purely existential sense—namely, that one is
allowed to make a sensible claim that some of its property exists. In this sense, the present
approach brings out the ontological aspect of emergent objectivity in a quantum world.

The possible cognitive and practical consequences lead two directions. First, if we
are in the engineering paradigm, we know that objectivity (technically represented here
by the SBS structure) makes the system–environment composition useless for coherent
quantum information processing. This may be important in experiments monitoring a
general interaction of a given system with a mesoscopic environment, including quantum
memory and other coherent effects. In such cases, one should know methods to keep its
state far from such an objective form.

The present analysis suggests that it can be done in a simple way—namely, by tuning
an external magnetic field. Second, the present analysis may inspire several open questions
concerning the possibility of the emergence of objectivity close to the original quantum
Darwinism paradigm, yet more relaxed in certain physical scenarios [29].

For instance, we considered only the situation when the information was objectively
“mirrored” in one environment (cf. [21]). Is it possible to observe the present, relaxed
objectivity effect stable in time for a large number of environments as in the case of
quantum Darwinism objectivity? If so, is it possible to find situations when, despite the
“unfriendly circumstances”—environment dynamics, noise and deviation from the C-NOT
gate interaction—the information about some parameters of the initial state of the system
can still be easily retrieved from the environment?

Another question would be, whether and when the present objectivised basis can
be exploited to read out some well-defined parameters of the whole dynamics. The
original pointer basis was defined by a local element, i.e., a system–environment interaction
Hamiltonian. Concerning our case: does one need to know all the global dynamics, or are
there cases when knowledge of some parameters of the global dynamics (and, perhaps, its
particular symmetries) is sufficient to determine our analogue of the pointer basis?

For more than two environments, the SBS structure is stronger than Strong Quantum
Darwinism [22]. However, the concept of generalized pointer basis in those dynamical
scenarios where interaction Hamiltonian alone does not determine objectivity may be, in
full analogy, defined for Strong Quantum Darwinism, since the latter is also agnostic to the
physical mechanism leading to it. The corresponding system environment state satisfying
SQD is of a quite general form $SE ′ = ∑i pi|ψi〉〈ψi | ⊗ $E

′
1···E ′N

i but with a special property.
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There must exist some isometries that act locally on the parts of environments UE
′
1

i ⊗
· · · ⊗UE

′
N

i : E ′1 ⊗ · · · ⊗ E ′N → E1E”1 ⊗ · · · ⊗ ENE”N and transform the state $SE ′ into
another state $SEE” in such a way that, after tracing out the E” parts of the environment,
one finds the SBS state defined in (2) (the domains of the isometries also involve those
degrees of freedom that carry possible correlations between different parts of environments
but are irrelevant for objectivity). If there are interactions between different parts of the
environment, it is likely that objectivity will be encoded in the above general SQD form
due to correlations produced by the interactions.

Searching for a generalized pointer basis in a dynamical system may be even more
demanding, especially if the environment corresponds already to so-called macrofractions
(see [14]). In those cases, most likely new analytical methods will be needed due to the
complexity and numerical intractability of the problem.

Finally, the observed non-monotonicity of objectivity under the parameters of the two
potentially “unfriendly” elements of the scenario—the speed of the environment dynamics
and mixedness of its states seems counterintuitive. We believe that this requires further
investigation in more complex models—both from the SBS as well as SQD perspective—
and may lead to some applications that are difficult to identify at this present, early stage
of analysis.
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The following abbreviations are used in this manuscript:

SBS spectrum broadcast structure
QD quantum Darwinism
SQD strong quantum Darwinism
C-NOT controlled-NOT gate
C-INOT controlled imperfect-NOT gate
F fidelity
I(S : E) mutual information between the system and part of the environment
H(·) von Neumann entropy
χ(S : E) Holevo information between S and E

Appendix A

Direct calculations show that HTOTAL = (π − α1)118 + M, where 118 is the 3-qubit

identity operator, and M ≡
[

M0 0
0 M1

]
is a block diagonal matrix with M0 and M1 given by:

M0 ≡


ξ1 0 0 0
0 ξ2 0 0
0 0 ξ2 0
0 0 0 ξ3

, (A1a)
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M1 ≡


−y −x/2 −x/2 0
−x/2 0 0 −x/2
−x/2 0 0 −x/2

0 −x/2 −x/2 y

, (A1b)

where we denote:
ξ1 ≡ −π + 2α1 + 2α2 + 4α3, (A2a)

ξ2 ≡ −π + 2α1 − 2α3, (A2b)

ξ3 ≡ −π + 2α1 − 2α2, (A2c)

x ≡ π cos(θ), (A2d)

y ≡ π sin(θ)− 2α2 + 2α3. (A2e)

We often use the following term:

w ≡
√

x2 + y2. (A3)

Calculating the eigendecomposition of (A1b), we find that M1 = U · D ·U†, where D
is the diagonal matrix with elements (0, 0, w,−w), and unitary U is given by:

U ≡ (1/2)


0

√
2x/w (w− y)/w (w + y)/w√

2 −
√

2y/w −x/w x/w
−
√

2 −
√

2y/w −x/w x/w
0 −

√
2x/w (w + y)/w (w− y)/w

. (A4)

Using this formula, we can calculate V ≡ exp(−itM) to be block diagonal with blocks V0
and V1, where V0 is the diagonal matrix with elements (u1, u2, u2, u3),

ui ≡ exp(−itξi), (A5)

and V1 = R + iQ, with R and Q defined as follows:

R ≡


r1 r2 r2 r3
r2 r4 r3 −r2
r2 r3 r4 −r2
r3 −r2 −r2 r1

, (A6a)

Q ≡


−q1 q2 q2 0
q2 0 0 q2
q2 0 0 q2
0 q2 q2 q1

, (A6b)

where
r1 ≡ 0.5(x2 + (w2 + y2) cos(tw))/w2,

r2 ≡ −0.5xy(1− cos(tw))/w2,

r3 ≡ −0.5x2(1− cos(tw))/w2,

r4 ≡ 0.5(x2 cos(tw) + w2 + y2)/w2,

(A7)

and
q1 ≡ −y sin(tw)/w,

q2 ≡ 0.5x sin(tw)/w.
(A8)
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One can check by direct calculations that the following identities hold:

r2
1 + q2

1 − r2
4 = 0,

q2
2 + r2

2 + r2
3 + r3 = 0,

r1r2 + r2r3 − q1q2 + r2 = 0,

q1r2 + q2r1 − q2r3 − q2 = 0,

r4 − r3 − 1 = 0,

(A9)

and that r3 ∈ [−1, 0] and r4 ∈ [0, 1].

Appendix B

Using the notation of Appendix A, direct calculations show that, for Γ defined
in (12), we have:

Γ = p
√

s1 + 2<(u1u∗2s2) + (1− p)
√

s1 + 2<(u2u∗3s2), (A10)

where < is the real part of a number, and

s1 ≡ (p2 + (1− p)2) · r4, (A11a)

s2 ≡ p(1− p) ·
(
(r1 + iq1)r4 − (r2 − iq2)

2
)

. (A11b)

The states $0 and $1, obtained by conditioning upon the system state in the computa-
tional basis and tracing out the second environmental qubit, are equal,

$0 =

[
p 0
0 1− p

]
, (A12a)

$1 =

[
1 + p(2r4 − 1)− r4 (1− 2p)(r2 + iq2)
(1− 2p)(r2 − iq2) p(1− 2r4) + r4

]
. (A12b)

From the above, it follows that, for

µ = −p(1− p)(2r4 − 1) + 0.5r4, (A13)

we have

√
$0$1
√

$0 − µ112 =

[
(p− 0.5)r4

√
p(1− p)(1− 2p)(r2 + iq2)√

p(1− p)(1− 2p)(r2 − iq2) −(p− 0.5)r4

]
. (A14)

Using (A9), we find that the eigenvalues of (A14) are ±ν, where

ν = 0.5|1− 2p |
√

r4(r4 − 4(p− p2) · (r4 − 1)). (A15)

Thus, we have the following closed form for (13):

F ($0, $1) =
√

µ + ν +
√

µ− ν. (A16)

Appendix C

The state of an environmental qubit is given as the average of (A12), and thus it equals[
0.5− r4(0.5− p) 0.5(1− 2p)(r2 + iq2)

0.5(1− 2p)(r2 − iq2) 0.5 + r4(0.5− p)

]
. (A17)

Now, let us consider how close is this state to the Gibbs state, in particular directly after the
short-term C-INOT interaction, i.e., for t = 1?
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Since the Hamiltonians (7) are diagonal in computational basis and proportional to

σZ =

[
1 0
0 −1

]
, the Gibbs state will also be diagonal, with the second diagonal value greater

or equal the first (for σZ | 1〉 is the ground state).
Recall that from the form of the thermal environment (9), we have p ∈ [0, 0.5]. One can

check that r4 ∈ [0, 1], and thus r4(0.5− p) ≥ 0. Thereby, the second diagonal term of (A17)
is greater or equal to the first, and thus the trace distance of the state (A17) from the closest
thermal state is given by∣∣∣∣∣∣∣∣[ 0 0.5(1− 2p)(r2 + iq2)

0.5(1− 2p)(r2 − iq2) 0

] ∣∣∣∣∣∣∣∣
Tr

, (A18)

where ||· ||Tr denotes the trace norm. This is equal to

|1− 2p |
√

r2
2 + q2

2 = |(1− 2p) |
√
−r2

4 + r4. (A19)

Direct calculations using (A9) show that either of the sides of (A19) can be rewritten also as

|0.5− p |x

√
1− cos

(
t
√

x2 + y2
)√(

1 + cos
(

t
√

x2 + y2)

))
x2 + 2y2/(x2 + y2). (A20)

For fixed p and θ, the value of (A19) is a function of r4 that depends on the difference
α2 − α3. The same holds for F ($0, $1), cf. (A16), as µ and ν are also functions of p, θ and r4,
and thus there is a direct interplay between those two phenomena, the orthogonalization
of observables and thermalization.
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