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Abstract: The effect of nonlinearity is high sensitivity in damage detection, especially for closed cracks and delamination. This review  
illustrates the results of several researchers dealing with nonlinear effects caused by the closure of cracks in the structure, i.e., beam  
and plate structures. Early detection of damage is an important aspect for the structure and, therefore, continuous progress is being made 
in developing new and effective methods that use nonlinear effects for early detection of damage and barely visible cracks, i.e., closed 
cracks and delamination, as well as for the determination of crack size and location. After analysing various methods, the merits,  
drawbacks and prospects of a number of nonlinear vibration methods for structural damage detection are discussed,  
and recommendations are made for future researchers. 
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1. INTRODUCTION 

Safe structures with high efficiency are a prerequisite for vari-
ous applications, such as sporting goods, automotive, construc-
tion and aerospace industries. Nowadays, structural damage 
poses a challenging problem in most applications. There are two 
types of cracks that commonly occur in structural systems: open 
cracks and closed cracks. Open cracks cause a decrease in 
physical stiffness, resulting in a largely linear structure with lower 
load carrying capacity and lower vibration frequencies [1, 2]. 
Owing to the bilinear stiffness characteristics associated with open 
and closed circumstances, the formation of breathing cracks not 
only lead to a reduction in stiffness of the structure, but also caus-
es the linear structure to become nonlinear. The most common 
cause of structural failure is cracking due to fatigue and corrosion 
[3, 4]. 

A closing crack or breathing is a change in the stiffness of the 
body in the process of cyclic deformation by stretching and com-
pression with opening and closing, respectively. A closing crack is 
an immediate change in the stiffness structure. This property 
leads to the nonlinear dynamic behaviour of mechanical systems 
and nonlinear effects such as the occurrence of subharmonic and 
superharmonic resonances and the nonlinearity of the vibration 
response (which includes displacement, velocity, acceleration and 
deformation) and the main resonance [5-7].  

To avoid catastrophic failure in a variety of practical applica-
tions, the development of diagnostic techniques that are sufficient-
ly sensitive to incipient fractures in structures and machines is a 
critical issue [8]. The diagnostics employ vibration-based and 
wave propagation based approaches; the most important potential 
advantage of vibration diagnostics based on nonlinear effects is 
its relatively high sensitivity to closing crack damage. Many vibra-
tion-based diagnostic techniques are used and studied by differ-

ent researchers, as well as wave propagation-based approaches. 
Conventional spectral analysis is an approach based on the exist-
ing vibration-based diagnostic system. However, spectrum analy-
sis has the crucial disadvantage that the amplitudes of nonlinear 
harmonics are extremely susceptible to measurement noise, 
which may distort the applied damage detection procedure em-
ployed [9, 10]. Researchers are still searching for newer methods 
(for detecting internal cracks in structures based on vibration 
feature extraction) that have higher sensitivity to the presence of 
damage, while being simple to use. Vibration characteristics 
include changes in damping, subharmonic and superharmonic 
vibrations, nonlinear distortions of vibration at the principal reso-
nance, changes in the transfer function, distortion of phase trajec-
tories and so on [11-13]. 

 
Fig. 1. Crack detection in beam-like structures [14] 
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The primary objective of this review is to highlight the major 
accomplishments of numerous researchers who have investigated 
the nonlinear effects caused by a closing crack in beam and plate 
structural elements, with the goal of determining the possibility 
and future prospects of using nonlinear behaviour to detect dam-
age. After a review of current methods, various methods are 
analysed, the merits, drawbacks and prospects of a number of 
nonlinear vibration methods for structural damage detection are 
discussed and a recommendation is made for future researchers. 

The rest of the paper is organised as follows. Section 2 dis-
cusses various methods for detecting closed cracks in structures 
using nonlinear vibration methods. Section 3 presents numerical 
and experimental studies for closed crack detection in beams. 
Section 4 analyses various methods in plates using a nonlinear 
effect in the structure. Section 5 concludes the paper. 

2. METHODS OF CLOSED CRACK DETECTION  
IN STRUCTURE 

Non-destructive testing of structures and diverse technical 
components can be performed effectively, economically and 
quickly using vibration measurements. The features of the linear 
response of the open crack model can only detect the crack at an 
advanced level, but the effects of the nonlinearity of the closed 
crack model can be used to detect the crack at an early stage 
[15]. Potential structural damage mechanisms in engineering 
structures are associated with structural nonlinearities, which 
require extensive measurements and analysis of nonlinear vibra-
tion properties to detect and evaluate. The difficulty in finding 
breathing cracks is that the dynamic properties of a structure with 
a breathing fracture change significantly more slowly. Research-
ers have found that a structure with a closing crack behaves more 
like a nonlinear system, comparable to a bilinear oscillator, and 
that the nonlinear response characteristics can be used to detect 
the crack [12]. Early researchers used methods to evaluate 
changes in natural frequencies and natural modes to detect dam-
age [16]. Changes in natural frequencies and natural modes, 
according to M. Dilena et al. [17] and Vimal M. et al. [18], are 
insufficient to detect minor cracks in the structure, i.e. closed 
cracks. 

Cracked structures with one degree of freedom have been 
simplified as oscillators with single degree of freedoms (DOFs) 
[19]. In early research on breathing cracks, cracked beams were 
simplified as single-DOF oscillators whose stiffness in half cycles 
for tension and compression was represented by asymmetric 
linear or nonlinear functions. This approach was extended to 
cracked structures with multiple degrees of freedom, while, peri-
odic changes in crack locations were incorporated into dynamic 
stiffness matrices to model closing cracks [20]. For continuously 
cracked beams with infinite DOFs, ‘breathing’ cracks were mod-
elled analytically [21].  

A. Chatterjee [22] applies the nonlinear dynamic model of the 
cracked structure using higher-order frequency response func-
tions and a bilinear restoring force using a polynomial series. The 
effect of crack severity on the amplitudes of the harmonic re-
sponse is investigated and a new method for estimating crack 
severity by measuring the amplitudes of the first and second 
harmonics is proposed [1, 23]. Most researchers model closing 
cracks for beam structures and closing delaminations for plate-like 
structures to simulate their closing motions during vibration. The 
crack is modelled as a local flexibility [24] in the structure. The 

size of the crack and its location are studied by changing the 
modal parameters such as natural frequency [25-26] and damping 
factor [27]. The detection of cracks by the vibro-acoustic method 
has been performed elsewhere in the literature [28-31]. A well-
known approach for vibro-acoustic diagnosis of bilinearity of a 
mechanical system is the free vibration method [32]. In this meth-
od vibro-acoustic signals are used to evaluate the dependencies 
of the free vibration decrement and the natural frequency as a 
function of the crack size. Z. Kıral et al. [33] state that the change 
in decrement is a more sensitive indicator of damage compared to 
the natural frequency. Some effective and accurate measurement 
and analysis techniques have been developed and effectively 
used to detect and identify structural nonlinearities, the effects of 
which are readily apparent in the observed conventional first-order 
frequency response functions (FRFs) [34]. The other structural 
nonlinearities caused by closing cracks do not contribute to the 
first-order FRFs. Therefore, Riccardo Cappello et al. [35] devel-
oped a method to identify the physical parameters of breathing 
cracks using second-order FRFs, and R.M. Lin and T.Y. Ng [36] 
report that higher harmonics are efficient indicators of closing 
cracks. Although higher harmonics may indicate the occurrence of 
closing cracks [33], the amplification effect of higher harmonics 
due to differentiation is quantitatively investigated using several 
scenarios.  

The nonlinear behaviour of harmonics generated by breathing 
cracks is well explained by the nonlinear pseudo-force (NPF) and 
experimentally validated on a beam with a fatigue crack by non-
contact vibration measurement [38]; the same evidence was also 
provided by M. Cao et al. [39] for the localisation of ‘breathing’ 
delamination by using deflection forms at nonlinear harmonics. W. 
Xu et al. [40] analytically formulated the nonlinear pseudo-force by 
rearranging the equation of transverse motion of the cracked 
beam. The concept can be used to localise cracks and elucidate 
the mechanism needed for the generation of higher harmonics by 
‘breathing’ cracks. Cui et al. [41] used bispectrum analysis to 
detect ‘breathing’ cracks by studying the nonlinear dynamic prop-
erties of cracked beams. K. Wang et al. [42] developed a two-
dimensional analytical model to interpret the modulation mecha-
nism of a breathing crack to guide ultrasonic waves. Semperlotti 
F. et al. [43] explicitly reveal that the harmonic generation mecha-
nism is a fundamental issue in the study of breathing cracks. 

3. NUMERICAL AND EXPERIMENTAL DETECTION  
OF CLOSED CRACK IN BEAM 

3.1. Model of crack beam  

The use of nonlinear models for cracked beams is crucial in a 
closed crack of the structure to detect the crack and fully under-
stand the vibration characteristics generated by the breathing 
crack. The modelling of the breathing crack is an important step 
that lays the groundwork for crack analysis and identification. 

According to A. Rivola and PR. White et al. [44], the bispec-
trum can be used to examine the system response and the biline-
ar oscillator model to mimic the nonlinear behaviour of a beam 
with a closing crack. As seen in Fig. 2, the breathing crack can 
have a bilinear stiffness effect. Then, in Figs. 3–5, a single, two, 
and many cracks in the structure are depicted, respectively, where 
a is crack depth, b is beam width, h is beam height and L is beam 
length.  
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Fig. 2. Cantilever beam with breathing crack [45] 

 

Fig. 3. Schematic diagram of a cracked simply supported beam  
            with single cracks [46] 

 

Fig. 4. Schematic diagram of a cracked simply supported beam  
           with two cracks [46] 

 

Fig. 5. Schematic diagram of a cracked simply supported beam  
            with three cracks [46] 

To model stiffness change in bilinear oscillators, Chu and 
Shen [47] proposed a replacement closed-form solution for biline-
ar oscillators under low-frequency excitation utilising two square 
wave functions. Their study proposes a simple polynomial model 

for modelling the beam with a breathing crack. For a cracked 
cantilever beam with a transverse one-edge non-propagating 
closing crack, the polynomial model is confirmed. This amplitude-
dependent polynomial model can be used to simulate nonlinear 
systems with bilinear behaviour. According to Caddemi and Caliò’ 
[48], the closing crack was approximated using Dirac’s deltas, 
which enabled closed-form evaluation of beam mode forms for a 
generic crack configuration. It should also be mentioned that the 
nonlinear effect of the system is stronger if the superharmonic 
components include more energy in the output spectrum. 

3.2. Subharmonic and superharmonic resonance vibration 

When a system with a breathing crack is activated by a single 
harmonic force, the response shows different nonlinear properties, 
according to F.E. Dotti et al. [49] the excitation causes the crack to 
open and close, resulting in harmonics that are integer multiples 
or fractional multiples of the driving frequency. Superharmonic 
and subharmonic are the terms used to describe these harmonics. 

According to Bovsunovskii et al. [50], the vibration of a canti-
lever beam with a closing crack under the action of a harmonic 
concentrated force was characterised by superharmonic reso-
nances of order j/i (the symbol j/i denotes the ordinal number of 
the nonlinear regime, which indicates how many natural periods of 
vibration j fall at i periods of the external harmonic excitation), with 
very small amplitudes. 

The displacement time history response of the actual system 
and the corresponding Fourier spectrum of the approximated 
polynomial system are given in Figs. 6a and 6b, respectively, as 
depicted in the study of Prawin and Rao [45]. The nonlinear effect 
of the system is increased if the superharmonic components 
include more energy in the output spectrum. 

 
Fig. 6. The actual bilinear response and polynomial response [45] 

Nonlinear vibration characteristics, according to Broda et al. 
[51], are more sensitive to breathing cracks, especially when 
subharmonic and superharmonic resonances are present. Addi-
tionally, Andreaus et al. [52] investigated the cracked beam’s 
forced harmonic response by treating the closing crack interfaces 
as a contact problem and used finite analysis software. The re-
sults of the simulations showed that subharmonic and superhar-
monic resonances exist in the broken beam. However, the phe-
nomena that caused these several harmonics to appear in the 
experiment have yet to be fully explained. The fundamental rea-
son for this is that the nonlinear vibration of a beam with a breath-
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ing crack is poorly understood, and the intrinsic link between the 
subharmonic and superharmonic resonance responses and the 
beam parameters is not well understood, necessitating further 
research into cracked beams [53]. Pugno et al. [54] created a 
novel stiffness model that takes partial crack closure into account. 
The finite element approach was used to generate a nonlinear 
dynamic equation for a beam with a breathing crack, and the 
multiple-scales method was used to assess the approximate 
steady-state response of the cracked beam to a harmonic excita-
tion. According to their findings, the crack parameters, as well as 
a combination of the crack parameters and excited force parame-
ters, influence the nonlinear vibration of a cracked beam. 

Under some circumstances, this system presents third-order 
superharmonic resonance, second-order superharmonic reso-
nance, 1/2th-order subharmonic resonance, combination reso-
nance and multiple resonances. The most used combinations are 
the second-order subharmonic when the system is excited at 
twice its natural frequency; the second-order superharmonic, 
when the system is excited at half of its natural frequency; and the 
third-order superharmonic, when the system is excited at one-third 
of its natural frequency [55, 56]. 

 
Fig. 7. damage severity with modal curvature [57] 

This is especially important when dealing with a more sophis-
ticated structure. In fact, if the chosen forcing frequency only 
excites modes with curvature-nodes close to the damage position, 
even huge cracks may go undetected by harmonics approaches. 
Figure 7 shows how this problem is qualitatively expressed. As 
the modal-effective damage increases, one moves from a low-
damage zone where no identification is possible to a zone where 
only superharmonic  are sensitive to damage; as the damage 
increases further, one reaches a zone where subharmonic are 
sensitive and preferable; and finally, a zone is reached where 
more simple linear methods are effective. 

3.3 Forced vibration 

3.3.1. Governing equation of forced vibration 

The Euler–Bernoulli equation for the beam elements without 
crack is written as  

𝑀�̈� + 𝐶�̇� + 𝐾𝑢 = 𝑓(𝑡)                                                        (1) 

where f(t) is an external force that can be harmonic, non-harmonic 
and periodic; M is mass; C is dampness; and K is stiffness. 

𝑀�̈� + 𝑐�̇� + 𝑘𝑢 = 𝑓𝑜𝑠𝑖𝑛𝜔𝑡                                                (2) 

�̈� + 2𝜉𝜔�̇� + 𝜔𝑛2𝑢 = 𝑓𝑜𝑠𝑖𝑛𝜔𝑡                                       (3) 

If 𝜔 = 𝜔𝑛 resonance will occur, and that means large ampli-
tude can be expected. 

Zhao et al. [58] used Green’s functions approach and the su-
perposition principle to produce closed-form explicit formulations 
of the steady-state forced vibration of a multi-cracked Euler–
Bernoulli beam subjected to a time-harmonic load. The numerical 
results revealed that crack geometries (depth and location) have a 
substantial impact on the system’s dynamic behaviour. 

X. Zhao et al. [59] built on Zhao et al.’s work [58] to investigate 
the steady-state forced vibrations of multi-cracked Timoshenko 
beams, revealing that the effects of shear deformation and rotat-
ing inertia on the deflection pattern for a thick beam could not be 
ignored. Crack beams also infrequently show the mechanical 
mechanisms of crack geometries, particularly crack positions, in 
their dynamic behaviours. Also, by examining the dynamic behav-
iours of a general cracked double-beam system interconnected by 
a viscoelastic layer sitting on the Winkler–Pasternak elastic foun-
dation, Chen et al. [60] try to fill these gaps. They obtain closed-
form solutions for forced vibrations of a cracked beam connected 
viscoelastic layer, taking into account axial stresses and the Win-
kler–Pasternak elastic basis.  

3.4 Wave propagation 

Small or substantial portions of the beams may be damaged. 
The consequences of nonlinearity of a closed crack in a beam 
structure can be studied using a variety of methodologies. The 
Volterra series response representation is used to examine the 
nonlinear response of a beam with a closed crack, according to 
Surace et al. [61]. A polynomial series is used to approximate the 
bilinear restoring force due to closed crack modes, and the first- 
and second-order frequency response functions are created in 
terms of bilinear parameter. However, as the selected stimulation 
frequency is quite distant when the crack is very deep, the re-
sponse amplitude is not observable [62]. Also, Wang et al. [40, 63] 
describe the development of a two-dimensional (2D) analytical 
model to analyse the modulation process of a ‘breathing’ crack to 
guide ultrasonic pulses (GUWs). The model can analyse the 
breathing behaviour of the crack as the probing GUWs cross it 
and reflect the breathing generated by the propagating and decay-
ing waves, allowing for the extraction of nonlinear signal charac-
teristics in contact with acoustic nonlinearity (CAN). Based on an 
analytical prediction of CAN formation as a function of crack se-
verity, a correlation between CAN in GUW signals and crack 
parameters is established.  

Based on the numerical and experimental detection of high-
order harmonic waves or subharmonic waves caused by the 
interaction of ultrasound with closed cracks, Taizo et al. [64] and 
Koskinen et al. [65] use piezoelectric contact transducers, which 
are also studied by Lee and Hong [66]. Since the contact trans-
ducer requires a liquid coupling agent, the nonlinearity induced by 
the transducer into the measurement process could be much 
greater than the material’s nonlinearity, making it unsuitable for 
detecting complex structures with curved surfaces.  

In complex shapes and hazardous environments, Wu TC et al. 
[67] employ fully non-contact NUT based on laser ultrasound 
(LUT) on closed surface cracks. The result reveals a weak second 
harmonic, which is caused by the material’s or measuring sys-
tem’s nonlinearity. Higher harmonics are also used to locate 
closed cracks that are dominated by the initial harmonics, which 
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appear to be hidden [68, 69]. As a result, these hidden higher 
harmonics encounter difficulty in detecting the crack. To solve this 
problem, Cao et al. [69] developed an energy modulation effect 
phenomenon (EME) based on the concept of quadratic-Teager–
Kaiser energy (Q-TKE) to clearly detect hidden higher harmonics 
in a closed crack. This was accomplished both numerically and 
experimentally using finite element methods and a Doppler laser 
vibrometer (DLV). However, noise causes false peaks while using 
this method. As a result, the stimulation must be carefully chosen, 
and noise suppression is also necessary. 

Based on the vibration concept and the modal decomposition 
method, X. Sun Xu et al. [70] use the second harmonic Lamb 
wave modulated by the crack-induced acoustic nonlinearity of the 
contact. Non-zero energy flux and phase velocity are required due 
to the dispersion and the multimodal character of Lamb waves. As 
a result, different researchers [71] have chosen different mode 
pairs for different damages, although the amplitude of the required 
second harmonic Lamb mode was always altered by other Lamb 
waves with double frequency [72]. For Lamb waves in partially 
closed cracks, W. Zhu et al. [73] use a static component. In the 
research of Chen B. et al. [74], they use the hypothesised and 
experimentally studied approach of vibro-acoustic modulation 
(VAM) based on electromagnetic loading, which concentrates the 
loading energy around the closed crack. However, in the struc-
ture, it is critical to locate the sample’s closed crack, after which 
additional work is required. 

Carneiro S. and Inman D. [75] developed a continuous model 
based on Timoshenko beam theory to consider the nonlinear 
behaviour of bending and shear vibration in a breathing cracked 
beam, assuming that stiffness decreases as the distance from the 
crack position increases. A closed crack’s nonlinear vibration 
inhibits the correct determination of the natural frequency [76]. As 
a result, crack nonlinear behaviour is included in the models. The 
closed crack behaviour is shown in the transverse vibration analy-
sis of beam [77], axial beam [78] and longitudinal beam [79] with a 
single closed crack using the Perturbation method. A beam with 
numerous cracks may have a more nonlinear structural dynamic 
response than a beam with a single crack. The singularity of the 
concentrated cracks along the beam may impact the structure’s 
continuity and geometric aspects. M. Kharazan et al. [80] use 
Euler–Bernoulli theory to simulate the transverse vibrations of a 
beam with several breathing cracks.  

4. ANALYSING DIFFERENT METHODS IN PLATE USING 
NONLINEAR EFFECT 

4.1. Natural frequency 

Due to sinusoidal loading, delamination experiences tensile 
and compressive cycles. The delamination opens when the de-
lamination surfaces are in tension, modifying the amplitude signal. 
Since the delamination surfaces come into contact with one an-
other and behave similar to an intact surface during compression, 
the amplitude does not vary [81]. The area of damage was 
mapped in nonlinear acoustics by measuring the amplitude of 
nonlinear harmonic and subharmonic frequencies in the frequency 
spectrum of all nodes, according to Sun et al. [82]. Near the de-
fect, the ratio between the amplitude of the second harmonic and 
the amplitude of the linear frequency is more pronounced, giving a 
qualitative indicator of the damage site. Likewise, the subharmon-

ic amplitude to the excitation frequency amplitude ratio is bigger at 
the defect zone. Experiments with the nonlinear harmonic imaging 
approach for defect identification have already been conducted. 
However, there are some places in both ratios that are not above 
the delamination but have a bigger ratio value, giving a false 
sense of the damage in that region. This is because these spots 
are on the modal pattern, which has very small vibration ampli-
tudes. As a result, doing the experiments at many frequencies 
could be an option. Also, in the research of Tabatabaeipour et al. 
[83], it was assumed that nonlinear spring dampers that have 
been installed between contact states represent a nonlinear inter-
action of delamination surfaces. The spring stiffness and damping 
coefficient parameters are not available in the nonlinear spring-
damper model; thus, they must be adjusted when the magnitude 
of the parameters varies sufficiently. 

C. Andreades et al. [84] propose an ultrasonic phased array 
technique based on nonlinear modulation of dual frequency exci-
tation to increase the sensitivity and accuracy of contact detection. 
The work has shown that the nonlinear array method can detect 
multiple contact defects in samples and has a higher localisation 
accuracy than the traditional linear phase array method. However, 
the work only looks at the bottom surface; phase signals at multi-
ple points on the sample need to be investigated further. 

4.2 Velocity/displacement relation 

Delamination can also occur in a more complicated instance, 
where only some zones within the delaminated region are in touch 
while the rest are not, as shown in Fig. 8. 

 
Fig. 8. A delaminated sandwich panel with partial contact conditions [85]  

To define the dynamic behaviour of delaminated plates, 
Schwarts-Givli et al. [85] investigated nonlinear effects associated 
with time-dependent contact features of delaminated surfaces and 
large displacements of the face-sheets, at high-order displace-
ment, velocity and acceleration fields in the core. The data clearly 
demonstrate the nonlinear behaviour’s impacts. To characterise 
the effect of delamination on smart laminated composite plate 
structures, Shankar et al. [86] performed a numerical analysis 
using the finite element approach. They employed the time inte-
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gration technique in various boundary conditions and locations of 
active fibre composite (AFC). According to their findings, the 
amplitude of dynamic responses is higher in the event of delami-
nation and AFC patch locations, with less dynamic displacement 
when the patches are close to the delamination. The major shift in 
dynamic displacement response with respect to time history in the 
simply supported and clamped–clamped boundary is shown in 
Figs. 9 and 10. The velocity feedback gain is 1 (Gv = 1). However, 
delamination necessitates not only the consideration of boundary 
conditions and location, but also the analysis of the geometry of 
the structures. 

 
Fig. 9. Time response of delaminated and without delaminated plate  
            at different locations of AFC patches (Gv = 1) in simply supported  
            boundary condition [86] 

 
Fig. 10. Time response of delaminated and without delaminated plate  
              at different locations of AFC patches (Gv = 1)  
              in clamped–clamped boundary condition [86] 

4.3 Forced vibration 

Bovsunovskii et al. [50] used forced vibration of a simply sup-
ported laminated composite beam with 10 viscoelastic layers to 
determine delamination characteristics. At frequencies of 1 kHz 

and 2 kHz, respectively, 73 and 146 times higher than the beam’s 
initial natural frequency, harmonic excitation was applied. The 
delamination produced additional multiples of the excitation fre-
quencies as a result of the periodic opening and closing of the 
delamination, with their value varying depending on the size and 
location of the delamination, according to the nonlinear analysis. 
On the other hand MH Kargarnovin et al. [87] discussed the exist-
ence of the delamination changes the stiffness of the structure, 
and the effects of the size, depth, location of the delamination and 
the load velocity on the dynamic response.  

4.4 Wave propagation 

The most common damage in plate structures is delamination. 
The delamination effect in plate structure laminates has been 
widely modelled for free vibration, transient analysis, frequency 
analysis and damage detection [88-89]. Nonlinear analysis of 
regular composite plates and shells for free vibration, bending and 
buckling has been carried out in many studies based on classical 
laminate theory [90], first-order shear deformation theory [91], 
higher-order shear deformation theory [92] and other refined 
theories [93]. By studying the interaction between the structure 
and the foundation in the context of the used material, Yushu et 
al. [94] obtained a good understanding that would enable predic-
tion of the structural response. The composite plate can be pre-
dicted using different delamination sites before delamination and 
modelling is to be performed using layer-by-layer theory and finite 
element method. 

Many researchers have addressed the problem of nonlinearity 
[95, 96] and are studying the static analysis of laminated shells 
resting on a nonlinear elastic foundation. They use a method to 
subsequently determine stresses and strains and initially assume 
a perfect bond. Shen et al. [97] investigate the nonlinear behav-
iour of a composite panel resting on an elastic foundation with 
imperfect bonding using transverse normal stress, transverse 
shear stress and transverse nonlinear stress transferred from the 
foundation to the plate. The result was obtained, but they only 
consider the base of nonlinearity, and the material nonlinearity 
and geometric nonlinearity are not considered. 

N. Houhat et al. [98] focus on the vibro-acoustic modulation 
(VAM) technique and optimise nonlinear damage detection in 
multiple scattering. They use automatic optimisation and gain time 
reduction. It is a good basis for detecting damage to scattering 
radiators, but information about the local minima of the correlation 
coefficient is important for locating the nonlinear scattering radia-
tors. X. Zhang et al. [99] proposed a nonlinear Lamb wave imag-
ing technology to detect barely visible impact damage (BVID) in 
carbon fibre reinforced composites (CFRP). They did this at three 
different impact energies with corresponding impact surfaces. In 
their result, the relative nonlinearity coefficients of the second 
harmonic Lamb wave packets were received at a distance of 103 
mm. However, at a distance greater than 103 mm, the relative 
nonlinearity coefficients become weak. According to their results, 
the Lamb wave fluctuated after it exceeded a certain value. So it 
is important to consider the noise. 

According to Castellano et al. [100], they used the sideband 
peak count index (SPC-I) in composite plates to improve the 
application of the nonlinear ultrasonic technique in the detection of 
impact-induced damage. They improved the SPC-I technique by 
introducing a narrow band SPC-I technique. Then, lead zirconate 
titanate (PZT) of non-permanent adhesive gel was used, and they 
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reported that it showed reliable results in detecting damage in 
composite plates both at initiation and propagation. However, 
these techniques cannot determine the size of the defect and the 
type of defect that caused the damage. In the case of nonlinearity, 
it is important to understand the shape, dimensions and location 
of the cracks. Moreover, nonlinearity is caused not only by the 
crack, but also by other factors, such as material behaviour [101]. 
Therefore, such a consideration is essential to detect damage in 
the structure. 

Q. Wei et al. [102] used the nonlinear acoustic resonance 
method to characterise fatigue damage in composite materials, 
especially CFRP. Based on their work, the progressive fatigue 
damage in composites was introduced by pendulum impact tests 
with different impact energies and investigated by infrared ther-
mography and optical microscopy. They concluded that the dam-
age index (DI) is a complex parameter influenced by the impact 
energy, impact angle, impact area and other factors; so, these 
factors should be considered. The boundary conditions and the 
effects of temperature should also be well thought-out. 

S. Sikdar et al. [103] studied a geometric nonlinearity problem 
based on 3D numerical simulation and experimental analysis of 
guided wave propagation in smart composite structures based on 
finite element methods, and compared sources with and without 
breathing and bonding in the smart composite structures. Based 
on their results, the online SHM strategy has demonstrated its 
potential to locate sources with breathing and bonding using 
elastic wave signals, but operating conditions must be considered. 

According to X. Wang et al. [104], the random pore model was 
introduced to perform nonlinear ultrasonic simulations to account 
for the randomness of pore size, morphology and distribution 
properties. They performed nonlinear ultrasonic simulations and 
experimental investigations for the real porous graphite compo-
sites. The results show that the relative nonlinear coefficient in-
creases with increasing pore length and decreases with increas-
ing pore width. However, the question arises as to what the result 
would be if they considered the effects of pore parameters and 
excitation parameters on the nonlinear coefficient. Also, a random 
pore model was used. Is there another way to get the same re-
sults? 

The secondary or additional mass and spring is a primary 
structural device used to suppress vibrations [105]. However, 
such methods produce two resonant peaks with high amplitude. 
To minimise the vibration structure at both peaks and also at the 
resonant frequency, researchers have used optimisation tech-
niques. Such optimisation techniques include linear quadratic 
controllers, genetic algorithms and so on [106, 107]. Both tradi-
tional and non-traditional models of vibration dampers are used to 
minimise the vibration of the structure, but there is a limit to sup-
pressing the vibration of the main structure if the mass of the 
damper is not increased [108]. Therefore, researchers have used 
some modifications in absorber design, such as shape-memory 
alloys, magnetic suspensions and piezoelectric devices [109-110]. 
These modifications are called semi-active or active vibration 
absorbers.  

According to Mohanty et al. [111], the effectiveness of active 
traditional and non-traditional vibration dampers in suppressing 
the vibrations of the main undamped system using PZT has been 
studied. Their work requires lower tension because the spring 
exerts a stronger blocking force on the PZT stack actuator, and 
thus lower tension is required. 

Zhang and Zhao [112] studied the nonlinear vibrations of a 
rectangular cantilever composite plate excited in the plane and 

transverse directions. They found that the chaotic responses were 
sensitive to the change in forced excitation and damping coeffi-
cient. 

L.S. Yousuf [113] studied the nonlinear dynamic behaviour 
(non-periodic motion and chaos) of a laminated composite plate 
due to temperature changes and combined loading using the 
concept of the largest Lyapunov exponent with the Wolf algorithm 
and fast Fourier transform (FFT). While their work provides a 
basis to proceed upon, the question arises as to what the result 
would be if the algorithm were to differ According to Dauson et al. 
[114], they used time reversal (TR) to focus acoustic energy and 
make acoustic measurements correlated with successive local-
ised damage cycles in a laboratory-scale wellbore. They per-
formed a damage detection study in wellbores by applying time 
reversal and nonlinear elastic wave spectroscopy, and the well-
bore used in their study was a laboratory-scale wellbore. Based 
on their work, we might infer that this might be another way to 
locate damage in carbon fibre reinforced plastic (CFRP). J. Wang 
et al. [115] investigate a nonlinear Lamb wave TR technique for 
fatigue crack detection and quantification. Using the same tech-
nique, which is physical–virtual, TR can be extended to a network 
of active sensors for fatigue crack localisation and imaging. 

According to Zhen et al. [116], a purely output-based ap-
proach using the Volterra series model to detect nonlinear struc-
tural damage is proposed, quantifying the nonlinear behaviour of 
structures without prior knowledge of the external excitations. 
Sometimes the structure responds either linearly or nonlinearly. 
When it responds linearly, the techniques may not be effective, 
and thus it is necessary to analyse the structural response. Many 
factors, such as geometric nonlinearity, nonlinear boundary condi-
tions, connections of prefabricated structures and material nonlin-
earity, can cause the structural system to exhibit nonlinear behav-
iour; this needs to be fully considered. 

In theory, V. Samaitis et al. [117] have analytically studied the 
mode conversion of Lamb wave directed from each other at the tip 
of delamination in a composite plate. According to Wang et al. 
[118], they have investigated reflection and transmission of wave 
mode in metal and composite beams containing delamination and 
inhomogeneity. The spectral element method (SEM) is used to 
simulate Lamb wave interaction with open and closed cracks. 
Additionally, cracked spectral element models are individually 
established for open and closed cracks. Nag et al. [119] used the 
SEM to model wave scattering at the location of embedded open 
delamination in composite beams. 

5. FUTURE RESEARCH 

The current challenges and future suggestions for the applica-
tion of nonlinear vibration-based method in the detection of closed 
cracks and other defects in a beam and plate are discussed in this 
section. 

In the beginning, a linear approach was used since the majori-
ty of researchers believed that cracks kept opening during vibra-
tion. Gudmunson [120] was the first to notice this phenomenon 
after conducting experiments to determine a correlation between 
the position and size of a crack and the variation in natural fre-
quencies. N. Pugno et al. [51, 121] used the vibrational response 
to the harmonic force of a cantilever beam with cracks of different 
sizes and locations, and their analysis employs the harmonic 
balance approach. The method involves a significant reduction in 
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comparison with direct numerical integration. 
In order to determine the relative amplitude of the dominant 

harmonics of a rod-like structure with a closing crack at subhar-
monic and superharmonic resonances, Matveev et al. [122] pre-
sented an approximate analytical method. They demonstrated that 
the acceleration amplitude of the second harmonic is more sensi-
tive than that of the fundamental harmonic. To accurately describe 
the stiffness change of the cracked beam, Long H. et al. [53] 
employed a new stiffness model that takes the influence of partial 
crack closure into consideration.  

Based on the conclusions drawn by various researchers, it 
may be inferred that modelling of cracks is very important in the 
detection of the closed crack and in fully understanding its behav-
iour. The model does not fully consider the behaviour of the 
closed crack in beam. 

Bispectrum analysis was used by Cui et al. [41] to examine 
the nonlinear dynamic properties of cracked beams in order to 
identify ‘breathing’ cracks. Their approach causes the first har-
monics, which appear to be hidden, to dominate higher harmon-
ics. M. Cao et al. [69] formulated a new phenomenon of energy 
modulation effect to enhance hidden higher harmonics, and their 
approach has shown considerable effectiveness in closed crack 
detection. However, their techniques caused fake peaks that can 
be mistaken for the crack-caused peaks. Consequently, subse-
quent researchers focused on excitation and measurement points, 
since these need to be properly selected to acquire large ampli-
tudes of vibration responses. 

In attempts directed at closed crack detection in both the 
beam and plate components of a structure, a high priority should 
be given to nonlinear behaviour in the absence of awareness of 
external excitations. The structure can sometimes respond linearly 
or nonlinearly. Analysis of the structural reaction is required be-
cause the procedures may not be effective if it responds linearly. 
The structural system may exhibit nonlinear behaviour due to a 
variety of causes, including geometric nonlinearity, nonlinear 
boundary conditions, connections between construction tech-
nique, and material nonlinearity; this needs to be fully considered.  
 

6. CONCLUSION  

The need for a safe structure has led to the development of 
diverse damage detection methods. These various damage detec-
tion methods have their own advantages and limitations, especial-
ly in the early stages and for small cracks. Damage diagnosis 
based on the use of nonlinear vibration effects is the first prefer-
ence for use in a variety of structures. Most damage detection 
methods have been applied to beam structures, and there are few 
that are practical in laminated plate-like structures. The general 
advantages of nonlinearity damage detection methods include the 
high sensitivity in detecting cracks, particularly closed cracks. 
Under the nonlinearity effects, the closed crack in the structure is 
detected based on the crack size, and its location is investigated 
by changes in modal parameters such as natural frequency and 
damping factor. However, this approach suffers from two major 
limitations. First, the changes in natural frequencies have been 
shown to be significant only when the crack size is large, and 
second, the measured shift in natural frequency cannot be unam-
biguously attributed to the crack alone, as it may also be influ-
enced by other factors such as wear, relaxation, etc. Modelling a 
crack is important to identify the closed cracks in a beam-like 

structure. It helps to fully understand the vibration characteristics 
generated by the closed crack. However, modelling is time con-
suming due to its complexity.  

The subharmonic and superharmonic resonance methods 
have different nonlinear properties. On the other hand, the nonlin-
ear vibration of a beam with a closed crack is poorly understood, 
the intrinsic relationship between the subharmonic and superhar-
monic resonance responses and the beam parameters is far from 
thoroughly understood and cracked beams require further investi-
gation. Wave propagation methods are very sensitive in determin-
ing the size and location of cracks in both beams and plate-like 
structures. However, the various wave propagation methods have 
their own drawbacks, as there are various factors that affect the 
structure; and in assessing the effects of nonlinearity, noise and 
environmental conditions should be considered, even if such a 
consideration were to also take into account the possibility that 
different types of nonlinearity—namely nonlinear damping, geo-
metric nonlinearity and nonlinearity of the material—would also 
affect the response of the methods. In the case of delamination, 
there are various methods to analyse the nonlinearity effects of 
the structure, and each method has its own advantages and 
disadvantages. Various researchers used nonlinear effects based 
on the subharmonic response of the structure. These methods are 
effective in detecting damage, but there were also some false 
indications, leading to an incorrect conclusion about defects. 

VAM is a time reduction technique, but it requires additional 
information. Nonlinear Lamb wave imaging, another method for 
damage detection, can be used up to a certain distance, but after 
that distance it is difficult to detect the exact damage. One way to 
increase the sensitivity and reliability of nonlinear vibration diag-
nostics would be to develop special mathematical methods that 
can account for multiple conditions simultaneously, and imple-
menting these methods would mean that even with the presence 
of closed cracks and delamination in the structure, the damage 
detection technique employed would prove effective.  

REFERENCE 

1. Lin RM, Ng TY. Applications of higher-order frequency response 
functions to the detection and damage assessment of general 
structure systems with breathing cracks. Int J Mech Sci [Internet]. 
2018;148:652-66. Available from:  
http://dx.doi.org/10.1016/j.ijmecsci.2018.08.027 

2. Avci O, Abdeljaber O, Kiranyaz S, Hussein M, Gabbouj M, Inman 
DJ. A review of vibration-based damage detection in civil structures: 
From traditional methods to Machine Learning and Deep Learning 
applications. Mech Syst Signal Process [Internet]. 
2021;147(107077):107077. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2020.107077 

3. Antaki G, Gilada R. Chapter 2 - Design Basis Loads and 
Qualification, Editor(s): George Antaki, Ramiz Gilada, Nuclear 
Power Plant Safety and Mechanical Integrity. Butterworth-
Heinemann; 2015. 

4. Webster M&., Clark L. The structural effects of corrosion - an 
overview of the mechanisms; 2000. 

5. Li YH, Dong YH, Qin Y, Lv HW. Nonlinear forced vibration and 
stability of an axially moving viscoelastic sandwich beam. Int J Mech 
Sci [Internet]. 2018;138–139:131–45. Available from: 
http://dx.doi.org/10.1016/j.ijmecsci.2018.01.041 

6. Galvão AS, Silva ARD, Silveira RAM, Gonçalves PB. Nonlinear 
dynamic behavior and instability of slender frames with semi-rigid 
connections. Int J Mech Sci [Internet]. 2010;52(12):1547–62. 
Available from: http://dx.doi.org/10.1016/j.ijmecsci.2010.07.002 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Samrawit A. Tewelde, Marek Krawczuk                    DOI  10.2478/ama-2022-0033 
Nonlinearity Effects Caused by Closed Crack in Beam and Plate: A Review 

282 

7. Wang Y, Yang J, Moradi Z, Safa M, Khadimallah MA. Nonlinear 
dynamic analysis of thermally deformed beams subjected to uniform 
loading resting on nonlinear viscoelastic foundation. Eur J Mech A 
Solids [Internet]. 2022;95(104638):104638. Available from: 
http://dx.doi.org/10.1016/j.euromechsol.2022.104638 

8. Prawin J, Rama Mohan Rao A. Vibration-based breathing crack 
identification using non-linear intermodulation components under 
noisy environment. Struct Health Monit [Internet]. 2020;19(1):86–
104. Available from: http://dx.doi.org/10.1177/1475921719836953 

9. Boungou D, Guillet F, Badaoui ME, Lyonnet P, Rosario T. Fatigue 
damage detection using cyclostationarity. Mech Syst Signal Process 
[Internet]. 2015;58–59:128–42. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2014.11.010 

10. Liu P, Sohn H. Damage detection using sideband peak count in 
spectral correlation domain. J Sound Vib [Internet]. 2017;411:20–
33. Available from: http://dx.doi.org/10.1016/j.jsv.2017.08.049 

11. Hu C, Yiyong Y, Kexia P, Hu Y. The Vibration Characteristics 
Analysis of Damping System of Wall-mounted Airborne Equipment 
Based on FEM, IOP Conf. IOP Conf Ser: Earth Environ Sci. 2018. 

12. Oggu S, Sasmal S. Dynamic nonlinearities for identification of the 
breathing crack type damage in reinforced concrete bridges. Struct 
Health Monit. 2021;20(1):339–59. 

13. Wang X, Liu D, Zhang J, Jiao Y. Damage identification for nonlinear 
fatigue crack of cantilever beam under harmonic excitation. J 
vibroengineering [Internet]. 2022;435–52. Available from: 
http://dx.doi.org/10.21595/jve.2021.22187 

14. Ghadami A, Maghsoodi A, Mirdamad HR. A new adaptable multiple-
crack detection algorithm in beam-like structures. Arch Mech. 
2013;65(6):469–83. 

15. Sampath S, Sohn H. Detection and localization of fatigue crack 
using nonlinear ultrasonic three-wave mixing technique. Int J 
Fatigue [Internet]. 2022;155(106582):106582. Available from: 
http://dx.doi.org/10.1016/j.ijfatigue.2021.106582 

16. Zhao B, Xu Z, Kan X, Zhong J, Guo T. Structural damage detection 
by using single natural frequency and the corresponding mode 
shape. Shock Vib [Internet]. 2016;2016:1–8. Available from: 
http://dx.doi.org/10.1155/2016/8194549 

17. Dilena M, Dell’Oste MF, Morassi A. Detecting cracks in pipes filled 
with fluid from changes in natural frequencies. Mech Syst Signal 
Process [Internet]. 2011;25(8):3186–97. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2011.04.013 

18. Mohan V, Parivallal S, Kesavan K, Arunsundaram B, Ahmed AKF, 
Ravisankar K. Studies on damage detection using frequency 
change correlation approach for health assessment. Procedia Eng 
[Internet]. 2014;86:503–10. Available from: 
http://dx.doi.org/10.1016/j.proeng.2014.11.074 

19. Gelman L, Gorpinich S, Thompson C. Adaptive diagnosis of the 
bilinear mechanical systems. Mech Syst Signal Process [Internet]. 
2009;23(5):1548–53. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2009.01.007 

20. Giannini O, Casini P, Vestroni F. Nonlinear harmonic identification 
of breathing cracks in beams. Comput Struct [Internet]. 
2013;129:166–77. Available from: 
http://dx.doi.org/10.1016/j.compstruc.2013.05.002 

21. Caddemi S, Caliò I, Marletta M. The non-linear dynamic response of 
the Euler–Bernoulli beam with an arbitrary number of switching 
cracks. Int J Non Linear Mech [Internet]. 2010;45(7):714–26. 
Available from: http://dx.doi.org/10.1016/j.ijnonlinmec.2010.05.001 

22. Chatterjee A. Structural damage assessment in a cantilever beam 
with a breathing crack using higher order frequency response 
functions. J Sound Vib [Internet]. 2010;329(16):3325–34. Available 
from: http://dx.doi.org/10.1016/j.jsv.2010.02.026  

23. Moore RC, Inan US, Bell TF. Observations of amplitude saturation 
in ELF/VLF wave generation by modulated HF heating of the 
auroral electrojet. Geophys Res Lett [Internet]. 2006;33(12). 
Available from: http://dx.doi.org/10.1029/2006gl025934  

24. Liu J, Zhu WD, Charalambides PG, Shao YM, Xu YF, Fang XM. A 
dynamic model of a cantilever beam with a closed, embedded 
horizontal crack including local flexibilities at crack tips. J Sound Vib 
[Internet]. 2016;382:274–90. Available from: 
http://dx.doi.org/10.1016/j.jsv.2016.04.036 

25. Nitesh A, Vaibhav S. Analysis of crack detection of a cantilever 
beam using finite element analysis [IJERT. Int J Eng Res Technol 
(Ahmedabad). 2015;4(04):713–8. 

26. Kaushar HB, Sharma DS, Vishal V. Crack detection in cantilever 
beam by frequency-based method. Procedia Eng. 2013;51:770–5. 

27. Panteliou SD, Chondros TG, Argyrakis VC, Dimarogonas AD. 
Damping factor as an indicator of crack severity. J Sound Vib 
[Internet]. 2001;241(2):235–45. Available from: 
http://dx.doi.org/10.1006/jsvi.2000.3299 

28. Zhang C, He L, Liu S, Yang Q. A new vibro-acoustic modulation 
technique for closed crack detection based on electromagnetic 
loading. Appl Acoust [Internet]. 2020;157(107004):107004. 
Available from: http://dx.doi.org/10.1016/j.apacoust.2019.107004 

29. Duffour P, Morbidini M, Cawley P. Comparison between a type of 
vibro-acoustic modulation and damping measurement as NDT 
techniques. NDT E Int [Internet]. 2006;39(2):123–31. Available from: 
http://dx.doi.org/10.1016/j.ndteint.2005.07.010 

30. Jiao J, Zheng L, Song G, He C, Wu B. Vibro-acoustic modulation 
technique for micro-crack detection in pipeline. In: Fan K-C, Song 
M, Lu R-S, editors. Seventh International Symposium on Precision 
Engineering Measurements and Instrumentation [Internet]. SPIE; 
2011. Available from: http://dx.doi.org/10.1117/12.905550 

31. Trochidis A, Hadjileontiadis L, Zacharias K. Analysis of 
Vibroacoustic Modulations for Crack Detection: A Time-Frequency 
Approach Based on Zhao-Atlas-Marks Distribution, Shock and 
Vibration; 2014. 

32. Gelman L, Gorpinich S, Thompson C. Adaptive diagnosis of the 
bilinear mechanical systems. Mechanical Systems and Signal; 
2009. 

33. Cao MS, Sha GG, Gao YF, Ostachowicz W. Structural damage 
identification using damping: a compendium of uses and features. 
Smart Mater Struct [Internet]. 2017;26(4):043001. Available from: 
http://dx.doi.org/10.1088/1361-665x/aa550a 

34. Wang Z, Lin RM, Lim MK. Structural damage detection using 
measured FRF data. Comput Methods Appl Mech Eng [Internet]. 
1997;147(1–2):187–97. Available from: 
http://dx.doi.org/10.1016/s0045-7825(97)00013-3 

35. Cappello R, Cutugno S, Pitarresi G. Detection of crack-closure 
during fatigue loading by means of Second Harmonic Thermoelastic 
Stress Analysis. Procedia struct integr [Internet]. 2022;39:179–93. 
Available from: http://dx.doi.org/10.1016/j.prostr.2022.03.087 

36. Asnaashari E, Sinha JK. Development of residual operational 
deflection shape for crack detection in structures. Mech Syst Signal 
Process [Internet]. 2014;43(1–2):113–23. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2013.10.003  

37. Oks E, Dalimier E, Faenov A, Pikuz T, Fukuda Y, Andreev A, et al. 
Revealing the second harmonic generation in a femtosecond laser-
driven cluster-based plasma by analyzing shapes of Ar XVII spectral 
lines. Opt Express [Internet]. 2015;23(25):31991–2005. Available 
from: http://dx.doi.org/10.1364/OE.23.031991 

38. Wei X, Zhongging S, Maosen C, Maciej R, Wiesla O. Nonlinear 
pseudo-force in a breathing crack to generate harmonics. J Sound 
Vibrat; 2021. 

39. Cao M, Su Z, Deng T, Xu W. Nonlinear pseudo-force in breathing 
delamination to generate harmonics: A mechanism and application 
study. Int J Mech Sci. 2021;192. 

40. Xu W, Su Z, Radzieński M, Cao M, Ostachowicz W. Nonlinear 
pseudo-force in a breathing crack to generate harmonics. J Sound 
Vib [Internet]. 2021;492(115734):115734. Available from: 
http://dx.doi.org/10.1016/j.jsv.2020.115734 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


DOI  10. 2478/ama-2022-0033               acta mechanica et automatica, vol.16 no.3 (2022) 

283 

41. Cui L, Xu H, Ge J, Cao M, Xu Y, Xu W, et al. Use of bispectrum 
analysis to inspect the non-linear dynamic characteristics of beam-
type structures containing a breathing crack. Sensors (Basel) 
[Internet]. 2021;21(4):1177. Available from: 
http://dx.doi.org/10.3390/s21041177 

42. Wang K, Liu M, Su Z, Yuan S, Fan Z. Analytical insight into 
“breathing” crack-induced acoustic nonlinearity with an application 
to quantitative evaluation of contact cracks. Ultrasonics [Internet]. 
2018;88:157–67. Available from: 
http://dx.doi.org/10.1016/j.ultras.2018.03.008 

43. Semperlotti F, Wang KW, Smith EC. Localization of a breathing 
crack using super-harmonic signals due to system nonlinearity. 
AIAA J [Internet]. 2009;47(9):2076–86. Available from: 
http://dx.doi.org/10.2514/1.38947 

44. Rivola A, White PR. Bispectral analysis of the bilinear oscillator with 
application to the detection of fatigue cracks. J Sound Vib [Internet]. 
1998;216(5):889–910. Available from: 
http://dx.doi.org/10.1006/jsvi.1998.1738 

45. Prawin J, Rao ARM. Development of polynomial model for 
cantilever beam with breathing crack. Procedia Eng [Internet]. 
2016;144:1419–25. Available from: 
 http://dx.doi.org/10.1016/j.proeng.2016.05.173 

46. Khalkar V, Ramachandran SV. Paradigm for natural frequency of an 
un-cracked cantilever beam and its application to cracked beam. 
Vibrations in Physical Systems; 2017. 

47. Chu YC, Shen MH. Analysis of Forced Bilinear Oscillators and the 
Application to Cracked Beam Dynam ics. AIAA J. 
1992;30(10):2512–2251. 

48. Caddemi S, Caliò’ I. Exact solution of the multi-cracked Euler–
Bernoulli column. Int J Solids Struct [Internet]. 2008;45(5):1332–51. 
Available from: http://dx.doi.org/10.1016/j.ijsolstr.2007.09.022 

49.  Dotti FE, Cortínez VH, Reguera F. Non-linear dynamic response to 
simple harmonic excitation of a thin-walled beam with a breathing 
crack. Appl Math Model [Internet]. 2016;40(1):451–67. Available 
from: http://dx.doi.org/10.1016/j.apm.2015.04.052 

50. Bovsunovskii A, Surace C. Non-linearities in the vibrations of elastic 
structures with a closing crack: A state of the art review. Mech Syst 
Signal Process. 2015;129–48. 

51. Broda D, Pieczonka L, Hiwarkar V, Staszewski WJ, Silberschmidt 
VV. Generation of higher harmonics in longitudinal vibration of 
beams with breathing cracks. J Sound Vib [Internet]. 2016;381:206–
19. Available from: http://dx.doi.org/10.1016/j.jsv.2016.06.025 

52. Andreaus U, Baragatti P. Cracked beam identification by 
numerically analysing the nonlinear behaviour of the harmonically 
forced response. J Sound Vib [Internet]. 2011;330(4):721–42. 
Available from: http://dx.doi.org/10.1016/j.jsv.2010.08.032 

53. Long H, Liu Y, Liu K. Nonlinear vibration analysis of a beam with a 
breathing crack. Appl Sci (Basel) [Internet]. 2019;9(18):3874. 
Available from: http://dx.doi.org/10.3390/app9183874 

54. Pugno N, Surace C, Ruotolo R. Evaluation of the non-linear 
dynamic response to harmonic excitation of a beam with several 
breathing cracks. J Sound Vib [Internet]. 2000;235(5):749–62. 
Available from: http://dx.doi.org/10.1006/jsvi.2000.2980 

55. Ji JC, Zhou J. Coexistence of two families of sub-harmonic 
resonances in a time-delayed nonlinear system at different forcing 
frequencies. Mech Syst Signal Process [Internet]. 2017;93:151–63. 
Available from: http://dx.doi.org/10.1016/j.ymssp.2017.02.007 

56. Zhu J, Cai S, Suo Z. Resonant behavior of a membrane of a 
dielectric elastomer. Int J Solids Struct [Internet]. 2010;47(24):3254–
62. Available from: http://dx.doi.org/10.1016/j.ijsolstr.2010.08.008 

57. Casini P, Vestroni F, Giannini O. Crack detection in beam-like 
structures by nonlinear harmonic identification. Frat integrità strutt 
[Internet]. 2014;8(29):313–24. Available from: 
http://dx.doi.org/10.3221/igf-esis.29.27 

58. Zhao X, Zhao YR, Gao XZ, Li XY, Li YH. Green׳s functions for the 
forced vibrations of cracked Euler–Bernoulli beams. Mech Syst 
Signal Process [Internet]. 2016;68–69:155–75. Available from: 
http://dx.doi.org/10.1016/j.ymssp.2015.06.023 

59. Zhao X, Chen B, Li YH, Zhu WD, Nkiegaing FJ, Shao YB. Forced 
vibration analysis of Timoshenko double-beam system under 
compressive axial load by means of Green’s functions. J Sound Vib 
[Internet]. 2020;464(115001):115001. Available from: 
http://dx.doi.org/10.1016/j.jsv.2019.115001  

60. Chen B, Lin B, Zhao X, Zhu W, Yang Y, Li Y. Closed-form solutions 
for forced vibrations of a cracked double-beam system 
interconnected by a viscoelastic layer resting on Winkler–Pasternak 
elastic foundation. Thin-Walled Struct [Internet]. 
2021;163(107688):107688. Available from: 
http://dx.doi.org/10.1016/j.tws.2021.107688 

61. Surace C, Ruotolo R, Storer D. Detecting nonlinear behavior using 
the volterra series to assess damage in beam-like structures; 2011. 

62. Yongfeng Y, Jianjun W, Yanlin W, Chao F, Qingyang Z, Kuan L. 
Dynamical analysis of hollow-shaft dual-rotor system with circular 
cracks. Low Freq Noise Vibr [Internet]. 2021;40(3):1227–40. 
Available from: http://dx.doi.org/10.1177/1461348420948287 

63. Wang K, Li Y, Su Z, Guan R, Lu Y, Yuan S. Nonlinear aspects of 
“breathing” crack-disturbed plate waves: 3-D analytical modeling 
with experimental validation. Int J Mech Sci [Internet]. 
2019;159:140–50. Available from: 
http://dx.doi.org/10.1016/j.ijmecsci.2019.05.036 

64. Maruyama T, Saitoh T, Hirose S. Numerical study on sub-harmonic 
generation due to interior and surface breaking cracks with contact 
boundary conditions using time-domain boundary element method. 
Int J Solids Struct [Internet]. 2017;126–127:74–89. Available from: 
http://dx.doi.org/10.1016/j.ijsolstr.2017.07.029 

65. Koskinen T, Kuutti J, Virkkunen I, Rinta-aho J. Online nonlinear 
ultrasound imaging of crack closure during thermal fatigue loading. 
NDT E Int [Internet]. 2021;123(102510):102510. Available from: 
http://dx.doi.org/10.1016/j.ndteint.2021.102510 

66. Lee SE, Hong JW. Detection of Micro-Cracks in Metals Using 
Modulation of PZT-Induced Lamb Waves. Materials (Basel). 
2020;13. 

67. Wu TC, Kobayashi M, Tanabe M, Yang CH. The Use of Flexible 
Ultrasound Transducers for the Detection of Laser-Induced Guided 
Waves on Curved Surfaces at Elevated Temperaturs. Sensors 
(Basel). 2017;17. 

68. Lu Z, Dong D, Ouyang H, Cao S, Hua C. Localization of breathing 
cracks in stepped rotors using superharmonic characteristic 
deflection shapes based on singular value decomposition in 
frequency domain. Fatigue Fract Eng Mater Struct. 
2017;40(11):1825–37. 

69. Cao M, Lu Q, Su Z, Radzieński M, Xu W, Ostachowicz W. A 
nonlinearity-sensitive approach for detection of “breathing” cracks 
relying on energy modulation effect. J Sound Vib [Internet]. 
2022;524(116754):116754. Available from: 
http://dx.doi.org/10.1016/j.jsv.2022.116754 

70. Sun X, Ding X, Li F, Zhou S, Liu Y, Hu N, et al. Interaction of Lamb 
wave modes with weak material nonlinearity: Generation of 
symmetric zero-frequency mode. Sensors (Basel) [Internet]. 
2018;18(8). Available from: http://dx.doi.org/10.3390/s18082451 

71. Song H, Xiang M, Lu G, Wang T. Singular spectrum analysis and 
fuzzy entropy based damage detection on a thin aluminium plate by 
using PZTs. Smart Mater Struct. 2022;31(3). 

72. Li W, Xu Y, Hu N, Deng M. Numerical and experimental 
investigations on second-order combined harmonic generation of 
Lamb wave mixing. AIP Adv [Internet]. 2020;10(4):045119. 
Available from: http://dx.doi.org/10.1063/1.5140588 

73. Zhu W, Xu Z, Xiang Y, Liu C, Deng M, Qiu X, et al. Nonlinear 
ultrasonic detection of partially closed cracks in metal plates using 
static component of lamb waves. NDT E Int [Internet]. 
2021;124(102538):102538. Available from: 
http://dx.doi.org/10.1016/j.ndteint.2021.102538 

74. Chen B-Y, Soh S-K, Lee H-P, Tay T-E, Tan VBC. A vibro-acoustic 
modulation method for the detection of delamination and kissing 
bond in composites. J Compos Mater [Internet]. 2016;50(22):3089–
104. Available from: http://dx.doi.org/10.1177/0021998315615652 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Samrawit A. Tewelde, Marek Krawczuk                    DOI  10.2478/ama-2022-0033 
Nonlinearity Effects Caused by Closed Crack in Beam and Plate: A Review 

284 

75. Carneiro SHS, Inman DJ. Continuous model for the transverse 
vibration of cracked Timoshenko beams. J Vib Acoust [Internet]. 
2002;124(2):310–20. Available from: 
http://dx.doi.org/10.1115/1.1452744 

76. Saito A. Nonlinear Vibration Analysis of Cracked Structures - 
Application to Turbomachinery Rotors with Cracked Blades. 
Turbomachinery Rotors with Cracked Blades; 2009. 

77. Rezaee M, Hassannejad R. Free vibration analysis of simply 
supported beam with breathing crack using perturbation method. 
Acta mech solida Sin [Internet]. 2010;23(5):459–70. Available from: 
http://dx.doi.org/10.1016/s0894-9166(10)60048-1 

78. Liu L, Mei X, Dong D, Liu H. Perturbation methods for dynamic 
analysis of cracked beams. In: 2011 International Conference on 
Consumer Electronics, Communications and Networks (CECNet). 
IEEE; 2011. 

79. Stepanova LV, Igonin SA. Perturbation method for solving the 
nonlinear eigenvalue problem arising from fatigue crack growth 
problem in a damaged medium. Appl Math Model [Internet]. 
2014;38(14):3436–55. Available from: 
http://dx.doi.org/10.1016/j.apm.2013.11.057 

80. Kharazan M, Irani S, Noorian MA, Salimi MR. Nonlinear vibration 
analysis of a cantilever beam with multiple breathing edge cracks. 
Int J Non Linear Mech [Internet]. 2021;136(103774):103774. 
Available from: http://dx.doi.org/10.1016/j.ijnonlinmec.2021.103774 

81. Singh AC, Tay TE, Lee H. Numerical investigations of non-linear 
acoustics/ultrasonics for damage detection. 2016. 

82. Sun Z, Li F, Li H. A numerical study of non-collinear wave mixing 
and generated resonant components. Ultrasonics [Internet]. 
2016;71:245–55. Available from: 
http://dx.doi.org/10.1016/j.ultras.2016.06.019 

83. Tabatabaeipour M, Delrue J, Steven VA. Reconstruction Algorithm 
for Probabilistic Inspection of Damage (RAPID) in Composites. 
2014. 

84. Andreades C, Malfense Fierro GP, Meo M. A nonlinear ultrasonic 
modulation approach for the detection and localisation of contact 
defects. Mech Syst Signal Process [Internet]. 
2022;162(108088):108088. Available from:  
http://dx.doi.org/10.1016/j.ymssp.2021.108088 

85. Schwarts-Givli H, Rabinovitch O, Frostig Y. High-order nonlinear 
contact effects in the dynamic behavior of delaminated sandwich 
panels with a flexible core. Int J Solids Struct [Internet]. 
2007;44(1):77–99. Available from: 
http://dx.doi.org/10.1016/j.ijsolstr.2006.04.016 

86. Shankar G, Varuna JP. P.K.Mahato, Effect of delamination on 
vibration characteristic of smart laminated composite plate. Journal 
of Aerospace System Engineering. 2019;13(4):10–7. 

87.  Mohammad H, Kargarnovin *., Ahmadian MT. Forced vibration of 
delaminated Timoshenko beams subjected to a moving load. Sci 
Eng Compos Mater. 2012;19(2):145–57. 

88. Zhang Z, Shankar K&., Murat & Morozov E. Vibration Modelling of 
Composite Laminates with Delamination Damage. ICCM 
International Conferences on Composite Material;. 2015. 

89. Chen Y, Huang B, Yan G, Wang J. Characterization of delamination 
effects on free vibration and impact response of composite plates 
resting on visco-Pasternak foundations. Int J Mech Sci. 2021. 

90. Thangaratnam K, Sanjana R. Nonlinear analysis of composite 
plates and shells subjected to in-plane loading. Appl Mech Mater 
[Internet]. 2018;877:341–6. Available from:  
http://dx.doi.org/10.4028/www.scientific.net/amm.877.341 

91. Pradhan SC, Ng TY, Lam KY, Reddy JN. Control of laminated 
composite plates using magnetostrictive layers. Smart Mater Struct 
[Internet]. 2001;10(4):657–67. Available from:  
http://dx.doi.org/10.1088/0964-1726/10/4/309 

92. Mantari JL, Oktem AS. Guedes Soares C. A new higher order shear 
deformation theory for sandwich and composite laminated plates. 
Part B Eng. 2012;43(3):1489–99. 

93. Fares ME, Elmarghany MK. A refined zigzag nonlinear first-order 
shear deformation theory of composite laminated plates. Compos 
Struct [Internet]. 2008;82(1):71–83. Available from: 
http://dx.doi.org/10.1016/j.compstruct.2006.12.007 

94. Yushu L, Zhou H, Huasong Q, Wenshan Y, Yilun L. Machine 
learning approach for delamination detection with feature missing 
and noise polluted vibration characteristics. Compos Struct. 2022; 

95. Civalek Ö. Nonlinear dynamic response of laminated plates resting 
on nonlinear elastic foundations by the discrete singular 
convolution-differential quadrature coupled approaches. Compos B 
Eng [Internet]. 2013;50:171–9. Available from: 
http://dx.doi.org/10.1016/j.compositesb.2013.01.027 

96. Civalek Ö. Nonlinear dynamic response of laminated plates resting 
on nonlinear elastic foundations by the discrete singular 
convolution-differential quadrature coupled approaches. Compos B 
Eng [Internet]. 2013;50:171–9. Available from:  
http://dx.doi.org/10.1016/j.compositesb.2013.01.027 

97. Shen H-S, Xiang Y. Nonlinear analysis of nanotube-reinforced 
composite beams resting on elastic foundations in thermal 
environments. Eng Struct [Internet]. 2013;56:698–708. Available 
from: http://dx.doi.org/10.1016/j.engstruct.2013.06.002 

98. Houhat N, Tournat V, Ménigot S, Boutkedjirt T, Girault J-M. Optimal 
pump excitation frequency for improvement of damage detection by 
nonlinear vibro acoustic modulation method in a multiple scattering 
sample. Appl Acoust [Internet]. 2019;155:222–31. Available from: 
http://dx.doi.org/10.1016/j.apacoust.2019.06.010 

99. Zhang X, Wu X, He Y, Yang S, Chen S, Zhang S, et al. CFRP 
barely visible impact damage inspection based on an ultrasound 
wave distortion indicator. Compos B Eng [Internet]. 2019;168:152–
8. Available from:  
http://dx.doi.org/10.1016/j.compositesb.2018.12.092 

100. Castellano A, Fraddosio A, Piccioni MD, Kundu T. Linear and 
nonlinear ultrasonic techniques for monitoring stress-induced 
damages in concrete. J Nondestruct Eval Diagn Progn Eng Syst 
[Internet]. 2021;4(4):1–21. Available from: 
http://dx.doi.org/10.1115/1.4050354 

101. Santhakumar S, Hoon S. Detection and localization of fatigue crack 
using nonlinear ultrasonic three-wave mixing technique. Int J Fa-
tigue. 2022; 

102. Qin W, Liyong Z, Jianguo Z, Lijun Z, Wenfeng H. Characterization of 
impact fatigue damage in CFRP composites using nonlinear acous-
tic resonance method. Compos Struct. 2020; 

103. Sikdar S, Ostachowicz W, Kudela P, Radzieński M. Barely visible 
impact damage identification in a 3D core sandwich structure. Com-
puter Assisted Methods In Engineering And Science. 
2018;24(4):259–68. 

104. Xianghong W, He C, He H, Wei X. Simulation and experimental 
research on nonlinear ultrasonic testing of composite material po-
rosity. Appl Acoust. 2022; 

105. Yang F, Sedaghati R, Esmailzadeh E. Vibration suppression of 
structures using tuned mass damper technology: A state-of-the-art 
review. J Vib Control [Internet]. 2022;28(7–8):812–36. Available 
from: http://dx.doi.org/10.1177/1077546320984305 

106. Buezas F, Rosales MB, Filipich C. Damage detection with genetic 
algorithms taking into account a crack contact model. Engineering 
Fracture Mechanics - ENG FRACTURE MECH. 2011;78:695–712. 

107. Shallan O, Atef &., Tharwat &., Khozam M. Structural Damage 
Detection using Genetic Algorithm by Static Measurements. Interna-
tional Journal of Trend Research Development. 2017;4:2394–9. 

108. Qi Y, Rui X, Ji K, Liu C, Zhou C. Study on aeolian vibration sup-
pression schemes for large crossing span of ultra-high-voltage 
eight-bundle conductors. Adv Mech Eng [Internet]. 
2019;11(4):168781401984270. Available from: 
http://dx.doi.org/10.1177/1687814019842706 

109. Ashtiani M, Hashemabadi SH, Ghaffari A. A review on the magne-
torheological fluid preparation and stabilization. J Magn Magn Mater 
[Internet]. 2015;374:716–30. Available from:  
http://dx.doi.org/10.1016/j.jmmm.2014.09.020 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


DOI  10. 2478/ama-2022-0033               acta mechanica et automatica, vol.16 no.3 (2022) 

285 

110. Williams K, Chiu G, Bernhard R. Adaptive-passive absorbers using 
shape-memory alloys. J Sound Vib [Internet]. 2002;249(5):835–48. 
Available from: http://dx.doi.org/10.1006/jsvi.2000.3496 

111. Mohanty S, Dwivedy S. Linear and nonlinear analysis of traditional 
and non-traditional piezoelectric vibration absorber with time delay 
feedback for simultaneous resonance conditions. Mechanical 
Systems and Signal Processing. 2021. 

112. Zhang W, Zhao MH. Nonlinear vibrations of a composite laminated 
cantilever rectangular plate with one-to-one internal resonance. 
Nonlinear Dyn [Internet]. 2012;70(1):295–313. Available from: 
http://dx.doi.org/10.1007/s11071-012-0455-6 

113. Yousuf LS. Nonlinear dynamics investigation of bending deflection 
of stiffened composite laminated plate using Lyapunov exponent 
conception. In: Volume 7B: Dynamics, Vibration, and Control. Amer-
ican Society of Mechanical Engineers; 2021. 

114. Dauson E, Donahue C, DeWolf S, Hua L, Xiao H, Murdoch L, et al. 
Damage Detection in a laboratory-scale wellbore applying Time 
Reverse Nonlinear Elastic Wave Spectroscopy. TR NEWS; 2021. 

115. Wei D, Liu X, Wang B, Tang Z, Bo L. Damage quantification of 
aluminum plates using SC-DTW method based on Lamb waves. 
Meas Sci Technol [Internet]. 2022;33(4):045001. Available from: 
http://dx.doi.org/10.1088/1361-6501/ac4435 

116. Zhen P, Li J, Hao H, Li C. Nonlinear structural damage detection 
using output-only Volterra series model. Struct Contr Health Monit. 
2021. 

117. Samaitis V, Mažeika L, Rekuvienė R. Assessment of the length and 
depth of delamination-type defects using ultrasonic guided waves. 
Appl Sci (Basel) [Internet]. 2020;10(15):5236. Available from: 
http://dx.doi.org/10.3390/app10155236 

118. Wang CH, Rose LRF. Wave reflection and transmission in beams 
containing delamination and inhomogeneity. J Sound Vib [Internet]. 
2003;264(4):851–72. Available from:  
http://dx.doi.org/10.1016/s0022-460x(02)01193-8 

119. Nag A, Mahapatra D, Gopalakrishnan S, Sankar TS. A spectral 
finite element with embedded delamination for modeling of wave 
scattering in composite beams. Compos Sci Technol. 
2003;63(15):2187–200. 

120. Gudmundson P; GUDMUNSON. The dynamic behaviour of slender 
structures with cross-sectional cracks. J Mech Phys Solids. 
1983;31(4):329–45. 

121. Zhang W, Ma H, Zeng J, Wu S, Wen B. Vibration responses analy-
sis of an elastic-support cantilever beam with crack and offset 
boundary. Mech Syst Signal Process [Internet]. 2017;95:205–18. 
Available from: http://dx.doi.org/10.1016/j.ymssp.2017.03.032 

122. Matveev VV, Boginich OE, Yakovlev AP. Approximate analytical 
method for determining the vibration-diagnostic parameter indicating 
the presence of a crack in a distributed-parameter elastic system at 
super- and subharmonic resonances. Strength Mater [Internet]. 
2010;42(5):528–43. Available from:  
http://dx.doi.org/10.1007/s11223-010-9243-z 

Samrawit A. Tewelde:  https://orcid.org/0000-0001-7504-8680 

Marek Krawczuk:  https://orcid.org/0000-0002-9640-4696

 

 

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://orcid.org/0000-0001-7504-8680
https://orcid.org/0000-0002-9640-4696
https://orcid.org/0000-0001-7504-8680
https://orcid.org/0000-0002-9640-4696
http://mostwiedzy.pl

