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NP -COMPLETENESS OF WEAKLY CONVEX

AND CONVEX DOMINATING SET DECISION PROBLEMS

Abstract. The convex domination number and the weakly convex domination number are

new domination parameters. In this paper we show that the decision problems of convex

and weakly convex dominating sets are NP -complete for bipartite and split graphs. Using

a modified version of Warshall algorithm we can verify in polynomial time whether a given

subset of vertices of a graph is convex or weakly convex.
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1. INTRODUCTION

Let G = (V, E) be a graph with |V | = n and let H be a subgraph of G. We say that

H is an induced subgraph of G if every two vertices u, v ∈ V are adjacent in H if and

only if they are adjacent in G. The induced subgraph H with V ′ = V (H) is called

the subgraph induced by V ′ and is denoted by 〈V ′〉.

A split graph is a graph G whose vertex set can be partitioned into two sets V ′

and V ′′, where 〈V ′〉 is a complete graph and 〈V ′′〉 has no edge. A graph G is chordal

if every cycle of G of length greater than three has a chord, that is, an edge between

two nonconsecutive vertices of the cycle.

A set V ′ ⊂ V is a dominating set in G if every vertex u ∈ V − V ′ is adjacent to

a vertex v ∈ V ′.

For unexplained terms and symbols see [1].

Convex and weakly convex dominating subsets of vertices of a graph G were

first introduced by Jerzy Topp, Gdansk University of Technology, 2002.

A set V ′ ⊂ V is a weakly convex dominating set in G if it is dominating and

if dG(u, v) = d〈V ′〉(u, v) for every two vertices u, v ∈ V ′, where dG(u, v) denotes

distance between u and v in G.
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A set V ′ ⊂ V is a convex dominating set in G if it is a weakly convex dominating

set and if all shortest paths between any two vertices of V ′ are the same in 〈V ′〉 as

in G. Equivalently, a set V ′ ⊂ V is a convex dominating set in G if it is a weakly

convex dominating set and if the number of shortest paths between any two vertices

u, v ∈ V ′ is the same in 〈V ′〉 as in G.

In this paper we consider decision problems of convex and weakly convex domi-

nating sets as follows:

WEAKLY CONVEX DOMINATING SET

INSTANCE: A graph G = (V, E) and a positive integer k.

QUESTION: Does G have a weakly convex dominating set of size ≤ k?

CONVEX DOMINATING SET

INSTANCE: A graph G = (V, E) and a positive integer k.

QUESTION: Does G have a convex dominating set of size ≤ k?

The class NP is the class of problems which can be verified in polynomial time.

A verification algorithm takes as input an instance of the problem of WEAKLY

CONVEX DOMINATING SET (also CONVEX DOMINATING SET) and a candi-

date solution to the problem, called a certificate. Then it verifies in polynomial time

whether the certificate is a proper solution to the given problem instance.

Lemma 1. Decision problem of WEAKLY CONVEX DOMINATING SET for arbi-

trary graphs is in NP -class of decisions problems.

Proof. Let G be a given graph and V ′ ⊂ V (G) be a certificate. To verify whether V ′

is a weakly convex set in G, let us use the Warshall algorithm [2, 3] (Algorithm 1)

which finds the distance dG(vi, vj) between every two vertices vi, vj ∈ V .

The input to this algorithm is the matrixW0, whereW0[i, j] = 1 if vivj ∈ E(G)

and W0[i, j] = ∞ otherwise. The output of the algorithm is the matrix W
∗, where

W
∗[i, j] = dG(vi, vj) for vi, vj ∈ V (G). It has been known, that time complexity of

the Warshall algorithm is O(n3).

Algorithm 1. Warshall Algorithm

1 begin

2 W :=W0;

3 for k := 1 to n do

4 for i := 1 to n do

5 for j := 1 to n do

6 if W [i, j] >W [i, k] +W [k, j]

7 then

8 W [i, j] :=W [i, k] +W [k, j];

9 fi

10 od

11 od
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12 od

13 W ∗ := W ;

14 end.

Certainly in polynomial time we can verify whether V ′ is a dominating subset

of vertices in G. If |V ′| > k, then the verification procedure stops as the candidate

is not a proper solution to the problem.

If G is disconnected, then verification procedure stops, as such a graph cannot

have a weakly convex dominating set. Therefore we assume that G is connected and

so the procedure goes on.

For a given set V ′ ⊂ V let H be the spanning subgraph of G obtained from G

by removing all the edges incident to at least one vertex of V − V ′.

Observe that the set V ′ is weakly convex if dG(vi, vj) = dH(vi, vj) for every two

vertices vi, vj ∈ V ′.

As time complexity of Warshall algorithm is O(n3), time complexity of the above

verification procedure is also polynomial.

Lemma 2. Decision problem of CONVEX DOMINATING SET for arbitrary graphs

is in NP -class of decisions problems.

Proof. Let G be a given graph and V ′ ⊂ V be a certificate. To verify whether V ′

is a convex set in G, we modify the Warshall algorithm [2, 3]. Let cG(vi, vj) be the

number of shortest paths between vertices vi, vj ∈ V (G).

The input to the modified algorithm is the matrix W0 constructed as above.

Our algorithm finds the distance between every two vertices in G, that isW∗[i, j] =

= dG(vi, vj) and the numbers of shortest paths, that is B
∗[i, j] = cG(vi, vj).

Algorithm 2. Modified version of Warshall Algorithm

1 begin

2 W :=W0;

3 for i := 1 to n do

4 for j := 1 to n do

5 B[i, j] := 0;

6 od

7 od

8 for k := 1 to n do

9 for i := 1 to n do

10 for j := 1 to n do

11 if W [i, j] >W [i, k] +W [k, j]

12 then

13 W [i, j] :=W [i, k] +W [k, j];

14 B[i, j] := 1;

15 fi

16 else
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17 if W [i, j] =W [i, k] +W [k, j]

18 then

19 B[i, j] := B[i, j] + 1;

20 fi

21 od

22 od

23 od

24 W ∗ := W ;

25 B∗ := B;

26 end.

The matrix B keeps numbers of shortest paths between vertices. In the beginning

the matrix B is a zero matrix (line 5 of the Algorithm 2). If the algorithm finds a

shorter path between vertices vi and vj than known so far, it sets value 1 to B[i, j]

(line 14). If the path is one of the shortest paths not known so far, the algorithm

increases B[i, j] by 1 (line 19). The time complexity of that version of Warshall

algorithm is again O(n3).

If |V ′| > k, then the verification procedure stops as the candidate is not a proper

solution to the problem.

It is well-known that it is possible to verify in polynomial time whether V ′ is a

dominating set in G.

If G is disconnected, then verification procedure stops as such a graph has no

convex dominating set. For this reason we assume that G is connected.

For a given set V ′ ⊂ V , let H be the spanning subgraph of G obtained from G

by removing the edges incident to at least one vertex of V − V ′.

Observe that the set V ′ is a convex set in G if for every two vertices from V ′ is

dG(vi, vj) = dH(vi, vj) and cG(vi, vj) = cH(vi, vj).

Certainly time complexity of presented procedure is O(n3), which is polynomial.

2. NP -COMPLETENESS OF WEAKLY CONVEX DOMINATING SET

PROBLEM

In this section we show that WEAKLY CONVEX DOMINATING SET problem on

split and bipartite graphs is NP -complete by giving a polynomial reduction of the

EXACT COVER BY 3-SETS problem to the WEAKLY CONVEX DOMINATING

SET problem.

WEAKLY CONVEX DOMINATING SET

INSTANCE: A connected split graph G = (V, E) and a positive integer k.

QUESTION: Does G have a weakly convex dominating set of size ≤ k?

Theorem 1. WEAKLY CONVEX DOMINATING SET problem is NP -complete for

split graphs.
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Proof. We have already seen in Lemma 1 that WEAKLY CONVEX DOMINATING

SET problem for arbitrary graphs is in NP -class of decision problems.

To prove the statement we use a polynomial reduction from exact cover by 3-sets,

which is known to be NP -complete problem.

EXACT COVER BY 3-SETS

INSTANCE: A finite set X = {x1, x2, . . . , x3q} of cardinality 3q, q ∈ N, and a set

C = {C1, C2, . . . , Cm} of 3-element subsets of X .

QUESTION: Does C contain an exact cover for X?

For a given instance of EXACT COVER BY 3-SETS problem we construct a

split graph G = (V, E) where

VC = {C1, C2, . . . , Cm},

VX = {x1, x2, . . . , x3q},

V = VC ∪ VX ,

E = {(Ci, Cj) : 1 ≤ i, j ≤ m, i 6= j}

∪{(xi, Cj) : xi ∈ Cj , 1 ≤ i ≤ 3q, 1 ≤ j ≤ m}.

Certainly G is a split graph in which 〈VC〉 is a complete graph and 〈VX〉 has no

edge (see Fig. 1).

x1 x2 x3 x4 x5 x6

C1 C2 C3

C1 = {x1, x2, x3}

C2 = {x2, x3, x4}

C3 = {x4, x5, x6}

Fig. 1. Split graph

Assume that {Cj1 , Cj2 , . . . , Cjq
} is an exact cover for X . Then D = {Cj1 , Cj2 ,

. . . , Cjq
} is a weakly convex dominating set of size k = q of graph G. Then every

vertex xi is dominated by exactly one vertex of D. As 〈VC〉 is complete, D is a

weakly convex set.

Conversely, assume that D is a weakly convex dominating set of cardinality at

most q. We shall show that C contains an exact cover for X . Note that each vertex

xi must be in the dominating set or be dominated by vertices of D. Thus |D| ≥ q as

each vertex Cj dominates exactly 3 vertices belonging to VX . Consequently |D| = q

and every vertex xi is dominated by exactly one vertex of D = {Cj1 , Cj2 , . . . , Cjq
}.

Therefore the family {Cj1 , Cj2 , . . . , Cjq
} is an exact cover for X .

It is obvious that the used transformation is polynomial as G has 3q+m vertices

and 3m +
(

m
2

)

edges.
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Since every split graph is a chordal graph, we have the following corollary.

Corollary 1. WEAKLY CONVEX DOMINATING SET problem is NP -complete

for chordal graphs.

WEAKLY CONVEX DOMINATING SET

INSTANCE: A connected bipartite graph G = (V, E) and a positive integer k.

QUESTION: Does G have a weakly convex dominating set of size ≤ k?

Theorem 2. WEAKLY CONVEX DOMINATING SET problem is NP -complete for

bipartite graphs.

Proof. By Lemma 1, WEAKLY CONVEX DOMINATING SET problem for arbitrary

graphs is in NP -class of decision problems.

To prove the statement we use a polynomial reduction from EXACT COVER

BY 3-SETS problem which is known to be NP -complete.

For a given instance of EXACT COVER BY 3-SETS problem we construct a

bipartite graph G = (V, E) where

VC = {C1, C2, . . . , Cm},

VX = {x1, x2, . . . , x3q},

V = VC ∪ VX ∪ {y},

E = {(y, Cj) : 1 ≤ j ≤ m}

∪{(xi, Cj) : xi ∈ Cj , 1 ≤ i ≤ 3q, 1 ≤ j ≤ m}.

As V = VC ∪ (VX ∪ {y}), obtained graph G is bipartite (see Fig. 2).

x1 x2 x3 x4 x5 x6

C1 C2 C3

y

C1 = {x1, x2, x3}

C2 = {x2, x3, x4}

C3 = {x4, x5, x6}

Fig. 2. Bipartite graph

Assume first that the family C contains an exact cover {Cj1 , Cj2 , . . . , Cjq
} for X .

Then D = {Cj1 , Cj2 , . . . , Cjq
, y} is a weakly convex dominating set of size k = q + 1.

Every vertex xi is dominated by exactly one vertex belonging to D and each vertex

which belongs to VC is dominated by y. It is obvious that 〈D〉 is a connected subgraph

of G and every shortest path between any two vertices from VC ∩ D is of length 2.

Thus, D is a weakly convex dominating set of G.
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Assume now that G has a weakly convex dominating set of size at most k = q+1.

We shall show that C contains an exact cover for X . Let us observe that y is

in every connected dominating set of G of size at most k. Moreover, each vertex

xi must be in weakly convex dominating set or be dominated by vertices from

D. As each vertex Cj dominates exactly 3 vertices belonging to VX , |D| ≥ k.

Consequently |D| = q+1 = k and every vertex xi is dominated by exactly one vertex

of D−{y} = {Cj1 , Cj2 , . . . , Cjq
}. Therefore the family {Cj1 , Cj2 , . . . , Cjq

} is an exact

cover for X .

It is obvious that the used transformation is polynomial as G has 3q + m + 1

vertices and 4m edges.

3. NP -COMPLETENESS OF THE CONVEX DOMINATING SET PROBLEM

In this section we show that CONVEX DOMINATING SET problem on split and

bipartite graphs is NP -complete by giving a polynomial reduction of the EXACT

COVER BY 3-SETS problem to the CONVEX DOMINATING SET problem.

CONVEX DOMINATING SET

INSTANCE: A connected chordal graph G = (V, E) and a positive integer k.

QUESTION: Does G have a convex dominating set of size ≤ k?

CONVEX DOMINATING SET

INSTANCE: A connected bipartite graph G = (V, E) and a positive integer k.

QUESTION: Does G have a convex dominating set of size ≤ k?

By Lemma 2 the CONVEX DOMINATING SET problem for arbitrary graphs

is in NP -class of decision problems. The proofs of the following theorems are similar

to those of Theorem 1 and Theorem 2.

Theorem 3. CONVEX DOMINATING SET problem is NP -complete for split gra-

phs.

Corollary 2. CONVEX DOMINATING SET problem is NP -complete for chordal

graphs.

Theorem 4. CONVEX DOMINATING SET problem is NP -complete for bipartite

graphs.
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