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Abstract

Shear zones are a fundamental phenomenon associated with the deformation of
granular materials. Under significant load, these materials develop zones of plastic-
ity concentrated in a narrow layer, characterized by a substantial increase in defor-
mation and frictional resistance between the grains. The main objective of this doc-
toral thesis was to investigate the formation of shear zones in a cohesionless gran-
ular material (sand) at the grain-level using the Discrete Element Method (DEM)
during silo flow in a laboratory-scale setup. The numerical model of the sand con-
sisted of discrete particles with diameters enabling the analysis of shear zones at the
mesoscale level. This approach allowed for detailed studies of the shear localizations
and its impact on silo structures.

In the first part of the work, the numerical model was calibrated based on ex-
perimental studies available in the literature, such as tests in a triaxial compression
apparatus and a direct shear apparatus. The calculations considered various ini-
tial densities, different load applied to the samples, and different surface geometries
(e.g., their roughness) in the case of interface studies. The calibration tests focused
on examining the shear zone at the boundary between the granular material and
structures with varying geometries. Another part of the thesis involved experimen-
tal studies of shear zones at the contact area between sand and a sinusoidal corru-
gated surface using the direct shear apparatus. The Digital Image Correlation (DIC)
method was used in the experiments.

In the second part of the work, the numerical results of quasi-static and gravi-
tational flows in laboratory-scale silos were presented. The analysis examined the
sand structure at the grain-level, determining distributions of such characteristics as
grain displacements, grain rotations, voids between grains, contact force chains, and
internal stresses within the material. The DEM results were directly compared with
experimental results available in the literature. The flow studies considered various
initial densities of the granular material, different silo wall roughness, and different
locations and sizes of the silo discharge outlet. A good agreement was obtained be-
tween the discrete model and the experiments, both in terms of the forces acting on
the silo structure and the propagation of shear zones in the granular material.

The results presented in the thesis can contribute to a better understanding of the
phenomena occurring within the localization during granular material flows and the
interaction of the material with silo walls. Finally, this can improve silo design safety.
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Streszczenie

Strefy ścinania są fundamentalnym zjawiskiem związanym z deformacją ma-
teriałów sypkich. W przypadku znacznego obciążenia w materiałach tych pow-
stają strefy uplastycznienia skoncentrowane w wąskiej warstwie, charakteryzujące
się znacznym przyrostem deformacji oraz oporem związanym z tarciem między
ziarnami. Głównym celem pracy doktorskiej było zbadanie zjawiska powstawa-
nia stref ścinania w materiale sypkim (piasku) bez kohezji na poziomie ziarna przy
zastosowaniu Metody Elementów Dyskretnych (ang.: DEM) w trakcie przepływów
silosowych w skali laboratoryjnej. Model numeryczny piasku składał się z dyskret-
nych cząsteczek o średnicy umożliwiającej analizę stref ścinania na poziomie mezo-
struktury. Zastosowane podejście pozwoliło to na szczegółowe badania strefy lokali-
zacji oraz na określeniu sposobu jej oddziaływania na konstrukcje silosu.

W pierwszej części pracy model numeryczny został skalibrowany na podstawie
badań doświadczalnych zawartych w literaturze, takich jak testy w aparacie trójo-
siowego ściskania i aparacie bezpośredniego ścinania. W obliczeniach uwzględ-
niono różne początkowe zagęszczenie, różną wielkość obciążenia przyłożonego do
próbek oraz różną geometrię powierzchni (np. jej szorstkość) w przypadku badań
tzw. interfejsów. W testach kalibracyjnych nacisk położono na zbadanie strefy ści-
nania na granicy materiału sypkiego i struktury o zróżnicowanej geometrii. El-
ementem dodatkowym pracy są własne badania doświadczalne stref ścinania w
strefie kontaktu między piaskiem a powierzchnią falistą sinusoidalną w aparacie
bezpośredniego ścinania. W doświadczeniach użyto metody korelacji obrazów
cyfrowych (ang.: DIC).

W drugiej części pracy przedstawiono rezultaty numeryczne quasi-statycznych
oraz grawitacyjnych przepływów w silosach w skali modelowej. W trakcie anal-
izy zbadano strukturę piasku na poziomie ziarna, czyli wyznaczono rozkłady m.in.
przemieszczeń ziaren, obrotów ziaren, pustek między ziarnami, łańcuchów sił kon-
taktowych oraz naprężeń wewnątrz materiału. Wyniki DEM zostały bezpośred-
nio porównane z wynikami badań doświadczalnych zawartymi w literaturze. W
przypadku badań przepływów uwzględniono różne początkowe zagęszczenie ma-
teriału sypkiego, różną szorstkość ścian silosu oraz różną lokalizację i wielkość ot-
woru wysypowego silosu. Uzyskano dobrą zgodność rezultatów między dyskret-
nym modelem a doświadczeniami, zarówno pod względem sił działających na kon-
strukcję silosu, jak i propagacji stref ścinania w materiale sypkim.

Wyniki zawarte w doktoracie mogą posłużyć do lepszego zrozumienia zjawisk
zachodzących wewnątrz lokalizacji w czasie przepływów materiałów sypkich oraz
oddziaływania materiału na ściany silosów. Ostatecznie może to poprawić bez-
pieczeństwo projektowania konstrukcji silosowych.
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Many thanks to my friends from the Gdańsk University of Technology (and beyond)
for the valuable insights and engaging discussions.

Finally, my special thanks go to my family. I am deeply grateful to my parents for
their unwavering support and motivation. I would like to express my sincerest grat-
itude to my wife, Ania, and our children, Miłek and Ida, for their patience, under-
standing, and constant smiles over the past few years.

The research work has been carried out within the project "Autogenous coupled dynamic-
acoustic effects in granular materials-experiments and combined DEM/CFD approach" fi-
nanced by the National Science Centre, Poland (NCN) (UMO-2017/27/ B/ST8/02306).

Additionally, part of the research work has also been carried out within the project
"Experimental and numerical (DEM) analysis of the contact zone between granular mate-
rial and corrugated surface during silo flow" financed by the National Science Centre,
Poland (NCN) (UMO-2022/45/N/ST8/03567).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


xi

Contents

Statement iii

Abstract vii

Streszczenie viii

Acknowledgements x

1 Introduction 1
1.1 Phenomenon and problem . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Aims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Thesis scope and structure . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Innovative elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 State of the art 7
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Experimental methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.1 Continuum methods . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.2 Discrete methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4 Research opportunities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Discrete Element Method 22
3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Calculation procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2.1 Motion integration . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2.2 Contact model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3 Particle shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Preliminary discrete analysis of soil mechanics tests 32
4.1 Triaxial compression test . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.1.2 Numerical model and methodology . . . . . . . . . . . . . . . . 34
4.1.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.2 Direct shear test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2.2 Numerical model and methodology . . . . . . . . . . . . . . . . 43
4.2.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


xii

4.3 Interface shear test between sand and surface of different roughness . 62
4.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.3.2 Numerical model and methodology . . . . . . . . . . . . . . . . 62
4.3.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.4 Interface shear test between sand and corrugated sinusoidal surfaces . 92
4.4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.4.2 Numerical model and methodology . . . . . . . . . . . . . . . . 94
4.4.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5 Modeling of granular flow in laboratory-scale silo with DEM 113
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2 Numerical model and methodology . . . . . . . . . . . . . . . . . . . . 114
5.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.3.1 Quasi-static flow in silo . . . . . . . . . . . . . . . . . . . . . . . 118
5.3.2 Gravitational flow in silo . . . . . . . . . . . . . . . . . . . . . . 136

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6 Conclusions and future research directions 162
6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
6.2 Future research directions . . . . . . . . . . . . . . . . . . . . . . . . . . 164

A Experimental analysis of interface behavior between sand and corrugated
surfaces 165
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
A.2 Experimental methods and materials . . . . . . . . . . . . . . . . . . . . 165

A.2.1 Shear apparatus and granular material . . . . . . . . . . . . . . 165
A.2.2 Interface shear test procedure . . . . . . . . . . . . . . . . . . . . 170
A.2.3 Digital Image Correlation (DIC) . . . . . . . . . . . . . . . . . . 170

A.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A.3.1 Evolution of mobilized shear stress and volumetric strain . . . 172
A.3.2 Friction of sand on corrugated sinusoidal surface . . . . . . . . 173
A.3.3 DIC analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

A.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

Bibliography 185

Publications 200

Conferences 201

List of Symbols 202

List of Figures 223

List of Tables 224

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


1

Chapter 1

Introduction

1.1 Phenomenon and problem

Silos are engineering structures commonly used in the construction, chemical, and
agricultural industries for storing various types of granular materials (Jenike, 1964;
Rotter, 2001). They are mostly constructed of materials such as steel, concrete, and
aluminum. In general, the construction of a silo is expected to withstand the loads
exerted on the structure by the bulk and powders stored inside. Unfortunately, the
structural analysis of these constructions is not always straightforward due to the
complex behavior of the granular material during silo filling, storage, and discharge.
Although some aspects of silo design are relatively well characterized, many issues
related to the granular flow are still not fully covered and need to be adequately an-
alyzed. The characteristic phenomena that complicate the analysis of the granular
flow in the silo are, for example, a sudden and strong increase of loads exerted on
the walls, different flow patterns, pressure fluctuations, and formation and propa-
gation of shear zones (Gutfraind and Pouliquen, 1996; Wójcik and Tejchman, 2009;
Tejchman and Wójcik, 2011; Tejchman, 2013).

Generally, silo flow characteristics depend on the current state of granular mate-
rial, including factors such as its type and density. At the same time, these flow char-
acteristics are significantly influenced by various parameters of the silo’s structural
elements, including the geometry and profile of the walls, the size and location of
the outlet, and the geometry of the hopper. The structural analysis of these systems
requires a comprehensive understanding of several complex phenomena that occur
during granular flow. The fundamental one, inherent to the flow of bulk materials
in a silo, is the localization of deformation in the form of narrow zones of shear-
ing granular material, known as shear zones (Cutress and Pulfer, 1967; Drescher et
al., 1978; Nedderman and Laohakul, 1980; Michalowski, 1987; Tejchman, 1989). In-
side these zones, granular media is divided into two quasi-rigid blocks of material
separated by the region of pronounced volume changes and intense shearing due
to differential motion of the bulk material (Vardoulakis, 1980; Uesugi and Kishida,
1986b; Tejchman and Wu, 1995; Desrues et al., 1996).

During the flow in silo, the deformation of granular material is strictly associated
with the formation of shear zones. In the case of silo discharge, shear zones are either
located in the interior domain or at interfaces where the granular material interacts
with silo structure (Moore et al., 1984; Uesugi and Kishida, 1986b; Tejchman and
Wu, 1995). In general, when the flow is initialized, these zones occur primarily in
the region adjacent to the outlet. As the flow continues, the granular material tends
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2 Chapter 1. Introduction

to subsequently form patterns of shear zones that propagate through the flowing
bulk. As the strain localizations develop towards the upper boundary of the granu-
lar mass, the bulk solid moves towards the outlet. At the same time, the shear zones
may occur in the region adjacent to the silo walls where the granular material inter-
acts with structural elements (Wójcik and Tejchman, 2009). The trajectories of the
shear zones may vary, depending on various characteristics of the system such as
wall roughness or silo geometry (Cutress and Pulfer, 1967; Michalowski, 1987). Nu-
merous research studies have indicated that the formation of shear zones is closely
related to the flow type (Moore et al., 1984; Wójcik and Tejchman, 2009; Tejchman,
2013). As a result, strain localization patterns are difficult to capture and character-
ize. Furthermore, the behavior of these zones is crucial, since the failure of granular
media is usually closely related to this phenomenon, and therefore it should be con-
sidered in the analysis (Vardoulakis and Graf, 1985).

In the case of silo flow, the appearance of these zones can lead to the unsta-
ble behavior of granular material. During discharge, the occurrence of shear zones
creates significant discontinuities and uneven distribution of the density within the
flowing granular material (Cutress and Pulfer, 1967; Drescher et al., 1978). As a re-
sult the pressures acting on the silo structure are also of nonuniform nature usually
showing significant fluctuations in the region from where the shear zone propagates
(Gutfraind and Pouliquen, 1996; Wójcik and Tejchman, 2009; Grudzien et al., 2012).
Therefore, one of the key factors affected by the occurrence of shear zones are the
loads acting on the silo structure. The locations of these shear zones play a major
role in estimating the magnitude of loads transferred from the granular material to
the construction (Moore et al., 1984). This aspect is crucial because the loads exerted
on the silo structure are one of the fundamental parameters in calculating the silo
wall thickness. Moreover, the underestimation of nonuniform and dynamic loading
can have structural implications potentially leading to the damage or failure of the
silo structure.

To fully understand the mechanism of shear zone formation and propagation, it
is necessary to have knowledge not only of the overall state of the granular mate-
rial stored inside the silo structure, but also of the granular properties at the grain-
level. These properties were comprehensively studied under various conditions in
numerous studies. Inside the shear zone, significant changes in the void ratio have
been observed, e.g. during the shearing under moderate confining pressure initially
dense samples show dilatancy, and initially loose samples show contraction. De-
spite the differences in initial void ratio, the granular material inside the shear zone
tends to reach the same constant value of porosity during shearing (Desrues et al.,
1996). Within the localization, the grain rotations and the forces between them in-
crease significantly. As a result, quasi-rigid columns are established with distinct
grains. During shearing, the differential motion of the bulk causes these columns
to form and collapse sequentially (Oda et al., 2004; Rechenmacher, 2006; Chupin et
al., 2011). The current knowledge is, that the shear zone characteristics, such as its
thickness depends on the individual grain characteristics (Tejchman and Wu, 1995;
Fenistein and Hecke, 2003; Hall et al., 2010; Saleh et al., 2018). Therefore the deter-
mination of the grain-level properties, e.g. particles rotations, displacements, and
forces between them is of major importance for the description of the mechanics of
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1.2. Aims 3

the granular media-silo structure system.
Over the decades, numerous methods have been used to study the characteris-

tics and phenomena associated with silo flow. The most popular approach has been
laboratory investigations (Jenike, 1961; Cutress and Pulfer, 1967; Nedderman and
Laohakul, 1980; Michalowski, 1987; Tejchman, 1989; Rotter et al., 1998) and numer-
ical methods in the field of continuum mechanics (Tejchman, 1989; Böhrnsen et al.,
2004; Więckowski, 2004; Zhu et al., 2008; Wójcik, 2008; Wójcik and Tejchman, 2009;
Tejchman, 2013). Unfortunately, these methods do not provide insight into the be-
havior that occurs at the scale of individual grains. New possibilities came with
the Discrete Element Method (DEM) (Cundall and Strack, 1979), which brought a
completely new point of view to the problem of deformation of granular material
during flow in a silo. Today, thanks to advances in computational efficiency, this
method allows to study the microstructure and mesostructure of the flowing bulk
material, taking into account the grain-level behavior of the granular material within
the localized zones and their impact on the flow and the silo structure. The discrete
approach allows to describe in detail the mechanism of strain localization within the
heterogeneous material. Therefore, this method is perfectly suited to study the shear
zone formation and propagation during confined flow in silo.

1.2 Aims

The main objective of the research presented in the thesis is to use the Discrete Ele-
ment Method to study the granular flow in a silo, by taking into account the forma-
tion and propagation of shear zones. While this method has been used in the past for
the simulations of granular flow with the focus on flow patterns, discharge rate, wall
pressure distributions, and segregation phenomena, its application to the study of
shear zone initiation and propagation has been limited. In this thesis, special atten-
tion has been paid to the mesoscopic characteristics of deforming granular material
which are fundamental to capture the mechanical behavior of granular flow. As a
result, the relationship between the grain-level characteristics of the bulk solid and
the macroscopic behavior of the granular flow and its effect on the silo structure was
captured.

In order to achieve the objectives, a series of discrete simulations has been car-
ried out, taking into account different initial states and boundary conditions. This
allowed a comprehensive analysis of the granular material deformation and its ef-
fect on the silo structure. The study presented in the thesis was divided into two
parts and includes:

1. Discrete simulations of tests in the field of soil mechanics to calibrate and val-
idate the local parameters of the discrete model. A comprehensive study of
various tests, such as triaxial compression, direct shear and interface shear test
was carried out on cohesionless sand. The influence of the grain-level charac-
teristics on the global bulk material response was evaluated for different initial
conditions, such as the initial void ratio of granular specimen or the magnitude
of loads applied to it. The soil mechanics tests focused on analyzing the shear
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4 Chapter 1. Introduction

zone at the boundary between the granular material and structures with vary-
ing geometries.

2. Discrete simulations of confined granular flow of cohesionless sand in a laboratory-
scale silo to analyze the effect of shear zone formation on the behavior of the
bulk solid-silo structure system. The investigation was performed for rectan-
gular silo made of perspex for two types of flow: a quasi-static flow in silo with
slowly movable bottom and gravitational flow. During the simulations, differ-
ent boundaries and initial conditions were studied, such as various roughness
of the wall, initial porosity, and outlet location and size.

The discrete model used during the investigation has been experimentally veri-
fied and found to be in good agreement with laboratory data.

1.3 Thesis scope and structure

The thesis includes 6 chapters and one appendix. A brief overview of the chapters
is described as follows.

Chapter 1 introduces the phenomenon, outline the research problems, presents
the objectives of the study and describes the innovative elements of the work.

Chapter 2 presents a literature review on the shear zone phenomena occurring
during silo flow. Selected experimental studies were referenced and discussed to
evaluate the impact of shear zone formation and propagation on the mechanics of
the bulk material-silo structure system. Following this, emphasis was placed on
the results obtained from numerical models, including both continuum and discrete
approaches.

Chapter 3 outlines the basic formulations of the Discrete Element Method for
granular materials in the YADE environment. In addition to a brief historical overview
of discrete methods, the chapter covers several key aspects necessary for the calcula-
tion of valid results. This includes an introduction to contact laws and motion inte-
gration scheme within discrete software, as well as a methodology for representing
particle shapes.

Chapter 4 presents the selected preliminary discrete simulations of selected soil
mechanics tests. First, the chapter describes a comprehensive parametric study of
the local input material parameters for DEM and their effect on the global bulk ma-
terial response. Then, the procedure for discrete model calibration based on the
comparison between laboratory and numerical results is presented. On the basis
of the parametric study, the local parameters are determined using a triaxial test.
Finally, direct shear and interface shear tests were studied, taking into account dif-
ferent initial conditions to analyze the ability of the model to reproduce the shear
zone formation within the granular material. Finally, based on these latter tests, the
mesostructure of the shear zone was studied.

Chapter 5 presents the results of the discrete simulations of the confined granu-
lar flow in the laboratory-scale silo. The investigation was performed for rectangular
silo made of perspex for a quasi-static and gravitational confined flow. During the
simulations, the forces on the silo bottom and side walls were measured in order
to compare them with experimental results available in the literature. In addition,
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1.4. Innovative elements 5

during the silo discharge, the particle-level characteristics within the granular ma-
terial were evaluated, with particular attention to the shear zones. The formation
and propagation of these zones were established for different types of granular ma-
terial flow. The simulations were performed for different initial conditions, such as
different wall roughness, initial porosity, and outlet location and size.

Chapter 6 summarizes the general conclusions and states recommendations for
future work.

Appendix A presents an investigation of a typical interface mechanism occurring
during the flow in a silo made of corrugated steel sheets supported by thin-walled
columns. This mechanism was captured during interface shear tests between granu-
lar material (cohesionless sand) and a sinusoidal corrugated surface in a direct shear
apparatus. The characteristics of the shear zone were determined, allowing for the
description of the relationship between the surface geometry and the forces exerted
on the structure. The experimental study provided a basis for the calibration of a
discrete element model. In addition, the study presented in the appendix presents
a path for the natural continuation of the issues discussed in earlier chapters of the
thesis regarding shear zone formation in silo structures.

1.4 Innovative elements

Although the phenomena related to silo flow have been studied experimentally and
numerically in numerous research works, there are few key aspects of the investiga-
tion presented in the thesis that make the results of the study unique. The innovative
elements of the thesis are:

1. Application of the Discrete Element Method to the simulations of flows in silo
with the particle size allowing for a detailed macro- and mesoscopic analysis
of the deforming granular material. In simulations the shear zones were estab-
lished both within the granular material and in the regions adjacent to the silo
walls. Discrete approach allowed for the investigation of the grain-level char-
acteristics of the granular material, such as particle displacements, rotations,
void ratio distribution and forces between the grains. The relation between
these characteristics and the bulk solid deformation was examined. During
the analysis, the influence of shear zone propagation on the flow pattern and
the pressures exerted on the walls were investigated.

2. Comprehensive discrete analysis of granular material deformation during shear-
ing in numerous soil mechanics tests. The analysis allowed for a detailed study
of the shear zone formation in a controlled manner, where the shear zone loca-
tion is known from the beginning due to the geometric constraints. The simula-
tions were performed for triaxial compression, direct shear and interface shear
tests, under various boundary conditions. The real-size particles allowed for a
detailed mesoscopic analysis. The discrete calculations provided insight into
the behavior of the granular material in the shear zone in terms of breakable
force chains, sphere rotations, and empty voids distribution.

3. Comparative macro- and mesoscale analysis of granular material behavior
composed of perfectly spherical particles with rotational resistance versus
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6 Chapter 1. Introduction

clumped particles composed of spheres. The real-size particles were used in
both simulations allowing for an investigation of shape significance in the dis-
crete simulations of the granular material. The emphasis was placed on study-
ing the shear zone at the interface between the granular material and the struc-
ture with different roughness. In addition, the grain-level characteristics were
used to propose micropolar boundary conditions at the interface for the 2D
continuum models.

4. Experimental and numerical study of the interface between granular mate-
rial (cohesionless sand) and sinusoidal corrugated surfaces of different wave
depths in a direct shear apparatus. Emphasis was placed on the determination
of the extent of shear localization within the granular material and on the cor-
rugated surface based on the overall strength of the interfaces and on the de-
formation of the sand. In the experimental part, the displacements and strains
of the granular material were calculated using the Digital Image Correlation
(DIC) method. As a result, the study allowed to qualitatively and quantita-
tively determine the wall contact factor as a function of the surface profile.

The results presented in this thesis have been partially covered in six published
papers, among four of them were published in three JCR journals from Web of Sci-
ence database:

1. Acta Geotechnica (Grabowski et al., 2020),

2. Acta Geotechnica (Grabowski et al., 2021a),

3. Powder Technology (Nitka and Grabowski, 2021) and

4. Computer and Geotechnics (Grabowski et al., 2021b),

and two in Web of Science database:

1. Studia Geotechnica et Mechanica (Grabowski and Nitka, 2020) and

2. Multiscale Processes of Instability, Deformation and Fracturing in Geomaterials
(Grabowski et al., 2022).
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Chapter 2

State of the art

2.1 Introduction

The flow of granular materials in silo constructions has been studied extensively by
many scientists and engineers over the past several decades. The investigation has
included the study of the various phenomena associated with granular flow, such
as shear zone formation, stress fluctuations, wave propagation, velocity discontinu-
ities, and many others (Janssen, 1895; Jenike, 1961; Walker, 1966; Cutress and Pulfer,
1967; Pariseau, 1969; Walters, 1973; Michalowski, 1987; Tejchman, 1989; Lee, 1994;
Rotter et al., 1998; Chen et al., 2005; Wójcik and Tejchman, 2009; Wiącek et al., 2021).
Despite this extensive research, there are still many challenges and issues in silo de-
sign that need to be adequately analyzed. This literature review does not attempt to
provide a comprehensive overview of the entire field of research on the behavior of
granular materials. Instead, this chapter focuses on specific topics that are directly
relevant to the research discussed in this thesis, i.e., the formation of shear zones and
their effect on the behavior of granular flow in the silo.

The following chapter presents the literature on this subject, including studies of
this problem through laboratory experiments and theoretical analysis, using both
continuum and discrete approaches. In each section, the publications related to
shear zone formation in the field of soil mechanics as well as in the field of confined
granular flow are presented.

2.2 Experimental methods

Shear zone formation in granular materials

The deformation of granular materials, with special attention to the analysis of the
shear zone, has been studied in numerous experimental studies using different mea-
surement techniques, such as radiography (Cutress and Pulfer, 1967; Michalowski,
1987), computed tomography (Desrues et al., 1996; Hall et al., 2010) and stereopho-
togrammetry (Desrues and Viggiani, 2004). Some contributions on strain localiza-
tion have been made based on the investigation of various problems under confined
boundaries and quasi-static conditions, e.g. biaxial tests (Roscoe, 1970; Vardoulakis
and Graf, 1985; Han and Drescher, 1993; Oda and Kazama, 1998; Desrues and Vig-
giani, 2004), interface shear tests (Moore et al., 1984; Uesugi et al., 1988; Hu and
Pu, 2004), triaxial compression tests (Roscoe, 1970; Oda, 1972; Desrues et al., 1985;
Desrues et al., 1996), geotechnical structures, such as retaining walls and others
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8 Chapter 2. State of the art

(Niedostatkiewicz et al., 2011; Leśniewska et al., 2020). In general, in these exper-
iments, a given state is imposed on the granular sample with the use of boundaries
(e.g. plates, walls and membranes), resulting in deformation of the bulk media.
These studies allowed to measure the strength and deformation of the materials, as
well as the basic characteristics of the shear zones, such as its thickness and orien-
tation, localization criteria, void ratio distribution and contact force network. The
simplicity of these laboratory tests allowed to better understand the mechanism of
strain localization.

During the experiments, the origin and evolution of the shear zone was de-
scribed, showing that the different localization trajectory significantly depend on the
boundary conditions (Desrues et al., 1996; Desrues and Viggiani, 2004). The studies
showed that the shear zone is not always a clear straight line, but it can be slightly
curved (Oda and Kazama, 1998). In addition, it was shown that the shear zone does
not start simultaneously at each point, but propagates from a initiating point in a
constant direction. The initiation of the localization was observed from the begin-
ning of the deformation process. Therefore, the shear zone can be established in the
hardening part of the test, far before the peak stress (Desrues et al., 1985; Hall et al.,
2010).

Within the shear zone, significant changes in the behavior of grains have been
noticed. Noticeable rotations of individual grains have been observed in numer-
ous studies Tejchman, 1989; Oda and Kazama, 1998. Hall et al., 2010 tracked the
deformation of sand during triaxial compression test, with special emphasis on the
kinematics of individual grains. This was possible through the use of X-ray micro-
tomography (µCT) imaging combined with Volumetric Digital Image Correlation
(V-DIC) technique. Grains within the shear zone showed a sudden increase in rota-
tion at the beginning of the granular material deformation, while grains outside the
shear zone showed a relatively constant increase in rotation as the test progressed
(Figures 2.1 and 2.2).

Figure 2.1: Magnitude of the grain rotations plotted for vertical slices through the middle of
the specimen during triaxial compression test obtained with V-DIC (Hall et al., 2010).

In addition, inside the localized region a local changes in the porosity were ob-
served (Oda and Kazama, 1998; Desrues et al., 1996). The limit void ratio was mea-
sured during the shearing, which means that the porosity within the shear zone
shows a strong tendency to stabilize in the residual phase of shearing (Figure 2.3).
Initially loose samples within the localization exhibit local contraction and initially
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2.2. Experimental methods 9

Figure 2.2: History of rotations for a selected grains positioned inside and outside the shear
zone during the triaxial compression test (left: plot of total rotations for each selected grain
as a function of nominal axial strain of the specimen, and right: the selected grains indicated

on the located through a slice of a sample) (Hall et al., 2010).

dense sample shows dilatancy. Numerous research works have shown that the large
voids in the localized region of granular material are caused by the dilatancy taking
place within the zone (Oda et al., 2004; Rechenmacher, 2006; Chupin et al., 2011).
During shearing, the particles inside the shear zone rearrange to form columnar
structures responsible for stress transfer (Figure 2.4). Due to the differential motion
of the bulk material, these columns are repeatedly broken and re-established in a se-
quential manner. In addition, the approximate shape and location of the shear zone
can be determined based on the laboratory analysis of the contact force network
(Figure 2.5) (Leśniewska et al., 2020).

Figure 2.3: Global and local evolution of the void ratio in loose and dense sand specimens
submitted to axisymmetric triaxial test (Desrues et al., 1996)
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10 Chapter 2. State of the art

(a) (b) (c)

Figure 2.4: A photograph of a shear zone obtain during plain strain compression test in:
a) a cylindrical sample of 24 mm diameter and 38 mm height, b) a magnified image of the
mesostructure within the localized zone and c) a sketch of the shear zone to emphasize the

column-like structures noted (Oda et al., 2004).

(a) (b)

Figure 2.5: Raw photo-elastic image of the force network in granular media composed of: a)
glass beads with b) approximate localization of the shear strain in the active earth pressure
state (the brightest areas represent the strongest grain contacts, while the darkest areas rep-

resent the weaker ones) (Leśniewska et al., 2020).

Shear zone formation in granular materials during confined flow in silo

The confined flow in silos with special attention to the initiation and development
of the shear zones has been extensively studied in numerous laboratory investi-
gations (Cutress and Pulfer, 1967; Nedderman and Laohakul, 1980; Michalowski,
1987; Tejchman, 1989; Niedostatkiewicz et al., 2011; Grudzien et al., 2012). Research
on this subject has been carried out primarily through experiments in laboratory-
scale silos, but also includes investigations in full-scale silos. A number of different
methods have been used to study the mechanism of strain localization. These meth-
ods were mainly based on the description of the deformation of the granular ma-
terial during the flow. For example, the observation of shear zones was performed
using layers of colored sand (Takahashi and Yanai, 1973; Stazhevskii, 1982; Tejch-
man, 1989), x-rays (Cutress and Pulfer, 1967; Michalowski, 1984; Michalowski, 1987;
Michalowski, 1990; Drescher, 1992; Drescher, 1998), electrical capacitance tomogra-
phy (ECT) (Grudzien et al., 2012) and Particle Image Velocimetry (PIV) technique
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2.2. Experimental methods 11

(Slominski et al., 2007). These studies have provided valuable data on shear zone
characteristics such as orientation, width, and thickness, as well as on various pat-
terns of shear zone propagation.

The primary method employed for the purpose of investigation of strain local-
ization involved measurements of the density distribution within the granular ma-
terial using X-rays. Studies of shear zone propagation mechanism with the use of
x-radiographs on laboratory-scale silos and hoppers were conducted by Cutress and
Pulfer (1967) and Michalowski (1984) and Michalowski (1987). Each of this works
captured shear zones in form of discontinuous lines of low granular material den-
sity formed during silo flow. In the papers, different patterns of shear zones were
distinguished for two different types of flow. Both mechanisms have been described
by Michalowski (1987) in the case of granular flow in converging plane hopper silo.
In the first case, at the beginning of the mass flow, two shear zones appear in the re-
gion adjacent to the outlet (Figure 2.6). As the flow progresses, these discontinuities
propagate upward, cross each other and reach the opposite walls. Upon reaching
the walls, another pair of shear zones is initiated. As the discharge continues, subse-
quent shear zones propagate toward the upper boundary of the granular mass. On
the other hand, it was shown that the propagation of shear zones in funnel flow dif-
fers from the mass mechanism (Figure 2.7). First, a funnel zone is established at the
beginning of the flow, characterized by significant velocity of the grains. The flow-
ing material is separated from the stagnant one with two vertical and almost parallel
shear zones. During the discharge, the funnel zone propagates towards the upper
parts of the mass, gradually extending its range. As the flow continues, subsequent
shear zones are formed within the granular material, similar to the formation of dis-
continuities during mass flow. Observations from x-radiographs taken during the
discharge of the model silo showed that localization zones appear gradually rather
than simultaneously. Furthermore, they form sequentially as the granular flow pro-
gresses (Figure 2.8). Similar behavior was observed in tests of laboratory scale silo
by Slominski et al. (2007).

(A) (B)

Figure 2.6: Illustrations of: A) x-radiographs and B) schemes of shear localizations during
mass flow of sand in a plane parallel/converging silo (Michalowski, 1987)
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12 Chapter 2. State of the art

(A) (B)

Figure 2.7: Illustrations of: A) x-radiographs and B) schemes of shear localizations during
funnel flow of sand in a plane parallel/converging silo (Michalowski, 1987)

(a) (b)

Figure 2.8: X-radiographs of shear localizations during: a) mass and b) funnel flow of dry
powder in a hoppers with different wall inclination (Cutress and Pulfer, 1967)

Another technique used to estimate shear zone characteristics in laboratory-scale
silos are colored horizontal layers of bulk material. It is the simplest method to study
the deformation of granular material during flow. It was used by Tejchman (1989),
Slominski et al. (2007), and Tejchman (2013) to analyze the confined granular flow
for silos with different width, wall inclination and wall roughness. The study was
mainly focused on the determination of the resultant forces acting on the walls, but
it also included the investigation of deformation measurements in dry cohesionless
sand during quasi-static flow. The displacement profiles showed the presence of
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2.2. Experimental methods 13

shear zones. The granular flow of the initially loose sample was considered sym-
metrical with a narrow shear zone near the walls (Figure 2.9a,b). On the contrary,
for the initially dense sand, the flow became gradually asymmetric with increasing
wall roughness. The asymmetry was caused by the propagation of the shear zones
towards the upper surface of the sand (Figure 2.9c,d). The flowing and stagnant re-
gions of granular material are separated by the successive formation of shear zones.
During the discharge of the hopper with very rough walls filled with initially dense
sand, a characteristic stair-like displacement profile was observed (Figure 2.9d). Sim-
ilar shear zone characteristics were obtained by means of velocity profiles measured
during the flow by Nedderman and Laohakul (1980).

(a) (b) (c) (d)

Figure 2.9: Measured displacements in model silo with convergent walls using colored lay-
ers during quasi-static flow for different initial conditions: a) smooth walls and initially loose
sand, b) rough walls and initially loose sand, c) rough walls and initially dense sand and d)

very rough walls and initially dense sand (wall inclination α=5.6◦) (Tejchman, 1989)

The formation of shear zones under various conditions was studied using the
PIV technique by Slominski et al. (2007). During the laboratory experiments in a
model silo, the shear zone localization and thickness were captured for initially loose
and initially dense sand (Figure 2.10). In the study, the shear zones were located
mainly in the area adjacent to the silo walls. The shape of the shear zones during
the flow of initially loose and initially medium-dense sand was quite chaotic. Only
in the case of initially dense sand the shape of the shear zones was more regular,
similar to a parabolic shape. Based on the PIV results, the shear zone thickness was
measured. It ranged from 7 mm (=7 ×d50) for initially dense sand and smooth walls
to 18 mm (=18 ×d50) for initially loose sand and very rough walls.
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14 Chapter 2. State of the art

(a) (b)

Figure 2.10: Shear zones during mass flow visualized by displacements profiles in sand
(left) and distribution of deviatoric strain obtained with PIV technique (right) for: a) initially
dense sand and smooth walls and b) initially dense sand and very rough walls (Slominski

et al., 2007).

2.3 Numerical methods

2.3.1 Continuum methods

Shear zone formation in granular materials

Despite their heterogeneous, discontinuous and nonlinear nature, granular media
can be reasonably described by continuum methods, which are mainly based the
Finite Element Method (FEM). The great advantage of the FEM is the possibility
to model large systems and to calculate deformations and stresses in each point of
granular material (Tejchman, 2013). This is the most common and powerful method
for simulating the behavior of granular materials consisting of billions of particles.
The mechanism of strain localization was extensively studied using different FE ap-
proaches. To study the shear zones formation an enhanced continuum models in-
cluding a characteristic length of a microstructure were used. The most common
approach involves elasto-plastic constitutive law (Lade, 1977; Desrues and Cham-
bon, 1989; Vardoulakis et al., 1992) and hypoplastic constitutive law (Mühlhaus,
1990; Tejchman and Wu, 1995; Bauer, 1996) with the aid of polar, non-local, second-
gradient, and viscous theory.

The FE calculation of the strain localization characteristics involved different
tests commonly employed in soil mechanics, such as simple and direct shear test
(Tejchman and Wu, 1995; Tejchman and Bauer, 2005), plane strain compression test
(Tejchman, 2004; Tejchman and Górski, 2009), biaxial test (Vardoulakis and Graf,
1985; Mühlhaus and Vardoulakis, 1987), interface shear test (Tejchman and Wu,
2010), and others. The thickness of the shear zone was found to be of few grain
diameters (Mühlhaus and Vardoulakis, 1987) and depends mainly on the pressure
level, initial void ratio, mean grain diameter and shearing velocity (Tejchman and
Wu, 2010; Kozicki et al., 2013) (Figure 2.11). Its worth to notice that in order to ob-
tain a shear zone inside the specimen in e.g. plane strain compression test, local
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2.3. Numerical methods 15

discontinuity in form of a weaker element with a high initial void-ratio was inserted
(Tejchman, 2004).

(A)

(B)

Figure 2.11: Deformation of initially medium dense sand during direct shear test with the
distribution of: A) Cosserat rotation and B) void ratio at the different stages of the test (Koz-

icki et al., 2013).

Shear zone formation in granular materials during confined flow in silo

In the FE calculations, granular media is treated as a continuum, and the behavior
of it is described by the constitutive models able to predict the behavior of gran-
ular material during silo flow. The most widely used approaches for solving the
problems are elasto-plastic and hypoplastic models. Both models have the ability
to analyze various aspects of granular flow mechanics, such as flow patterns, shear
zone formation, and pressures exerted on silo walls. They take into account proper-
ties characteristic for granular media, such as incremental nonlinearity, dependence
on pressure level, density and direction of strain rate (Tejchman, 2013). In the case of
silo flows, where granular material undergoes large deformations, the models have
been extended by a characteristic length of the microstructure to properly capture
the properties of the shear localization (Tejchman, 2004; Krzyżanowski et al., 2021).

The confined flow of granular materials in a silo has been analyzed using vari-
ous approaches, including Eulerian, Lagrangian, and Arbitrary Lagrangian-Eulerian
(ALE) descriptions of motion. However, the use of pure Lagrangian or pure Eule-
rian approaches for modeling silo flow is relatively limited. Using the Lagrangian
approach to solve problems with large displacements and large strains can lead to
distortion of the original finite element mesh, particularly near the outlet region
(Więckowski et al., 1999; Wójcik, 2008). As a result, only the initial phase of the
flow can be accurately resolved. Although large mesh distortions can be avoided
by using the Eulerian description of motion, this approach is primarily suited for
the simulation of granular flow with continuous refilling of the silo (Więckowski
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16 Chapter 2. State of the art

et al., 1999; Wójcik, 2008). To overcome these limitations, an Arbitrary Lagrangian-
Eulerian description of motion can be used, which combines the advantages of both
Lagrangian and Eulerian methods, allowing for a more accurate analysis of silo flow
dynamics (Wójcik, 2008). However, it should be noted that this approach may be
problematic in specific cases, such as when modeling silo flow with inserts (Wójcik
and Tejchman, 2009).

The propagation of both internal and wall shear zones has been studied by Wój-
cik (2008, 2009) in the case of quasi-static plane strain granular flow with controlled
outlet velocity. In this study, an Arbitrary Lagrangian-Eulerian motion description
was used, which allowed to simulate almost the entire discharge process, in combi-
nation with a nonlocal hypoplastic model. Two types of bins with varying surface
roughness were examined: a bin with vertical walls and a hopper. A pattern of pe-
riodic internal shear zones was observed in both configurations. In the case of the
bin with vertical walls, shear zones were detected only when the walls were very
rough and the bin was filled with initially dense sand (Figure 2.12a). For the hopper,
internal shear zones occurred regardless of wall roughness (Figure 2.12b). A mech-
anism of propagation similar to that described by Michalowski (1987) and Cutress
and Pulfer (1967) was observed. The shape of the internal shear localizations de-
pended on the wall roughness, initial void ratio of the granular material and silo
geometry. The interior shear zones contributed to the oscillation and non-uniform
distribution of pressure and density (Wójcik and Tejchman, 2009).

(a)

(b)

Figure 2.12: Evolution of void ratio during quasi-static plane strain granular flow in silo for:
a) intially dense sand in a bin with very rough vertical walls and b) a hopper with smooth

walls (Wójcik and Tejchman, 2009).

Another group of particle-oriented methods has been developed within contin-
uum mechanics to address large strain problems. Methods such as particle-in-cell
(PIC), smoothed particle hydrodynamics (SPH), and material point method (MPM)
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2.3. Numerical methods 17

allow to overcome the previously mentioned problems related to mesh distortions.
This group of meshless methods traces the history of state variables at points or
particles that are independent of the computational mesh (Więckowski et al., 1999;
Więckowski, 2004; Krzyżanowski et al., 2021). Particle-based methods have been
successfully applied to large strain engineering problems, including the tracking of
shear zones during silo flow (Więckowski, 2004; Krzyżanowski et al., 2021;
Krzyżanowski et al., 2021). Numerical simulations of quasi-static confined flow in
model silo with movable bottom were carried out by Krzyżanowski et al. (2021) us-
ing Material Point Method. The study allowed to capture realistically both the shear
zones located near the walls and curvilinear ones located within the granular ma-
terial (Figure 2.13). Significant influence on the shear zone thickness had the initial
void ratio of the bulk solid and the roughness of the silo walls. The strain localiza-
tion trajectories were also affected by the location of the outlet (Figure 2.13). These
parameters influenced also the patterns of the internal shear zones. The wall pres-
sures were strictly affected by the appearance of the shear zones and their thickness.
These zones caused the oscillation and non-uniform distribution of forces exerted
on walls, in particular for silo with very rough wall filled with initially dense sand.
The void ratio within the shear zone gradually change depending on the initial con-
ditions. Initially loose samples within the localization exhibit local contraction and
initially dense sample shows dilatancy. Similar conclusions were drawn by Desrues
et al. (1996) in experimental analysis of the triaxial compression test.

(a)

(b)

Figure 2.13: Evolution of void ratio in initially dense sand in quasi-static plane strain gran-
ular flow after bottom displacement u for silo with: a) asymmetric outlet and very rough

walls, and b) with smooth walls (Krzyżanowski et al., 2021).
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18 Chapter 2. State of the art

2.3.2 Discrete methods

Shear zone formation in granular materials

Previous studies of strain localization in granular materials have mainly focused
on laboratory experiments and continuum models. However, these approaches are
usually unable to provide insight into the micro- and mesoscopic properties of gran-
ular materials. The basic understanding and application of the results is limited by
the lack of the grain-level information. This limitation can be overcome by numer-
ical simulations performed with Discrete Element Method (DEM). In the discrete
approach, it is possible to simulate the macroscopic behavior of bulk solids by as-
suming the characteristics of individual grains, such as their geometry and size, and
material parameters.

A number of DEM models have been developed to predict the behavior of granu-
lar materials. These models, discussed in Chapter 3, take into account the formation
of shear zones during the study of various soil mechanics problems, such as geotech-
nical testing (Iwashita and Oda, 1998; Oda and Iwashita, 2000; Zhang and Thornton,
2007; Kozicki et al., 2013), foundations (Liu et al., 2019), passive/active state soil
problems (Nitka et al., 2015; Leśniewska et al., 2020), and more. These studies al-
lowed a comprehensive description of the deformation of granular material in the
localized region. Due to the heterogeneous and discontinuous structure of the dis-
crete models, they were able to capture the mesoscopic changes in the behavior of
individual grains within the shear zone.

Shear zone formation was studied by Iwashita and Oda (1998) in biaxial com-
pression tests using granular material composed of spherical discs. During the anal-
ysis, the strains, force chains, and voids were measured within the numerical speci-
men (Figure 2.14). The large voids are aligned along the localization so that the dila-
tion is concentrated within the shear zone. Therefore, the strain softening behavior
is a natural result of weakening along this zone. Significant particle rotations were
observed along the shear band boundaries. Column like structures parallel to the
major principal stress direction within the shear zone were captured. The consecu-
tive formation and breakage of these columns may be responsible for the generation
of large voids and particle rotations. Kozicki et al. (2013) studied the grain level
properties of granular materials during shearing in a direct shear apparatus, such as
displacement profiles, grain rotations, force chains, and local void ratio fluctuations
(Figure 2.15). During the study, the two-dimensional medium-dense granular sam-
ple composed of 22 000 real-size spherical particles was used. The localized region
began to appear after the granular material reached the maximum shear resistance.
The shape and thickness of the shear zone, as determined from e.g. rotations, was
non-uniform and varied along the shear box. The localization was thickest in the
center and thinnest near the edges of the specimen. Similar conclusions regarding
the thickness of the shear zone were drawn by Zhang and Thornton (2007). Within
the shear zone, local void ratio fluctuations were observed, which appeared to be
periodic in nature (Figure 2.15d). They were related to the unstable force chains that
occur during shearing of the granular material. These chains are well correlated with
the approximate orientation of the principal principal stresses (Zhang and Thornton,
2007).
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(a) (b) (c)

Figure 2.14: Illustrations of: a) specimen deformation, b) development of column-like struc-
tures, and c) porosity changes in biaxial compression test using granular material composed

of spherical discs (Iwashita and Oda, 1998).

(a) (b)

(c) (d)

Figure 2.15: Evolution of: a) specimen deformation, b) grain rotations , c) internal forces in
the entire specimen, and d) void ratio distribution within the shear zone during direct shear
test of initially medium dense sand for horizontal displacement of u=20 mm obtained with

DEM (Kozicki et al., 2013).

Shear zone formation in granular materials during confined flow in silo

Due to systematic advances in computational efficiency, both in terms of software
and hardware improvements, simulations of granular flow in silos using the Discrete
Element Method have gained more attention from researchers. Over the past three
decades, numerous discrete simulations have been performed to study the charac-
teristic phenomena related to silo flow (Langston et al., 1995; Zuriguel et al., 2005;
Ketterhagen et al., 2009; Balevičius et al., 2011; González-Montellano et al., 2011;
Kobyłka and Molenda, 2013; Zeng et al., 2017; Wan et al., 2018; Gallego et al., 2019;
Han et al., 2019). The calculations were mainly focused on flow patterns, discharge
rate, wall pressure distributions, avalanches, jamming and arching mechanisms, and
segregation phenomena. To the author best knowledge, despite its common occur-
rence, the phenomena related to the formation of shear zones during granular flow
in silo has not been sufficiently studied by means of discrete element method. There
are only few publications regarding mechanism of the shear zones formation during
confined granular flow in silo.

The formation of these zones during quasi-static flow in two-dimensional envi-
ronment was studied by Gutfraind and Pouliquen (1996). In the paper the shear
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20 Chapter 2. State of the art

zone formation near the structure walls was presented during mass flow. The gran-
ular material composed of approximately 3 500 disks was filled into the structure of
a silo with rough walls constituted by equal-size particles. The simulations were car-
ried out for two types of structure width: one was 15 diameter wide and second was
20 diameter wide. During the quasi-static flow, the velocity profiles were measured
(Figure 2.16). Based on those results shear zone were observed in the region near the
walls. Based on the velocity profiles, the thickness of the shear zone was measured
and was equal approximately 6 medium particle diameters wide. In the paper the
structure and distribution of force chains was studied (Figure 2.17). During the flow
significant stress fluctuations were measured. They were related to the consecutive
establishing and collapsing of large stress zones in form of arched chains of particles.
The occurrence of the shear zones near the wall of the bin was reliant on these stress
zones. The collapse of the arch led to the generation of the shear zone next to the
wall (Figure 2.17).

(a) (b)
Figure 2.16: Shear zone location near the walls captured with velocity profiles for: a) the
bin 15 particle diameters wide and b) for the bin 20 particle diameters wide (Gutfraind and

Pouliquen, 1996).

(A) (B)
Figure 2.17: Normal force chain network in granular material during: A) quasi-static flow
in a bin and B) a close-up on the normal force chains at four different time steps of (A)

(Gutfraind and Pouliquen, 1996).
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2.4 Research opportunities

In this chapter, a general review of shear zone formation was presented, with special
attention to that occurring during confined granular flow in a silo. Despite extensive
study over the past decades this phenomenon cause significant challenges during
flow analysis. As presented, this issue has been analyzed mainly based on the exper-
imental approach or by means of continuum methods. Unfortunately, these methods
have their limitations. The experimental techniques are usually unable to provide
insights into the mesoscopic characteristics of granular materials. Obtaining some of
the grain-level data through experimental analysis can be difficult, time-consuming,
expensive, or even impossible. Typically, experimental studies that investigate the
deformation of granular material at the mesoscale tend to provide primarily qualita-
tive information. On the other hand, when it comes to the finite element approach,
especially in the context of shear localization, the analysis is not always straight-
forward. These methods face significant challenges when computing systems that
undergo large deformations. Moreover, the majority of the results obtained within
the continuum mechanics discussed in the chapter, are strictly limited to the calcu-
lations of granular flow in the quasi-static regime. It is important to note that the
granular material flow within a silo is frequently dynamic, which can create addi-
tional challenges for the numerical analysis.

Many of these limitations can potentially be overcome by employing the Dis-
crete Element Method for the simulation of confined granular flow in silos. DEM
can provide insights directly related to the dynamic behavior of particles and the in-
ternal properties of granular materials in various applications. As far as the author is
aware, the phenomena associated with shear zones formation during granular flow
in the silo have not been sufficiently studied using this method. While numerous
discrete analyses regarding other aspects of silo flow exist, a comprehensive study
focusing on shear zone formation using a discrete approach is lacking. Therefore,
the research presented in this thesis focuses on this understudied phenomenon with
the aim of making a modest contribution to the understanding of the mesoscopic
mechanisms behind shear zone formation in granular flow within silo structures.
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Chapter 3

Discrete Element Method

3.1 Overview

The Discrete Element Method (DEM), also known as the Distinct Element Method
or Discrete Particle Method (DPM), was originally proposed by Cundall and Strack
(1979) for solving problems in geotechnical engineering. This method is closely re-
lated to Molecular Dynamics (MD), which was developed in the early 1950s for the
numerical simulation of molecular gases and simple liquids (Pöschel and Schwager,
2005). However, unlike MD, which is mainly used to model the physical motion
of atoms and molecules, DEM is generally used to simulate the motion of macro-
and mesoscopic particles and grains. Since the early 1980s, the Discrete Element
Method has gained popularity and has been widely adopted for analysis in nu-
merous industries, including chemical, mining, pharmaceutical, agricultural, and
others. Today, DEM is commonly accepted as an efficient method for solving sci-
entific and engineering problems in both solid mass materials, such as concrete and
rocks, and discontinuous materials, such as powders and granulates. In addition,
DEM can be used for the analysis of engineering problems, such as particle-fluid
flows by coupling with Computational Fluid Dynamics (CFD) (Tsuji et al., 1993;
Zeghal and Shamy, 2004; Caulk et al., 2020a; Krzaczek et al., 2020) and multiscale
modeling of e.g. geotechnical problems by using coupled Finite-Discrete Element
Method (Munjiza et al., 1995; Munjiza, 2004; Oñate and Rojek, 2004; Nitka et al.,
2011; Nguyen et al., 2022). In recent days, the popularity of this method is a result
of significant advances in computing power and efficiency, as well as improvements
in numerical algorithms. As a consequence, it has become possible to simulate ma-
terials consisting of millions of particles (Caulk et al., 2020b). Application of this
method to model granular material is wide (Zhu et al., 2008), ranging from fluidized
beds phenomenon (Xu and Yu, 1997; Kawaguchi et al., 1998), sintering process in
powder metallurgy (Parhami and McMeeking, 1998; Rojek et al., 2017; Nosewicz
et al., 2013; Nisar et al., 2024), granular flow in silo (Rotter et al., 1998; González-
Montellano et al., 2011; Balevičius et al., 2011; Parafiniuk et al., 2013; Wiącek et al.,
2024), soil mechanics problems (Thornton and Zhang, 2003; Hall et al., 2010; Kozicki
et al., 2014), and many others.

DEM is a very effective tool for studying granular materials at the macro-, meso-
and microscale levels. One of the main advantages of DEM is the possibility to
directly simulate the heterogeneous structure of materials by considering different
material properties (e.g., size and shape of particles) and random structure of the
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3.1. Overview 23

granular assembly composed of finite number of distinct elements. Another ma-
jor advantage of this method is its ability to provide a high level of detail in the
output data describing the behavior of the granular material. It takes into account
various factors such as particle trajectories, forces acting between the bodies, and
other dynamic data at each time step of the numerical simulation. Obtaining such
information through experimental analysis can be difficult or even impossible (Zhu
et al., 2008). On the other hand, the Discrete Element Method has several signifi-
cant drawbacks. Although it is possible to simulate granular media consisting of
millions of particles, the method is mostly used to solve small-scale problems rather
than macroscopic engineering problems. This is due to the significant computational
cost associated with the large number of discrete elements required to accurately re-
produce the structure of granular materials. Despite recent significant advances in
computational algorithms, certain computational procedures, such as collision de-
tection, remain time-consuming processes. Another drawback of this method is the
lack of grain-level variables, resulting in a calibration procedure that relies primarily
on the measurement of global material properties in laboratory tests.

In discrete calculations of particulates and granular assemblies, two main types
of contact between the bodies can be distinguished: the soft particle model and the
hard particle model. The hard particle model is based on the instantaneous collisions
between perfectly rigid bodies. In this approach, the time step during the simulation
is variable and event dependent (Luding et al., 2017). The collision between parti-
cles is binary, meaning that only one contact between a particle and neighboring
bodies is possible at a given time step. If multiple contacts are established, they are
solved sequentially. On the other hand, when there is no interaction between a par-
ticle and neighboring bodies, the particles are in free, undisturbed motion (Hogue
and Newland, 1994). The hard particle approach finds application in loose and di-
luted systems, e.g. in the field of molecular dynamics (Hoomans et al., 1996). For
more dense systems, like granular media assemblies, a soft particle approach is com-
monly employed. On the contrary to the hard particle approach, the soft particle
approach allows for a multiple long-lasting particle contacts which are common in
typical granular assemblies (Buist et al., 2016). In this approach, the material is con-
sidered to be composed of distinct particles that interact with each other by applying
Newton’s second law and a contact law within an explicit numerical scheme. The
Newton’s second law determines the motion of a particle based on the forces acting
on it, while the contact law is used to calculate forces between the bodies based on
their displacements. In the soft particle method the interaction forces between the
bodies are related to the deformation or mostly to the overlap of contacting particles,
which is interpreted as a local contact deformation. In soft particle models, an ade-
quately small time steps must be used to obtain reliable results, which can increase
computation time. Throughout the simulation, the time step is usually fixed and is
related to the local modulus of elasticity of the contact, the particle radius, the ma-
terial density, and the normal/shear stiffness ratio. The duration of the interaction
increases with the softening of the interaction (Hoomans et al., 1996).

In this thesis, the numerical analysis was performed with the three-dimensional
discrete software called YADE (Yet Another Dynamic Engine) which was developed
at the University of Grenoble (Kozicki and Donzé, 2008; Smilauer et al., 2023). The
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24 Chapter 3. Discrete Element Method

YADE software, which takes advantage of the soft-particle approach, has already
been successfully used to describe the behavior of granular materials (Modenese et
al., 2012; Bourrier et al., 2013; Aboul Hosn et al., 2016; Dosta et al., 2023), including
shear localization (Widuliński et al., 2011; Kozicki et al., 2013; Nitka et al., 2015;
Kozicki and Tejchman, 2017; Leśniewska et al., 2020).

3.2 Calculation procedure

The granular material is described in the Discrete Element Method by the positions
and orientations of its constituent particles and by the corresponding time deriva-
tives. The simulation loop performed in the discrete software YADE is shown in Fig-
ure 3.1. The calculation procedure is based on the application of Newton’s second
law to the distinct elements and an interaction law at the contacts between them.

Figure 3.1: Simulation loop in discrete software YADE that includes: body-centered calcu-
lations (red color) followed by interaction calculations (blue color), force estimation (green
color), and other engines, such as user-defined components (black color) (Smilauer et al.,

2023).

In a typical discrete simulation, a granular assembly is composed of distinct par-
ticles, each of them defined by its properties (e.g., material and shape). The simula-
tion proceeds in discrete time steps, in each of this steps the procedures presented
in Figure 3.1 are run repeatedly. In the first phase of a cycle, the forces acting on
each particle from the previous step are reset. Then collisions between the bodies
are detected. In YADE, the detection process is performed in two phases: a fast
and approximate phase followed by an exact collision detection procedure. This is
due to the fact that the exact computation of a collision between two particles can
be relatively computationally expensive. Next, based on the collision detection, the
interactions between the particles are solved using contact laws, with calculation of
the general forces acting on the bodies, including external conditions such as gravity.
The contact forces are derived from properties of interacting particles. Finally, the
equations of motion are integrated for all particles, resulting in updated positions
and orientations.
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3.2. Calculation procedure 25

3.2.1 Motion integration

The motion of particles in DEM was well described in detail in work by Cundall
and Strack (1979) and discrete software manuals, such as PFC-Particle Flow Code
manual (2019) and YADE manual (2023.) During the simulation, each distinct rigid
particle accumulates resultant forces acting on it from the contacts in which it partic-
ipates (with other particles and boundaries) or from external forces. These resultant
forces are then used to integrate the particle motion separately for each particle, fol-
lowing Newton’s second law. The particle behavior can be described in terms of
two vector equations: one related to the translational motion of the particle and the
second related to the rotational motion of the particle. The motion of the center of
mass in the translational degree is described in terms of its position x, velocity ẋ,
and acceleration ẍ. The equation of motion for each particle for translation can be
expressed as:

F = m(ẍ − g) (3.1)

where, F is the resultant force, i.e. the sum of all forces acting on the particle,
m is the mass of the particle, and g is the acceleration caused by body forces (e.g.,
gravitational load). To integrate the motion equations YADE uses Verlet scheme, in
which known derivatives of position and orientation are calculated at on-step points
and the odd derivatives, such as velocities are calculated at mid-step points. Let us
consider that the sum of all forces acting on a particle and its mass m is known at the
time t and the time step used for the calculation cycle is ∆t. Therefore, the mid-step
velocity ẋ(t+∆t/2) is calculated with the following expression:

ẋ(t+∆t/2) = ẋ(t−∆t/2) +

(
F(t)

m
+ g

)
∆t (3.2)

These calculated values of mid-step velocities may be used to update the posi-
tions of the particles at the time t + ∆t by a further numerical integration:

x(t+∆t) = x(t) + ẋ(t+∆t/2)∆t (3.3)

The rotational motion of the particle is described in terms of its angular velocity
vector ω and angular acceleration vector ω̇. The equation of motion for a distinct
particle is described by an equation:

M = Iω̈ (3.4)

where M is the resultant angular moment (torque) acting on the rigid body and I
represents moment of inertia of the rigid body. Assuming that angular acceleration
ω̈ is constant over the time step ∆t the mid step angular velocity is expressed by:

ω̇(t+∆t/2) = ω̇(t−∆t/2) +

(
M(t)

I

)
∆t (3.5)

The calculated angular velocity vector is used then to update the particle rotation
with equation:
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26 Chapter 3. Discrete Element Method

ω(t+∆t) = ω(t) + ω̇(t+∆t/2)∆t (3.6)

Both translational and rotational equations of motion are applied to each parti-
cle in a each cycle. The finite difference equations 3.1-3.6 represent a time-centered
system.

3.2.2 Contact model

A number of DEM models have been developed to predict the behavior of granular
materials. In DEM, this behavior is described by a set of contact laws that model
the interactions between individual particles. In each calculation cycle, these contact
laws are applied at each contact point, resulting in new interparticle forces. Un-
fortunately, modeling the actual deformation of the particles is too complicated, so
the interaction is typically replaced by a system of springs, dashpots, no-tension
joints, and sliders (Iwashita and Oda, 1998). As a result, particle deformation is
simulated as an overlap between two particles, where the magnitude of the overlap
determines the magnitude of the contact force between the bodies. Several types of
contact laws can be used to model the behavior of granular materials, which have
been extensively described in the literature (Mishra, 2003; Horabik and Molenda,
2016; Luding et al., 2017). Usually the normal contact force between the particles
is modeled with the linear (Cundall and Strack, 1979; Iwashita and Oda, 1998; Oda
and Iwashita, 2000; Kozicki and Donzé, 2008; Nitka et al., 2015; Rojek et al., 2018;
Zhao and Zhao, 2019) or nonlinear contact models (Zhao et al., 2006; Zhang and
Thornton, 2007; Modenese et al., 2012; Podlozhnyuk et al., 2016; Wiącek et al., 2023).
In the most commonly used linear contact model, the mechanical behavior results in
a typical linear force-displacement relationship. The nonlinear models, such as the
Hertzian type model, allow to obtain more realistic results (Luding et al., 2017), but
they can decrease the computational efficiency (Mishra, 2003). Modeling the particle
interaction also includes solving the sliding, rolling, and torsional components of
the contact. These forces are mainly calculated using either linear elasto-plastic or
nonlinear Hertz-Mindlin models (Mindlin and Deresiewicz, 1953).

In the thesis the cohesive elastic-frictional contact model with moment trans-
fer law (MTL) (or else called rotational resistance) implemented in YADE was used
(Figure 3.2). Although the model is able to consider the cohesion force between
the bodies, this component was not used in the presented numerical simulations
(non-cohesive sand was simulated only) (Figure 3.2). The normal force component
between the bodies is calculated using linear spring with constant normal stiffness
Kn (Figure 3.2a). The linear spring provide linear elastic no-tension behavior of the
interaction. The tangential component of the contact force is computed with respect
to constant elastic shear stiffness Ks and is limited by the Mohr-Coulomb friction
criterion, using interparticle friction coefficient µc (Figure 3.2b,c). Moreover, in the
model linear elastic-plastic rotational resistance is implemented. Contact moments
are computed with respect to the rotational stiffness Kr (Figure 3.2d,e). The maxi-
mum value of interparticle moments above which the behavior is perfectly plastic is
defined by the dimensionless limit rolling coefficient η (but also depends on normal
stiffness and element radii).
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3.2. Calculation procedure 27

(a) (b) (c)

(d) (e)

Figure 3.2: Mechanical response of linear contact model with rotational resistance: a) normal
contact model, b) tangential contact model, c) loading and unloading path for tangential
force and d) rolling contact model, e) loading and unloading path for rolling contact model

(Kozicki et al., 2013).

To illustrate how interaction forces and displacements of the discrete bodies dur-
ing a discrete simulation are calculated, let us consider basic assembly of two distinct
elements in three-dimensional space. Figure 3.3 presents an example of interaction
between two purely spherical particles with rotational resistance, indexed as A and
B (Iwashita and Oda, 1998; Belheine et al., 2009). At the beginning of the simulation
loop, the bodies are defined by their position (e.g., center coordinates x, y, and z for
spheres), shape (e.g., radius r for spheres), and material parameters (e.g., mass den-
sity ρ, local modulus of elasticity Ec and shear/normal stiffness ratio v = Ks/Kn).
When two bodies are in contact, a force vector F between them is established which
may be decomposed into a normal and a shear vector (Fn and Fs, respectively). These
forces may be computed with respect to the contact normal and shear stiffness (Kn

and Ks, respectively):

Figure 3.3: Interaction between two spheres in DEM at time t (Belheine et al., 2009).
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28 Chapter 3. Discrete Element Method

Fn = Kn · un · n (3.7)

∆Fs = Ks · ∆us (3.8)

where un is the relative normal displacement between two elements (positive
if overlap exists), n is the unit normal vector at each contact point and ∆us is the
incremental tangential displacement. The shear force Fs acting between the bodies
is obtained by summing the ∆Fs increments:

Fs = Fs,prev + ∆Fs (3.9)

where Fs,prev represents the shear force at the beginning of the time step. Normal
and shear stiffnesses are related to the sphere modulus of elasticity Ec and particles
radii RA and RA. In this study, a linear elastic normal contact model was used.
Therefore, KN and Ks are calculated with harmonic mean:

Kn = Ec ·
2 · RA · RB

RA + RB
(3.10)

Ks = υc · Ec ·
2 · RA · RB

RA + RB
(3.11)

with υc as the shear/normal stiffness ratio. The force components are connnected
by a fricitonal Mohr-Coulomb contact law. The sliding between the elements occurs
when the inequality is satisfied:

||Fs|| ≥ ||Fn|| · tan µc (3.12)

where ||Fs|| is the norm (length) of the shear force, ||Fn|| is the norm of the normal
force and µc represents interparticle friction angle.

In addition, to model the grain roughness moment transfer law (MTL) was in-
troduced to increase the rolling resistance of purely spherical particles, as proposed
by Iwashita and Oda (1998). Te contact moment M acting between the bodies is
obtained by summing the is ∆M increments:

M = Mprev + ∆M (3.13)

where Mprev represents the moment at the beginning of the time step. The incre-
ment of the contact moment ∆M acting in the contact plane is calculated using the
rolling stiffness Kr:

∆M = Kr · ∆ω (3.14)

where the ∆ω represents the incremental resultant angular rotation between two
elements. The rolling stiffness Kr is calculated with following equation:

Kr = β · Ks · RA · RB (3.15)
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3.3. Particle shapes 29

where β is the dimensionless coefficient used for the rolling stiffness. The rolling
occurs when the moment exceeds the value:

||M|| ≥ η · RA + RB

2
||Fn|| (3.16)

where η is the dimensionless limit rolling coefficient which controls the elastic
limit of the rolling behavior.

In simulations of quasi-static phenomena, it is desirable to dissipate kinetic en-
ergy of particles. The damping used in YADE is similar to that one described in
Cundall and Strack (1979). YADE employs artificial numerical damping λd, which
is a non-physical damping force component added to the equations of motion. The
basic idea is to decrease forces which increase the particle velocities:

Fdamped = F − λd · sgn(ẋ) · F (3.17)

and

Mdamped = M − λd · sgn(ω̇) · M (3.18)

where Fdamped and Mdamped are the damped force and moment vectors acting on
particle, F and M are the resultant contact force and moment vectors, respectively.
Finally, ẋ and ω̇ denote the particle’s translational and angular velocity. The func-
tion sgn(*) returns the sign of the components of the translational and rotational
velocities of the spheres. As a result, it ensures that the damping forces oppose the
direction of motion, effectively dissipating kinetic energy.

3.3 Particle shapes

In DEM calculations of granular material, grains can have shapes of varying com-
plexity, some of which are shown in Figure 3.4. Most DEM software uses spherical
grains within a specified diameter range (Figure 3.4A). To capture the irregularity of
real grains, the rotational resistance is typically introduced which simulates the fric-
tional contact between purely spherical particles (Belheine et al., 2009). In addition
to pure spheres, many DEM software packages use the multisphere method, in which
distinct spheres are combined to form a clumped body. These combined spheres can
form a rigid or a deformable particle with finite adhesion forces between the spheres
(Figure 3.4Ab-l). Recent studies have introduced other methods to faithfully repro-
duce particle shapes. First group of particles with complex shapes are the ones de-
scribed by closed-form mathematical expressions, such as poly-superellipsoid par-
ticles (Figure 3.4B) and superquadric particles (Figure 3.4C). In other studies, the
particles are simulated as polyhedral ones described by a set of planes (Figure 3.4D).
Different methods of particle simulation have their own advantages and disadvan-
tages. The use of sphere-based particles significantly simplifies and accelerates the
calculation process, allowing a larger number of particles to be simulated. On the
other hand, poly-superellipsoid or superquadric particles provide a better repre-
sentation of actual granular material behavior due to their similarity to real grain
shapes. However, this comes at the cost of longer computation time due to the more
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30 Chapter 3. Discrete Element Method

complex collision detection process required for these particles. Polyhedral parti-
cles offer a simple way to define actual particle geometry using faces, vertices, and
points. However, these shapes also often come at a significant computational cost,
especially for highly complex geometries. In the thesis, two of the described ap-
proaches were used to simulate frictional grains of bulk materials: one involving
purely spherical particles with rotational resistance (also referred to as spheres in
the thesis), and the other involving clumps composed of spheres (also referred to as
clumped particles in the thesis).

(A)

Figure 3.4: Overview of typical particle shapes used in DEM simulations: A) spheres and
clumps composed of spheres (Kozicki et al., 2012), B) poly-superellipsoid particles (Zhao
and Zhao, 2019), C) superquadric particles (Podlozhnyuk et al., 2016) and D) polyhedral

particles (Zhao et al., 2006).
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(B) (C)

(D)

Figure 3.4: (continued).
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Chapter 4

Preliminary discrete analysis of
soil mechanics tests

The confined granular flow in a silo is a complicated and nonlinear process due to
the multiple variables and dynamic interactions between individual particles and
their interactions with the surrounding silo structure. The formation and propaga-
tion of shear zones during discharge can vary depending on numerous aspects of the
bulk material-silo system. Therefore, in order to determine the ability of the discrete
model to capture the complicated phenomena associated with the flow of granular
materials, preliminary calculations of selected soil mechanics tests were performed
with DEM. These tests allowed to calibrate the numerical model and to capture the
typical behavior of the deforming granular material under precisely controlled con-
ditions. Based on the comparison with laboratory data available in the literature, the
numerical model was validated. The preliminary simulations provided a solid basis
for the subsequent analysis of the mechanism of shear zone formation during silo
flow. The chapter includes the numerical analysis of:

• triaxial compression test of cohesionless sand,

• direct shear test of cohesionless sand (Grabowski and Nitka, 2020; Nitka and
Grabowski, 2021),

• interface shear test between cohesionless sand and rigid surface of different
roughness (Grabowski et al., 2020; Grabowski et al., 2021a),

• interface shear test between cohesionless sand and rigid sinusoidal corrugated
surface of different geometry.

First, a comprehensive parametric study of the influence of local discrete param-
eters on the granular material behavior was performed. The study was based on the
triaxial compression test, as it is a typical tool for calibrating the input parameters
in the DEM. Therefore, a series of these tests were performed to determine the local
variable of the discrete model of cohesionless sand.

Then, simulations of the direct shear test were carried out. This test is typically
used in soil mechanics to study the macroscopic response of the soil subjected to
shearing. As a result, it is possible to obtain, for example, the total shear resistance
of the sample. In addition, by means of discrete simulations, this test allowed also to
study the mesoscopic characteristics of the deforming granular material, with par-
ticular attention to the formation of the shear zone. The great advantage of the direct
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Chapter 4. Preliminary discrete analysis of soil mechanics tests 33

shear test is that the location of the shear zone can be easily predicted, as it typically
occurs between the shear frames.

Later, the interface shear test between cohesionless sand and rigid surface of dif-
ferent roughness was studied. This test was selected because it allows the study of
the shear zone occurring in the granular material in the region adjacent to the struc-
ture. The mechanisms that occur in the contact zone between these two regimes is
one of the critical aspects affecting the granular flow in silos. Therefore, conducting
this test was a necessary step before performing silo calculations.

Finally, the interface shear test between cohesionless sand and rigid sinusoidal
corrugated surface of different geometry was investigated. This type of interfaces is
often encountered in silo constructions, particularly in corrugated metal silos sup-
ported by surrounding thin-walled columns. The properties of this interface, such
as the effective coefficient of friction against the corrugated wall, are critical for the
accurate determination of pressures exerted on silo walls. The study of this test al-
lowed to analyze the formation of the shear zone in the area adjacent to the surface
similar to the structure of the silo, under precisely controlled quasi-static conditions.
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34 Chapter 4. Preliminary discrete analysis of soil mechanics tests

4.1 Triaxial compression test

4.1.1 Introduction

The triaxial compression test has been extensively investigated by means of experi-
mental techniques (Desrues et al., 1985; Kolymbas and Wu, 1990; Desrues et al., 1996;
Matsushima et al., 2006; Cui et al., 2016) and numerical methods (Salot et al., 2009;
Belheine et al., 2009; Kozicki et al., 2012; Kozicki et al., 2014). In laboratory studies,
this test is usually used to measure the strength of the granular materials, but with
the use of computed tomography it allows the deformation of the bulk solid to be
measured in detail (Hall et al., 2010). In a typical triaxial test, the granular sample is
placed between a top and bottom cap surrounded by a flexible membrane. During
the test, axial stress is applied to the caps while hydrostatic pressure is applied to the
membrane. As a result, the strength and strain of the soil are measured. In addition,
advanced experimental techniques (e.g. micro-computed tomography) (Desrues et
al., 1996) or discrete methods (Kozicki et al., 2014; Kozicki and Tejchman, 2017) can
be used to study the strain localization within the bulk solid during the triaxial com-
pression test.

This section presents the calibration and validation of the discrete model as a
result of a comprehensive parametric study of the local material variables. The stan-
dard procedure for determining the parameters of the discrete model is by compar-
ing macroscopic results from numerical analyses with experimental results (Belheine
et al., 2009; Kozicki et al., 2012). This approach allows to reproduce the macroscopic
behavior of the granular material based on the estimation of the local material char-
acteristics of the discrete particles. In the presented study, the calibration of the
properties of the numerical material was performed on the basis of the typical and
commonly used triaxial compression test.

4.1.2 Numerical model and methodology

At the beginning, a parametric study was performed to investigate the effect of the
key parameters of the DEM on the macroscopic behavior of the granular material.
The analysis included the study of factors such as global specimen Young’s mod-
ulus E, peak stress σmax

1 and residual normal stress σres
1 . During the investigation

spherical particles with rotational resistance were used. Therefore, the influence of
five main local variables on the stress-strain curves was investigated: interparticle
friction angle µc, local modulus of elasticity Ec, shear/normal local stiffness ratio υc,
limit rolling coefficient η and rolling stiffness coefficient β. In each case, only one pa-
rameter was varied, while all other factors were kept constant. Table 4.1 contains the
range of values of the material parameters considered during the parametric study.

A series of discrete triaxial compression tests were performed on the ’Karlsruhe’
sand used in the experiments by Kolymbas and Wu (1990). The properties of this
sand are listed in Table 4.2. The tests were conducted on a cubic specimen com-
posed of spherical particles with rotational stiffnes. The size of the sample was 100
mm×100 mm×100 mm, as shown in Figure 4.1. In the discrete simulations, the
particles were scaled by a factor of 10 compared to the real size of the ’Karlsruhe’
sand grains. If real-size particles were used, it would result in a sample composed
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4.1. Triaxial compression test 35

Table 4.1: Discrete material local variables used in parametric study.

Parameter Value
interparticle friction angle µc 5-25◦

local modulus of elasticity Ec 20-2000 MPa
shear/normal local stiffness ratio υc 0.05-0.6
limit rolling coefficient η 0.1-2.0
rolling stiffness coefficient β 0.1-2.0

of approximately 8 000 000 particles. Although the DEM software used is capable of
handling such a number of particles, it would result in significantly longer computa-
tion and data processing times. Therefore, before the actual parametric study it was
necessary to investigate the effect of the mean particle diameter d50 on the macro-
scopic response of granular sample. This investigation ensured that particle scaling
did not affect the macroscopic outcomes of the triaxial compression test. Figure 4.2
shows the effect of the grain size used in the calculations on the resultant vertical
normal stress σ1 and volumetric strain εv. Three samples composed of particles with
different mean grain diameter d50 were examined: d50=5.0 mm (total number of 7
000 particles), d50=2.5 mm (total number of 56 000 particles), and d50=1.25 mm (total
number of 450 000 particles). In each case, a uniform distribution of particle diam-
eters was used, ranging from 0.5×d50 to 1.5×d50. In all cases, the evolution of the
shear resistance and the deformation of the sample was similar throughout the test.
The tests were performed using smooth rigid wall elements, without inducing shear
localization (Kozicki et al., 2013; Kozicki et al., 2014). Therefore, the particle scal-
ing effect was assumed to be negligible and the mean particle diameter was set to
d50=5.0 mm (with particle diameters varying between 2.5 mm and 7.5 mm).

Table 4.2: Properties of the ’Karlsruhe’ sand (Kolymbas and Wu, 1990).

Material property Value
mean grain diameter d50 0.5 mm
grain size distribution 0.08-1.8 mm
uniformity coefficient Uc 2
minimum specific weight γmin

d 14.6 kN/m3

maximum specific weight γmax
d 17.4 kN/m3

minimum void ratio emin 0.53
maximum void ratio emax 0.84

During the parametric study each test was performed on initially dense sand
sample (e0=0.55) composed of the same assembly of distinct particles under confin-
ing stress σc=200 kPa. The mass density of grains was 2600 kg/m3. The numerical
procedure for the triaxial compression test was divided into two stages: specimen
preparation and the actual test execution. In the first stage, particles were randomly
packed inside the box composed of six smooth, rigid wall elements. The particles
were then subjected to isotropic compression until the desired confining pressure
and void ratio were achieved. During the preparation phase, the interparticle fric-
tion angle was varied to achieve the assumed specimen characteristics. The initial
stage was completed when the kinetic energy of the specimen became negligible.
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36 Chapter 4. Preliminary discrete analysis of soil mechanics tests

Figure 4.1: Numerical setup for triaxial compression test.
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Figure 4.2: Triaxial compression test on initially dense sand (e0=0.55 and σc=200 kPa): a)
vertical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from
DEM for different mean grain diameter d50 (µc=18◦, Ec=300 kPa, υc=0.3, η=0.4 and β=0.7).

After that, during the second stage the bottom and top walls moved vertically to-
wards the center of the specimen, inducing triaxial compression. As a result, the
σ1 stress increased, while the σ2 and σ3 stresses remained constant due to the side
walls being able to move horizontally in response to the confining stress. The tests
were performed under quasi-static conditions (the inertial number was kept below
1e-04 (Roux and Chevoir, 2005)) and under gravity-free conditions, with a damping
coefficient set to λd=0.08 (Kozicki et al., 2012).

4.1.3 Numerical results

In this section, the results of a series of triaxial compression tests on cohesionless
sand are presented. First, the effect of the discrete material local variables on the
granular material behavior is presented during the parametric study. Next, the cal-
ibration of the discrete model local variables and the comparison between the nu-
merical results and the laboratory results are shown.
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4.1. Triaxial compression test 37

Parametric study of discrete material local variables

At the beginning of the parametric study, the effect of a local interparticle friction
angle µc on the global response of the granular material was investigated. During
the study three different values of µc were studied: 5◦, 15◦ and 25◦. As shown in
Figure 4.3, the local friction has a significant impact on both the vertical normal
stress σ1 and volumetric strain εv. Figure 4.3a shows that the peak normal stress
value increased proportionally from σmax

1 = 400 kPa to σmax
1 = 1400 kPa as the local

interparticle friction angle increased. Similarly, the residual normal stress value σres
1

was dependent on µc and varied between σres
1 = 400 kPa and σres

1 = 950 kPa (Figure
4.3a). In addition, the interparticle friction strongly influenced the evolution of the
volumetric strain curves (Figure 4.3b). As µc increased, the specimens exhibited
greater contraction at the beginning of the test and greater dilation throughout the
rest of the test.
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Figure 4.3: Triaxial compression test on initially dense sand (e0=0.55 and σc=200 kPa): a)
vertical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from

DEM for different interparticle friction angle µc (Ec=200 MPa, υc=0.3, η=1.0 and β=1.0).

Second, the influence of the local modulus of elasticity Ec on the granular mate-
rial behavior was investigated. Figure 4.4 demonstrates the σ1/ε1 and εv/ε1 curves
obtained for three different Ec values: 20 MPa, 200 MPa, and 2000 MPa. The maxi-
mum value of local modulus of elasticity resulted in the highest peak normal stress
and global stiffness of the specimen (Figure 4.4a). These values decreased propor-
tionally with decreasing local modulus of elasticity. On the other hand, the modulus
of elasticity had a smaller effect on the magnitude of the stresses in the residual
phase. There is a clear difference in the evolution of the curves between the sample
with Ec = 20 MPa and the other two samples. During the test, the first exhibited
only continuous hardening, unlike the latter two, where the initial hardening turned
into softening after the peak. In addition, similar differences were observed in the
deformation of the latter two samples. For the specimen with Ec = 200 MPa and
Ec = 2000 MPa (Figure 4.4b), dilatancy occurred approximately from the beginning
of the test. On the other hand, the sample with Ec = 20 MPa showed a significant
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38 Chapter 4. Preliminary discrete analysis of soil mechanics tests

contraction for almost the entire first half of the test, with a slight dilation in the
residual phase (Figure 4.4b).
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Figure 4.4: Triaxial compression test on initially dense sand (e0=0.55 and σc=200 kPa): a)
vertical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from
DEM for different local modulus of the elasticity Ec (µc=15◦, υc=0.3, η=1.0 and β=1.0).

Next, the effect of the shear/normal local stiffness ratio υc on the macroscopic
results of the triaxial test was investigated. During the study three different values
of υc were examined: 0.05, 0.3 and 0.6. Figure 4.5 shows that this ratio has a signif-
icant effect on the material behavior up to a certain point. Increasing υc from 0.3 to
0.6 did not result in any serious changes in the evolution of the stress-strain and vol-
ume strain-strain curves (Figure 4.5). Depending on the value of υc, the calculated
peak and residual normal stresses were in the range of 680-770 kPa and 600-650 kPa,
respectively (Figure 4.5a). The maximum volumetric strain at the end of the tests
ranged from 0.057 to 0.075 (Figure 4.5b). All samples behaved similarly, exhibiting a
small contraction at the beginning of the test followed by subsequent dilation.
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Figure 4.5: Triaxial compression test on initially dense sand (eo=0.55 and σc=200 kPa): a) ver-
tical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from DEM

for different shear/normal local stiffness ratio υc (µc=15◦, Ec=200 MPa, η=1.0 and β=1.0).
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4.1. Triaxial compression test 39

The last two figures presents the effect on the numerical results of two key pa-
rameters responsible for simulating the roughness of perfectly spherical grains: the
limit rolling coefficient η (Figure 4.6) and the rolling stiffness coefficient β (Figure
4.7). These parameters are crucial because the development of the shear zones within
the deforming granular materials composed of spherical particles can be obtained
only by incorporating the rolling resistance in the discrete model (Iwashita and Oda,
1998). By taking these contact law components into account in the interaction be-
tween particles, it is possible, for example, to reproduce large voids and particle
rotations that occur in real soils.

During the study the three values of η and β were studied: 0.1, 1.0 and 2.0. As
shown in Figure 4.6, the influence of η on the triaxial test outcomes is negligible,
particularly in regards to the volumetric changes of the samples. Normal stresses
and deformations during the simulations increased only slightly with the growth of
the limit rolling coefficient. On the other hand, the effect of the rolling stiffness coef-
ficient β on the granular material behavior is more substantial. Figure 4.7 illustrates
that the normal stresses at the peak and residual states increased from σmax

1 = 680 to
σmax

1 = 800 kPa and from σres
1 = 600 to σres

1 = 740 kPa, respectively. As the rolling
stiffness coefficient increased, the final deformation of the specimen changed from
εv = 0.062 (for β = 0.1) to εv = 0.075 (for β = 2.0). Although no significant influence
on macroscopic results was found (due to the lack of localizations in this test), the
value of rolling resistance can still affect the mesoscopic behavior.
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Figure 4.6: Triaxial compression test on initially dense sand (e0=0.55 and σc=200 kPa): a)
vertical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from

DEM for different limit rolling coefficient η (µc=15◦, Ec=200 MPa, υc=0.3 and β=1.0).

In summary, several attempts were made to evaluate the influence of the input
local variables on the deformation and the strength of the sand specimen. The in-
vestigated local parameters had a pronounced effect on the granular material be-
havior. The most significant differences in the evolution of the curves were obtained
by changing the interparticle friction angle µc and the local modulus of elasticity
Ec. Both parameters strongly influenced the peak and post-peak stress values on
the stress-strain curve. In addition, the study showed that by changing the local
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Figure 4.7: Triaxial compression test on initially dense sand (e0=0.55 and σc=200 kPa): a)
vertical normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from

DEM for different rolling stiffness coefficient β (µc=15◦, Ec=200 MPa, υc=0.3 and η=1.0).

modulus of elasticity, the deformation of the sample, in particular its global stiff-
ness, can be affected. In addition to the effects of µc and Ec, it is worth highlighting
the prominent effects of υc, β, and η on the peak strength of the sample. The vol-
umetric strain curve in the initial phase of the test was substantially affected by µc

and Ec. The rest of the local parameters mostly affected the final deformation of
the samples. The dilatancy angle was found to be strongly related to the interpar-
ticle friction angle, while its relationship with the rolling stiffness coefficient was
noticeable but relatively small. The numerical results of the parametric study are in
acceptable agreement with the existing literature regarding the triaxial test (Belheine
et al., 2009; Widulinski et al., 2009) or the plain strain tests (Iwashita and Oda, 1998;
Mohamed and Gutierrez, 2010). The results show that, with the accurate calibration,
the numerical model is able to capture the nonlinear stress-strain behavior of sand.

Numerical model calibration

As a result of the parametric study, a set of local material parameters for the granular
material model was determined (Table 4.3). The calibration process involved setting
the value of the discrete variables, which were adjusted using the corresponding
homogeneous axisymmetric triaxial laboratory test results on the ’Karlsruhe’ sand
(Kolymbas and Wu, 1990). Such procedure of calibration of granular material model
is commonly employed in the literature (Belheine et al., 2009; Kozicki et al., 2012;
Kozicki et al., 2014; Leśniewska et al., 2020). The calibration procedure was con-
ducted by comparing the macroscopic stress-strain and volume-strain curves for
different confining pressures. The material properties of the sand used in the ref-
erenced experiments were listed at the beginning of the section (Table 4.2). The nu-
merical procedure for the triaxial test used for calibration was identical to that used
in the parametric study. Similar to the experiments, the DEM calculations were per-
formed on an initially dense sample (initial void ratio e0 = 0.53) for three different
confining pressures (σc = 50 kPa, σc = 200 kPa, and σc = 500 kPa).
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Table 4.3: Determined discrete material local variables.

Parameter Value
interparticle friction angle µc 18◦

local modulus of elasticity Ec 300 MPa
shear/normal local stiffness ratio υc 0.3
limit rolling coefficient η 0.4
rolling stiffness coefficient β 0.7

Figure 4.8 presents the comparison between the numerical results and the exper-
imental ones. The numerical model successfully captured the nonlinear behavior
of the sand. The stress-strain curves (Figure 4.8a) were in a good agreement, while
the volumetric strain curves (Figure 4.8b) were in acceptable agreement with the
experimental outcomes. The numerical model demonstrated an accurate correlation
between the confining pressure and the global stiffness and peak strength of the sand
sample. Minor differences were observed for the confining pressure σc = 500 kPa,
where the peak stress and the global stiffness of the sample were slightly higher com-
pared to the experiments. The discrepancies between the laboratory results and nu-
merical simulations of sand regarding the volumetric strain curves were attributed
to the shape of the numerical grains. The use of idealized spherical particles with
rolling resistance in the simulations resulted in artificial dilatancy (Zhao et al., 2018).
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Figure 4.8: Triaxial compression test on initially dense sand (e0 = 0.53): a) calculated vertical
normal stress σ1 and b) volumetric strain εv versus vertical normal strain ε1 from: DEM cal-
culations (black empty dots) compared to laboratory experiments (red full dots) (Kolymbas
and Wu, 1990) for different initial confining pressure σc (µc = 18◦, Ec = 300 MPa, υc = 0.3,

η = 0.4 and β = 0.7).

4.1.4 Summary

In this section a detailed discrete analysis of the triaxial compression test was carried
out. The effect of some local discrete parameter on the response of the ’Karlsruhe’
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sand specimen was investigated during the parametric study. In addition, the dis-
crete model of the sand was calibrated by comparison with experimental data. The
following main conclusions were drawn from the discrete simulations:

• During the parametric study the influence of the interparticle friction angle µc

and the local modulus of elasticity Ec on the global response of the specimen
(e.g. specimen peak strength, residual strength) was found to be the most sig-
nificant. A less considerable effect on the specimen response was found when
changing the υc, η and β. In the latter cases, only small changes in the curves
evolution were found, mainly in the final phase of the test.

• The discrete model of granular material, consisting of spherical particles with
rotational resistance, can accurately reproduce the nonlinear behavior of sand
during triaxial compression test. Furthermore, this test can be used to calibrate
the local parameters of the numerical model. In the presented studies, these
parameters were determined as follows: µc=18◦, Ec=300 MPa, υc=0.3, η=0.4
and β=0.7. The numerical results obtained for different loads applied to the
specimen were in good agreement with the experimental data, both in terms
of shear resistance and volumetric changes of the sand specimen.

Based on the calculations presented in this section, the discrete model character-
istics for further simulations were determined. Using this model, the analysis of the
shear zone was performed in the subsequent chapters.
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4.2. Direct shear test 43

4.2 Direct shear test

4.2.1 Introduction

In this section, discrete simulations of direct shear test of cohesionless sand under
constant normal pressure are presented. Direct shear test is a very common and
simple procedure for the determination of the shear resistance of soils. It has been
studied extensively in numerous experimental (Shibuya et al., 1997; Chandler and
Hamilton, 1999; Härtl and Ooi, 2008; Salazar et al., 2015; Alhakim et al., 2023) and
numerical investigations, both using continuum (Tejchman and Bauer, 2005; Gutier-
rez et al., 2009; Kozicki et al., 2013) and discrete approaches (Thornton and Zhang,
2003; Härtl and Ooi, 2008; Zhou et al., 2009; Kozicki et al., 2013; Salazar et al., 2015).
In a typical direct shear test, the granular sample is placed inside the shear box,
which is constructed of lower and upper steel or brass frames. During the test, one
of the frames is locked and the other one is moving at a constant horizontal speed to
induce shearing within the granular material.

The main aim of this section is to study the shear zone formation under precisely
controlled constraints. As presented in the previous section, the discrete model accu-
rately predicted the macroscopic behavior of the sand. However, it did not consider
the strain localization due to the rigid boundary conditions. In this section, the direct
shear test was employed to verify the ability of the numerical model to capture the
mesoscale phenomena occurring in the granular material, with particular attention
to the shear zone. The main advantage of the selected test is that the shear local-
ization can be predicted in most cases, as it typically occurs between the lower and
upper frames of the shear box.

The results presented in this section are partially covered in two publications:
Grabowski and Nitka (2020) and Nitka and Grabowski (2021).

4.2.2 Numerical model and methodology

The simulations of the direct shear test were performed using spherical particles
with rotational resistance. The material parameters of the direct shear test numerical
model were the same as those determined using the calibration procedure based on
the triaxial compression test presented in the previous section (see Table 4.3 in Chap-
ter 4.1). However, this time, compared to the previous simulations, the ’Karlsruhe’
sand composed of real-size grains was used. Therefore, the mean grain diameter
was equal d50 = 0.5 mm and varied between d = 0.25 mm and d = 0.75 mm. The
numerical simulations (model setup shown in Figure 4.9) were carried out under
full 3D conditions, with the specimen depth reduced from 60 mm (120 × d50) to 5
mm (10 × d50) to shorten the computation time (Figure 4.9). The reduction of the
sample depth had a negligible effect on the numerical results (Figure 4.10, Kozicki
et al. (2014)). The height and width of the specimen were 25 mm (50 × d50) and 60
mm (120 × d50), respectively. The upper and the lower parts of the shear box were
created with rigid box elements.

The standard direct shear test procedure was followed for all tests. The first step
involved creating the granular assembly composed of approximately 55 000 spher-
ical particles inside the shear box, followed by the application of constant initial
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44 Chapter 4. Preliminary discrete analysis of soil mechanics tests

normal pressure σn to the top frame. To obtain a desired initial density of the granu-
lar sample due to grain overlap, the interparticle friction angle µc was varied during
sample preparation. To obtain a sample with a lower initial void ratio, the inter-
particle friction angle was set between 0◦ and 18◦. On the other hand, to obtain a
sample with a higher initial void ratio, the interparticle friction angle was gradually
changed from 45◦ to 18◦. In the latter case, the global damping λd was also varied
during the preparation, i.e. it was set higher than during the actual test. As a result,
the porosity of the sample was increased due to the lack of vibration and movement
of the particles. Once the desired void ratio of the sand mass was achieved and
the kinetic energy of the assembly was negligible, the upper frame moved horizon-
tally (inducing horizontal displacement u) at a constant velocity (Figure 4.9c). The
loading rate was slow enough to ensure the test was conducted under quasi-static
conditions. During the shearing the upper frame was free to move vertically while
the bottom frame was fixed. The space equal to the maximum grain diameter was
left between the lower and upper frame walls (see the zoom in Figure 4.9a), as in
the experiment, to prevent particles from getting stuck at the lower corners during
shearing. The loss of sand during the shearing had a small effect on the void ratio
and the volumetric strain (less than 1% of the particles leaked out through the gap
during the test).

(a)

(b) (c)

Figure 4.9: Direct shear test in DEM: a) numerical setup, b) sample at the initial
state and c) deformed sample at the final state (Grabowski and Nitka, 2020; Nitka

and Grabowski, 2021).

The procedure of sample preparation based on the compaction of randomly dis-
tributed particles confined in the shear box can result in anisotropy and inhomo-
geneity of the granular material. Before each test, the distribution of: initial void
ratio, normal force chains, and contact orientation was analyzed. The exemplary re-
sults for the medium-dense specimen with initial void ratio e0=0.63 subjected to the
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Figure 4.10: Direct shear test on initially medium-dense sand (e0 = 0.63 and σn = 50 kPa):
a) calculated shear stress ratio τ/σn and b) volumetric strain εv versus total horizontal dis-

placement u for different depth of the sand specimen d.

vertical load of σn=200 kPa are presented in Figure 4.11. The distribution of pores
and voids between the particles did not vary with the location within the shear box
(e.g., the porosity near the boundaries is similar to that in the center of the speci-
men). The assumed initial void ratio of e0=0.63 (represented by the blue color) was
obtained for the whole sample with minor local deviations (< 5% of the average
value) (Figure 4.11a). The uniform color and size of the normal force chains between
the particles indicates that the forces are evenly distributed throughout the sample
and are approximately the same size (Figure 4.11b). This is complemented by the
polar histogram of the contact orientation (Figure 4.11c), which shows the average
value of the normal forces between the particles for angles between 0◦ and 360◦. The
vertical load applied on the upper frame caused the negligible anisotropy in contact
orientation. As a result, the forces oriented from angles between 60◦ and 120◦ are
slightly larger than the horizontal forces. In summary, according to the analysis of
the parameters presented in Figure 4.11, the prepared sand sample was considered
as isotropic and homogeneous.

A series of direct shear tests were performed throughout the investigation, con-
sidering different variations of normal pressure σn applied to the shear box (50 kPa,
200 kPa, and 500 kPa were studied), as well as different initial void ratios e0 of the
sand sample (0.53, 0.60, and 0.75 were studied).

4.2.3 Numerical results

In this section, the results of a series of direct shear tests of cohesionless sand under
various conditions are presented. First, a comparison between the shear resistance
and granular material deformation obtained with numerical simulations and with
laboratory experiments by Salazar et al. (2015) is presented. Next, the influence of
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46 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b)

(c)

Figure 4.11: Example of: a) void ratio distribution, b) normal contact forces distribution, and
c) contact orientation at the initial state of the test, prior to applying pressure (e0 = 0.63 and

σn = 200 kPa,).

the normal pressure applied to the shear box and the initial void ratio of the spec-
imen on the shear resistance and volumetric strains is shown. Finally, a compre-
hensive analysis of the granular material behavior, including its deformation, the
distribution of sphere rotations, void ratios, and force chains at the final stage of
shearing, has been performed. This analysis includes also the study of the shear
zone evolution during shearing for selected case, with particular attention to the
pre-peak phase.

Evolution of mobilized shear stress and volumetric strain

In the first step the validation of the numerical model was performed. The numerical
results of the specimen with initial void ratio e0 = 0.63 and initial vertical pressure
σn = 80 kPa were compared with the experimental study of Salazar et al. (2015).
The comparison in Figure 4.12 shows that the evolution of both stress and volumet-
ric strain curves were in good agreement with the experimental results. The peak
stress and the residual stress obtained in the calculations were slightly lower than
in the experiments (about 5% and 15% respectively). The negligible fluctuations ob-
served particularly in the residual state of the test were mainly caused by the contin-
uous reorganization of the force chains within the shear zone during shearing. This
behavior was related to the successive formation and collapse of particle columns
inside the shear zone during granular material deformation (Rechenmacher, 2006;
Chupin et al., 2011). Small discrepancy was also observed on the volumetric strain
curve, with a larger residual value obtained in the numerical analysis. The artificial
dilatancy of the material was caused by the use of spheres with rotational resistance
instead of realistically shaped grains (Zhao et al., 2018). It is also important to note
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4.2. Direct shear test 47

that perfect agreement with the direct shear test results of Salazar et al. (2015) can-
not be expected, since the material parameters used in the model were calibrated in
triaxial experiments on ’Karlsruhe’ sand.
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Figure 4.12: Direct shear test on initially medium-dense sand: a) calculated shear stress
ratio τ/σn and b) volumetric strain εv versus total horizontal displacement u from discrete
simulation (Nitka and Grabowski, 2021) and laboratory test (Salazar et al., 2015) (e0 = 0.63

and σn = 80 kPa).

After model validation, the effect of the normal pressure was checked (only for
the initially medium-dense sample with void ratio of e0 = 0.60). Figure 4.13 shows
the evolution of the shear stress ratio τ/σn and the volumetric strain εv versus the
total horizontal displacement u of the upper frame for three different vertical pres-
sures σn = 50 kPa, 200 kPa, and 500 kPa. The evolution of both curves is typical
for the sand behavior during a direct shear test. The shear stress initially increased
and reached a peak value at a displacement of approximately u = 1 mm for σn = 50
kPa, u = 2 mm for σn = 200 kPa, and u = 3 mm for σn = 500 kPa (Figure 4.13A).
After reaching the peak value, the sand exhibited softening. The residual volumet-
ric strain decreased with increasing pressure (Figure 4.13B) as in the experiment by
Salazar et al., 2015. It is evident that the highest pressure resulted in the lowest vol-
umetric strain with a small initial contraction, while the lowest pressure resulted in
the highest peak shear stress ratio and global stiffness of the sample.

The effect of the initial void ratio e0 on the global response of the specimen was
also investigated. Sand samples with void ratios of e0 = 0.53, 0.60, and 0.75 were
prepared under a constant vertical pressure σn = 200 kPa (Figure 4.14). The initial
porosities were intended to represent different density conditions (dense, medium-
dense, and loose) of the granular media used in the study. The upper limit of the
void ratio was set to e0 = 0.75− 0.80 because it is difficult to achieve artificially void
ratio greater than this threshold using perfectly spherical particles. Initially dense
and medium-dense samples exhibited hardening, reaching the shear stress peak at
u = 1.25 mm (e0 = 0.53) and u = 2 mm (e0 = 0.60), respectively, and then exhib-
ited softening. In contrast, the initially loose sample showed continuous hardening
throughout the test (Figure 4.14c). Overall, the initially dense and medium-dense
sand dilated, while the initially loose sand contracted (Figure 4.14B). The results
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Figure 4.13: Calculated: A) shear stress ratio τ/σn and B) volumetric strain εv versus total
horizontal displacement u from discrete simulations of direct shear test for different normal
stresses: a) σn = 50 kPa, b) σn = 200 kPa, and c) σn = 500 kPa (e0 = 0.60) (Grabowski and

Nitka, 2020; Nitka and Grabowski, 2021).

were consistent with general knowledge of the behavior of granular media (Salazar
et al., 2015).
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Figure 4.14: Calculated: A) shear stress ratio τ/σn and B) volumetric strain εv versus total
horizontal displacement u from discrete simulations of direct shear test for different initial
void ratios: a) e0 = 0.53, b) e0 = 0.60, and c) e0 = 0.75 (σn = 200 kPa) (Grabowski and Nitka,

2020; Nitka and Grabowski, 2021).

Effect of the normal pressure on mesoscopic behavior of cohesionless sand

The research, described in previous section, has so far focused on the macroscopic
behavior of the cohesionless sand sample under shearing in a direct shear apparatus.
In this section, the numerical results for the grain-level characteristics, such as the
deformation of the sample, the distribution of the normal force chains, sphere rota-
tions, and the void ratio distribution are presented. The effect of the normal stress
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4.2. Direct shear test 49

applied to the shear box on the mesoscopic behavior of the granular material has
been investigated. The presented results were obtained at the final state of shearing
(ux=6.0 mm).

First, the influence of the vertical loads applied to the top shear box on the meso-
scopic behavior of sand was investigated. Similarly, as in the previous section, three
values of these loads were examined: σn = 50 kPa, 200 kPa, and 500 kPa in case of
a medium-dense sample (e0=0.60). Figure 4.15 presents the influence of the vertical
load applied to the top frame on the behavior of the sand. Based on the displace-
ments of the spheres, it can be seen that the deformation of the sample was similar
in all cases. In each of these cases, the sand was divided into two quasi-rigid bod-
ies separated by the uniform and horizontal shear zone located at the boundaries
between the upper and lower frames. Particles in the lower frame were locked and
particles above the shear zone followed the movement of the upper frame.

Figure 4.16 presents the distributions of particle rotations in the entire specimen.
Red color represents clockwise rotation and blue color represents counterclockwise
rotation. A clear horizontal shear zone appeared between the shear box frames in all
cases. Small differences were observed only in the thickness of the shear zone, which
increased from 10 × d50 to 18 × d50 in direct proportion to the decrease in load ap-
plied to the top frame (Figure 4.16). The thickness of the shear zones was calculated
based on an inflection point in the vertical distribution of sphere rotations ω. The
point where the rotation ω was ≤ 5% of the maximum sphere rotation ωmax in the
localization defined the lower boundary and the upper boundary of the shear zone.
The direction of the sphere rotations in the localization was mainly clockwise, ac-
cording to the shear direction, with only a few loose spheres rotating in the opposite
direction (Figure 4.16). The largest sphere rotations occurred directly at the mid-
height of the specimen and decreased in magnitude as they approached the top and
bottom frames. Particles in the upper and lower frames mostly showed no rotation.

(a) (b) (c)

Figure 4.15: Front view of the specimen at the final state of the test for different vertical load:
a) σn=50 kPa, b) σn=200 kPa and c) σn=500 kPa (e0=0.60) (Grabowski and Nitka, 2020).

(a) (b) (c)

Figure 4.16: Distribution of sphere rotations ω in granular specimen at the final state
of the test for different vertical load: a) σn=50 kPa, b) σn=200 kPa and c) σn=500
kPa (e0=0.60) (red color-clockwise rotations, blue color-counterclockwise rotations)

(Grabowski and Nitka, 2020).
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50 Chapter 4. Preliminary discrete analysis of soil mechanics tests

Next, the calculated void ratio distribution presented in Figure 4.17 was exam-
ined. The values of the void ratio e were calculated from the averaging cell (REV-
represent element volume). The REV cell was 5×d50 wide, 5×d50 high, and 10×d50

deep, and it was moved by 1×d50 to obtain a better resolution of the plots. As a re-
sult the REV volume was equal 15.625 mm3 and contained approximately 250 grains.
The selection of the size of REV was arbitrary, however this size was already success-
fully used in other studies, e.g. by Nitka et al. (2015). The REV size allowed to avoid
large local fluctuations, without losing mesoscopic phenomena. The distribution
of porosity within the sample corresponded well with the distribution of particle
rotations with respect to the formation of the shear zone. The greatest increase in
porosity was observed at the mid-height of the specimen and reached e=eres=0.80 at
the final state of the test. It was observed that the significant dilation of the sand
occurs mainly in the localized area. Outside the shear zone, negligible changes in
porosity were observed.

(a) (b) (c)

Figure 4.17: Distribution of void ratio e in granular specimen at the final state of the test for
different vertical load: a) σn=50 kPa, b) σn=200 kPa and c) σn=500 kPa (e0=0.60).

Figure 4.18 presents the normal force chains distribution in the sand specimen.
The red lines indicate forces above the mean value, and the line thickness corre-
sponds to the normal force value. The distribution of contact forces at the end of the
test was highly non-uniform. The normal pressure applied to the upper frame had
a significant effect on the contact force network. The magnitude of the forces trans-
ferred in each interaction increased in direct proportion to the applied pressure. The
distribution of the force chains did not seem to be affected by the magnitude of the
applied load. In all cases, the main horizontal forces occurred in the upper left and
lower right regions of the specimen. These areas were connected by the diagonal
forces established between them. The localization path and thickness cannot be de-
termined based on the contact force network. The orientation of the force chains in
the localized region was diagonal to the shear zone plane.

(a) (b) (c)

Figure 4.18: Distribution of normal force chains in granular specimen at the final state of
the test for different vertical load: a) σn=50 kPa, b) σn=200 kPa and c) σn=500 kPa (e0=0.60)

(Grabowski and Nitka, 2020).
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4.2. Direct shear test 51

Figure 4.19 shows a polar distribution of contact forces in the 1-2 plane (mean
amplitude and orientation to the horizontal). It can be seen that in all cases the
direction of the mean contact forces changed from initially vertical to diagonal as
the shearing process progressed. Similar to the previous results, the load applied to
the sand specimen mostly affected the magnitude of the normal forces (note that the
graph scale differs for each case). In all cases, the orientation of the mean contact
forces to the horizontal in the residual state varied from 130◦ to 170◦, which was a
result of the significant horizontal and diagonal forces shown in Figure 4.18.

(a) (b) (c)

Figure 4.19: Polar mean contact force distribution in granular specimen at the initial state
(black line) and final state of the test (red line) for different vertical load: a) σn=50 kPa, b)
σn=200 kPa and c) σn=500 kPa (e0=0.60) (the graphs scale has been adjusted to ensure good

readability, considering the varying magnitudes of the vertical load).

Effect of the initial void ratio on mesoscopic behavior of cohesionless sand

The effect of the initial void ratio of the sand sample on the mesoscopic behavior of
the granular material has been investigated. Similarly as in the previous section, the
final deformation of the specimen, the distribution of normal force chains, sphere
rotations and void ratio distribution were investigated. The presented results were
obtained at the final state of the shearing (ux=6.0 mm). The analysis was conducted
for three different initial void ratios: e0=0.53 (dense sand), e0=0.60 (medium-dense
sand) and e0=0.75 (loose sand) under constant normal pressure applied to the upper
frame σn=200 kPa.

Figure 4.20 presents the influence of the initial void ratio on the final deformation
of the sand. For initially dense and medium-dense sand samples, the final shape of
the localization was similar (Figure 4.20a,b). In these cases, the granular material
was divided into two quasi-rigid bodies separated by the uniform and horizontal
shear zone located at the boundaries between the upper and lower frames. In con-
trast to the first two cases, the initially loose sample (Figure 4.20c) did not exhibit a
pronounced horizontal shear zone. During the test, the loose particles in the upper
box started to compact near the upper left corner instead of moving as a homoge-
neous material in the horizontal direction. The similar mechanism as in the passive
and active earth pressure problem was observed on both sides of the specimen. The
central part of the sample remained unchanged during the test.
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52 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b) (c)

Figure 4.20: Front view of the specimen at the final state of the test for different initial void
ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa) (Grabowski and Nitka, 2020).

Next, the distribution of particle rotations was examined. In the case of the spec-
imens with e0=0.53 and e0=0.60 the grain rotation clearly shown the location of the
shear zone (Figure 4.21a,b). The final shape of the localization was similar in these
cases and formed at the mid-height of the granular specimen, splitting it into two
quasi-rigid solids. The shear zone thickness was uniform along both specimens and
approximately equal to ts=16-18 ×d50. Particle rotations within the shear zone were
mainly clockwise, corresponding to the direction of shear. In contrast to the dense
and medium-dense samples, the largest particle rotations in the loose sample were
not concentrated at the mid-height of the sand. Both clockwise and counterclock-
wise rotations were localized near the advancing and receding boundaries of the
sample. Particles in the rest of the sample mostly showed no rotation.

(a) (b) (c)

Figure 4.21: Distribution of sphere rotations ω in granular specimen at the final state of the test
for different initial void ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa) (red color-

clockwise rotations, blue color-counterclockwise rotations) (Grabowski and Nitka, 2020).

Next, the calculated void ratio distribution presented in Figure 4.22 was exam-
ined. The distribution of porosity within the sample corresponded well with the
distribution of particle rotations with respect to the formation of the shear zone in
case of dense and medium-dense samples (Figure 4.22a,b). In these cases, the in-
crease in the porosity of the granular material was concentrated in the center of the
sample height and reached the value of eres=0.80. Outside the shear zone, negligible
changes in porosity were observed. In contrast, in the initially loose sample (Figure
4.22c), the void distribution within the sand sample was non-uniform as compared
to the previous cases. The clear horizontal shear plane did not occur.

Figure 4.23 presents the normal force chain distribution in the sand sample. In
all cases, the contact network showed the existence of diagonal normal forces within
the shear zone. Horizontal contact forces were observed in the upper left and lower
right corners of the specimen. Similar as in the previous section, the normal force
distribution does not provide sufficient information to determine the thickness or
shape of the shear zone. The magnitude of the contact forces was similar, although
the mean force slightly increased as the initial void ratio increased.
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(a) (b) (c)

Figure 4.22: Distribution of void ratio in granular specimen at the final state of the test for
different initial void ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa).

(a) (b) (c)

Figure 4.23: Distribution of normal force chains in granular specimen at the final state of
the test for different initial void ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa)

(Grabowski and Nitka, 2020; Nitka and Grabowski, 2021).

Figure 4.24 shows a polar distribution of normal force network. It can be seen
that initially the vertical mean contact forces (with an orientation to the horizontal of
90◦) dominated due to the constant normal load applied to the specimen. During the
shearing, the direction of the mean contact forces changed from vertical to diagonal.
In all cases, the dominant magnitudes of normal forces were observed within the
range of 130◦ to 180◦ angles. Compared to the initially dense and medium-dense
samples (Figure 4.24a,b), the mean contact forces in the initially loose sand (Figure
4.24c) were greater, particularly at the beginning of the test, due to the lower number
of interactions between particles.

(a) (b) (c)

Figure 4.24: Polar mean contact force distribution in granular specimen at the initial state
(black line) and final state of the test (red line) for different initial void ratio e0: a) e0=0.53, b)

e0=0.60 and c) e0=0.75 (σn=200 kPa).
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54 Chapter 4. Preliminary discrete analysis of soil mechanics tests

Evolution of the shear zone

The previous sections have focused on studying the effect of normal pressure and
initial void ratio of the sand specimen response during shearing in a direct shear ap-
paratus. The cumulative results in the final state of shearing for different boundary
conditions were presented. In this section, the focus was placed on the development
of the shear zone, with particular attention to its evolution in the initial phase of the
direct shear test. The emphasis was on the localization shape rather than numerical
values. In order to do so, the specimen with pronounced horizontal shear zone was
selected for the analysis (e0=0.60, σn=200 kPa) The analysis was performed at differ-
ent stages, starting from the initial phase (ux = 0.1 mm) up to the final state of the
test (ux = 6.0 mm).

First, the fluctuations of the displacement were calculated (Figure 4.25). The plots
were obtained by calculating the fluctuations as u⃗i − u⃗avg, where u⃗i represents the
displacement of i sphere and u⃗avg represents the mean displacement of all spheres
in the entire specimen in the analyzed time step. The difference between the motion
of individual grains and the motion of the entire granular mass can ensure valuable
information about the granular material deformation (Abedi et al., 2012; Richefeu
et al., 2012). To improve readability, black arrows representing the vectors are pre-
sented for every 50 elements and were multiplied by 1.0e03. In the analyzed case,
the various orientation and different magnitude of the arrows shows the shear zone
location and shape. Interesting phenomena was observed at the beginning of the
test, in the pre-peak regime of the shearing. In this stage, the shear zone formed an
s-shape rather than a straight line between the shear boxes of the apparatus (Figure
4.25a-e). As the shearing proceeded, the shape of the shear zone flattend shaping
the pure horizontal line in the residual phase of the test (Figure 4.25i). It occurred
that the test was not homogeneous from the beginning. Not only did the material
begin to shear in the middle part, but the entire specimen was mobilized. Similar
evolution of the shear zone was captured and described in the numerical analysis
performed by Wang et al. (2007a).

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.25: Evolution of displacements fluctuations u⃗i − u⃗avg in the entire specimen for: a)
ux=0.10 mm, b) ux=0.50 mm, c) ux=0.75 mm, d) ux=1.00 mm, e) ux=1.25 mm, f) ux=1.50 mm,
g) ux=1.75 mm, h) ux=2.00 mm and i) ux=6.00 mm (e0=0.60 and σn=200 kPa) (black vectors, mul-

tiplied by 1e03, shows only every 50 elements for readability) (Grabowski and Nitka, 2020).
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4.2. Direct shear test 55

Next, some other characteristic parameters of the deforming granular specimen
were calculated. The values presented on the following graphs (Figures 4.26-4.32)
were averaged from the REV cell of the same size as used in the previous section to
calculate the distribution of the void ratio.

First, the changes in the position of the particles was analyzed. Figures 4.26 and
4.27 present the normalized horizontal and vertical displacements during the shear-
ing. In the case of the horizontal displacement, the blue color represents the lack of
the particles movement and the red color represents the largest displacements of the
particles. Similar to the calculated fluctuations, the curvilinear s-shape of the shear
zone was captured in the initial phase of the test (Figure 4.26a-d). The shear zone
was depicted by a white line representing the mean value of the horizontal displace-
ments. With the increase of the shear box displacement, the white line gradually
flattened (Figure 4.26e,f), forming a horizontal line at the end of the test.

(a) (b) (c)

(d) (e) (f)

Figure 4.26: Evolution of horizontal displacements ux in the entire specimen for: a) ux=0.10
mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00 mm

(e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

Contrary to the horizontal displacement, the distribution of the normalized ver-
tical displacement was not in agreement with the fluctuations. In this case, the blue
color represents the greatest movement of particles towards the lower shear box, the
red color represents the greatest movement toward the upper box, and the white
color represents no vertical displacements. During the initial phase, the vertical
movement of the particles was localized mainly close to both side boundaries. On
the left side of the specimen, the particles were moved towards the bottom wall
of the shear box. This movement was related to the contraction caused by the shear
stress. On the other hand, on the right side of the specimen, the grains moved toward
the upper wall of the shear box. Based on the calculated vertical displacements, no
s-shape was detected. The no-displacement line ranged from the upper left corner
to the bottom-right one. During the test, it flattened, but even in the residual state,
it did not straighten. It was quite surprising that the vertical displacements of the
particles showed a completely different behavior than the horizontal ones.
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56 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b) (c)

(d) (e) (f)

Figure 4.27: Evolution of vertical displacements uy in the entire specimen for: a) ux=0.10
mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00 mm

(e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

Next, the gradient of horizontal and vertical displacements were calculated (Fig-
ures 4.28 and 4.29). To calculate the gradients the specimen was divided into vertical
strips of width equal to REV. In each vertical strip the gradient was calculated start-
ing from the bottom up to the top of the shear box. Then, the gradient values were
normalized by the maximum value in each vertical strip.

At the beginning, the gradient of the horizontal displacement u∗
x was studied

(Figure 4.28). In the initial phase of the shearing, significant concentration was ob-
served close to the gap between the lower and upper shear boxes. Near the left
boundary, the inclination of the concentration was oriented downwards, on the con-
trary to the concentration near the right boundary where it was oriented upwards
(Figure 4.28a). It can be clearly seen that the shear zone was not created as a uni-
form one, with sometimes two or three extremum found in one vertical strip. As
the shearing proceeded, the gradient extremum propagated from the boundaries to-
wards the center of the specimen creating one curve (Figure 4.28b-e). Finally, in the
residual phase the curve flattened to almost completely straight line. However, still
some minor fluctuations appeared (Figure 4.28f). A conclusion was drawn, that a
lot of smaller localizations occur at different heights during the shearing. However,
it appears that the granular material seeks an optimal shear pattern in accordance
with its internal friction angle. Nonetheless, the design of the shear box constrains
the material, compelling it to form a straight horizontal shear zone at the mid-height
of the specimen.

Interesting behavior was also captured based on the calculated gradient of the
vertical displacement u∗

y (Figure 4.29). At the beginning of the shearing, the chaotic
distribution of the gradient was observed in the entire specimen (Figure 4.29a). Then
the concentration occurred near the boundaries discontinuity, similarly as in the
distribution of the horizontal displacement gradient (Figure 4.29b). In addition, a
strong negative gradient was observed slightly below the discontinuity on the left
side and slightly above the discontinuity on the right side of the shear box. A sig-
nificant diagonal line occurred between the boundaries (Figure 4.29c), which shape
was in contrast to the s-shape curve observed previously. The inclination of this line
was approximately 33◦ which was related to the natural slope angle for sand. As the
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4.2. Direct shear test 57

(a) (b) (c)

(d) (e) (f)

Figure 4.28: Evolution of the gradient of horizontal displacements u∗
x in the entire specimen

for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f)
ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

shearing proceeded, this maximum gradient lines started to propagated towards
the boundaries, creating finally curved localization (Figure 4.29d-e). In the residual
state, the maximum gradients line was still not a straight line. It is worth noting, that
the region where gradient was equal zero formed similar s-shaped curve observed
previously. Inside this area, the particles experienced highest vertical displacements
connected to the granular material dilatancy. On the left side these displacements
were oriented downwards and on the right side they were oriented upwards.

(a) (b) (c)

(d) (e) (f)

Figure 4.29: Evolution of the gradient of vertical displacements u∗
y in the entire specimen

for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f)
ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

The gradient of cumulative rotation within the samples was also examined (Fig-
ure 4.30). This particle-level parameter is one of the most commonly used tech-
niques to determine shear localization in discrete simulations of granular materials.
However, the distribution of rotations was quite chaotic, especially in the pre-peak
regime. In the residual phase, a clear horizontal shear zone was captured using the
cumulative rotations of the particles. The rotations appeared to be a result of the
shear, not the cause.
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58 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b) (c)

(d) (e) (f)

Figure 4.30: Evolution of the gradient of particle rotations ω∗ in the entire specimen for: a)
ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00

mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

Finally, the distribution of stresses within the specimen was studied. The stresses
were calculated according to the Love-Webber formula (Luding, 2004) formulated
as:

σij =
1

Vp

N

∑
c=1

xc
i f c

j (4.1)

where N is the number of the contact points, xc
i is the ith component of branch

vector jointing from the center of mass of the particle to the contact point ’c’, f c
j the

jth component of the total force at the contact point ‘c’ and Vp is the cell volume.
The values of σij were calculated from the same averaging cell (REV) used for the
calculation of void ratio.

Figures 4.31-4.33 presents the gradients of horizontal normal stress σ11, vertical
normal stress σ22 and shear stresses σ12. As in the previously calculated variables,
in the pre-peak regime the highest changes in gradients of the normal horizontal
stresses were observed near the left (blue color) and right discontinuity (red color)
between the shear frames (Figure 4.31a). As the shearing proceeded, the maximum
gradient lines were observed slightly above the mid-height of the specimen (blue
color) and slightly below the mid-height of the specimen (red color) (Figure 4.31b-e).
In the residual phase, these lines were connected by diagonal ones connecting upper
left and lower right corners of the shear box. The distribution of horizontal stresses
gradient in the final phase of the shearing (Figure 4.31f) was in agreement with the
force chain network presented previously (see Figure 4.23b). The conclusion may be
drawn in the analyzed case, that the displacement and stresses are not constant in
the shear zone, Moreover, the final shear zone was neither perpendicular or parallel
to the stress paths. This is in agreement with the other studies, which shows that the
maximum normal force chains are diagonal to the shear zone (Kozicki et al., 2013;
Salazar et al., 2015; Feng et al., 2018).

The changes in gradients of vertical stresses differed from the horizontal ones.
After initially chaotic distribution (Figure 4.32a), the vertical stresses exhibited many
diagonal lines with gradients extrema (Figure 4.32b-f). These lines were observed
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4.2. Direct shear test 59

(a) (b) (c)

(d) (e) (f)

Figure 4.31: Evolution of gradient of horizontal stresses σ11 in the entire specimen for: a)
ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00

mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

both in the pre-peak regime and also in the residual state of the test. The inclination
of the gradients extrema was about 60◦ and was independent to the development of
the shear zone. Such behavior was not observer in the literature, yet.

(a) (b) (c)

(d) (e) (f)

Figure 4.32: Evolution of gradient of vertical stresses σ22 in the entire specimen for: a)
ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00

mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

Finally, the gradient of the shear stresses σ12 were calculated (Figure 4.33). From
the initial phase of the test, the maximum shear stresses occurred in the middle part
of the shear box. They changes propagated from the gap between the frames. The
stresses increased with the specimen mid-height and then decreased (Figure 4.33a-
d). This behavior was enforced by the construction of the shear box, which enforced
shear zone to form in the mid-height of the specimen. However, as the shearing
proceeded, the horizontal line started to deviate and become parallel to the gradient
of the horizontal stresses (Figure 4.33f).
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60 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b) (c)

(d) (e) (f)

Figure 4.33: Evolution of gradient of shear stresses σ12 in the entire specimen for: a) ux=0.10
mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00 mm

(e0=0.60 and σn=200 kPa) (Nitka and Grabowski, 2021).

4.2.4 Summary

In this section a detailed discrete analysis of the direct shear test of cohesionless
sand with real sized particles was performed. The effect of the initial void ratio
and the load applied to the shear box on the global response of the specimen was
investigated. In addition, the analysis of the mesoscopic behavior of the shear zone
in the pre-peak regime was performed. The analysis showed that the numerical
model of granular material calibrated on the triaxial compression test can be used
to simulate other types of soil mechanics problems. The following main conclusions
were drawn from the discrete simulations:

• The discrete model of granular material, consisting of spherical particles with
rotational resistance, can accurately reproduce the nonlinear behavior of sand
during direct shear test. The numerical results were in good agreement with
the experimental data and with general knowledge of the granular material
behavior.

• The peak and the residual shear resistance of the sample increased with the
decrease of both the initial void ratio of the sample and the normal load ap-
plied to the top platen. The volumetric strain of the sample at the end of the
test increased with the decrease of both the initial void ratio of the sample and
with the normal load applied to the sample.

• Discrete model allows for the detailed description of the sand deformation
within the shear zone. The characteristics of the localization can be described
mostly by means of geometric criteria, such as the horizontal displacements,
gradients of horizontal and vertical displacements, fluctuations of displace-
ments, particles rotations and void ratio distribution. The thickness of the
shear zone ts is in the range between 10× d50 and 18× d50. It depends on
the initial void ratio of the sample and on the load applied to the specimen.

• The distribution of forces and stresses within the sample cannot always be
used for the determination of the localization characteristics. The highest nor-
mal forces between the particles occurs between the top left and bottom right
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4.2. Direct shear test 61

corners of the shear boxes. The orientation of these forces within the shear
zone is not perpendicular and neither parallel to the shear zone. The domi-
nant magnitudes of these forces is observed within the range of of 130◦ to 180◦

angles.

• The horizontal displacement and shear stress gradient were found to be the
best indicators of the shear zone, showing localization from the beginning of
the direct shear test. In contrast, particle rotations, one of the most common
grain-level characteristics used to determine localization and its thickness in
the DEM, indicate the shear zone rather late. Some grain-level characteristics,
such as vertical displacements and horizontal and vertical stresses, cannot be
used to determine the characteristics of the shear zone, even in the residual
phase.

• The shear zone can be considered as a straight line almost only during the
residual phase of the direct shear test. Initially, the shear zone seeks the most
efficient path between the horizontal line imposed by the top and bottom frames
of the shear box and the inclined line imposed by the natural shear angle of
the granular material. The final shape of the localization is a sum of local shear
zones rather than a coherent layer.

• In the direct shear test, the peak and residual shear resistances are slightly
higher than those obtained in the triaxial compression tests. This difference
is due to the fact that the shape of the shear zone in the direct shear test is
constrained by the construction of the boxes, while in the triaxial compression
test it is influenced only by the characteristics of the granular media.
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62 Chapter 4. Preliminary discrete analysis of soil mechanics tests

4.3 Interface shear test between sand and surface of different
roughness

4.3.1 Introduction

In this section, the results of the discrete simulation of the interface between cohe-
sionless sand and a rigid surface of different roughness in the direct shear test under
constant normal load are presented. This type of structural system is commonly as-
sociated with engineering structures such as foundations, piles, tunnels, and silos.
Frictional resistance of the interface, which is influenced by both the properties of the
granular material and the structure, is of major importance in the analysis of such
systems in terms of mechanical behavior and durability of the structure. The behav-
ior of the interface depends on the formation of an interface shear zone, which is
characterized by its thickness and location in the region adjacent to the surface. The
evaluation of the shear zone characteristics plays a key role in the determination of
the forces transferred from the granular material to the structure. These characteris-
tics depend on several variables such as the mean grain diameter of the bulk solid,
the initial density of the soil, and the roughness and stiffness of the surface (Tejch-
man, 1989). Granular material-structure interfaces were extensively studied in nu-
merous experimental (Potyondy, 1961; Moore et al., 1984; Uesugi and Kishida, 1986a;
Uesugi and Kishida, 1986b; Uesugi et al., 1988; Tejchman and Wu, 1995; Porcino et
al., 2003; Hu and Pu, 2004; Su et al., 2018) and numerical investigations (Tejchman
and Wu, 1995; Wang et al., 2007b; Tejchman and Wu, 2010; Zhang and Evans, 2018;
Zhou et al., 2019).

The study presented in this section focused on quantifying the effect of surface
roughness on the overall behavior of the sand sample, with particular attention to
the formation of interface shear zones. Different surface topographies were created
by regularly placed triangular grooves in the form of a saw-tooth structure. The ex-
tensive analysis was made possible by the use of real-size particles, small enough
to capture the shear zone formation under three-dimensional conditions. Calcula-
tions were performed using perfectly spherical particles with rotational resistance
(referred to as spheres in this section) and asymmetric clumped particles composed
of spheres using the multisphere method (referred to as clumps in this section).

The results presented in this section are partially covered in two publications:
Grabowski et al. (2020) and Grabowski et al. (2021a).

4.3.2 Numerical model and methodology

The interface shear test calculations were performed using the discrete model of
’Karlsruhe’ sand. The parameters of the sand were given earlier in the Chapter 4.1
in the Table 4.2. The local material parameters for both types of particles, listed in
Table 4.4, were determined using the triaxial compression test, also as shown in the
Chapter 4.1. In the case of perfectly spherical particles with rotational resistance, the
local variables were identical to those previously used in the case of the direct shear
test presented in the Section 4.2. For the clumps, the calibration procedure based on
the triaxial compression test was repeated, thus the variables were determined sep-
arately. Because clumped particles do not require rotational resistance due to their
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4.3. Interface shear test between sand and surface of different roughness 63

geometrically irregular shape (Figure 4.34), these variables were different from those
used for perfectly spherical particles. The sieve curve for both types of particles
was the same, with particle sizes ranging from 0.25 mm to 0.75 mm and a medium
grain diameter of d50=0.5 mm in both cases. However, the clumped particles were
composed of four smaller spheres with diameters ranging from 0.5 to 0.6 times the
diameter of the clump. The clumps had a convexity index ’1’ of 2.07, which is the
ratio of the smallest sphere volume encompassing the cluster to the cluster volume.
The convexity index ’2’ was 1.16, which is the ratio of the smallest convex volume
encompassing the cluster to the cluster volume. The aspect ratio, defined as the ratio
of the maximum diameter to the minimum diameter of the clump, was 1.50.

Table 4.4: Discrete material parameters for interface shear test.

Parameter Spheres with rotational resistance Clumps
interparticle friction angle µc 18◦ 26◦

local modulus of elasticity Ec 300 MPa 300 MPa
shear/normal local stiffness ratio υc 0.3 0.3
limit rolling coefficient η 0.4 -
rolling stiffness coefficient β 0.7 -

Figure 4.34: Asymmetric convex clump of 0.5 mm diameter in XYZ coordinate space,
composed of 4 spheres used in discrete simulations (0.1 mm grid size) (Grabowski et al.

(2021a), licensed under CC BY 4.0).

The numerical model setup shown in Figure 4.35 was created under full 3D con-
ditions with the specimen depth reduced from 100 mm to 5 mm (10× d50) to shorten
the computation time. The reduction of the specimen depth had a negligible effect
on the numerical results as shown earlier (Figure 4.10 in Section 4.2). The other di-
mensions of the specimen were the same as those used in the experiments conducted
by Tejchman and Wu (1995), with a height of 20 mm and a width of 100 mm. Similar
to the direct shear test, a gap equal to the maximum grain diameter was left between
the top frame and the rigid surface.

The standard interface shear test procedure was followed for all tests. The first
step involved creating the granular assembly consisting of discrete particles within
the upper frame of the shear box. Approximately 80 000 discrete elements were used
in the case of spherical particles and 320 000 in the case of clumps of spheres. Next,
a constant normal pressure σn was applied to the top frame. Once the desired void
ratio of the sand mass was achieved and the kinetic energy of the assembly was
negligible, the top frame filled with granular material was moved horizontally (in-
ducing a horizontal displacement u) at a constant velocity. The shear rate was small
enough to consider the test as quasi-static (the inertial number I was kept below
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64 Chapter 4. Preliminary discrete analysis of soil mechanics tests

10e-4 (Roux and Chevoir, 2005)). During the test, the rigid bottom surface was fixed,
while the upper frame was free to move and smooth. The loss of sand during the
shearing had a small effect on the void ratio and the volumetric strain (less than 1%
of the particles leaked out of the shear box during the test). The frictional coefficient
along these surfaces was tan (µs) = tan (18◦) = 0.32.

(a)

(b) (c)

Figure 4.35: Interface shear test in DEM: a) numerical setup, b) sample at the initial state and
c) deformed sample at the final state (Grabowski et al. (2020), licensed under CC BY 4.0).

In silo constructions, the surface can naturally exhibit randomness and complex-
ity, as in the case of concrete silo walls, or regular and uniform, as seen in silo walls
made from corrugated sheets. In the discrete simulations, the surface roughness has
been simulated using a variety of methods. The primary approach was to gener-
ate the surface geometry using the overlapping spherical particles (Gu et al., 2017;
Feng et al., 2018). Another common technique is the formation of regularly spaced
grooves, resulting in saw-tooth surface profile (Jing et al., 2017). This approach was
used in the discrete calculations presented in this section. The different geometries
of the surfaces were composed of triangular asperities of varying height and incli-
nation to the shearing direction (Figure 4.36). To describe the surface geometry the
normalized surface roughness Rn=hg/d50 was used (Uesugi and Kishida, 1986a),
where hg is the groove height and d50 is the mean grain diameter.
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A series of interface shear tests were performed for both types of particles through-
out the investigation, taking into consideration different surface roughness (Rn rang-
ing from 0.01 to 2.0). In addition, the effect of the initial void ratio e0 of the samples
(0.55 and 0.80) was analyzed. During the study, different groove spacing was also
examined (e.g., every second groove, every fourth groove, etc.), but the results are
beyond the scope of this thesis. This is because the effect of groove spacing on peak
surface friction angle and interface shear zone thickness was found to be negligible
within a certain range (very similar interface shear resistance and mesoscopic be-
havior were obtained for surfaces with groove spacing up to every fourth groove).
Additionally, the influence of groove inclination was investigated. In contrast to
groove spacing, the effect of groove inclination on interface efficiency was signifi-
cant. However, the results for other inclinations are not presented here because they
were not used in any other part of the thesis.

(a) (b) (c) (d) (e) (f) (g)

Figure 4.36: Rigid bottom surface sections with different normalized surface roughness Rn:
a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (Grabowski
et al. (2020), licensed under CC BY 4.0).

4.3.3 Numerical results

In this section, the results of a series of interface shear tests obtained for both types of
particles under various conditions are presented. First, the validation of the discrete
model is performed based on the comparison between the numerical results and the
laboratory experiments of Tejchman and Wu (1995). Second, the influence of the
normalized roughness Rn and the initial void ratio e0 on the shear resistance and the
volumetric strain of the specimen is presented. Then, the comprehensive analysis of
the contact zone between the sand and the surface of different roughness, i.e. gran-
ular material deformation, the distribution of the sphere rotations, the void ratios
and the force chains, and the stress distribution across the height of the specimen at
the final stage of the shearing have been performed. In addition, as a result of the
discrete analysis the boundary conditions for 2D continuum models were proposed
based on the grain-level characteristics.

Effect of the surface roughness on the evolution of mobilized shear stress and
volumetric strain

At the beginning, the effect of the surface geometry on the shear resistance (Figure
4.37) and the volumetric deformation (Figure 4.38) of the specimen was analyzed
for both types of particles. The calculations were carried out on the initially dense
specimen (e0 = 0.55) under vertical pressure applied to the upper frame σn = 100

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


66 Chapter 4. Preliminary discrete analysis of soil mechanics tests

kPa. Figure 4.37 show the evolution of the surface friction angle ϕs curve versus the
total horizontal displacement u. In general, the peak value ϕs,max and the residual
value ϕs,res of the effective surface friction angle increased with the roughness of the
surface. The values of the ϕs were extracted from the graphs and summarized in
the Table 4.5. Additionally, the relationships between ϕs,max and Rn as well as ϕs,res

and Rn were plotted in Figure 4.39. For both types of particles, there was an almost
bilinear relationship between the normalized surface roughness and the surface fric-
tion angle, both for the maximum and residual values. This observation is in good
agreement with the results of other studies (Hu and Pu, 2004; Jing et al., 2017; Su
et al., 2018; Zhang and Evans, 2018). The peak values ϕs,max were very similar for
both clumps and spheres (Table 4.5). On the other hand, residual values of ϕs,res

were slightly lower for clumps with the normalized roughness parameter Rn ≥ 0.25
(e.g., they were lower by 3◦ for Rn ≥ 0.5 and by 6◦ for Rn = 0.25). Further analysis
revealed a limit to the surface friction angle when using spherical particles. Increas-
ing the surface roughness Rn above a certain threshold (for spherical particles it was
Rn=0.75) did not significantly increase the interface shear resistance (Figure 4.37Aa-
c). Any increase of Rn above this value resulted in a negligible changes in the surface
friction angle. This is consistent with the literature which states that the shear resis-
tance of the interface cannot exceed the shear resistance of the soil (Potyondy, 1961).
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Figure 4.37: Mobilized surface friction angle ϕs versus horizontal displacement u obtained
for: A) spheres (Grabowski et al., 2020) and B) clumps (Grabowski et al., 2021a) for different
normalized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25,
f) Rn=0.10 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Adapted graphics licensed under CC
BY 4.0; changes include font, line style and size adjustments).

Figure 4.38 shows the evolution of the volumetric strain εv versus the total hor-
izontal displacement u for both types of particles. In addition, Table 4.5 also shows
the value of the final volumetric strain εv for different surface roughness for both
types of particles. The dilatancy of the granular material was significantly affected
by the geometry of the profile and increased with increasing surface roughness (Fig-
ure 4.38). Only for the almost flat surface (Rn = 0.01), no dilatancy and no con-
traction was captured within the granular specimen. The final volumetric strains
were higher in the case of spherical particles compared to the clumps (e.g. they were
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4.3. Interface shear test between sand and surface of different roughness 67

higher by 0.05 for Rn ≥ 1.0). The use of perfectly spherical particles usually results
in an artificial dilatancy of the granular material (Zhao et al., 2018).
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Figure 4.38: Volumetric strain εv versus horizontal displacement u obtained for: A) spheres
(Grabowski et al., 2020) and B) clumps (Grabowski et al., 2021a) for different normalized sur-
face roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and
g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Adapted graphics licensed under CC BY 4.0; changes
include font, line style and size adjustments).

Table 4.5: Calculated values of maximum surface friction angle ϕs,max, residual surface fric-
tion angle ϕs,res and residual volumetric strain εv for different normalized surface roughness
Rn using spheres and clumps (Grabowski et al. (2021a), licensed under CC BY 4.0).

ϕs,max ϕs,res εv
Rn spheres clumps spheres clumps spheres clumps
2.0 49◦ 49◦ 35◦ 32◦ 3.9% 3.3%
1.0 49◦ 47.5◦ 35◦ 32◦ 3.9% 3.27%
0.75 49◦ 45.5◦ 35◦ 32◦ 3.9% 2.8%
0.5 44◦ 42◦ 32◦ 29◦ 3.0% 2.4%
0.25 31.0◦ 31.5◦ 30◦ 24◦ 1.8% 1.6%
0.1 23.0◦ 23.5◦ 20◦ 21◦ 0.1% 0.5%
0.01 18.0◦ 18.0◦ 18.0◦ 18.0◦ 0.01% 0.01%

Based on the curves presented in Figures 4.37 and 4.38, the analyzed surfaces can
be conventionally classified into two categories: smooth and rough, according to the
surface roughness Rn. The analysis showed that the critical normalized roughness
Rn,crit was approximately 0.25 for spheres. For clumps, it was difficult to clearly
determine the exact value of the critical roughness, but it was within the range of 0.1
to 0.25. When Rn is below the critical value, the surface is considered smooth, and
the shear failure mechanism is elastic-perfectly plastic. If the parameter is above the
critical value, the interface is considered rough, and the granular material exhibits
successive hardening and softening related to dilatancy. Similar value of Rn,crit, as
in the case of clumps (Figure 4.37B), were obtained in experiments by Hu and Pu
(2004) (Rn,crit=0.1). In DEM calculations by Jing et al. (2017), the critical roughness
was obtained for Rn,crit=0.375, which is slightly higher than in the case of spheres
(Figure 4.37A).
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Figure 4.39: Relationship between maximum surface friction angle ϕs,max and residual
surface friction angle ϕs,res for different normalized surface roughness Rn for: a) spheres
and b) clumps (black color represents ϕs,max and red color represents ϕs,res) (adapted from
Grabowski et al. (2021a), licensed under CC BY 4.0. Graphic changes include color and size
adjustments).

In addition, the discrete results were compared with the experimental results ob-
tained by Tejchman and Wu (1995). In the mentioned study, three different surfaces
with varying degrees of roughness, classified based on Rn, were used: smooth (0 ≤
Rn ≤ 0.1 × d50), rough (0.1 ×d50 < Rn < 0.5 × d50), and very rough (Rn ≥ 0.5 × d50).
The smooth surface consisted of a flat steel plane. The rough surface was created
by degradation of the element in a corrosion chamber. Finally, the very rough sur-
face was achieved by randomly gluing grains of ’Karlsruhe’ sand with a mean grain
diameter equal to or greater than 0.5 mm to the surface.

The comparison between the experimental results and the discrete calculations is
presented in Figures 4.40 and 4.41. Although the experimental interface roughness
differed from the artificial monotonic saw-tooth profile used in the discrete analy-
sis, there was satisfactory agreement between the DEM and laboratory results. This
agreement was observed particularly in the shape of the surface friction and volu-
metric strain curves, as well as in the maximum value of the friction angles ϕs,max.
However, for the rough and very rough interfaces, the calculated residual surface
friction angles ϕs,res were much smaller than the experimental values. In addition,
the calculated maximum value of the surface friction angle ϕs,max occurred about 1.0
mm earlier than in the laboratory tests. These differences are due to a combination
of factors. First, the calibration procedure was performed on triaxial compression
tests, which do not account for the formation of the shear zone. Second, the stiffness
of the shear box was not analyzed. Third, the assumed friction angle between the
sand and the smooth steel surface differed from the experimental value. In the refer-
enced experiments, the surface friction angle for smooth steel was between 10◦ and
12◦. However, in the discrete model, it was assumed to be 18◦, which is within the
typical range for sand-smooth steel interfaces (Uesugi and Kishida, 1986a). These
factors indicate that the numerical sand sample or the shear frame was too stiff. In
the case of the volumetric strain εv, the values obtained in the discrete analysis were
greater by a factor of 2.0 for spheres with rotational resistance and by a factor of 1.5
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4.3. Interface shear test between sand and surface of different roughness 69

for clumps compared to the laboratory results. These discrepancies resulted from
the experimental interface roughness and particle shapes not being faithfully repro-
duced in the DEM simulations.
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Figure 4.40: DEM results obtained for spheres of: a) mobilized surface friction angle ϕs and
b) volumetric strain εv versus horizontal displacement u compared to experimental results
by Tejchman and Wu (1995) for different normalized surface roughness Rn: Rn=1.0, Rn=0.25
and Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2020), licensed under
CC BY 4.0. Graphic changes include color and size adjustments).
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Figure 4.41: DEM results obtained for clumps of: a) mobilized surface friction angle ϕs and b)
volumetric strain εv versus horizontal displacement u compared to experimental results by
Tejchman and Wu (1995) for different normalized wall roughness Rn: Rn=1.0, Rn=0.25 and
Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2021a), licensed under
CC BY 4.0. Graphic changes include color and size adjustments).

Effect of the initial void ratio of the specimen on the evolution of mobilized shear
stress and volumetric strain

In addition, the effect of initial void ratio e0 on the global response of the speci-
men was also investigated. Two different sand samples with initial void ratios of
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e0=0.55 (initially dense sand) and e0=0.80 (initially loose sand) were prepared under
a constant vertical pressure σn=100 kPa applied to the top frame of the direct shear
apparatus. The normalized surface roughness was Rn=1.0. Figures 4.42 and 4.43
presents the comparison between the DEM results obtained for both types of parti-
cles and the experiments by Tejchman and Wu (1995). The evolution of the surface
friction angle ϕs and the volumetric strain εv curves are typical for sand behavior
during shearing on a rough surface in a direct shear apparatus (Tejchman and Wu,
1995; Salazar et al., 2015). Initially, for both types of particles, the dense samples
exhibited hardening, reaching the mobilized surface friction angle ϕs,max=49.0◦ at
u = 0.5 mm for spheres, and ϕs,max=47.5◦ u = 0.4 mm for clumps. Then, in both
cases, the samples exhibited softening (Figure 4.42a and Figure 4.43a). The surface
friction angle in the residual state for the initially dense sample was ϕs,res=35◦ (for
u ≥3 mm) for spheres and ϕs,res=32◦ (for u ≥2.5 mm) for clumps. The initially loose
sand yielded the surface friction angle ϕs,max=42◦ at the peak (u=1.5 mm) for spheres
and ϕs,max=40◦ at the peak (u=2.0 mm) for clumps. The residual surface friction an-
gle for the initially loose sample was similar to that of the initially dense sample.
It was higher for spheres (ϕs,res = 34◦ for u ≥ 3 mm) than for clumps (ϕs,res = 32◦

for u ≥ 2 mm). The initially loose sample exhibited continuous contraction, while
the initially dense sample dilated throughout the test (Figures 4.42b and 4.43b). The
evolution of the curves was similar to the experiments, but there were some dis-
crepancies. The largest difference was in the magnitude of the surface friction angle
in the residual state. For spheres and clumps, ϕs,res was approximately 24% lower
than in the experiments. Both particle types showed a stiffer response than observed
in the experiments. In contrast to the laboratory experiments, where little dilation
occurred, only contraction was observed in the discrete model (Figures 4.42b and
4.43b).
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Figure 4.42: DEM results obtained for spheres of: a) mobilized surface friction angle ϕs and
b) volumetric strain εv versus horizontal displacement u compared to experimental results
by Tejchman and Wu (1995) with two different initial void ratios of sand: e0=0.55 and e0=0.80
(σn=100 kPa and Rn=1.0) (adapted from Grabowski et al. (2020), licensed under CC BY 4.0.
Graphic changes include color and size adjustments).
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Figure 4.43: DEM results obtained for clumps of: a) mobilized surface friction angle ϕs and
b) volumetric strain εv versus horizontal displacement u compared to experimental results
by Tejchman and Wu (1995) with two different initial void ratios of sand: e0=0.55 and e0=0.80
(σn=100 kPa and Rn=1.0).

Effect of the surface roughness on the mesoscopic behavior of the sand-surface
interface

The research described in previous sections, has so far focused on the macroscopic
behavior of the interface between cohesionless sand and surfaces of different rough-
ness. In this section, the effect of the surface roughness on the mesoscopic behavior
of the contact zone between the sand and the surface has been investigated. The nu-
merical results for the grain-level characteristics, such as the final deformation of the
sample, the distribution of the normal force chains, sphere rotations, and the void
ratio distribution are presented. The presented results were obtained at the final
state of shearing (ux=7.0 mm).

First, the influence of the surface roughness Rn on the deformation of the sand
specimen was investigated (Figures 4.44 and 4.45). Similarly, as in the previous sec-
tion, the Rn varied between 0.01 and 2.0. It can be observed that for the surfaces
with Rn ≤ 0.1 for both types of particles, the entire sand mass behaved like a rigid
body during the shearing (Figures 4.44f,g and 4.45f,g). In these cases, no shear zone
occurred because the material slipped directly on the surface and the shear resis-
tance was mainly influenced by the particle-on-surface friction. A thin shear zone
was observed for the surface with Rn=0.25. The remaining cases (Figures 4.44a-d
and 4.45a-d) were characterized by a different failure mechanism. In these cases,
the sand grains in the area adjacent to the surface were partly locked between the
grooves and partly followed the motion of the upper frame of the shear box. As a
result, these surfaces were considered as rough.

In addition, the distribution of displacements u along the normalized height
h/d50 in the center region of the sample was analyzed (Figure 4.46). For the rough-
est surfaces (Rn ≥ 0.75 for spheres and Rn ≥ 1.0 for clumps), the granular material
locked in between the surface asperities exhibited zero horizontal displacements.
The horizontal slip, expressed as the ratio of the final displacement of the parti-
cles directly at the surface to the total prescribed horizontal displacement for each
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(a)
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(e)

(f)
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Figure 4.44: Front view of the sand speci-
men composed of spheres at the final state
of the test (utot=7.0 mm) for different nor-
malized surface roughness parameter Rn: a)
Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e)
Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55
and σn=100 kPa).

(a)
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Figure 4.45: Front view of the sand speci-
men composed of clumps the final state of
the test (utot=7.0 mm) for different normal-
ized surface roughness parameter Rn: a)
Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e)
Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55
and σn=100 kPa).D
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interface is listed in Table 4.6. This ratio was found to increase significantly with
decreasing Rn, and was generally higher for clumped particles.

The thickness of the shear zone ts for the rough surfaces was determined based
on the horizontal displacements presented in Figure 4.46. It was equal to ts=5-10×d50

for spheres and ts=3-7×d50 for clumps. These values are consistent with other nu-
merical and experimental studies. Slightly lower shear zone thicknesses for granular
materials composed of spherical particles were obtained in discrete simulations by
Chen et al. (2020) (ts=4×d50) and Feng et al. (2018) (ts=3-4×d50). Similar values, as
for clumps, were observed in experiments conducted by Uesugi et al. (1988) and Hu
and Pu (2004) (approximately ts=5×d50), as well as by DeJong et al. (2006) (approx-
imately ts=5-7×d50). The distribution of the horizontal displacement was similar as
in interface shear laboratory tests analyzing the photographic data (Uesugi et al.,
1988) and using particle image velocimetry (PIV) (DeJong et al., 2003; DeJong et al.,
2006; DeJong and Westgate, 2009), and DEM simulations by Feng et al. (2018).

Table 4.6: Horizontal slip along the rigid bottom surface.

Normalized roughness Rn Value for spheres Value for clumps
2.00 0% 0%
1.00 2% 7%
0.75 3% 14%
0.50 22% 35%
0.25 70% 70%
0.10 93% 95%
0.01 99% 99%
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Figure 4.46: Distribution of horizontal grain displacement u across normalized specimen
height h/d50 at the specimen mid-point at residual state for utot=7.0 mm for: A) spheres
(Grabowski et al., 2020) and B) clumps (Grabowski et al., 2021a) for different normalized sur-
face roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and
g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Adapted graphics licensed under CC BY 4.0; changes
include font, line style and size adjustments).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


74 Chapter 4. Preliminary discrete analysis of soil mechanics tests

Figures 4.47-4.50 presents the distributions of particle rotations in the entire spec-
imen. Red color represents clockwise rotation and blue color represents counter-
clockwise rotation. For both types of particles, the direction of the grain rotations
in the localized region was mainly clockwise, according to the shear direction, with
only a few loose spheres rotating in the opposite direction. In the case of clumps,
more particles were observed rotating counterclockwise compared to perfect spheres
with rotational resistance, as shown in the zoomed sections of Figures 4.47 and 4.48.
For both types of particles, a clear horizontal shear zone appeared in the interface
contact zone in the case of the rough surfaces. Based on the distribution of the par-
ticle rotations the thickness of the shear zone was estimated (the same procedure
for estimation was used as the one presented in Chapter 4.2). Small differences be-
tween the two types of particles were observed in the thickness of the shear zone
ts and in the magnitude of rotations within the localized region. These variables
increased with an increase of the Rn. For spherical particles, it was equal 14×d50

(Rn ≥0.75), 10×d50 (Rn=0.5), 6×d50 (Rn=0.25). For clumps, the shear zone thickness
was equal 12×d50 (Rn=2.0), 11×d50 (Rn=1.0), 10×d50 (Rn=0.75), 8×d50 (Rn=0.5) and
6×d50 (Rn=0.25). The thickness of the shear zone in sand composed of clumps was
lower by 15-40% than for spheres for surfaces of roughness Rn ≥ 0.5. The minor
rotations related to the sliding of the grains located directly at the smooth surface
can be observed for both types of particles (Figures 4.49f,g and 4.50f,g). The thick-
ness of the shear zone measured with the particle rotation distribution was greater
than that measured with the particle displacements by up to 70%. It appears that
granular material also exhibits rotations outside the shear zone in the area adjacent
to the shear zone.

(a) (b) (c)

Figure 4.47: A zoom on the distribution of
particle rotations ω in sand specimen com-
posed of spheres at the final state of the test
(utot=7.0 mm) for different normalized sur-
face roughness Rn: a) Rn=1.0, b) Rn=0.5 and
c) Rn=0.1 (e0=0.55 and σn=100 kPa) (adapted
from Grabowski et al. (2020), licensed under
CC BY 4.0. Graphic changes include color
and size adjustments).

(a) (b) (c)

Figure 4.48: A zoom on the distribution of
particle rotations ω in sand specimen com-
posed of clumps at the final state of the test
(utot=7.0 mm) for different normalized sur-
face roughness Rn: a) Rn=1.0, b) Rn=0.5 and
c) Rn=0.1 (e0=0.55 and σn=100 kPa) (adapted
from Grabowski et al. (2021a), licensed un-
der CC BY 4.0. Graphic changes include
color and size adjustments).
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.49: Distribution of particle rota-
tions ω in sand specimen composed of
spheres at the final state of the test (utot=7.0
mm) for different normalized surface rough-
ness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01
(e0=0.55 and σn=100 kPa).

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.50: Distribution of particle rota-
tions ω in sand specimen composed of
clumps at the final state of the test (utot=7.0
mm) for different normalized surface rough-
ness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01
(e0=0.55 and σn=100 kPa).

Based on the rotations of the spheres, the location of the interface shear zone can
be determined (Figure 4.51). The magnitudes of these rotations ω were calculated
using the previously used REV cell (see Chapter 4.2 for details). The largest grain
rotations were located slightly above the surface (h/d50 = 5 ÷ 6 for spheres and
h/d50 = 3 ÷ 5 for clumps) for Rn ≥ 0.75 (Figures 4.51Aa-c and 4.51Ba-c). In these
cases, the particle rotations at the rigid surface approached zero, meaning that the
particles were blocked between the asperities during sand deformation. Maximum
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76 Chapter 4. Preliminary discrete analysis of soil mechanics tests

residual grain rotation for Rn ≥ 0.75 was equal approximately 0.75 rad for spheres
and 1.05 rad for clumps. For Rn < 0.75 the highest grain rotations were directly
located at the interface and diminished with the reduction of Rn (Figures 4.51Ad-g
and 4.51Bd-g). No rotation was observed for particles located above the shear zone
in the moving part of the shear box.
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Figure 4.51: Distribution of grain rotation ω across normalized specimen height h/d50 at the
specimen mid-point at residual state for utot=7.0 mm for: A) spheres (Grabowski et al., 2020)
and B) clumps (Grabowski et al., 2021a) for different normalized roughness Rn: a) Rn=2.0,
b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01 (e0=0.55,and σn=100
kPa) (Adapted graphics licensed under CC BY 4.0; changes include font, line style and size
adjustments).

In the next part, the void ratio e distribution shown in Figures 4.52 and 4.53 was
examined (the procedure for e calculations was the same as in the Chapter 4.2). The
distribution of porosity in the contact area between the sand and the rigid surface
corresponded well with the distribution of particle rotations with respect to the for-
mation of the shear zone. A uniform horizontal shear zone appears for both types
of particles when Rn ≥ 0.25 (Figures 4.52a-e and 4.53a-e). The differences between
the two particle types were observed mainly in the thickness of the shear zone. In
these cases, it was observed that the significant dilation of the sand occurs mainly in
the localized area. Above the shear zone, changes in porosity were negligible. In the
remaining cases (Rn < 0.25), no changes in void ratio were observed at all (Figures
4.52fg and 4.53f,g). This is in good agreement with the volumetric strain curves (Fig-
ure 4.38f,g), where little or no dilatancy occurred during shearing for these surfaces.

Similarly as in the case of particle rotations, the distribution of the void ratio
e across the normalized height of the specimen, at the specimen mid-region at the
residual state was investigated (Figure 4.54). For both types of particles, the void ra-
tio increased in the shear zone at the interface with growing Rn. The maximum void
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.52: Distribution of void ratio e in
sand specimen composed of spheres at the
final state of the test (utot=7.0 mm) for dif-
ferent normalized surface roughness Rn: a)
Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e)
Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55
and σn=100 kPa).

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.53: Distribution of void ratio e in
sand specimen composed of clumps at the
final state of the test (utot=7.0 mm) for dif-
ferent normalized surface roughness Rn: a)
Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e)
Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55
and σn=100 kPa).
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78 Chapter 4. Preliminary discrete analysis of soil mechanics tests

ratio in the dilatant surface shear zone at the residual state changed between e=0.55
(Rn=0.01) and e=0.85 (Rn=2.0) for both spheres and clumps. Above the shear zone,
the void ratio remained constant and was equal to the initially prescribed value,
e0=0.55.
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Figure 4.54: Distribution of void ratio e across normalized specimen height h/d50 at the
specimen mid-point at residual state for utot=7.0 mm for: A) spheres (Grabowski et al., 2020)
and B) clumps (Grabowski et al., 2021a) for different normalized roughness Rn: a) Rn=2.0,
b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01 (e0=0.55 and σn=100
kPa) (Adapted graphics licensed under CC BY 4.0; changes include font, line style and size
adjustments).

Next, the distribution of the normal contact forces in the entire granular speci-
men at the residual state (front view) for the different normalized surface roughness
Rn was investigated (Figures 4.55 and 4.56). The red lines represent forces above the
mean values, with the thickness of the line corresponding to the magnitude of the
normal force. The results of force chains evidently show that the nonuniformity of
the contact forces might be pronounced during interface shearing, in particular, for
initially dense sand and very rough and rough walls (Rn >0.25). Furthermore, the
nonuniformity of these forces increases as Rn grows. This effect is more prominent
for pure spheres with rotational resistance. More pronounced force chains observed
for the surfaces with Rn ≥ 0.5 indicated significantly higher resistance of the in-
terface (Figures 4.55a-d and 4.56a-d). In these cases, asperities created numerous
contact points characterized by force chains that were much greater than the mean
value. On the other hand, for relatively smooth surfaces (Rn=0.01 and Rn=0.10) the
distribution of the contact forces appeared to be more uniform. This distribution
indicated very low shear resistance of the interface, which is consistent with the mo-
bilized surface friction angle curves. It is worth noting that the contact forces were
higher at the left side wall where a passive state developed, in contrast to the active
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4.3. Interface shear test between sand and surface of different roughness 79

state observed at the right side wall. Based on the distribution of normal forces in
the specimen it is not possible to determine the path and thickness of the shear zone.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.55: Distribution of normal force
chains in sand specimen composed of
spheres at the final state of the test (utot=7.0
mm) for different normalized surface rough-
ness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (red color corre-
sponds to normal contact forces higher than
mean value, maximum value of forces is
0.05 N) (Grabowski et al. (2020), licensed un-

der CC BY 4.0).

(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 4.56: Distribution of normal force
chains in sand specimen composed of
clumps at the final state of the test (utot=7.0
mm) for different normalized surface rough-
ness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (red color corre-
sponds to normal contact forces higher than
mean value, maximum value of forces is
0.05 N) (Grabowski et al. (2021a), licensed

under CC BY 4.0).

In this paragraph, a polar distribution of contact forces in the x–y plane (mean
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80 Chapter 4. Preliminary discrete analysis of soil mechanics tests

amplitude and orientation to the horizontal) at the beginning of the test (when the
specimen was settled) and at the residual state for spheres and clumps was analyzed
(Figures 4.57 and 4.58). Initially, the distribution of mean contact forces was nearly
symmetrical. The vertical mean contact forces, with an orientation to the horizontal
of 90◦, dominated within the specimen. These forces were almost twice the horizon-
tal contact forces due to the vertical pressure σn applied to the specimen. Generally,
as the sand-structure interface shearing process proceeded, the direction of mean
contact forces changed from a vertical to a diagonal. This behavior is consistent with
the results of the other DEM studies (Salazar et al., 2015; Feng et al., 2018; Chen et al.,
2020). Only in the case of the smooth surface with Rn=0.01 the horizontal component
of the forces transferred from the sand to the surface was significantly weaker than
in the rest of the surfaces. (Figures 4.57g and 4.58g). Depending on the normalized
interface roughness, the orientation of the mean contact forces to the horizontal at
the residual state varied from 135◦ (Rn=0.01) up to 140◦ (Rn=0.25–2.0) for clumps
and from 125◦ (Rn=0.01) up to 160◦ (Rn=0.75–2.0) for pure spheres with rotational
resistance. For rough and very rough surfaces (Figures 4.57a-e and 4.58a–e), the fi-
nal maximum diagonal contact forces were up to twice higher than the maximum
initial vertical contact forces. In summary, the anisotropy of the interparticle forces
increased with the increase of the surface roughness. The noticeable differences be-
tween clumps and spheres with rotational resistance regarding induced anisotropy
of contact normal forces were also indicated in (Zhao et al., 2018) in a triaxial com-
pression test. These differences grew with an increase in the aspect ratio of clumps.

Figures 4.59-4.62 present the distribution of the normal stresses σii and shear
stresses σij across the normalized specimen height h/d50 at the specimen mid-point
for the different normalized interface roughness parameter Rn. The values were
calculated at the residual state for the horizontal displacement utot=7.0 mm. In the
following figures, σ11 is the horizontal normal stress, σ22 is the vertical normal stress,
σ12 is the horizontal shear stress, and σ21 is the vertical shear stress. The stresses
inside the granular material were calculated according to the Love-Webber equation
presented previously in (Luding, 2004) (see Chapter 4.2 for the description).

The surface shear stresses σ12 and σ21 grew with increasing surface roughness.
For both types of particles, the evolution of σ12 and σ21 was similar, however it was
not perfectly symmetric (Figures 4.59 and 4.60). The magnitude of these stresses
near the surface increased as the normalized roughness increased (Figures 4.59 and
4.60. The distribution of the vertical normal stress σ22 was constant across the spec-
imen height and equal to the prescribed magnitude of load acting on the specimen
throughout the test. In case of rough surfaces (e.g. Rn=1.0) the peak values of σ11, σ12

and σ21 were observed inside the shear zone and slightly above the surface (approx-
imately h/d50=5-10 for spheres and h/d50=3-5 for clumps) for both types of particles
(Figures 4.61AB and 4.62AB). These values then decreased as they approached the
surface. For the smooth surfaces, the distribution of all stresses exhibited an almost
linear pattern, indicating negligible changes in the distribution of particle-surface
interaction forces (Figures 4.61C and 4.62C). The distributions of stresses were in ac-
ceptable agreement with FEM results within micropolar continuum (Tejchman and
Wu, 2010) and other DEM results (Kozicki et al., 2013).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


4.3. Interface shear test between sand and surface of different roughness 81

(a) (b) (c)

(d) (e) (f)

(g)

Figure 4.57: Polar mean contact force distribution in granular sand composed of spheres at
the initial state (black line) and final state of the test (utot=7.0 mm) (red line) for different
normalized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f)
Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Grabowski et al. (2020), licensed under CC
BY 4.0).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


82 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b) (c)

(d) (e) (f)

(g)

Figure 4.58: Polar mean contact force distribution in sand specimen composed of clumps at
the initial state (black line) and final state of the test (utot=7.0 mm) (red line) for different
normalized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f)
Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Grabowski et al. (2021a), licensed under
CC BY 4.0).
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Figure 4.59: Distribution of: A) horizontal σ12 and B) vertical shear stress σ21 across nor-
malized height h/d50 for spheres at residual state (utot=7.0 mm) at specimen mid-point with
different normalized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5Rn 0,
e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski
et al. (2020), licensed under CC BY 4.0. Graphic changes include color and size adjustments).
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Figure 4.60: Distribution of: A) horizontal σ12 and B) vertical shear stress σ21 across nor-
malized height h/d50 for clumps at residual state (utot=7.0 mm) at specimen mid-point with
different normalized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5Rn 0,
e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et
al. (2021a), licensed under CC BY 4.0. Graphic changes include color and size adjustments).
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Figure 4.61: Distribution of stress components for spheres: a) horizontal normal stress σ11, b)
vertical normal stress σ22, c) horizontal shear stress σ12 and d) vertical shear stress σ21 across
normalized specimen height h/d50 at residual state (utot=7.0 mm) at specimen mid-point
with different normalized interface roughness Rn: A) Rn=1.0, B) Rn=0.50 and C) Rn=0.01
(e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2020), licensed under CC BY 4.0.

Graphic changes include color and size adjustments).
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Figure 4.62: Distribution of stress components for clumps: a) horizontal normal stress σ11, b)
vertical normal stress σ22, c) horizontal shear stress σ12 and d) vertical shear stress σ21 across
normalized specimen height h/d50 at residual state (utot=7.0 mm) at specimen mid-point
with different normalized interface roughness Rn: A) Rn=1.0, B) Rn=0.50 and C) Rn=0.01
(e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2021a), licensed under CC BY 4.0.

Graphic changes include color and size adjustments).
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Mesoscopic behavior of the sand-surface interface for initially loose specimen

After a detailed analysis of the interface shear test performed for the initially dense
sand, the results of the interface shear test for the initially loose sample with e0=0.80
are presented in this section. As previously, these calculations were performed for
both types of particles. In the analysis, the rough interface with normalized rough-
ness Rn=1.0 was chosen. During the test, the sand sample was subjected to the nor-
mal load of magnitude σn=100 kPa. Similarly to the previous section, the presented
results were obtained at the final state of shear (utot=7.0 mm). The following figures
present various characteristics of the specimen, including its deformation (Figures
4.63a and 4.64a), particle rotations (Figures 4.63b and 4.64b), void ratio (Figures 4.63c
and 4.64c), force chains (Figures 4.63d and 4.64d) and the distribution of polar mean
contact forces (Figures 4.65 and 4.66).

During the shearing, initially loose sand was locked in between the surface asper-
ities and exhibited zero horizontal displacements (Figures 4.63a and 4.64a). The hor-
izontal slip u along the surface for both types of particles was lower than 5% of the
total prescribed displacement. Similarly to the initially dense samples, based on the
particle rotations (Figures 4.63b and 4.64b) and void ratio distribution (Figures 4.63c
and 4.64c), an almost horizontal shear zone along the bottom surface was observed.
The grain rotations had nearly always the same positive sign (clockwise rotation).
Due to the looser particle arrangement, more particles rotated in the counterclock-
wise direction as compared to the dense samples for both cases. For the spherical
particles, the shear zone thickness, obtained based on the grain rotations was ap-
proximately 50% higher than in initially dense sample. For the clumps, the shear
zone thickness was approximately 10% greater. The distribution of normal contact
forces was similar for both types of particles. However, there were some differences
in the magnitude of these forces, with greater forces observed for the clumps. This is
because purely spherical particles exhibit a lower coordination number n, meaning
they have fewer interactions between them compared to the clumped particles. Con-
sequently, the lower number of interactions in initially loose sand resulted in greater
magnitudes of interparticle contact forces compared to those in initially dense sand
(for both spheres and clumps). Similarly to the previous results, the contact forces
were higher at the left side wall where a passive state developed, in contrast to the
active state observed at the right side wall (Figures 4.63d and 4.64d). The final ori-
entation angle of mean contact forces to the horizontal was about 115◦ for spheres
and 120◦ for clumps (Figures 4.63e and 4.64e). The final maximum diagonal contact
forces were up 40% higher than the maximum initial vertical contact forces for both
types of particles (Figures 4.65 and 4.66). The anisotropy of the contact forces was
lower than in the initially dense sample.
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(a)

(b)

(c)

(d)
Figure 4.63: Discrete results obtained at
the final state of the test (utot=7.0 mm)
for initially loose sand (e0=0.80) composed
of spheres: a) front view of the speci-
men, b) particle rotations distribution (red
color represents the clockwise rotations,
blue color the counterclockwise rotations),
c) void ratio distribution, and d) normal
force chains distribution in the specimen
(red color corresponds to normal contact
forces higher than mean value, maximum
value of forces is 0.05 N) (Rn=1.0 and σn=100
kPa) (Grabowski et al. (2020), licensed under

CC BY 4.0).

(a)

(b)

(c)

(d)
Figure 4.64: Discrete results obtained at
the final state of the test (utot=7.0 mm)
for initially loose sand (e0=0.80) composed
of clumps: a) front view of the speci-
men, b) particle rotations distribution (red
color represents the clockwise rotations,
blue color the counterclockwise rotations),
c) void ratio distribution, and d) normal
force chains distribution in the specimen
(red color corresponds to normal contact
forces higher than mean value, maximum
value of forces is 0.05 N) (Rn=1.0 and σn=100
kPa) (Grabowski et al. (2021a), licensed un-

der CC BY 4.0).

(a)
Figure 4.65: Polar mean contact force dis-
tribution in granular specimen at the initial
state (black line) and final state of the test
(red line) for initially loose sand (e0=0.80)
composed of spheres (Rn=1.0, σn=100 kPa

and d50=0.5 mm).

(a)
Figure 4.66: Polar mean contact force dis-
tribution in granular specimen at the initial
state (black line) and final state of the test
(red line) for initially loose sand (e0=0.80)
composed of clumps (Rn=1.0, σn=100 kPa

and d50=0.5 mm).
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4.3. Interface shear test between sand and surface of different roughness 87

Micropolar boundary conditions

The analysis presented earlier showed the significant effect of the surface roughness
on the mechanical behavior of interfaces. The study presented both qualitative and
quantitative results regarding the shear zone formation in the sand-structure contact
zone obtained from discrete simulations. Unfortunately, DEM is often restricted to
the study of small-scale phenomena and problems due to major software and hard-
ware limitations. The analysis of large-scale systems using particle methods is often
limited by these constraints. However, the discrete results can be valuable for sim-
ulating large soil-structure systems using the Finite Element Method. To accurately
analyze granular material-structure system with FEM, including modeling of shear
zone formation, a proper description of the contact along the interface is essential.
DEM can provide insights into the mechanical behavior of the interface, thus allow-
ing the description of boundary conditions for granular material confined by the
structure.

As shown earlier the behavior of the interface between granular material and
surface depends strictly on the roughness of the interface. In addition, the shear
resistance and the deformation of bulk solids also depends on the applied pres-
sure, initial density, the rotations, the shape and the mean diameter of grains (Tejch-
man and Wu, 2009; Ebrahimian and Bauer, 2011). To properly simulate the behav-
ior of shear zones with the FEM constitutive models enhanced by a characteristic
length must be used (Tejchman, 1989; Tejchman and Wu, 2009). In order to capture
the properties of the granular material micro- and mesostructure, the micropolar
(Ebrahimian and Bauer, 2011; Tejchman and Wu, 2010) or Cosserat (Tejchman and
Wu, 1995; Mühlhaus and Vardoulakis, 1987) continuum approaches are frequently
applied. Within these models, the nonlinear deformation of granular material, tak-
ing into account the formation of localization, is possible by adding an additional
rotational degree of freedom to each point (Mühlhaus and Vardoulakis, 1987; Tejch-
man and Wu, 1995; Ebrahimian and Bauer, 2011). Particle rotations can be used
as one of the boundary conditions for Finite Element Analysis (FEA) of interfaces
between bulk solids and structures, along with other boundary conditions such as
translational ones. Unfortunately, the determination of the individual grain char-
acteristics, such as rotations are difficult to measure in the experiments. However,
these local characteristics of grains are easy to determine with DEM, therefore, the
discrete analysis presented earlier may be used to propose surface boundary condi-
tions for micropolar continua.

Some micropolar boundary conditions have already been proposed to describe
the interface roughness (Huang et al., 2003; Tejchman and Wu, 2010; Ebrahimian and
Bauer, 2011). Tejchman and Wu (2010) presented 2D boundary conditions along the
horizontal rigid interface including two ratios connected to the normalized interface
roughness: 1) a ratio of the micropolar rotation multiplied by the mean grain diam-
eter and the horizontal displacement, and 2) a ratio between the horizontal shear
stress multiplied by the mean grain diameter and the horizontal couple stress. In
the studies by Ebrahimian and Bauer (2011) and Huang et al. (2003), the boundary
condition in the 2D analyses was assumed to be the ratio between the slip and the to-
tal imposed displacement at the interface was assumed instead of the ratio between
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88 Chapter 4. Preliminary discrete analysis of soil mechanics tests

the horizontal shear stress multiplied by the mean grain diameter and the horizontal
couple stress.

With the numerical simulations presented in this chapter, the following bound-
ary conditions at the interface for the 2D continuum models were proposed. These
ratios can only be applied to 2D continua, as the boundary condition for the twist in
the contact plane between the bodies was not prescribed. The first boundary condi-
tion, is the ratio between surface grain rotation and surface grain slip A = ωd50/u
(Figure 4.67). The second one, is the ratio between the horizontal slip and the total
imposed displacement at the end of the shearing B = u/ux (Table 4.6). The last ratio,
is determined based on the interface grain tangential force t and interface grain mo-
ments m calculated along the surface asperities (Figure 4.68). These local variables
were calculated in the center of the specimen at the residual state for the final hori-
zontal displacement ux=7.0 mm for all studied surfaces. The contact moments were
calculated by multiplying the tangential and normal forces by their distance from the
contact point ’C’ (where the sphere component of clump interacts with the asperity)
to the gravity center of clump ’O’. Next, these interaction forces and moments were
transformed into the global coordination system. Based on these interaction forces,
the ratio C = t′d50/m′ was proposed as the third boundary conditions (Figure 4.69).

 0
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Figure 4.67: Evolution of ratio A = ωd50/u across the normalized specimen height h/d50
at the specimen center at the end of the test (ux=7.0) obtained for clumps for different nor-
malized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f)
Rn=0.10 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2021a),
licensed under CC BY 4.0. Graphic changes include color and size adjustments).
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4.3. Interface shear test between sand and surface of different roughness 89

Figure 4.68: Normal and tangential interface forces n and t acting on surface grooves (’O’ is
the center of the clump, ’C’ is the wall contact point, and rn and rt are the lever arms of the
contact forces against point ’O’) (Grabowski et al. (2021a), licensed under CC BY 4.0).
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Figure 4.69: Relationship between: a) normal interface force n′ in vertical direction (squares)
and tangential interface force t′ (crosses) in horizontal direction and tangential interface
forces n and t acting on inclined surface grooves) (Grabowski et al. (2021a), licensed un-

der CC BY 4.0).
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90 Chapter 4. Preliminary discrete analysis of soil mechanics tests

The proposed ratios were calculated for clumped particles and can be approxi-
mated in the range 0 ≤ Rn ≤ 1.0 as:

A = ωd50/u ∼= 0.5Rn (4.2)

B = u/ux ∼= 1 − Rn (4.3)

C = t′d50/m′ ∼= 1/Rn (4.4)

These ratios can be related to the normalized surface roughness Rn only. These
boundary conditions may be prescribed along the interface nodes of FE mesh in
simulations using micropolar continua. In the case of the particle rotation ω it can be
replaced by the micropolar Cosserat rotation ωc (Tejchman and Wu, 1995; Tejchman
and Wu, 2010). In addition, the boundary conditions were calculated also for the
spherical particles with rotational resistance. However, they differed slightly from
the boundary conditions determined for clumps. Therefore, it seems that proposed
ratios slightly depend on the particle shape. The influence of the particle shape on
these boundary conditions could be also checked in DEM simulations by assuming,
e.g. different particle shapes and different sieve curves.

4.3.4 Summary

In this section, a detailed discrete analysis of the sand-structure interface behavior
with varying surface roughness was conducted. The analysis investigated the influ-
ence of particle shape on interface resistance and shear localization by employing
two types of particles: perfectly spherical particles with rotational resistance and
asymmetric convex clumps composed of spheres. Additionally, interface boundary
conditions for micropolar continua were proposed. The following major conclusions
can be summarized from the simulations:

• Particles in the form of spheres with rotational resistance exhibited lower resid-
ual interface shear resistance, particle rotations, and slips, as well as a higher
thickness of the interface shear zone, volume changes, and orientation of mean
contact forces to the horizontal when compared to irregular convex clumped
particles. The peak interface shear resistance was solely similar. The rolling re-
sistance model was proven to be able to model localization phenomena. How-
ever, it has some drawbacks, such as additional artificial dilatancy occurring
within the granular material.

• Surface roughness had a significant effect on the mobilized interface friction
angle and the thickness of the shear zone at the interface. Interface shear resis-
tance increased with the rise of surface roughness. Both the peak and residual
interface friction angles increased proportionally with the surface roughness.
The relationship between the peak or residual interface friction angle and nor-
malized interface roughness exhibited a bilinear/parabolic trend. The residual
surface friction angle was generally 3-7◦ higher for spheres with rotational re-
sistance compared to clumps (Rn ≥0.25).
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4.3. Interface shear test between sand and surface of different roughness 91

• The interface shear resistance is directly related to the thickness of the shear
zone, which increases bilinearly with the rise of Rn. The thickness of the sur-
face shear zone, calculated based on particle rotation, ranged between 6×d50

and 14×d50 for spheres and between 6×d50 and 12×d50 for clumps. Conse-
quently, the shear zone thickness in sand composed of clumps was lower by
15-40% compared to spheres (Rn ≥ 0.5). For smooth surfaces (Rn ≤=0.1),
mostly slipping occurred at the surface, resulting in rotations of approximately
one layer of particles (1×d50).

• For the roughest surfaces (Rn ≥=0.75) the maximum particle rotation occurred
slightly above the surface (3-5×d50). For these surfaces particle rotations ap-
proached zero at the surface. This was because they were trapped between the
grooves. For surfaces with Rn ≤=0.5, the largest particle rotations occurred di-
rectly at the surface. The rotations for clumps were 30% higher than for spheres
with rotational resistance (Rn ≥0.25).

• The normalized surface roughness exerted a significant effect on the contact
forces within the granular specimen. The anisotropy of the force network in-
creased proportionally with the increase of interface roughness. The distribu-
tion of forces at the final state of shearing was more uniform in the case of
clumped particles. The orientation of mean contact forces at the residual state
increased with the rise in surface roughness for both types of particles. For
spherical particles, the angle to the horizontal ranged between 135◦ and 140◦,
while for clumps, it ranged between 125◦ and 160◦.

• Three different ratios were proposed to describe the boundary conditions at the
interface for the 2D continuum models (the boundary for the twist in the plane
between the bodies was not proposed). The first ratio, A = ωd50/u ∼= 0.5Rn,
combines particle rotation, multiplied by the mean grain diameter, divided by
the horizontal slip along the surface. The second ratio, B = u/ux ∼= 1 − Rn,
is the ratio between the horizontal slip and the total horizontal displacement.
The third ratio, C = t′d50/m′ ∼= 1/Rn, is determined based on the interface
grain tangential force, multiplied by the mean grain diameter, divided by the
interface grain moment. These ratios were approximated to the normalized
roughness of the surface. The magnitude of these ratios depends on the parti-
cle shape.
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92 Chapter 4. Preliminary discrete analysis of soil mechanics tests

4.4 Interface shear test between sand and corrugated sinu-
soidal surfaces

4.4.1 Introduction

The study presented in the following section deals with numerical investigations of
the interface between granular material and sinusoidal corrugated surface. Such in-
terfaces are commonly encountered in steel silos supported by thin-walled columns
around the silo perimeter (Wójcik et al., 2011; Kuczyńska et al., 2015). The inter-
face behavior, which is influenced by the characteristics of both the opposing struc-
ture and the contacting granular material (see Section 4.3 for the analysis), is closely
linked to the safety of these structures. During the deformation of the bulk solid, the
contact zone is characterized by the formation of the localized zones in the region ad-
jacent to the construction surface. The location of these zones plays an important role
in estimating the shear resistance and loads transferred from the granular material to
the structure Tejchman and Wu, 1995; Hu and Pu, 2004; Su et al., 2018. For this rea-
son, a comprehensive understanding of the behavior of the bulk solid/corrugated
wall contact zone is essential for accurate maintenance of bulk solids handling pro-
cesses.

The key aspect of the interface between granular material and structure analysis
is the friction between these two media. Although extensive research on the mech-
anism of the interface between granular material and various types of surfaces has
been carried out (see Chapter 4.3 for the detailed description of these studies), rel-
atively little attention has been paid to the behavior of interfaces between granular
material and corrugated surfaces (Moore et al., 1984; Molenda et al., 2002; Wiącek
et al., 2021; Wiącek et al., 2023).

In case of silo with corrugated walls supported by thin walled columns, the prop-
erties of the interface, such as the effective coefficient of friction against the corru-
gated wall, play a major role in the correct determination of the vertical loads acting
on the silo structure (Molenda et al., 2002; Wiącek et al., 2021). The processes that
occur in the contact zone present many challenges to engineers, and as a result, the
theoretical approach is usually simplified. For example, the European Standard EN
1991-4 (2006) allows to determine the effective friction coefficient without taking
into consideration the exact geometry of the corrugation. According to Eurocode,
for corrugated wall surface, the this coefficient can be determined as:

µe f f = (1 − aw) tan(ϕi) + awµw (4.5)

where: µe f f is the effective wall friction, ϕi is the granular material internal fric-
tion angle, µw is the wall friction coefficient and aw is the wall contact factor (Figure
4.70).

The standard recommends that the designer either perform his own analysis of
the contact regime between the bulk solid and the wall or assume the constant value
aw=0.2 for the profiles similar to the one shown in Figure 4.70. However, this ap-
proach results in determining the coefficient of friction µe f f solely based on the fric-
tional properties of the bulk material and the wall. Unfortunately, as the previous
research (Molenda et al., 2002; Wiącek et al., 2021) has shown, this method can lead
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 93

to significant differences between the determined standard load values and the ex-
perimentally measured ones. This can seriously affect the safety of corrugated steel
silos.

Figure 4.70: Dimension of profile for sinusoidal corrugated surfaces with the approximate
location of shear plane (dashed line) according to EN 1991-4 (2006).

Current knowledge of the mechanical behavior of the interface between the cor-
rugated silo walls and the bulk solid is relatively limited. The problems associated
with the study of the mechanisms inside the contact zone are mainly caused by
the discrete and nonlinear nature of bulk solids. Despite these limitations, previ-
ous studies have provided useful contributions to the mechanical description of the
given problem. In laboratory experiments by Moore et al. (1984), a shear plane de-
velops in the contact zone just below the peaks of the corrugation. Consequently,
the interface friction coefficient is influenced by two components: grain-on-grain
friction (shearing within the granular material) and grain-on-surface friction (slid-
ing of the granular material against the metal surface). Similar mechanism of inter-
face shearing was captured by Zhang et al. (1994), using a direct shear apparatus.
A series of tests were performed to analyze the effect of the normal pressure ap-
plied to the granular sample and the moisture of the sample on the behavior of the
contact zone. In the study, the friction coefficient of the interface was determined
and ranged from 0.41 to 0.63 depending on the test conditions. It was found that
this friction was mainly associated with grain-on-grain friction. Similar as in pre-
vious studies, the shear plane developed partially at the peaks of the corrugation
and partially within the granular material. A specially modified direct shear ap-
paratus was used by Molenda et al. (2002) to determine the effective coefficient of
friction of wheat on smooth and corrugated steel surfaces. The dimensions of the
test specimen were close to the real dimensions of the bulk solid-silo construction
system. The study revealed that the effective coefficient of friction is significantly
dependent on the corrugated wall geometry. In the case of short-period corrugated
sheets, the coefficient was more related to grain-on-grain friction than in the case
of long-period corrugated sheets. In the experiments by Wiącek et al. (2021) the in-
fluence of silo outlet size and filling method on pressure distribution and friction
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94 Chapter 4. Preliminary discrete analysis of soil mechanics tests

mechanism in the interface was studied. This problem was investigated using a lab-
oratory scale silo with sinusoidal corrugated walls. The location of the shear zone
was approximated based on the photographic data analyzed using the Particle Im-
age Velocimetry (PIV) technique. It was positioned 5 to 8 grain diameters below the
corrugation peaks. The pressures exerted by the bulk solid on the corrugated silo
walls did not agree with the pressures predicted by the Eurocode formula. In the
study by Wiącek et al. (2023) the discrete analysis of the contact zone between wheat
and corrugated sinusoidal surface was performed. The friction between these two
domains was determined for different normal loads and shearing velocity.

Recent literature shows that the mechanism occurring in the interface zone be-
tween granular material and corrugated silo walls is an interesting problem for
many civil and agricultural researchers and engineers. These studies show that
many aspects related to the discussed problem are still understudied and need fur-
ther research. Unfortunately, the discrete modeling of granular flow in silos with
sinusoidal corrugated walls is beyond the capabilities of most current Discrete Ele-
ment Method (DEM) codes. These codes are generally limited to handling hundreds
of thousands or a few million particles, while typical granular materials stored in
silo structures consist of billions of particles. To overcome this limitation, the forma-
tion of the shear zone in the contact area between granular material and sinusoidal
corrugated surfaces has instead been investigated in reduced scale using a direct
shear apparatus.

In addition, the appendix A presents the comprehensive laboratory analysis of
the numerical tests performed. The experimental part was used to calibrate the nu-
merical model and to validate the numerical results.

4.4.2 Numerical model and methodology

The basic physical and mechanical properties of the sand obtained in comprehensive
geotechnical laboratory analysis are presented in Appendix A (Table A.1). The local
material parameters for the numerical model of the interface between sand and a
sinusoidal corrugated surface in the direct shear test were determined using the ex-
perimental data presented in the Appendix A. The simulations of the interface shear
test were performed using spherical particles with rotational resistance. The mate-
rial parameters of the discrete model model were the same as before and are listed
in the Table 4.7. The sieve curve was the same as in the experiments, with particle
sizes ranging from 0.25 mm to 1.00 mm, with a mean grain diameter d50=0.71 mm.

Table 4.7: Discrete material parameters for interface shear test.

Parameter Value
interparticle friction angle µc 18◦

local modulus of elasticity Ec 300 MPa
shear/normal local stiffness ratio υc 0.3
limit rolling coefficient η 0.4
rolling stiffness coefficient β 0.7

The numerical model setup (shown in Figure 4.71) was created under full 3D con-
ditions, with the specimen depth reduced from 60 mm to 7 mm (10 × d50) to shorten
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the computation time. Specimen height and width were the same as in the experi-
ments (Appendix A), with h=15 mm and b=60 mm, respectively. The gap equal to the
maximum grain diameter was left between the lower and upper frame walls as in
the experiment to prevent locking of particles at the bottom corners during shearing.
The standard interface shear test procedure was followed for all tests. The first step
involved creating the granular assembly consisting of approximately 60 000 distinct
particles inside the upper shear box (the detailed procedure of the sample prepara-
tion was described in the Chapter 4.2). This was followed by applying a constant
initial force, denoted by P to the upper box (P/Ac=σn, where Ac is the internal area
of the shear box). Once the desired void ratio of the sand mass was achieved and
the kinetic energy of the assembly was negligible, the interparticle friction angle was
set to the prescribed value µc=18◦ and the upper frame moved horizontally ux at a
constant velocity. The horizontal velocity of the shear box was small enough to con-
sider the test as quasi-static (the inertial number I was kept below 10e-4 (Roux and
Chevoir, 2005)). During the test, the rigid bottom surface was fixed, while the upper
frame was movable and smooth. The frictional coefficient along these surfaces was
tan (µs)=tan (16◦)=0.29.

(a)

(b) (c)

Figure 4.71: Interface shear test in DEM: a) numerical setup, b) sample at the initial state and
c) deformed sample at the final state.

During the discrete analysis, as in the experiment, the influence of six surfaces
was examined: a completely flat one (Figure 4.72a), and the rest based on the ge-
ometry of silo wall corrugations (Figure 4.72b-f). The sinusoidal corrugations had
the same wavelength (l=15 mm which equals approximately 21×d50), but different
depth d (distance between the hills) (Figure 4.72), which was varied from 0.8 mm
(approx. 1×d50) to 6.4 mm (approx. 9×d50) with a step of 1.4 mm (2×d50). As a
result, the range of the depth to wavelength (d/l) coefficients for the profile was be-
tween 0.053 and 0.427, what fits in the typical scope of this ratio from thin-walled
silos (where d/l varies between 0.11 and 0.24).
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(a) (b) (c)

(d) (e) (f)

Figure 4.72: Rigid bottom corrugated sinusoidal surfaces with differenct corrugation coeffi-
cient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.428
(d - corrugation depth and l - corrugation length).

4.4.3 Numerical results

In this section, the results of simulations of the interface between sand and a sinu-
soidal corrugated surface in the direct shear test for sinusoidal corrugated surfaces
of different depth to wavelength ratio d/l are presented. First of all, a comparison
between the shear resistance and granular material deformation obtained with nu-
merical simulations and with laboratory experiments is shown. Next, the effect of
the different d/l ratio on the shear zone formation and on its mesoscopic character-
istics is presented. The results include granular material deformation, the distribu-
tion of sphere rotations, void ratios, and force chains at the final stage of shearing.
Finally, the interface shear zone evolution is presented based on two selected corru-
gated surfaces.

Evolution of mobilized shear stress and volumetric strain

At the beginning, the numerical model was calibrated, since the experimental data
were no longer based on the ’Karlsruhe’ sand. For the calibration, own experiments
of the interface shear test were used (see Appendix A for description). Figures 4.73
and 4.74 present the comparison between evolution of the mobilized shear stress τ

and the volumetric strain εv versus the normalized displacement u/L obtained in
discrete and experimental approach. A satisfactory agreement was obtained be-
tween the DEM results and the laboratory data, particularly with respect to the
shape of the shear stress and volumetric strain curves, as well as the peak value
of the shear resistance. Minor differences were observed in both cases, with the ex-
perimental specimens showing a slightly higher magnitude of shear stress in the
residual phase compared to the numerical specimens.

The shear stress of the interface increased with increasing corrugation depth (Fig-
ure 4.73). For the flat surface (d/l=0.000) and the one with corrugation coefficient
d/l=0.053, the curves followed almost a bilinear pattern with negligible softening
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 97

of the granular material observed (Figure 4.73). In the remaining cases, when d/l
varied from 0.147 to 0.427, a typical evolution of the frictional stress for medium-
dense samples was obtained, similar to the studies by Uesugi and Kishida (1986a),
Tejchman and Wu (1995), Hu and Pu (2004). At the beginning of the test, the gran-
ular material exhibited hardening, which was initially related to contraction. The
shear stress peaked at about u/L=0.035 and then exhibited softening, again associ-
ated with dilatancy. The dilatancy of the granular material was also significantly
affected by the geometry of the profile and increased with increasing corrugation
depth (Figure 4.74). Only for the flat surface (d/l=0.000) no dilatancy related to lo-
calization was observed. No contraction was captured either. The characteristic val-
ues calculated for the curves obtained in the numerical study are listed in the Table
4.8.

Based on the corrugation coefficient d/l, the analyzed surfaces can be classified
into two categories: shallow and deep. The analysis showed that the critical value
of the corrugation coefficient is approximately d/l=0.053. When this ratio is less
than a critical value, the corrugated surface is considered shallow. The shear failure
mechanism is then elastic-perfectly plastic. When the ratio is greater than a critical
value, the interface is considered deep and the granular material exhibits successive
hardening and softening due to dilatancy. Furthermore, the analysis showed that the
shear resistance of the interface does not increase when the corrugation coefficient
d/l is increased beyond a certain value. In particular, in our case, increasing this ratio
above 0.333 (Figure 4.73) resulted in a negligible increase in interface shear stress.
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Figure 4.73: Mobilized shear stress τ versus normalized horizontal displacement u/L for
different corrugation coefficient d/l obtained with: a) DEM simulations and b) experimental

analysis (e0=0.63 and σn=48 kPa).D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


98 Chapter 4. Preliminary discrete analysis of soil mechanics tests

-0.01

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  0.02  0.04  0.06  0.08  0.1

ε v
 [

-]

u/L [-]

d/l=0.427
d/l=0.333
d/l=0.240

d/l=0.147
d/l=0.053
d/l=0.000

(a)

-0.01

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  0.02  0.04  0.06  0.08  0.1

ε v
 [

-]

u/L [-]

d/l=0.427
d/l=0.333
d/l=0.240

d/l=0.147
d/l=0.053
d/l=0.000

(b)

Figure 4.74: Volumetric strain εv versus normalized horizontal displacement u/L for dif-
ferent corrugation coefficient d/l obtained with: a) DEM simulations and b) experimental

analysis (e0=0.63 and σn=48 kPa).

Table 4.8: Calculated values of peak effective wall friction coefficient
µe f f ,max, effective wall friction coefficient µe f f ,res and residual volu-
metric strain εv for different corrugation coefficient d/l.

d/l [-] µe f f ,max [-] µe f f ,res [-] εv [-]
0.000 0.290 0.290 -0.0005
0.053 0.427 0.381 0.0157
0.147 0.674 0.558 0.0210
0.240 0.798 0.689 0.0224
0.333 0.861 0.724 0.0241
0.427 0.872 0.730 0.0235

Friction of sand on corrugated sinusoidal surface

Based on the mobilized shear stress curves the friction between the sand and the
corrugated sinusoidal surface was determined. The effective wall friction coefficient
was calculated as:

µe f f = T/P (4.6)

where T is the total horizontal force applied to the upper frame of the shear box
and P is the normal force applied to the top plate during the test (dividing these
forces by the contact area gives τ and σ, respectively). The µe f f was calculated for
the peak and the residual value of the shear resistance. Figure 4.75A presents the
value of calculated effective wall friction coefficient. The magnitude of the µe f f was
significantly influenced by the profile geometry, and increased with the increase of
the corrugation coefficient. Equation 4.7, which is a transformation of the formula
4.5, was used to determine the wall contact factor aw:

aw =
µe f f − tan(ϕi)

µw − tan(ϕi)
(4.7)

where ϕi represents the internal friction angle (in this case, it is the value of

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


4.4. Interface shear test between sand and corrugated sinusoidal surfaces 99

ϕi,max = 42◦), and µw denotes the coefficient of friction against a flat surface (in
this case, it corresponds to the assumed value for the flat surface with d/l=0.0, i.e.,
µw=0.290). Figure 4.75B presents the calculated value of the wall contact factor aw

based on the peak and residual effective surface friction coefficients obtained in each
test. The aw=0.2 recommended by EN 1991-4 (2006) is represented by a red line.
The analysis reveals that as d/l increased, the wall contact factor decreased. These
findings are consistent with those of other researchers (Zhang et al., 1994). The rela-
tionship between the wall contact factor aw and the corrugation coefficient d/l was
nonlinear throughout the entire studied range. This tendency correspond well to the
relationship captured in experiments (Figure A.9 in Appendix A).

At the residual state the magnitude of aw was higher than at the maximum state.
In both cases, this parameter reached an asymptotic limit. At the maximum state,
the limit was approximately aw=0.139, and at the residual state, it was approximately
aw=0.349 for surfaces with d/l ≥ 0.333. For shallow surfaces, the coefficient of fric-
tion was much closer to that of grain-on-surface friction than to the internal friction
angle of sand, reaching aw=1.0 for a flat surface. It is evident that the value of this
factor is not constant for the tested surfaces, contrary to the recommendations of
EN 1991-4 (2006). Moreover, in the typical range of wall profiles used in steel silos
supported by thin-walled columns (0.11 ≤ d/l ≤ 0.24), aw does not equal 0.2 as pro-
posed in the standard. In this range the minimum value of aw was 0.224 (d/l=0.240)
at the peak state of shearing. In the mentioned range, the magnitude of aw could be
roughly estimated with a linear function f (x) = −2x + 0.7, where x is the corruga-
tion coefficient d/l (x = d/l) (the function is shown in Figure 4.75B as a blue dotted
line).

It is important to remember that the proposed estimation function f (x) was for-
mulated based on the study of the contact zone in the direct shear apparatus. There-
fore, it does not yet provide an accurate estimation of the effective wall friction co-
efficient µe f f during flow in a silo, as obtained from the data of other researchers.
However, the proposed function has been used to verify the loads applied to the
corrugated sinusoidal surfaces/walls in other studies available in the literature. In
the study conducted by Wiącek et al. (2023), using aw=0.2, as recommended by the
standard, provided a reasonably accurate estimate of µe f f for a profile with a corru-
gation coefficient d/l=0.191. Using the value aw=0.32 calculated with the proposed
function f (x), would lead to an underestimation of the wall pressures. On the other
hand, in the experiments performed by Wójcik et al. (2017), the use of aw=0.2, accord-
ing to the standard formula, resulted in an overestimation of the shear wall pressures
by up to 35%. Calculations of the wall contact factor aw using the proposed function
f (x) for a corrugation coefficient of d/l=0.237, as in the experiments, would provide
a more realistic value of aw ( f (0.237) = −2 · 0.237 + 0.7 = 0.23). Therefore, a more
detailed analysis taking into account factors such as particle types and sizes, differ-
ent wall pressure magnitudes, and different void ratios of the granular material is
required to improve the accuracy of the estimation function.
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Figure 4.75: Calculated: A) effective friction coefficient µe f f and B) wall contact factor aw
versus normalized horizontal displacement u/L at the: a) peak and b) residual state for
different corrugation coefficient d/l obtained with DEM (red line represents the aw=0.2

recommended by EN 1991-4 (2006)).

Effect of the corrugations geometry on the mesoscopic behavior of the sand-surface
interface

The research, described in previous section, has so far focused on the macroscopic
behavior of the interface between sand and sinusoidal corrugated surfaces of various
geometries. In this section, the effect of the corrugation coefficient on the mesoscopic
behavior of the bulk solid-corrugated surface regime has been investigated.

First, the effect of the d/l ratio on the deformation of the sand sample was studied
(Figure 4.76). The deformation of the granular material was found to be strictly de-
pendent on the geometry of the surface. Based on the sand deformation, the first two
surfaces were considered to be shallow (d/l ≤ 0.053). It can be seen that for these
surfaces almost the entire sand mass behaved like a rigid body during the shear-
ing (Figures 4.76a, b). In these cases, no shear zone occurred because the material
slipped directly on the surface and the shear resistance was mainly influenced by the
particle-surface friction. The remaining cases (Figures 4.76c-f) were characterized by
a different failure mechanism and could therefore be considered as deep. In these
cases, sand grains were partly locked in the valleys and partly followed the motion
of the shear box. The granular material locked in the valleys in the area adjacent
to the surfaces showed zero horizontal displacement. The stationary zone occurred
in a similar way as in the case of mass flow during discharge of silo constructions
with sinusoidal corrugated walls. It was observed that with increasing corrugation
coefficient, the shearing began to occur inside the granular material, with the shear
zone localized at the level of the surface peaks. Therefore, the shear resistance of the
interface was a combination of both grain-to-grain and grain-to-surface friction.

Figure 4.77 presents the distributions of particle rotations in the entire specimen
at the final state of the test. It is clear that for the flat surface, the grains either did
not rotate at all (Figure 4.77a) or showed negligible rotation in the case of a surface
with a corrugation coefficient of d/l=0.053 (Figure 4.77b). In these cases, the granu-
lar material slipped directly at the moving surface, with the shear resistance being
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 101

mainly a result of the friction between the granular material and the surface. It can
be seen that with the increase of the corrugations depth, the shear zone was more
firmed and clear and occur between the peaks of the corrugations. The thickness of
the shear zone between was approximately 5×d50 based on the distribution of the
sphere rotations (the same procedure for estimation was used as the one presented
in Section 4.2). The shear zone thickness was in good agreement with the experi-
ments where ts varied between 4× d50 and 5× d50. Within the localization, the grain
rotations almost always had the same positive sign (clockwise rotation).

(a) (b)

(c) (d)

(e) (f)

Figure 4.76: Front view of the sand specimen composed at the final state of the test
(u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,

d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa).

(a) (b)

(c) (d)

(e) (f)

Figure 4.77: Distribution of particle rotations ω in sand specimen at the final state of the test
(u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,

d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa).
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102 Chapter 4. Preliminary discrete analysis of soil mechanics tests

Next, the distribution of the void ratio in the entire specimen at the end of the
shearing was studied (Figure 4.78). This parameter shows that in the case of the
flat surface (d/l=0.000), granular material exhibited no dilation along the entire sur-
face (Figure 4.78a). In the case of a surface with d/l=0.053 (Figure 4.78b), dilatant
zones occurred directly at the surface in the shallow valleys. In the remaining cases,
the shear plane was located slightly below the corrugation peaks (Figure 4.78c-f).
The shear zone developed between the grains locked in the valleys and the granu-
lar mass located in the upper shear box frame. Within the localized area, significant
dilation occurred, particularly in the region between the surface peaks. At the corru-
gation peaks, negligible changes in porosity were observed, thus the grains slipped
on the corrugated surfaces. As a result, the shear resistance of the sample depended
on both the grain-to-grain and grain-to-surface friction components. In all cases,
there was some loosening of the granular material associated with the movement of
the shear box.

(a) (b)

(c) (d)

(e) (f)

Figure 4.78: Distribution of void ratio e in sand specimen at the final state of the test
(u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,

d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa).

Afterwards, the distribution of the normal force chains in the entire sand sample
was examined (Figure 4.79). The corrugation depth had a significant effect on the
distribution of forces between the particles. In the case of the contact zone between
the sand and the flat surface (Figure 4.79a) the distribution of forces was almost
uniform within the sample at the end of the shearing. Some minor changes were ob-
served near the boundary conditions, such as an increase in forces on the advancing
side of the specimen (left side of the sample) and a slight decrease on the receding
side of the specimen (right side of the sample). In the remaining cases, the distribu-
tion of forces between the particles was strongly non-uniform (Figure 4.79b-f). The
orientation of the force chains was diagonal to the shear zone. A significant increase
in the forces magnitude was observed between the peaks of the corrugation. The
forces appear to originate from the corrugation peaks and oppose the movement of
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 103

the top box. Columns of particles are formed, indicating the shear resistance of the
interface. The shear zone itself is barely visible based on the distribution of force
chains. Similar to the flat surface case, a significant increase in force magnitude was
observed near the advancing side of the shear box and a significant decrease in force
magnitude was observed on the receding side.

(a) (b)

(c) (d)

(e) (f)

Figure 4.79: Distribution of normal force chains in sand specimen at the final state of the test
(u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,
d) d/l=0.240, e) d/l=0.333 and f) d/l=0.428 (e0=0.63 and σn=48 kPa) (red color corresponds

to the force chain above the mean value).

Finally, the strains within the granular material were calculated with Digital Im-
age Correlation (DIC) technique by analyzing the displacement fields, as presented
in Figures 4.80-4.82 (for a brief description of the DIC method and DIC analysis
parameters, see Appendix A). Figure 4.80 shows the horizontal strains εxx corre-
sponding to each type of corrugated surface. Observations show that the flat surface
(Figure 4.80a) did not cause any significant deformation of the granular material,
while minor changes were observed in the case of a surface with a corrugation co-
efficient of d/l=0.053 (Figure 4.80b). In the latter case, the changes in the granu-
lar material structure were located directly at the surface, therefore the shear resis-
tance depended mostly on grain-on-surface friction. In the remaining cases, when
d/l=0.147 or above (Figure 4.80c-f), an evident shear zone can be seen which is lo-
cated above the surface. It is clear that the shearing takes place partially within the
material and partially at the peaks of the surface, thus, the shearing resistance is de-
pendent on both the grain-on-grain and grain-on-surface friction angle. Based on
the calculations of the horizontal strains for these cases (Figures 4.80c-f) some inter-
esting conclusions may be drawn. The observed shear zone consisted of alternating
regions of contracting and dilating sand. Although the material sheared globally in
one direction related to the movement of the upper shear box, local deformation in-
side the shear zone occurred in both directions. It is hypothesized that this behavior
is due to the successive formation and collapse of particle columns during shear-
ing of the granular material (Rechenmacher, 2006; Chupin et al., 2011). Similar local
deformations were also observed in laboratory studies by Oda and Kazama (1998),
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104 Chapter 4. Preliminary discrete analysis of soil mechanics tests

and in the DEM analysis by Nitka et al. (2015). These studies showed that this mech-
anism is related to the void ratio distribution within the localized area. Along the
shear zone, large voids occurred almost periodically, creating localized regions of
contraction and dilation, similar to the strain fields.

The calculated vertical strain fields εyy presented in Figure 4.81 correspond well
with the results for shear strains εxy presented in Figure 4.82. Based on these strain
fields, the interfaces with d/l=0.000 and d/l=0.053 can be classified as shallow be-
cause they showed negligible changes in sand structure during shearing. In the other
cases, when d/l=0.147 or above (Figures 4.81c-f and 4.82c-f), an obvious shear zone
was observed. The most pronounced and clear zones were obtained for surfaces
with a corrugation coefficient of d/l=0.240 or above. In these cases, the majority of
shearing took place within the granular material, with minimal interaction at the
surface. No significant deformation was visible on the top of the hills, due to the
sliding of the particles on the surface. In these cases, the shear zone divided the ma-
terial into two quasi-rigid bodies, one located above the localization and the other
locked below in the surface valleys.

(a) (b)

(c) (d)

(e) (f)

Figure 4.80: Distribution of the horizontal strain εxx in sand specimen at the final state of
the test (u/L=0.1) obtained with DIC analysis for different corrugation coefficient d/l: a)
d/l=0.000, b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63

and σn=48 kPa).

The formation of the interface shear zone obtained with in discrete analysis was
compared to the experimental results (Appendix A). Figures 4.83 and 4.84 present
the distribution of the horizontal εxx, vertical εyy and shear εxy strains for two exem-
plary interfaces with corrugation coefficient d/l=0.053 and the other with d/l=0.333.
In both cases, the deformation of the sand near the surface was in good agreement
with the real experiments. Similarly as in the laboratory tests, in the case of the
shallow interface some minor changes during the shearing were observed directly
at the corrugated surface (Figure 4.83). The characteristic shear behavior observed
during the laboratory analysis, such as alternating regions of horizontal strains of
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 105

(a) (b)

(c) (d)

(e) (f)

Figure 4.81: Distribution of the vertical strain εyy in sand specimen at the final state of
the test (u/L=0.1) obtained with DIC analysis for different corrugation coefficient d/l:
a) d/l=0.000, b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427

(e0=0.63 and σn=48 kPa).

(a) (b)

(c) (d)

(e) (f)

Figure 4.82: Distribution of the shear strain εxy in sand specimen at the final state of
the test (u/L=0.1) obtained with DIC analysis for different corrugation coefficient d/l:
a) d/l=0.000, b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427

(e0=0.63 and σn=48 kPa).

opposite signs (Figure 4.83A) and the large vertical strain concentrated at the top of
the peaks (Figure 4.83B), were captured in the numerical analysis. The real shape
and location of the shear zone was also accurately captured for the deep interface
(d/l=0.333). Laboratory analysis showed that although the material was globally
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106 Chapter 4. Preliminary discrete analysis of soil mechanics tests

sheared in one direction due to the movement of the upper shear box, local defor-
mation within the shear zone occurred in both directions (Figure 4.84A). In compari-
son to the experiments, it can be seen that in both numerical and laboratory analysis
the shear zone was located approximately slightly below or at the corrugation peak
(Figure 4.84BC). There were slight differences in the shape of the interface localiza-
tion. Those obtained numerically were more uniform compared to those obtained
experimentally. Moreover, the latter consisted of smaller shear zones. Additionally,
the thickness of the shear zone ts was analyzed. In all studied cases, the shear zone
thickness was approximately ts=3.2 mm (4-5×d50), which was in good agreement
with the experimental study (see Appendix A).

(A)

(B)

(C)

(a) (b)

Figure 4.83: Distribution of the: A) horizontal strain εxx, B) vertical strain εyy and C) shear
strain εxy in sand specimen at the final state of the test (u/L=0.1) obtained with DIC method
in: a) discrete analysis and b) experiments (Appendix A, Grabowski et al. (2023)) for the

surface with corrugation coefficient d/l=0.053 (e0=0.63 and σn=48 kPa).

Next, the grain-on-grain component and grain-on-surface friction component
were studied based on the distribution of shear strain εxy at the final state of the test
for surfaces with d/l ≥ 0.147. The remaining surfaces (d/l=0.000 and d/l=0.053)
were not analyzed because negligible shear strain occurred in these cases, and it
was assumed that in these instances, the sand slipped on the surface without form-
ing pronounced shear zone. The analyzed area of the images was limited to the
internal waves within a region of 45 mm in length to minimize the boundary effects
of the shear frames (Figure 4.85). In each of the studied case, the localization zone
was clearly visible, allowing for the approximate determination of the wall contact
factor aw components bi and bw according to EN 1991-4 (2006). Based on the figures,
it can be seen that with the increase of the corrugation coefficient d/l, the area of
the interface subjected to the grain-on-grain friction increased and was equal bi=30.5
mm for d/l=0.147, bi=35.9 mm for d/l=0.240 ,bi=40.2 mm for d/l=0.333 and bi=40.5
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(A)

(B)

(C)

(a) (b)

Figure 4.84: Distribution of the: A) horizontal strain εxx, B) vertical strain εyy and C) shear
strain εxy in sand specimen at the final state of the test (u/L=0.1) obtained with DIC method
in: a) discrete analysis and b) in experiments (Appendix A, Grabowski et al. (2023)) for the

surface with corrugation coefficient d/l=0.333 (e0=0.63 and σn=48 kPa).

mm for d/l=0.427. On the contrary, the area of the interface subjected to the grain-
on-surface friction diminished with the increase of the d/l and the bw component
was equal 14.5 mm for d/l=0.147, 9.1 mm for d/l=0.240, 4.7 mm for d/l=0.333 and
4.5 mm for d/l=0.427. As a result, the magnitudes of aw calculated based on the
visual measurement of the distribution of the shear strain εxy at the residual state
were lower than those calculated using Equation 4.7 (Figure 4.70). The range of aw

calculated with the DIC method in DEM simulations was slightly lower than in ex-
periments (Table 4.9).

Table 4.9: Comparison between experimental and numerical values of the wall contact factor
aw in the residual state calculated with the Equation 1.7 and with the DIC technique.

wall contact factor aw [-]
corrugation Equation 1.7 DIC
coefficient d/l DEM LAB. DEM LAB.
0.147 0.603 0.477 0.322 0.333
0.240 0.410 0.369 0.202 0.238
0.333 0.358 0.324 0.104 0.227
0.427 0.349 0.287 0.100 0.133
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108 Chapter 4. Preliminary discrete analysis of soil mechanics tests

d/l=0.147 d/l=0.240

d/l=0.333 d/l=0.427

Figure 4.85: Highlight of the shear zone based on shear strain εxy distribution at the final
state (u/L=0.1) obtained with discrete analysis for different corrugation coefficient d/l.

Evolution of the interface shear zone

Up to now, previous sections have focused on studying the effect of corrugation
depth on the mesostructural behavior of the sand-surface interface. The cumulative
results at the final shear state for various corrugated surfaces were presented. This
section focuses on the evolution of the interface shear zone during the laboratory test
with the strain fields obtained within the granular material. The DIC analysis was
conducted at different stages of the tests, from the initial step (u/L=0) up to the final
state of the test (u/L=0.1) with an incremental step of du/L=0.02. Two tests with
different profiles were chosen to study the shear zone evolution: shallow interface
with d/l=0.053 and deep interface with d/l=0.333. They were chosen because of
their different behavior as shown in the previous section.

At the beginning, the evolution of the shear zone in the interface between sand
and shallow surface was analyzed. The distribution of horizontal εxx, vertical εyy,
and shear strains εxy at consecutive stages of the test is presented in the following
figures (Figures 4.86-4.88). In the initial phase of the test, the deformation of the sand
near the surface was barely visible by means of the calculated strains (e.g. Figure
4.87a-c). As the shearing proceeded, some minor deformations were started to be
visible directly at the surface (u/L ≥ 0.6). At the top of the corrugationes, during
the test the sand moved towards the surface. This caused minor local dilation of
the sand observed also on the volumetric changes curve (Figure 4.74a). In contrast,
in the valleys, the granular material moved in the upper direction, causing local
compaction of the sand (Figure 4.87d-f).

Next, the evolution of the shear localization for the surface with d/l=0.333 (Fig-
ures 4.89-4.91) was examined. The strain fields show that the initiation points of
the shear zone were localized near the boundaries of the shear frame (Figure 4.90c
and Figure 4.91c). As shearing progressed, the shear zone began to occur along the
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(a) (b)

(c) (d)

(e) (f)

Figure 4.86: Distribution of the horizontal strain εxx for: a) u/L=0, b) u/L=0.02, c) u/L=0.04,
d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coeffi-

cient d/l=0.053 (e0=0.63 and σn=48 kPa).

(a) (b)

(c) (d)

(e) (f)

Figure 4.87: Distribution of the vertical strain εyy for: a) u/L=0, b) u/L=0.02, c) u/L=0.04, d)
u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coefficient

d/l=0.053 (e0=0.63 and σn=48 kPa).

entire length of the contact zone between the surface and the sand (Figure 4.90d-
f). The shear zone was composed of smaller zones that formed between the hills of
the surface. Interesting mechanism was observed within the horizontal strains εxx

distribution. The localization zone comprised successive regions exhibiting strains
of opposite sign, with alternating patterns of contraction and expansion observed
throughout the shear zone. Similar behavior was observed in the laboratory tests
(see Appendix A).
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110 Chapter 4. Preliminary discrete analysis of soil mechanics tests

(a) (b)

(c) (d)

(e) (f)

Figure 4.88: Distribution of the shear strain εxy for: a) u/L=0, b) u/L=0.02, c) u/L=0.04, d)
u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coefficient

d/l=0.053 (e0=0.63 and σn=48 kPa).

(a) (b)

(c) (d)

(e) (f)

Figure 4.89: Distribution of the horizontal strain εxx for: a) u/L=0, b) u/L=0.02, c) u/L=0.04,
d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coeffi-

cient d/l=0.333 (e0=0.63 and σn=48 kPa).
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4.4. Interface shear test between sand and corrugated sinusoidal surfaces 111

(a) (b)

(c) (d)

(e) (f)

Figure 4.90: Distribution of the vertical strain εyy for: a) u/L=0, b) u/L=0.02, c) u/L=0.04, d)
u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coefficient

d/l=0.333 (e0=0.63 and σn=48 kPa).

(a) (b)

(c) (d)

(e) (f)

Figure 4.91: Distribution of the shear strain εxy for: a) u/L=0, b) u/L=0.02, c) u/L=0.04, d)
u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with DIC analysis for corrugation coefficient

d/l=0.333 (e0=0.63 and σn=48 kPa).
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112 Chapter 4. Preliminary discrete analysis of soil mechanics tests

4.4.4 Summary

In the section, the influence of the surface geometry on the behavior of the contact
zone between the sand and sinusoidal corrugated surfaces was studied. The follow-
ing conclusions were drawn from the investigation:

• The geometry of the sinusoidal corrugated surface had a large influence on the
effective friction coefficient µe f f and the shear behavior of the sand. Both, the
coefficient and the volumetric changes increased as the corrugation coefficient
d/l of the surface increased. In the case of surfaces, which were considered
as deep, sand initially exhibited hardening, related to contractancy and later
to dilatancy, in contrast to shallow surfaces, where granular material showed
only contraction throughout the test.

• The wall contact factor aw was significantly influenced by the geometry of the
surface and grew with the decrease of corrugation coefficient d/l. For the
peak value of effective friction coefficient aw was in the range between aw=1.0
(d/l=0.000) and aw=0.1387 (d/l=0.427). For the residual value of effective fric-
tion coefficient aw was in the range between aw=1.0 (d/l=0.000) and aw=0.3488
(d/l=0.427). The values of aw obtained from discrete element method corre-
spond well with the experimental results. The aw=0.2 recommended by EN
1991-4 (2006) results in pressure levels with a safety margin for the typical cor-
rugated profiles.

• The mesoscopic behavior allowed the study of the wall contact factor aw for
deep interfaces, which was estimated from the shear strain distribution exy.
Contrary to the value recommended by EN 1991-4 (2006), aw was not con-
stant. However, this method of determining aw provides qualitative rather
than quantitative results, as these values differ from those determined using
the equation.

• The Discrete Element Method provided valuable insights into the mesoscopic
behavior of the sand-corrugated surface interface. The geometry of the cor-
rugation had a significant influence on the formation of the interface contact
zone. For the shallow surfaces, instead of the shear zone, slipping occurred
directly at the surface. In this case, the shear resistance mostly depended on
the grain-on-surface friction. On the other hand, for the deep surfaces, the
shear plane occurred above the valleys within the material and at the peaks
of the corrugation. In this case, the shear resistance was related to both the
grain-on-grain and grain-on-surface friction angles.
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Chapter 5

Modeling of granular flow in
laboratory-scale silo with DEM

5.1 Introduction

This chapter presents the numerical results for the confined flow of cohesionless
sand in a model silo with parallel walls using Discrete Element Method. Two types
of flows have been studied. In the first part of the chapter, calculations of the quasi-
static granular flow are shown. In the second part, simulations of confined gravi-
tational flow are presented. The investigation focused on quantifying the effect of
wall roughness on the flow mechanism, with particular attention to the formation
of shear zones. These zones should be considered during silo discharge as they are
an inherent property of all deforming granular materials and may indicate complex
flow patterns and affect the wall pressure distribution (Michalowski, 1984; Wójcik
and Tejchman, 2009; Tejchman, 2013).

There are many experimental and numerical analyses of granular flow in silos
in the literature. First of all, the initiation and development of shear zones have
been studied in numerous laboratory experiments (Cutress and Pulfer, 1967; Ned-
derman and Laohakul, 1980; Michalowski, 1987; Tejchman, 1989; Niedostatkiewicz
et al., 2011; Grudzien et al., 2012), which were mostly performed in laboratory-scale
silos. The mechanism of strain localization was studied mainly on the basis of the
description of the deformation of the granular material during the flow. The for-
mation of localized zones has been imaged with colored layers of granular material
(Takahashi and Yanai, 1973; Stazhevskii, 1982; Tejchman, 1989), X-rays (Cutress and
Pulfer, 1967; Michalowski, 1984; Michalowski, 1987; Michalowski, 1990; Drescher,
1992; Drescher, 1998), electrical capacitance tomography (ECT) (Grudzien et al.,
2012), and particle image velocimetry (PIV) (Slominski et al., 2007). These studies
have provided valuable insights into the formation and evolution of the shear zones,
including information on their thickness, location and orientation.

In the past, the confined granular flow in silos were also reasonably described
by continuum methods, in particular using FEM. Various constitutive models were
used to analyze the mechanism of granular material deformation, such as elasto-
plastic (Lade, 1977; Desrues and Chambon, 1989; Vardoulakis et al., 1992) and hy-
poplastic models (Mühlhaus, 1990; Tejchman and Wu, 1995; Bauer, 1996). These
models have the ability to analyze various aspects of granular flow mechanics, such
as flow patterns, shear zone formation and the determination of pressures exerted
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114 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

on the silo structure. These methods take into account important features of granu-
lar media, such as incremental nonlinearity, dependence on pressure level, density
and direction of strain rate (Tejchman, 2013). In the case of granular flows, where
bulk solid undergoes large deformations, the models have been extended by a char-
acteristic length of the microstructure to properly capture the properties of the shear
localization (Tejchman, 2004; Wójcik and Tejchman, 2009; Krzyżanowski et al., 2021).

Although both experimental and continuum approaches have provided impor-
tant information on the formation of the shear zone during granular flow, these
methods have their weaknesses. They are usually unable to provide insight into
the mesoscopic properties of granular materials, limiting the fundamental under-
standing and application of the results due to the lack of grain-level information.
This limitation can be overcome by numerical simulations performed with discrete
or meshless methods, such as DEM (González-Montellano et al., 2011; Gallego et
al., 2019), MPM (Więckowski, 2004; Krzyżanowski et al., 2021; Krzyżanowski et al.,
2021), and Cellular Automaton (Tejchman, 2013). These methods can simulate large
deformations of granular media, providing insights into the particle-level features
of granular flow. Among these, DEM allows the behavior of granular materials to
be mimicked by assuming the local contact properties of individual grains. While
this approach has been widely used to study shear zone formation in various soil
mechanics problems (Iwashita and Oda, 1998; Oda and Iwashita, 2000; Zhang and
Thornton, 2007; Kozicki et al., 2013; Nitka et al., 2015; Liu et al., 2019; Leśniewska
et al., 2020), a comprehensive study of these zones during granular flow in a silo
using DEM has not yet been performed.

As shown earlier, the discrete model is capable of modeling the behavior of sand
during selected soil mechanics laboratory tests by taking into account both internal
and interface shear zones. The objective of this study is to present the ability of the
DEM to study the formation of the shear localization in a cohesionless sand during
confined flow under various boundary conditions. During the numerical investiga-
tion, several quasi-static granular flows were performed using different roughness
of silo walls and different initial densities of sand. In addition, in the case of the
gravitational flow the effect of three types of outlets, i.e. symmetric outlet and two
asymmetric outlets of different width on flow mechanism was investigated. In both
cases, the emphasis was on the formation and evolution of both internal and wall
shear zones during sand flow.

Some of the results presented in this chapter are already covered in the paper
published in the Computers and Geotechnics journal (Grabowski et al., 2021b).

5.2 Numerical model and methodology

Similarly, as in the simulations of the preliminary soil mechanics tests, the ’Karl-
sruhe’ sand was used (the parameters of ’Karlsruhe’ sand were given in Table 4.2
Chapter 4.1). To calibrate granular material for the discrete simulations of laboratory
scale silo flow the procedure based on triaxial compression test described in Chapter
4.1 was used. Although, there exist comprehensive analysis of the triaxial compres-
sion laboratory test for ‘Karlsruhe’ sand of different initial void ratio in the range of
high and medium pressures of 50–1000 kPa (Kolymbas and Wu, 1990; Wu, 1992), in
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5.2. Numerical model and methodology 115

the range of low mean pressures of e.g. 5 kPa or lower that dominate in a prefilled
model silo of a height of 0.5 m, the laboratory triaxial compression test results are
lacking. Therefore, the calibration tests were performed with initially dense sand
(initial void ratio e0=0.60) and initially loose sand (initial void ratio e0=0.80) for the
lateral pressure of σ0=5 kPa (equivalent to the mean pressure in a pre-filled model
silo) with the parameters listed in Table 5.1. Compared to the parameters used in the
soil mechanics test, the repeated calibration resulted in a significantly lower value
of the local modulus of elasticity Ec (Ec=10 MPa instead of Ec=300 MPa), a lower
value of the rolling stiffness coefficient β (β=0.2 instead of β=0.7), and a higher value
of the interparticle friction angle µc (µc=25◦ instead of µ=18◦). The values of the
shear/normal stiffness ratio υc and the limit rolling coefficient η were the same as
those used in the previous simulations. The wall friction angle between the particles
and the flat wall was assumed to be µw=18◦.

Table 5.1: Discrete material parameters for the quasi-static silo flow.

Parameter Value
interparticle friction angle µc 25◦

local modulus of elasticity Ec 10 MPa
shear/normal stiffness ratio υc 0.3
limit rolling coefficient η 0.4
rolling stiffness coefficient β 0.2

A satisfactory qualitative agreement with typical triaxial compression test results
was obtained for both initially dense and initially loose sand specimens. The first
specimen exhibited hardening, initially characterized by low contraction, followed
later by softening due to the dilatancy of the material (Figure 5.1a). The second sam-
ple was characterized by continuous hardening related to the continuous contrac-
tancy 5.1b). Based on the macroscopic response the following variables of the ini-
tially dense sand specimen were calculated: the dilatancy angle ψ=40◦, contractancy
angle ψ=-15◦, the global elastic modulus E=3.0 MPa. The global elastic modulus was
approximately equal to the value by the Terzaghi formula for oedometric unloading
E=(1+e0)p/Cs≈3 MPa (with the mean silo pressure p=5 kPa and the swelling index
Cs=0.003, Tejchman (2013)). The global peak mobilized internal friction angle was
ϕi,max = 47.5◦ for the normal strain of ε1=4% and the residual peak internal friction
angle was ϕi,res=35◦ for ε1=30%.

The geometry of the laboratory-scale silo used in the discrete analysis is shown
in Figure 5.2. The silo had a height hs=0.5 m, a width bs=0.2 m, and a depth ds=0.0075
m (equal to 5×d50). The depth of the silo was reduced by a factor of 80 compared to
the experimental setup of Tejchman (1989). The effect of reducing the granular sam-
ple depth on the results was found to be negligible, as demonstrated in the DEM
simulations of the direct shear test presented in Chapter 4.2. However, compared to
the simulations of direct and interface shear tests, the depth was reduced once again
by a factor of 2, making the discrete model a quasi-3D representation. It should be
noted that this approach influenced the results, causing fluctuations in the forces
acting on the silo structure. In the numerical analysis, the silo walls were considered
as non-deformable rigid structures, in agreement with the experimental conditions.
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Figure 5.1: Triaxial compression test results of a: A) mobilized internal friction angle ϕi and
B) volumetric strain εv versus vertical normal strain ε1 for sand specimens composed of
spheres with rotational resistance for two different initial void ratios of sand: a) e0=0.60 and
b) e0=0.80 (σ0=5 kPa and d50=5.0 mm) (Grabowski et al., 2021b).

During the preparation phase, the silo was filled with sand composed of approxi-
mately 200 000 spherical particles with rotational resistance. The packing was done
progressively by distributed gravitational filling using 6 layers of sand. Each upper
layer of granular material was added after the kinetic energy of the particles in the
silo decreased to a negligible level. The mean grain diameter of the particles was
d50=1.5 mm, varying linearly in the range dmin=0.5 mm and dmax=2.5 mm. The mean
grain diameter was scaled to three times the value used in the laboratory analysis
by Tejchman (1989), where d50=0.5 mm. While using the real diameter was techni-
cally possible, it would significantly increase the computational time. When the silo
was completely filled with sand and the kinetic energy of the discrete material be-
came negligible, the numerical model was ready to simulate confined granular flow.
During the study, two types of flow were examined: quasi-static (Figure 5.2a) and
gravitational granular flow (Figure 5.2b). In the first case, after the silo was filled, the
bottom plate moved vertically, initiating quasi-static flow. In the second case, after
the preparation phase, the outlet located at the bottom surface was opened inducing
gravitational flow until the entire silo was empty. In both cases the upper boundary
(sand surface) was left unconstrained.

In reality, the topography of the silo walls varies depending on the silo structure.
In the current analysis, the side walls of the silo had artificially created roughness
in the form of regularly spaced triangular grooves, similar to those used in the pre-
liminary analysis of the interface shear test. These asperities varied in height and
spacing, but had the same inclination (Figure 5.3). Similar to the preliminary cal-
culations, the wall roughness was characterized by the non-dimensional parameter
of normalized roughness Rn=hg/d50. Other types of rough surfaces used in discrete
simulations have been described earlier (see Chapter 4.3).

During the analysis, several granular flow tests were conducted on different sand
samples under different boundary conditions. At the beginning, the tests were per-
formed on initially dense sand with different roughness levels of the silo side walls
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5.2. Numerical model and methodology 117

(a) (b)

Figure 5.2: DEM model setup of silo with parallel walls (height hs=0.5 m and width bs=0.2 m)
with: a) constant outlet velocity applied along entire bottom and b) bottom outlet of various
width and location (hg - groove height, αg - groove inclination and sg - groove spacing)

(Grabowski et al., 2021b).

(Figure 5.3). The slope of the grooves, denoted by αg, was set to αg=45◦ for all cases.
The distance between the asperities, denoted as sg, was set to sg=4×d50 for the silo
with very rough walls (Rn=1.0), sg=d50 for the silo with rough walls (Rn=0.25), and
sg=0.04×d50 for the silo with smooth walls (Rn=0.01). Additionally, silo with wall
roughness Rn=0.5 was analyzed in the discrete analysis, but it showed similar re-
sults as the silo with very rough walls (Rn=1.0). As demonstrated in the prelimi-
nary analysis and in other studies (Pincus et al., 1995; Hu and Pu, 2004; Su et al.,
2018), typically, increasing the surface roughness above 0.4-0.5 leads to insignificant
changes in the effective wall friction angle. The calculations of gravitational flow
were performed for the walls with roughness Rn=1.0 and Rn=0.01 only. In the sec-
ond part of the analysis, the effect of the initial porosity of the granular sample was
investigated for both types of flow. The calculations were performed for the ini-
tially dense sand with void ratio e0=0.60 (as in the experiment by Tejchman (1989))
and for the initially loose sample with void ratio e0=0.76 in a silo with very rough
walls (Rn=1.0). In the case of numerical simulations of silo structures, the experi-
mental value of void ratio equal to e0=0.85 was difficult to obtain. A higher value
of the void ratio could be achieved by using irregularly shaped particles instead of
perfectly spherical ones, but this would result in a larger mean grain size diameter
(which would make the grain level analysis of the shear localizations impossible) or
significantly longer simulation time.

Finally, for gravitational flow, different cases involving different silo outlet loca-
tions and sizes were investigated. In the first case (type ’1’), the outlet of width b=30
mm (=20×d50) was located symetrically in respect to the vertical axis of the silo (Fig-
ure 5.4a). In the second case (type ’2’), the outlet of width b=30 mm (=20×d50) was
located at the right wall (Figure 5.4b). In the last case (type ’3’), the outlet of width
b=60 mm (=40×d50) was also located at the right wall (Figure 5.4c).
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118 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

(a) (b) (c)

Figure 5.3: Rigid silo walls with different normalized surface roughness parameter
Rn=hg/d50: a) Rn=1.0, b) Rn=0.25 and c) Rn=0.01 (Grabowski et al., 2021b).

(a) (b) (c)

Figure 5.4: The size and the location of silo outlets used in discrete calculations: a) type ’1’ -
symmetric outlet with a width of b=30 mm, b) type ’2’ - asymmetric outlet with a width of

b=30 mm, c) type ’3’ - asymmetric outlet with a width of b=60 mm.

5.3 Numerical results

5.3.1 Quasi-static flow in silo

In the first section, the numerical results for the confined quasi-static flow in silo
with parallel walls and slowly movable bottom are presented. The main aim of
the investigation was to study the internal and wall shear zones under precisely
controlled constraints. During the analysis, the roughness of the walls and initial
void ratio were varied. The focus was on the initiation, formation and propagation
of shear zones during granular flow modeled in discrete simulations. In addition,
the forces exerted on side walls and bottom plate were calculated. These results were
used to calibrate and validate the numerical model based on the results comparison
with the experiments by Tejchman (2013).

At the beginning, a comparison between the numerical results and the labora-
tory experiments of Tejchman (2013) was presented, taking into account the forces
exerted on the bottom and side walls during the flow. Next, a comprehensive analy-
sis of the influence of silo wall roughness on the flow mechanism and the mesostruc-
tural behavior of dense granular material is presented. Finally, a detailed analysis of
quasi-static flow in silos filled with initially loose sand is presented.
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5.3. Numerical results 119

Evolution of forces exerted on walls

To validate the accuracy of the numerical model, the resultant forces acting on the
silo walls were measured as in the experiments by Tejchman (2013). The follow-
ing values were measured during the flow: the resultant vertical wall friction force
T, the resultant horizontal wall force N, and the resultant vertical bottom force P.
The magnitude of these forces was determined based on the interactions between
the particles and the silo that occurred during each time step of the simulation. To
calculate P, the vertical component of the normal force from each particle-bottom
wall interaction was summed. To calculate T, the vertical components of the normal
and tangential force from each particle-side wall interaction were added. Finally,
to calculate N, the horizontal components of normal and tangential force from each
particle-side wall interaction were summed. Figures 5.5 and 5.6 show the calculated
evolution of these forces normalized by the total sand weight G. During the test,
the sum of the vertical forces exerted on both walls and the bottom of the silo was
constant and equal to the total weight of the sand (G=2T+P). These forces were re-
lated to the vertical displacement u of the bottom plate measured during the flow.
First, the flow of the initially dense sample with void ratio e0=0.60 was analyzed
in silos with very rough, rough and smooth walls. Then, the granular flow within
the silo with very rough walls filled with initially loose sand with void ratio e0=0.76
was studied. Additionally, the evolution of the resultant mobilized wall friction an-
gle ϕw=arctan(T/N) was calculated for each flow. For comparison, the experimental
forces measured by Tejchman (2013) were also normalized by the sand weight.

At the beginning, the values of the normalized resultant forces acting on the
walls at the end of the filling between the numerical and experimental results were
compared (Table 5.2). Before the discharge, the greatest differences between the nu-
merical and laboratory outcomes regarding the P, T, and N forces were observed for
the silo with smooth walls. However, in this case the mobilized wall friction angle
ϕw was almost the same as in the experiment (the value of 18◦ was imposed to the
walls). For the silo with very rough and rough walls, some noticeable differences
were observed for the resultant horizontal wall force N and the mobilized wall fric-
tion angle ϕw. For these silos, negligible discrepancies were observed in the initial
magnitude of forces P and T. It is worth noting that in the studies by Wójcik and
Tejchman (2009) and Krzyżanowski et al. (2021), similar differences were observed
for the resultant horizontal wall force N acting on silo walls in analyses using the
FEM and MPM, respectively. The magnitude of N throughout the flow in these
studies was significantly higher than in the experiments.

Then, the evolution of the resultant forces during the quasi-static flow was an-
alyzed. As presented in Figures 5.5-5.7, a satisfactory qualitative agreement with
the experimental results was obtained. While some discrepancies were observed,
e.g. in the magnitude of the forces after filling or in the force changes during flow,
the numerical curves showed a similar evolution to the experimental ones. The ini-
tial decrease of the vertical force P and the initial increase of the vertical force T were
similar to those obtained in experimental studies. The changes of these forces during
the flow became stronger with the increase of the roughness of the walls Rn (Figure
5.5a,b) and with the decrease of the initial void ratio of the sand e0 (Figure 5.6a,b). In
the case of initially dense sand, the resultant forces P and T reached their minimum
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120 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

Table 5.2: Experimental (Tejchman, 2013) and numerical values of the normalized resultant
vertical bottom force Pmin, the resultant vertical wall friction force T, the resultant horizontal
wall force N, and the resultant mobilized wall friction angle ϕw for initially dense sand
during flow.

Very rough walls Rough walls Smooth walls
Normalized force DEM Exp. DEM Exp. DEM Exp.
P/G [-] 0.50 0.56 0.56 0.64 0.75 0.95
T/G [-] 0.25 0.25 0.22 0.20 0.12 0.06
N/G [-] 0.35 0.26 0.35 0.26 0.38 0.26
ϕw [◦] 36 42 30 35 18 17

and maximum values, respectively, shortly after the start of the flow. Then, the P
force increased and the T force decreased with the movement of the bottom plate in
the case of the silo with very rough and rough walls (Figure 5.5a,b). At the end of
the test, these forces reached an asymptote. This respective increase and decrease
in the softening part of the flow was stronger for the silo filled with initially dense
sand, due to the occurrence of high dilatancy. On the other hand, in the case of the
silo with rough walls filled with initially loose sand the softening was weaker than
for the silo with initially dense sand (Figure 5.6a,b). The resultant horizontal force
acting on walls N in the case of the silo with very rough and rough walls increased
as the flow progressed. The calculated maximum values of the N force obtained in
the numerical analysis in the cases of the silo filled with initially dense sand were
too high comparing to the experiments (Figure 5.5c). Similar discrepancies in the
curves were observed in the numerical analysis using FEM (Wójcik and Tejchman,
2009) and MPM (Krzyżanowski et al., 2021) methods. In the case of the silo filled
with initially dense sand, the maximum values of N were to high for all type of
walls. However, the tendency of growing the N force after the start of the discharge
was in agreement with the experimental results. In the case of the silo with initially
loose sand, the magnitude of N was lower than in the experiments (Figure 5.6c).
The overall evolution of the maximum mobilized wall friction angle ϕw was in good
accordance with experiments. In general, in the case of the ϕw, it increased with
the rise of the wall roughness and with the decrease of the initial void ratio (Figure
5.7). In case of these graphs, beside minor discrepancies observed between the initial
value of the resultant wall friction angle, slight changes were observed in the case
of the maximum value of the resultant wall friction angle ϕw,max (Figure 5.7a). The
numerical results of ϕw,max for very rough wall was slightly lower (ϕw,max=44◦ ver-
sus ϕw,max=48◦) than the one obtained by Tejchman (2013) in the experiments. In the
remaining cases the maximum value of the wall friction angle obtained with DEM
was similar as in the experiments. The magnitude of residual resultant friction an-
gle ϕw,res for silo filled with initially dense sand agreed well with experimental value.
On the other hand, the ϕw,res for the silo filled with initially loose sample obtained
in numerical analysis was slightly higher (ϕw,res=37◦ versus ϕw,res=32◦) than in the
experiments (Figure 5.7b). In all cases an asymptote of function was reached at the
end of the test. In general, the evolution of the numerical functions agreed well with
the evolution of experimental functions.
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Figure 5.5: Experimental (Tejchman, 2013)
(empty dots) and numerical (full dots) evo-
lution of: a) normalized resultant bottom
force P/G, b) normalized resultant wall
friction force T/G and c) normalized re-
sultant wall normal force N/G after bot-
tom displacement u for initially dense sand
(e0=0.60) with different normalized rough-

ness Rn (G-sand weight).
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Figure 5.6: Experimental (Tejchman, 2013)
(empty dots) and numerical (full dots) evo-
lution of: a) normalized resultant bottom
force P/G, b) normalized resultant wall fric-
tion force T/G and c) normalized resultant
wall normal force N/G after bottom dis-
placement u with very rough wall for differ-
ent initial void ratio e0 of the sample (G-sand

weight).
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Figure 5.7: Experimental (Tejchman, 2013) (empty dots) and numerical (full dots) evolu-
tion of resultant mobilized wall friction angle ϕw after bottom displacement u for: a) ini-
tially dense sand (e0=0.60) with different normalized roughness Rn, and b) very rough wall

(Rn=1.0) for different initial void ratio e0 of the sample.

Finally, the numerical and experimental results of the resultant force exerted on
the bottom plate P obtained in the residual phase of the flow were compared to the
theoretical silo formula by Drescher (1991) and a standard silo formula by EN 1991-4
(2006). Both of these theoretical formulas are based on the slice method by Janssen.
According to this method, the force P was calculated as:

P = σ̄zbsds =
γbs

K tan ϕw
(1 − e−

K tan ϕw
bs

hs)bsds (5.1)

where σ̄z is the mean vertical normal stress, bs is the width of the silo (in this case
bs = 0.2 m), ds is the silo depth (in this case ds = 0.6 m), γ is the volumetric weight of
sand, K is the lateral pressure coefficient of bulk solid calculated as K = σn/σ̄z (where
σn is the horizontal wall pressure) and hs is the silo height (in this case hs = 0.5 m).
The lateral pressure ratio K was calculated with formula:

K =
sin ϕi sin [arcsin sin ϕw

sin ϕi
+ ϕw]

1 − sin ϕi cos [arcsin sin ϕw
sin ϕi

+ ϕw]
/ tan ϕw (5.2)

where ϕi is the effective internal friction angle, which was equal ϕi = 35◦. The
following experimental wall friction angles in the residual phase were used to cal-
culate the lateral pressure coefficient K: 32◦ for the very rough walls, 27◦ for the
rough walls and 17◦ for the smooth walls. The corresponding values of K were
obtained for each type of silo walls filled with initially dense sand: K=0.83 for the
silo with very rough walls, K=1.21 for the silo with rough walls, and K=1.73 for
the silo with smooth walls. The bulk density of γ = 16 kN/m3 was assumed. In
the calculations using EN 1991-4 2006 approach the lateral pressure ratio was calcu-
lated as K = 0.45 × 1.4 = 0.63. The residual wall friction coefficients, calculated as
µe f f = tan ϕw, were assumed µe f f = 0.31 for smooth walls, µe f f = 0.51 for rough
walls, and µe f f = 0.62 for very rough walls. Experimental values of force P were
obtained from laboratory tests by Tejchman (2013) for silos with smooth (P = 760
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N), rough (P = 480 N), and very rough walls (P = 530 N). From the discrete calcu-
lations performed in this chapter, the value of P was found to be P = 650 N for silo
with smooth walls, P = 370 N for silo with rough walls, and P = 320 N for silo with
very rough walls.

Table 5.3 presents a comparison between the resultant bottom force P at the resid-
ual state obtained using experimental, numerical and theoretical approaches. Major
differences were observed between the outcomes obtained with different methods.
Primarily, significant differences occurred between the values calculated with the
Drescher formula and the numerical ones, particularly in the case of rough and very
rough walls. These discrepancies occurred mainly due to the greater mean grain di-
ameter d50 used in the DEM simulations. From Figure 5.5 it can be deducted that the
asymptotic limit of the normal bottom force P was not reached after displacement
of u=30 mm. Using real size of particles (d50=0.5 mm instead of d50=1.5 mm) would
lead to an increase of the dilatancy angle, resulting in a higher magnitude of P cal-
culated in the residual phase. Significant differences were also observed between
the numerical values and the ones calculated according to EN 1991-4 2006 approach,
particularly in the case of the silo with rough and very rough walls. On the other
hand, very good agreement was obtained for the silo with smooth walls. The ex-
perimental results were in good agreement with the both theoretical approaches in
the case of the silo with rough and very rough walls. Contrary, for smooth walls,
a normal bottom force P captured within experiments was significantly higher that
in any other approach. In general, the differences between theoretical approaches
and experimental and numerical analyses are due to the fact that theoretical formu-
las do not take into account the real deformation in the bulk solid. For example,
the silos with very rough walls showed a plastic state both in the experiments and
in the discrete calculations. Finally, it should be noted that the granular flow in
silo constructions is always influenced by the size effect, which is mainly caused by
the different pressure levels and the ratio between the silo width/diameter and the
mean size of the bulk solid grain (Tejchman, 2013). Therefore, by reducing the size
of a silo, the nominal wall stresses in the structure become higher. This is due to
the fact that both the mobilized friction and the dilatancy of the granular material
increase with decreasing pressure. On the other hand, as the ratio of mean grain di-
ameter to silo width/diameter decreases, the nominal wall stresses decrease because
the shear/rolling resistance and the thickness of the wall shear zones decrease with
decreasing d50.

Table 5.3: Experimental and numerical values of the resultant vertical bottom force P in the
residual state for initially dense sand during flow as compared to the theoretical silo

formula by Drescher (1991) and standard formula by EN 1991-4 (2006).

P [N] P [N] P [N]
smooth walls rough walls very rough walls

Experiments 760 480 530
DEM 650 370 320
Formula by Drescher (1992) 533 490 537
Formula by EN 1991-4 655 508 446
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Distribution of wall stresses

In addition to the resultant forces acting on the side and bottom walls presented in
the previous section, the distributions of wall stresses along these vertical walls were
also calculated. Figures 5.8 to 5.11 show the distribution of wall horizontal stress σ11

and wall shear stress σ21 along the silo height for different roughness of the silo
walls and different initial void ratios of the sand. The stresses within the granular
material were calculated according to the formula presented in the previous chapter
(see Chapter 4.3 for explanation). The stresses were calculated at the end of the
filling (referred to in the figure as the "initial state"), for the maximum horizontal
wall force Nmax (referred to in the figure as the "maximum state"), and at the end of
the flow when the displacement of the bottom u=30 mm was reached (referred to in
the figure as the "residual state").

In the initial phase of the flow, the typical distribution of bulk solid in a silo was
observed for cases with very rough and rough walls (see Figure 5.8, 5.9, and 5.11).
The stresses increased linearly from the top of the sand in direct proportion to the
silo height, and then remained constant approximately 10-15 cm above the silo bot-
tom until the bottom plate was reached. Near the bottom of the silo, the stresses
even slightly decreased. Only in the case of the silo with smooth walls an almost hy-
drostatic distribution of both wall stresses was obtained (Figure 5.10). During flow,
the distribution of wall stresses exerted on the silo walls strongly depended on the
wall roughness and the initial void ratio of the sand. The most pronounced changes
occurred for the silo with very rough walls filled with initially dense sand (Figure
5.8). The smallest changes were observed for the silo with smooth walls and initially
dense sand (Figure 5.10) as well as for the silo with very rough walls and initially
loose sand (Figure 5.11). Both the magnitude of the wall horizontal stress σ11 and
the wall shear stress σ21 increased during the test with increasing Rn and decreasing
e0. In each case, the distribution of stresses exerted on the silo walls showed sig-
nificant fluctuations in all three studied time steps. The greatest fluctuations were
observed in the case of the very rough and rough walls. Similar evolution of the
curves was obtained by Wójcik and Tejchman (2009) and Krzyżanowski et al. (2021)
on the base of numerical analyses performed with FEM and MPM. The values of σ11

calculated using the hypoplastic constitutive model by Wójcik and Tejchman (2009)
were similar to those calculated using discrete model in case of the silo with very
rough walls filled with initially dense sand (the remaining cases were not studied
with FEM). On the other hand, the values calculated using MPM in the study car-
ried out by Krzyżanowski et al. (2021) were generally higher than those calculated
in the discrete analysis. The occurrence of the peaks (curve in the residual state in
Figure 5.8) and the drops (curve in the maximum state in Figure 5.8) in the stresses
can be attributed to the formation of the internal shear zones (Wójcik and Tejchman,
2009; Tejchman, 2013). However, it should be noted that the quasi-three-dimensional
model, along with the greater mean grain diameter of the particles than the one used
in the experiments, could partially contributed to the magnitude of these extreme
values.
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Figure 5.8: Distribution of: a) wall horizon-
tal stress σ11 and b) wall shear stress σ21 in
silo with very rough walls (Rn=1.0) for ini-
tially dense sand (e0 = 0.60) at initial state,
maximum state and residual state of quasi-

static flow (Grabowski et al., 2021a).
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Figure 5.9: Distribution of: a) wall horizon-
tal stress σ11 and b) wall shear stress σ21 in
silo with rough walls (Rn=0.25) for initially
dense sand (e0 = 0.60) at initial state, maxi-
mum state and residual state of quasi-static

flow (Grabowski et al., 2021a).
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Figure 5.10: Distribution of: a) wall horizon-
tal stress σ11 and b) wall shear stress σ21 in
silo with smooth walls (Rn=0.01) for initially
dense sand (e0 = 0.60) at initial state, maxi-
mum state and residual state of quasi-static

flow (Grabowski et al., 2021a).
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Figure 5.11: Distribution of: a) wall horizon-
tal stress σ11 and b) wall shear stress σ21 in
silo with very rough walls (Rn=1.0) for ini-
tially loose sand (e0 = 0.76) at initial state,
maximum state and residual state of quasi-

static flow (Grabowski et al., 2021a).
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Effect of wall roughness on mesoscopic behavior inside the granular material dur-
ing silo flow

In this section, the focus shifts from studying the forces and stresses exerted by sand
on silo walls to examining the effect of wall roughness and the initial void ratio of
the samples on the mesoscopic behavior of the bulk material. The discrete results
for the grain-level characteristics, such as the deformations of the sand, the distribu-
tion of the normal force chains, sphere rotations, and the void ratio distribution are
presented.

Initially, the sand displacements obtained with the aid of colored layers in quasi-
static flow for different normalized roughness of the silo walls were analyzed (Fig-
ures 5.12-5.14). This method is one of the basic approaches used to analyze the defor-
mation of granular material during confined flow (Tejchman, 2013; Slominski et al.,
2007). In addition, the distribution of particle displacements across the silo width
at three cross-sections along the silo height was calculated (Figure 5.15). During the
flow, the clear wall shear zones occurred for the case of the silo with very rough
walls (Figure 5.12). In this case, although the geometry of the set up was symmet-
ric, the granular flow and, consequently, the distribution of particle displacements
was strongly asymmetric (Figure 5.15). In this case, a characteristic step-like profiles
of the granular material were observed (Figure 5.12c,d), which were caused by the
occurrence of the internal shear zones. In the case of the silo with rough walls, no
step-like profiles occurred during the flow (Figure 5.13c,d). Thus, only the vertical
shear zones directly at the walls were present. For the silo with smooth walls, negli-
gible deformation of the sand was observed at the walls. Neither vertical wall shear
zones nor internal shear zones were observed (Figure 5.14). The entire sand mass
moved as a quasi-rigid body during the flow. In general, similar to the experiments
(Tejchman, 2013), the extent of the deformed granular material near the walls and,
consequently, the thickness of the shear localization decreased with decreasing wall
roughness.

(a) (b) (c) (d)

Figure 5.12: Displacements in sand after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 1.0: a) u = 10 mm, b) u = 20 mm, c)
u = 30 mm and d) zoomed view of (c) showing detailed displacements at the right wall
(Grabowski et al., 2021b).
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(a) (b) (c) (d)

Figure 5.13: Displacements in sand after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 0.25: a) u = 10 mm, b) u = 20 mm, c)
u = 30 mm and d) zoomed view of (c) showing detailed displacements at the right wall
(Grabowski et al., 2021b).

(a) (b) (c) (d)

Figure 5.14: Displacements in sand after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 0.01: a) u = 10 mm, b) u = 20 mm, c)
u = 30 mm and d) zoomed view of (c) showing detailed displacements at the right wall
(Grabowski et al., 2021b).

Following the displacements, the distribution of grain rotations and the void
ratio within the sand were calculated (Figures 5.16-5.23). The changes in porosity
within the granular sample and the increase in grain rotations are typical indicators
of shear zone formation (Cutress and Pulfer, 1967; Desrues et al., 1996; Hall et al.,
2010). The values of void ratio e were calculated similarly as in previous chapter
from a cubic REV cell of the size 5d50×5d50×5d50 being moved by d50. The cal-
culated grain rotations and increasing void ratios were very high with very rough
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(c)
Figure 5.15: Distribution of particle displacements u across silo width at cross-section
located: a) 10 cm, b) 25 cm and c) 40 cm above silo bottom after bottom displacement
u = 30 mm from DEM for initially dense sand (e0 = 0.60) with different normalized wall

roughness Rn (Grabowski et al., 2021b).

walls, high with rough walls and extremely low with smooth walls (Figures 5.18-
5.23). Based on grain rotations and increasing void ratio, internal curvilinear dila-
tant shear zones were detected. They clearly appeared during the flow of the ini-
tially dense sand with in the silo with very rough (Figures 5.18 and 5.21) as in the
numerical FE analysis by Wójcik and Tejchman (2009). They were less visible with
rough walls (Figure 5.19) and invisible with smooth walls (Figure 5.20). The shear
zones appeared as dilatant parabolic ones in the sand interior and caused the flow
nonuniformity. They occurred at the joint between bottom and vertical walls and
propagated upward to the free boundary. At places of wall grooves, they branched
into a vertical and parabolic one. For the silo with very rough walls, the highest ro-
tations occurred in the vertical shear zone near the wall and in the curvilinear shear
zones inside the sand. In the case of the vertical shear zone, the rotations did not oc-
curred directly at the wall but slightly away from it (Figure 5.16). On the other hand,
for the silo with rough walls, the highest rotations occurred exactly at the walls. The
void ratio reached a residual value of about e = 0.85 at walls and inside of sand
(for very rough walls only) (Figure 5.17). The initially dense sand was always sub-
jected to global dilatancy (increasing with the growing wall roughness) during flow
and finally moved almost as a rigid body (as in the experiment by Tejchman (1989)
and Tejchman (2013) and in numerical analysis using MPM by Krzyżanowski et al.
(2021)).

Based on the particle rotations, the thickness of the shear localization was calcu-
lated (similarly as in the Chapter 4). In DEM, the mean thickness of the wall shear
zone was about ts=30 mm (=20×d50) for Rn=1.0 and ts=20 mm (=13×d50) for Rn=0.25
(Table 5.4). In case of smooth wall (Rn=0.01) no shear zone was established and sand
only slipped on the wall. For Rn=1.0 and Rn=0.25, the numerical values of ts (with
d50=1.5 mm) were slightly higher than the experimental outcomes (Tejchman, 1989;
Tejchman, 2013) due to a 3-time higher value of d50 used in discrete tests. In the ex-
periments, the thickness of the wall shear zones was 15–20 mm (=(30–40)×d50) (ini-
tially dense sand, d50 = 0.5 mm) for silo with very rough walls and 5 mm (=10×d50)
for silo with rough walls (initially dense sand, d50 = 0.5 mm).
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Table 5.4: Thickness of the wall shear zones ts at the mid-height of the silo obtained in DEM
simulations (d50=1.5 mm) compared to the experiments (d50=0.5 mm) and (d50=1.0 mm)

(Grabowski et al., 2021b).
ts ts ts

Wall roughness/ DEM exp. exp.
sand void ratio (d50=1.5 mm) (d50=0.5 mm) (d50=1.0 mm)
very rough wall/ 30 mm 15 to 20 mm 22 mm
initially dense sand (20×d50) (30×d50 to 40×d50) (22×d50)

very rough wall/ 30 mm 20 mm 25 mm
initially loose sand (20×d50) (40×d50) (25×d50)

rough wall/ 20 mm 5 mm
initially dense sand (13×d50) (10×d50)

smooth wall/ 1.5 mm 0.5 mm
initially dense sand (1×d50) (1×d50)
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Figure 5.16: Distribution of particle rotations ω across silo width at cross-section located:
a) 10 cm, b) 25 cm and c) 40 cm above silo bottom after bottom displacement u = 30 mm
from DEM for initially dense sand (e0 = 0.60) with different normalized wall roughness

Rn (Grabowski et al., 2021b).
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Figure 5.17: Distribution of void ratio e across silo width at cross-section located: a) 10
cm, b) 25 cm and c) 40 cm above silo bottom after bottom displacement u = 30 mm from
DEM for initially dense sand (e0 = 0.60) with different normalized wall roughness Rn

(Grabowski et al., 2021b).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


130 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

(a) (b) (c) (d) (e) (f)

Figure 5.18: Distribution of particle rotations after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 1.00: a) u = 2.5 mm, b) u = 5.0 mm, c)
u = 7.5 mm, d) u = 10.0 mm, e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f)

Figure 5.19: Distribution of particle rotations after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 0.25: a) u = 2.5 mm, b) u = 5.0 mm, c)
u = 7.5 mm, d) u = 10.0 mm, e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f)

Figure 5.20: Distribution of particle rotations after bottom displacement u in initially dense sand
(e0 = 0.60) with normalized wall roughness Rn = 0.01: a) u = 2.5 mm, b) u = 5.0 mm, c)
u = 7.5 mm, d) u = 10.0 mm, e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b).
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(a) (b) (c) (d) (e) (f) (g)
Figure 5.21: Distribution of void ratio after bottom displacement u in initially dense sand (e0 =
0.60) with normalized wall roughness Rn = 1.00: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm,
d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)
Figure 5.22: Distribution of void ratio after bottom displacement u in initially dense sand (e0 =
0.60) with normalized wall roughness Rn = 0.25: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm,
d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)
Figure 5.23: Distribution of void ratio after bottom displacement u in initially dense sand (e0 =
0.60) with normalized wall roughness Rn = 0.01: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm,
d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b).

The distribution of normal contact forces (Figures 5.24-5.26) corresponded well
to the distribution of grain rotations in the sand interior (Figures 5.18-5.20). The
nonuniformity and the anisotropy of the normal contact forces diminished with de-
creasing wall roughness. Strong normal contact force chains had a parabolic shape
with very rough walls and rough walls (Figures 5.24 and 5.25) and a vertical one
with smooth walls (Figure 5.26). The inclination of contact normal forces to the hor-
izontal at the walls increased with growing Rn.
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132 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

(a) (b) (c) (d) (e) (f) (g)
Figure 5.24: Distribution of normal force chains after bottom displacement u in initially
dense sand (e0 = 0.60) with normalized wall roughness Rn = 1.00: a) u = 0.0 mm, b)
u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g)
u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)
Figure 5.25: Distribution of normal force chains after bottom displacement u in initially
dense sand (e0 = 0.60) with normalized wall roughness Rn = 0.25: a) u = 0.0 mm, b)
u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g)
u = 30.0 mm (Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)
Figure 5.26: Distribution of normal force chains after bottom displacement u in initially
dense sand (e0 = 0.60) with normalized wall roughness Rn = 0.01: a) u = 0.0 mm, b)
u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g)
u = 30.0 mm (Grabowski et al., 2021b).
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Figure 5.27 presents the polar distribution of all normal and tangential contact
forces in the x-y plane (mean amplitude and orientation to the normal direction to
the left wall) at the end of filling of the silo (black line) and after bottom displace-
ment of u = 30 mm (red line). The contact forces were solely calculated for the
left-half of the silo for the sake of clarity. After filling (black lines in Figure 5.27), the
dominated mean contact force orientation was about 70◦ for very rough walls, 80◦

for rough walls and 90◦ for smooth walls due to gravity and wall friction. After the
bottom displacement of u = 30 mm, for very rough and rough walls, the dominated
mean orientation against the normal to the wall diminished down to 35◦ and 45◦,
respectively (Figures 5.27a and 5.27b). For smooth walls, the mean orientation of
the contact forces remained almost unchanged (Figure 5.27c). Thus, with the higher
wall roughness, the contact forces at the walls changed from almost vertical ones to
diagonal ones.

(a) (b) (c)

Figure 5.27: Polar mean contact force distribution in sand specimen at the end of filling
(black line) and after bottom displacement of u = 30 mm (red line) with different normalized

roughness Rn: a) Rn=1.0, b) Rn=0.25 and c) Rn=0.01 (e0 = 0.60) (Grabowski et al., 2021b).

Mesoscopic behavior inside the granular material during silo flow for initially
loose specimen

During the study, the grain-level characteristics were also calculated for the initially
loose sample (e0=0.76) during the flow in the silo with very rough walls (Rn=1.0).
It can be observed that contrary to the silo with very rough walls filled with ini-
tially dense sand the flow was more uniform (Figure 5.28). No step-like profiles
were observed which were characteristic for the previous case. Major contractant
shear zones occurred directly at the side walls of the silo (Figures 5.29 and 5.30). The
thickness of the shear zones was ts = 30 mm (=20×d50) and it was similar to the
thickness in initially dense sand. Based on rotations, the internal shear zones were
significantly weaker than those in initially dense sand (Figure 5.29). Additionally,
these zones were almost linear, forming a sand cone with an angle of repose at about
40◦ inclination to the bottom. The initial distribution of void ratio in initially loose
sand was more nonuniform than the void ratio distribution of the initially dense
specimens (Figure 5.30). A slight loosening of the sand was observed directly at the
vertical walls, with a final void ratio of e=0.85 (Figure 5.30f,g). A lower void ratio
of about e=0.75 was observed within the center of the wall shear zones where the
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134 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

granular material slightly contracted. Significant difference is visible in the distri-
bution of normal contact force chains. Compare to initially dense specimens, the
normal contact force chains were more uniformly distributed in initially loose sand
(Figure 5.31). Contrary to the results obtained for initially dense specimen, no sig-
nificant concentration points of forces at the walls occurred. The forces within the
wall shear zones were inclined and nearly vertical in the silo mid-region. Substantial
vertical forces greater, than in the initially dense sand were exerted on the bottom
plate during the flow. This behavior was also observed on the evolution of the P/G
curve (Figure 5.6a). The mean contact force orientation was more vertical (Figure
5.32) than in initially dense sand (Figure 5.27a). The dominated orientation of con-
tact forces was about 75◦ during filling and about 60-70◦ after bottom displacement
of u=30 mm was (higher than in initially dense sand).

In conclusion, the behavior of the initially loose sand in the silo with rough walls
during quasi-static flow was more uniform compared to the flow of initially dense
sand. This flow was characterized by smaller rotations of the sand particles and
less evident changes in the void ratio. The distribution of contact forces was more
homogeneous, but due to the lower amount of interactions between the particles
(lower coordination number), these forces exhibit higher values. The less intense
behavior, leading to smaller mesostructural changes, is consistent with the lower
shear resistance and mobilization of the granular material observed on the curves of
resultant forces acting on the walls and mobilized wall friction angle.

(a) (b) (c)

Figure 5.28: Displacements in sand after bottom displacement u in initially loose sand (e0 =
0.76) with normalized wall roughness Rn = 1.0: a) u = 10 mm, b) u = 20 mm and c) u = 30
mm (Grabowski et al., 2021b).
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(a) (b) (c) (d) (e) (f)

Figure 5.29: Distribution of particle rotations after bottom displacement u in initially
loose sand (e0 = 0.76) with normalized wall roughness Rn = 1.00: a) u = 2.5 mm, b)
u = 5.0 mm, c) u = 7.5 mm, d) u = 10.0 mm, e) u = 20.0 mm and f) u = 30.0 mm
(Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)

Figure 5.30: Distribution of void ratio after bottom displacement u in initially loose sand
(e0 = 0.76) with normalized wall roughness Rn = 1.00: a) u = 0.0 mm, b) u = 2.5 mm,
c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm
(Grabowski et al., 2021b).

(a) (b) (c) (d) (e) (f) (g)

Figure 5.31: Distribution of normal force chains after bottom displacement u in initially
loose sand (e0 = 0.76) with normalized wall roughness Rn = 1.00: a) u = 0.0 mm, b)
u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm, f) u = 20.0 mm and g)
u = 30.0 mm (Grabowski et al., 2021b).
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136 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

Figure 5.32: Polar mean contact force distribution in sand specimen at the end of filling
(black line) and after bottom displacement of u = 30 mm (red line) for initially loose
specimen (e0 = 0.76) with normalized roughness Rn=1.0 (Grabowski et al., 2021b).

5.3.2 Gravitational flow in silo

In the second part of this chapter, the numerical results for the confined gravitational
flow in silo with parallel walls are presented. The investigation focused on quanti-
fying the effect of wall roughness, as well as the geometry and location of the outlet,
on the flow mechanism, with particular attention to the formation of shear zones.
During the numerical investigation, several tests were performed with two types of
silo walls (smooth and very rough) and three types of silo outlets (symmetric outlet
and two asymmetric outlets of different width). In addition, the influence of the ini-
tial density of the sand on the discharge was studied (initially medium-dense and
loose sand were tested).

Evolution of forces exerted on walls

Similarly as in the case of a quasi-static flow in silo presented in previous section,
the resultant forces acting on the silo walls during flow were calculated. Again,
these forces were normalized by the weight of the sand. Figures 5.33-5.38 show
these normalized resultant forces as a function of discharge time. Before the flow
started, the kinematic energy of the discrete particles accumulated during filling was
dissipated. This settlement process is visible on each curve as a 0.5 second constant
magnitude of the calculated force, during which the kinematic energy of the system
became negligible. The forces shown in the following graphs were calculated on the
left wall of the silo.

The calculated resultant forces P, T and N showed satisfactory agreement with
the general knowledge about the evolution of wall forces during the typical flow
in the silo. Due to the lack of corresponding experimental and numerical analysis,
these outcomes were not quantitatively compared with other results. The relation-
ship between the initial magnitude of the forces in the analyzed cases was similar
to that obtained in the simulations of quasi-static flow presented earlier. Therefore,
these forces were also similar to those measured in the experiments by Tejchman
(2013). The initial value of the P increased with the decrease of the wall roughness

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl
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(Figures 5.33a-5.35a) and with the increase of initial void ratio (Figures 5.36a-5.38a).
The initial value of the vertical wall force T increased with the increase of Rn (Fig-
ures 5.33b-5.35b) and with the decrease of the e0 (Figures 5.36b-5.38b). The initial
value of the horizontal wall force N increased with the decrease of the initial void
ratio of the sand (Figures 5.36c-5.38c) and was independent of wall roughness (Fig-
ures 5.33c-5.35c). During the discharge, it was found that in the case of the silo with
rough walls, there was a decrease in the vertical bottom force P (Figures 5.33a-5.35a)
and an increase in the vertical wall friction force T (Figures 5.33b-5.35b) shortly after
the start of the flow. In these cases, the force T increased at the beginning of the
discharge until it reached its maximum value. The initial drop in the force exerted
on the bottom wall P was related to the opening of the silo outlet, which caused an
immediate lack of support for part of the material. Such tendency was previously
reported by Tejchman (2013), Gallego et al. (2015), and Wójcik et al. (2017). The re-
sultant horizontal wall force N in the case of the silo with rough walls was found
to significantly decrease in the initial phase of the flow. It appeared that due to the
small size of the outlet, the sand did not mobilize instantly as in the case of the
quasi-static flow presented in the previous chapter (see Chapter 5.3.1).

During the emptying of silos with smooth walls, a gradual decrease of the re-
sultant vertical bottom force P (Figures 5.33a-5.35a) and the resultant vertical wall
friction force T (Figures 5.33b-5.35b) related to the outflow of sand from the silo was
observed. As for the resultant horizontal wall force N (Figures 5.33c-5.35c), it in-
creased slightly after the start of the discharge, then oscillated around a constant
value and finally gradually decreased as the flow progressed. The evolution of the
resultant forces in the case of initially loose samples was similar to the evolution of
the forces in the case of dense samples. The main difference was observed in the case
of the horizontal wall force N, which showed higher values during the flow for the
silo filled with initially loose sand (Figures 5.36c-5.38c).

It should be noted that significant fluctuations in the magnitude of the resul-
tant forces were observed during each flow. These fluctuations were mainly caused
by the artificial harmonic nature of the wall roughness and due to the quasi-three-
dimensional conditions of the flow. While the amplitude of the curves recorded
during the numerical simulations of gravitational flow was significant, fluctuations
in the forces or pressures acting on the silo side and bottom walls are typical for
granular flow (Balevičius et al., 2012; Wang et al., 2015; Wójcik et al., 2017; Gandia et
al., 2021). These fluctuations could be reduced by increasing the number of particles
packed in the silo, characterized by a smaller mean grain diameter.
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Figure 5.33: Evolution of: a) normalized resultant bottom force P/G, b) normalized resul-
tant wall friction force T/G and c) normalized resultant wall normal force N/G during the
discharge of a silo with the outlet of type ’1’ and a different normalized wall roughness Rn

(e0=0.60) (G-sand weight).
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Figure 5.34: Evolution of: a) normalized resultant bottom force P/G, b) normalized resul-
tant wall friction force T/G and c) normalized resultant wall normal force N/G during the
discharge of a silo with the outlet of type ’2’ and a different normalized wall roughness Rn

(e0=0.60) (G-sand weight).
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Figure 5.35: Evolution of: a) normalized resultant bottom force P/G, b) normalized resul-
tant wall friction force T/G and c) normalized resultant wall normal force N/G during the
discharge of a silo with the outlet of type ’3’ and a different normalized wall roughness Rn

(e0=0.60) (G-sand weight).
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Figure 5.36: Evolution of: a) normalized resultant bottom force P/G, b) normalized resultant
wall friction force T/G and c) normalized resultant wall normal force N/G during the dis-
charge of a silo with the outlet of type ’1’ and a different initial void ratio of sand (Rn=1.00)

(G-sand weight).
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Figure 5.37: Evolution of: a) normalized resultant bottom force P/G, b) normalized resultant
wall friction force T/G and c) normalized resultant wall normal force N/G during the dis-
charge of a silo with the outlet of type ’2’ and a different initial void ratio of sand (Rn=1.00)

(G-sand weight).
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Figure 5.38: Evolution of: a) normalized resultant bottom force P/G, b) normalized resultant
wall friction force T/G and c) normalized resultant wall normal force N/G during the dis-
charge of a silo with the outlet of type ’3’ and a different initial void ratio of sand (Rn=1.00)

(G-sand weight).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


140 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

Effect of wall roughness on flow mechanism in silo

In addition to the calculation of the forces acting on the laboratory-scale silo, the
discrete model also allowed for an examination of the mesostructural behavior of
the sand during gravitational flow. In this section, the effect of the wall roughness on
the flow mechanism of initially medium-dense sand (e0=0.60) was investigated. The
following calculations were performed for two types of walls (Rn=0.01 and Rn=1.0)
and for three types of outlets presented in the introduction section (Figure 5.4). The
numerical results for the grain-level characteristics, such as the deformations of the
sand, the distributions of the particle rotations, the void ratio and the normal force
chain network are presented. In the following paragraphs, the studied variables
shown in the figures have been calculated for different stages of the test. Due to
the different time of discharge for different types of outlets, these stages have been
registered in relation to the amount of sand that flowed out of the silo during the
discharge. For example, "1%" indicates that 1% of the initial mass of sand stored in
the silo has already flowed out of the silo.

Initially, the effect of the wall roughness on the deformation of the sand during
the flow was studied. In the figures below, the displacements profiles obtained with
the aid of colored sand layers for silos with very rough and smooth walls are pre-
sented for all types of outlets (Figures 5.39-5.41). As it can be seen, the influence of
the wall roughness on the flow mechanism and shear propagation was significant.
Different types of flow were observed for silos with symmetric outlet. In the case
of a silo with very rough walls, although a funnel flow was observed in the initial
part of the discharge, the flow in the silo was qualified as a mixed flow as it changed
during the flow (Figure 5.39A). As the flow progressed, a characteristic step-like pro-
files of the granular material were observed (Figure 5.39Ac-e). These profiles show
that although a symmetrical outlet was used, the flow was highly asymmetrical and
nonuniform. On the other hand, mass flow was observed in the case of the silo with
smooth walls (Figure 5.39B). In this instance, the flow exhibited an almost symmet-
rical pattern, and no step-like profiles within the sand were observed. Major defor-
mations were captured only in the area adjacent to the outlet (within 8 cm above the
bottom plates). Above that region, the sand mass behaved like a quasi-rigid body.
The profile of the sand mass unconstrained surface remained similar throughout the
entire flow (Figure 5.39Ba-f). The result for the silos with asymmetric outlet of width
b=30 mm (type ’2’) showed also the significant effect of the roughness of the walls
(Figure 5.40). The flow pattern obtained in both cases were different. In case of a
silo with rough walls, the funnel flow was observed. The width of the funnel zone
reached almost the half of the silo width (about 60× d50) at the mid-height of the silo
(Figure 5.40Ab-e). The shape of the upper surface changed during the discharge. In
the smooth walled silo, the mixed flow was obtained, with the upper part of the
material exhibiting mass flow. However, the width of the moving zone was wider
than in the previous case and reached approximately 60% of the silo width (Figure
5.40Bb-d). The shape of the upper surface changed during the discharge, but not
as clearly as in the silo with rough walls. In the case of the silo with smooth walls,
the material located directly at the right wall of the structure slipped on the smooth
surface, contrary to the first case, where groups of particles were locked between
the grooves of the rough wall. For the silo with asymmetric outlet of type ’3’ the
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 94%

Figure 5.39: Sand deformation at different stages of discharge for silo filled with initially
medium-dense sand (e0 = 0.60) with symmetric outlet of type ’1’ for different normalized
roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo).

difference between two types of walls was less evident (Figure 5.41). In case of the
silo with very rough walls, particles were locked between the grooves during the
discharge (Figure 5.41Ad-e). On the contrary, in case of the silo with smooth walls
the mass flow was observed, with the upper part of specimen behaving like a quasi-
rigid body. The step-like profiles of the sand were observed in both cases. For both
silos, the location of the outlet caused the flow to be asymmetric and highly irregular.

Subsequently, the distribution of particle rotations during discharge was studied
(Figures 5.42-5.44). In the presented figures, the shades of red indicate the clockwise
rotation, while shades of blue indicate the counterclockwise rotation. The results
show that both the roughness of the walls and the geometry and location of the
outlet played a key role in the behavior of the sand during the flow.

In the case of the symmetric outlet of type ’1’, the most significant difference was
observed between silos with different wall roughness (Figure 5.42). The numerical
results show that during the flow in the silo with rough walls several shear zones
occurred, characterized by high clockwise and counterclockwise particle rotations
(Figure 5.42A). At the beginning of the discharge, two shear zones appeared in the
region of the outlet (Figure 5.42Aa). As the flow progressed, these zones propagated
in an almost vertical manner towards the upper surface of the sand (Figure 5.42Ab).
At this stage, these vertical localizations separated the stationary zones of sand near
the walls from the flowing mass in the center of the silo. These zones approached
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.40: Sand deformation at different stages of discharge for silo filled with initially
medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’2’ for different normalized
roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo).

A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 96%

Figure 5.41: Sand deformation at different stages of discharge for silo filled with initially
medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’3’ for different normalized
roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo).
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 94%

Figure 5.42: Distribution of particle rotations at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with symmetric outlet of type ’1’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

each other around the symmetry axis slightly above the mid-height of the silo (Fig-
ure 5.42Acd). As the discharge proceeded, these zones did not remain stationary
and moved downward toward the outlet. Simultaneously, another pair of inclined
shear zones was initiated and reached the side walls (Figure 5.42Ac). These zones
then propagated along the rough walls. From this time on, mainly mass flow was
observed (Figure 5.42Ad-h). As a result, the flow was classified as mixed flow. The
direction of particle rotations within the wall shear zones was a result of significant
roughness, and consequently fiction of the wall. The particle rotations in the left
part of the silo were mainly clockwise, in contrast to the right part where the rota-
tions were counterclockwise. On the other hand, mass flow was observed in the silo
with symmetric outlet and smooth walls. Similar to the previous case, shear zones
were initiated near the edges of the outlet at the beginning of the discharge (Fig-
ure 5.42Ba). As the flow progressed, these zones reached the nearby walls (Figure
5.42Bb). From then on, the rotations were concentrated mainly in the region adja-
cent to the outlet. At the same time, narrow zones of significantly weaker particle
rotations were observed at the smooth walls (Figure 5.42Bc-f).

The roughness of the walls also had a notable effect on the flow in the silo with
the eccentric outlet of type ’2’. In this case, the difference between the two types
of walls was significant. In the silo with rough walls, two shear zones were ini-
tially created, forming a flow zone approximately half the width of the silo, mea-
sured at the silo mid-height (Figure 5.43Ab). As the discharge continued, these pri-
mary shear zones reached the top surface. Then, the flowing core widened and, as
a result, the flow type changed from funnel to nearly mass flow (Figure 5.43Ad).
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.43: Distribution of particle rotations at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’2’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

At this point, barely noticeable shear zones characterized by counterclockwise ro-
tations (blue color) began to appear. In the silo with smooth walls with outlet of
type ’2’, several shear zones were observed during the discharge, characterized by
a greater curvature (Figure 5.43B). In contrast to the silo with rough walls, the flow
zone was wider, reaching the left wall earlier. In this case, alternating areas of rota-
tions with opposite signs, represented by red and blue colors, were observed (Figure
5.43Bb-d). These nearly parabolic shear zones were initiated in multiple points in the
mid-height region of the silo and propagated through the entire silo width, reaching
walls on the opposite side of the flow. It appears that the sand in the stagnant zone
in the lower left corner provided support for the temporary suspension of the gran-
ular material. As a result, the sand in the flow channel was divided into segments
of flowing granular material. Despite the walls of the silo being smooth, a similar
mechanism to the arching effect was observed, which was caused by friction and in-
terlocking of the particles. It is worth noting that in this case (silo with smooth walls
and outlet of type ’2’) the curves of the resultant normal bottom force P and the re-
sultant wall friction force T exhibited the highest oscillations (Figure 5.34a,c). This
can be attributed to a cyclical formation and subsequent collapse of these parabolic
arches. In addition, major linear shear zone, characterized by a clockwise rotations,
divided the stationary region, located in the bottom left corner of the silo, from the
moving zone. The orientation of this zone to the horizontal diminished during the
discharge, tending finally to the natural angle of repose of sand (Figure 5.43Bc-h).

In the case of the silo with a wider outlet of type ’3’, a difference between the
results obtained for two types of walls was less pronounced. In both cases, several
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 96%

Figure 5.44: Distribution of particle rotations at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’3’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

curvilinear shear zones occurred during the flow, regardless of the roughness of the
walls. At the beginning of the flow, two shear zones appeared in the region of the
outlet (Figure 5.44Aa). As the flow progressed, the shear zone propagated toward
the left of the silo, separating the stationary region of sand located in the lower left
corner of the silo from the flowing core (Figure 5.44Ab-d). At the same time, near
the right wall, the shear zone propagated along the rough walls. In the upper part of
the silo, subsequent parabolic localizations formed within the sand. In this case, the
particles were partially locked between the grooves, causing changes in the shape
of the top surface at the advanced stage of the flow (Figure 5.44Ade). The mecha-
nism of flow observed in the silo with smooth walls was similar, with the difference
that the thickness of the shear zone located at the right wall was smaller. Simi-
lar to the silo with outlet type ’2’, although the walls were smooth, some parabolic
shear zones characterized by counterclockwise rotations (blue color) were observed
(Figure 5.44Bb-e). Similar trajectories of parabolic shear zones were observed by
Michalowski (1990) and Wójcik and Tejchman (2009) in a hopper silo with smooth
walls. However, in the studied case of the rectangular silo, this behavior was caused
by the stagnant zone formed during the flow instead of a hopper. Based on all the
presented cases, it is clear that the stair-like flow profiles shown previously (Figures
5.39-5.41) are caused by the propagation of the shear zones.

Next, the distribution of the void ratio in the entire silo during the discharge was
analyzed (Figures 5.45-5.47). The mechanism of the flow presented in these figures
correspond well with the results for the distribution of grain rotations presented
earlier. However, the results of the void ratio distribution were more diffused than
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 94%

Figure 5.45: Distribution of void ratio at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with symmetric outlet of type ’1’ for different nor-
malized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate
the amount of sand that has flowed out of the silo).

the results for the particle displacements and rotations. This was due to the fact that
the latter values were shown for each distinct body, in contrast to the void ratio,
which was calculated using the REV cell. Initially, the flow was concentrated in the
region adjacent to the outlet, where a relatively uniform void ratio distribution was
observed. As the discharge advanced, multiple dilatant zones were initiated at the
boundaries of the outlet, which propagated in two distinct directions: toward the
material (Figures 5.45A and 5.46A) or toward the walls (Figure 5.45B). It can be seen
that the trajectory of the zones of increasing void ratio covered well the trajectory
of the zones of high particle rotations. However, the changes in porosity near the
walls were not so evident as the increase of the particle rotations. One of the reasons
for this is that it is more difficult to calculate the void volume at the boundaries of
the granular material near the walls with triangular asperities. In general, the flow
in the case of the silos with smooth walls was wider than in the silos with rough
walls. This was due to the friction between the sand and the walls. The asymmetric
location of the outlet of the flow enhanced the nonuniformity and irregularity of the
flow. The maximum void ratio calculated within the shear zones was approximately
e=0.85 in each case. At the end of the flow, the volume of the sand remaining on the
bottom wall was greater for the silo with rough walls (Figures 5.45g-5.47g). This was
attributed to the rough walls absorbing greater vertical forces, resulting in a higher
angle of repose of the stagnant zone. In addition, the flow zone at the end of the
discharge was thicker in the smooth wall silo compared to the rough wall silo. In the
case of the silo with asymmetric outlet, almost the entire sand loosened during the
flow (Figure 5.47h).
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.46: Distribution of void ratio at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’2’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 96%

Figure 5.47: Distribution of void ratio at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’3’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).
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Finally, the distribution of normal force chains during the discharge was studied
(Figures 5.48-5.50). In the presented figures, the red color corresponds to the forces
above the mean value, which was set to 0.02 N. The results demonstrate that these
force networks were significantly influenced by the roughness of the walls. The most
pronounced difference was observed in the case of the silo with an outlet of type ’1’,
which highlighted a significant advantage of DEM. For the silo with rough walls,
although the outlet was symmetrically located, the distribution of the normal force
chains was strongly nonuniform and asymmetric due to the naturally heterogeneous
assembly of the distinct particles. In this case, a significant increase in the value of
the forces was observed not only in the region adjacent to the outlet, but also near the
walls (Figures 5.48Ab-d). The grooves along the walls provided support for blocked
particles, creating parabolic force chains. It can be observed that within the shear
zones, numerous interactions between the particles were repeatedly broken and re-
established. The local concentration of forces exerted on the silo walls appears to be
random, both in location and size. Based on the force chains distribution, it is dif-
ficult to determine the trajectory and characteristics of the propagating shear zones.
However, a comparison of the force network with the particle rotation distribution
revealed that the vertical wall shear zones were characterized by the occurrence of
major diagonal normal force chains. In the case of the silo with smooth walls, the
normal forces were concentrated on the bottom wall near the joint with the verti-
cal walls (Figure 5.48B). Contrary to the previous case, no significant changes in the
force network were noted in the upper part of the sand. As a result, no random
force concentration was observed on the vertical walls. This is in good agreement
with previous results indicating the presence of mass flow. A slight asymmetry of
the force chains was observed (Figure 5.48Bb). In both silo with rough and smooth
walls, as the sand level decreased, the intensity and the number of the normal forces
decreased.

The roughness of the walls also had a significant effect on the flow in the silo with
an eccentric outlet (types ’2’ and ’3’). It can be observed that during the discharge,
the magnitude of the vertical normal forces was greater for the silo with smooth
walls. This was due to the roughness of the wall, which implied that the sand was
not supported by the wall grooves. Consequently, the greater vertical forces were
exerted on the bottom plate than in the case of the silo with rough walls. It is note-
worthy that parabolic force chains were observed in the flow zone of the silos with
smooth walls (Figure 5.49Bc and Figure 5.50Bc). In all studied cases, the sand out-
side the flow zone is characterized by regions of pronounced normal forces, which
were greater at the left side of the silo. In contrast, the funnel zone was character-
ized by weaker contact forces between the particles. In some parts of the zone, there
was even a lack of contact forces (represented in the figures by white spaces), imply-
ing that the interactions between the particles have disappeared and the individual
particles are falling freely towards the outlet. This highlights another advantage of
DEM, i.e., its ability to handle the transition between the solid state (e.g., sand in the
stagnant zone), quasi-fluid state (e.g., sand in the flow zone), and free-fall state (e.g.,
sand below the outlet) of granular materials.
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A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 94%

Figure 5.48: Distribution of normal force chains at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with symmetric outlet of type ’1’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.49: Distribution of normal force chains at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’2’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


150 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

A)

B)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 96%

Figure 5.50: Distribution of normal force chains at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet of type ’3’ for different
normalized roughness Rn of the walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages
indicate the amount of sand that has flowed out of the silo).
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Mesoscopic behavior of initially loose sand during flow in a silo with rough walls

Following the analysis of the flow of initially dense sand, the results of the grain-
level behavior of initially loose sand (e0=0.76) for different locations and sizes of the
outlet in the silo with rough walls (Rn=1.0) are presented (Figures 5.51-5.54). At
the beginning, the sand displacements obtained with the aid of colored sand layers
were analyzed (Figure 5.51). In all studied cases, groups of particles were found to
be locked between the grooves of the rough wall during the discharge. However,
in contrast to the results for initially dense sand, no pronounced step-like profiles
were observed. This implies that localized areas occurred primarily in the form of
straight vertical shear zones at both walls. The flow of loose sand exhibited greater
uniformity compared to the flow of dense sand. In all cases, mass flow was observed
during discharge, resulting in slight changes in the shape of the top surface during
flow.

The distribution of the particle rotations confirms the conclusions drawn from
the displacement profiles. During the flow of initially loose sand, pronounced par-
ticle rotations were observed, with the majority occurring directly at the silo side
walls. The mean thickness of these wall shear zones, determined from the particle
rotations, was approximately ts=25 mm (=16-18×d50), which is consistent with the
results for the initially dense sand. Based on rotations, the internal shear zones were
significantly weaker and barely visible compared to those captured in initially dense
sand (Figure 5.52).

Next, the void ratio distribution during flow was analyzed (Figure 5.53). In con-
trast to silos filled with initially dense sand, the initial distribution of sand porosity
in the loose samples exhibited high nonuniformity (Figure 5.53a). Moreover, in these
cases, the boundaries between the filling layers were noticeable at the beginning of
the discharge. This was due to the method of preparation of the initial loose sample,
where the damping was set at a higher value (λd,prep=0.3) in comparison to the value
set during the discharge (λd=0.01), in order to obtain a looser sample. This reduced
the kinetic energy of the particles during filling, resulting in a higher void ratios and
increased heterogeneity of sand. Furthermore, the filling process also caused some
loosening of the sand near the rough walls, especially between the wall grooves.
Now, as for the flow, slight loosening of granular material was observed near the
silo walls, which is consistent with the location of the shear zones. Significant loos-
ening occurred in the flowing core near the outlet, in contrast to the sand located in
the upper part of the silo, where material compaction was observed.

With regard to the distribution of normal force chains, the mean value of the
forces was once again set to 0.02 N (Figure 5.54). The initially loose sample ex-
hibited a greater mean normal force magnitude than the flow of the initially dense
sand. This was due to the lower coordination number of the specimen. Similarly
to the initially dense sand, numerous force chains were repeatedly broken and re-
established within the vertical shear zones during discharge. Some minor curved
force chains were also captured. In the initially loose material, the force network ex-
hibited greater uniformity, i.e., there were no random significant concentrated loads
generated on the walls as observed in the case of the silo with initially dense sand.
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A)

B)

C)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% a) 88%

Figure 5.51: Sand deformation for initially loose sand (e0 = 0.76) during flow in silo with
rough walls (Rn = 1.00) with: A) symmetric outlet of type ’1’, B) asymmetric outlet of type
’2’ and C) asymmetric outlet of type ’3’ (percentages indicate the amount of sand that flow
out of the silo).
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A)

B)

C)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.52: Distribution of particle rotations for initially loose sand (e0 = 0.76) during flow
in silo with rough walls (Rn = 1.00) with: A) symmetric outlet of type ’1’, B) asymmetric
outlet of type ’2’ and C) asymmetric outlet of type ’3’ (percentages indicate the amount of
sand that flow out of the silo).

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


154 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

A)

B)

C)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.53: Distribution of void ratio for initially loose sand (e0 = 0.76) during flow in silo
with rough walls (Rn = 1.00) with: A) symmetric outlet of type ’1’, B) asymmetric outlet of
type ’2’ and C) asymmetric outlet of type ’3’ (percentages indicate the amount of sand that
flow out of the silo).
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A)

B)

C)

a) 1% b) 5% c) 10% d) 15% e) 25% f) 50% g) 75% h) 88%

Figure 5.54: Distribution of normal force chains for initially loose sand (e0 = 0.76) during
flow in silo with rough walls (Rn = 1.00) with: A) symmetric outlet of type ’1’, B) asymmetric
outlet of type ’2’ and C) asymmetric outlet of type ’3’ (percentages indicate the amount of
sand that flow out of the silo).
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Distribution of wall stresses

Finally, the distribution of the horizontal σ11 and vertical σ21 stresses acting on the
walls during the discharge is presented. These stresses were calculated according to
the Love-Webber formula used earlier in the thesis (see Chapter 4.3 for explanation).
Figures 5.55-5.63 show the stresses along the left and right walls of the silo at three
stages of the tests. The first, referred to as the initial state in the figures, is the distri-
bution of stresses after filling. The second, referred to as the maximum state, shows
the stress distribution at the time of the highest T and N values (depending on the
case, the maximum stresses were calculated after 1% to 10% of the sand had flowed
out of the silo). The last one, referred to as the residual phase, shows the stresses
after the peak of the T and N forces, when half of the silo was already empty.

The changes in the distribution of wall stresses during the discharge was signifi-
cantly affected by a flow pattern of moving granular material and depended on the
initial void ratio of sand and the roughness of the walls. For the symmetric flow (out-
let of type ’1’) the highest wall horizontal stresses occurred in the silo with smooth
walls filled with initially dense sand (Figure 5.56). In this case, the maximum hori-
zontal wall stress of σ11,max=5.3 kPa was exerted on the bottom of left wall. A strong
increase of the stresses was also observed in the case of the silo with rough walls
(Rn=1.0) filled with initially loose sand (e0=0.76), reaching σ11,max=5.0 kPa at the right
wall (Figure 5.61). In both these cases, the flow of sand caused the increase of the
σ11 above the effective transition point located at the border of the stagnant zone.
Below that point, the horizontal stress decreased, reaching almost zero at the con-
nection with the bottom wall. In both these cases the mass flow was observed. On
the other hand, the lowest increase of the horizontal stress was observed during the
symmetric flow (outlet of type ’1’) in the silo with rough walls (Rn=1.0) (Figure 5.55).
However, in this case, the shear stresses acting on walls during the discharge were
obviously higher than in the silo with smooth walls, particularly in the initial phase
of the flow. Similar evolution and magnitudes of both horizontal (σ11,max = 2.0kPa)
and shear stresses (σ12,max=1.5 kPa) were calculated by Krzyżanowski et al. (2021)
using MPM at the end of filling for the same geometry of the silo (except for the out-
let size, which was 80 mm wide). At the maximum state, these stresses obtained in
DEM (Figure 5.55) exhibited significantly lower fluctuations than the ones calculated
using MPM. However, this was partly due to the wider silo outlet, which introduced
additional dynamics in the MPM study. For the symmetric silo with smooth walls
(Figure 5.56), the calculated stresses were in accordance with the state of the earth
pressure at rest with the small value of the shear wall pressures. This was due to the
small contact friction angle, both material and geometric, applied to the silo walls.

During the flow in the silo with asymmetric outlets (outlet of type ’2’ and ’3’)
with rough walls (Rn=1.0), a significant asymmetry in the distribution of the stresses
exerted on both walls was observed (Figures 5.57, 5.59, 5.62, and 5.63). In these cases,
only slight increase in the stresses exerted on the wall opposite to the flow (the wall
on the left side of the silo) were observed during the discharge. This was due to the
stagnant zone observed on the this side of the silo. On the other hand, there was a
notable drop in both the horizontal and shear stresses exerted on the right wall dur-
ing discharge, occurring between the outlet level and a height of approximately 20
cm above the silo outlet. This was caused by the significant loosening of the sand in
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Figure 5.55: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’1’, e0=0.60,

Rn=1.00).
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Figure 5.56: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’1’, e0=0.60,

Rn=0.01).

the region of the outlet (see the void ration distribution during the flow presented in
the previous section, e.g. Figure 5.46), where a significant amount of the particles lo-
cated at the wall backed up and flowed out of the silo. During the eccentric flow, the
maximum horizontal and shear wall stresses acting on the walls were obtained for
the silo with rough walls (Rn=1.0) and with the outlet of type ’3’, filled with initially
dense sand (e0=0.60) (Figure 5.59). The stresses exerted on the left wall were respec-
tively σ11,max=2.9 kPa and σ21,max=2.4 kPa, and the stresses exerted on the right wall
were respectively σ11,max=4.4 kPa and σ21,max=2.9 kPa. The great magnitude of these
forces was partially caused by the dynamics of the system. During the discharge of
the silo with the biggest outlet, part of the particles randomly bounced and hit the
silo walls.

In the case of asymmetric flow (outlet of type ’2’ and ’3’) in the silo with smooth
walls (Rn=0.01) filled with initially dense sand (e0=0.60) the shear wall stresses were
smaller compare to the stresses in the silos with rough walls. In general, the stress
acting on the bottom part of the right wall, decreased as the eccentricity of the outlet
increased, which is consistent with other studies (Guaita et al., 2003; Krzyżanowski
et al., 2021). On the other hand, such agreement was not found in the case of the
horizontal stress acting on the wall opposite to the flow. Similarly as in the case of
the eccentric flow in the silo with rough walls, the drop in the magnitude of hor-
izontal stresses observed in the region adjacent to the outlet was connected to the
loosening of granular material in the flow zone (Figures 5.58 and 5.60). The highest
horizontal stresses were calculated for the silo with the smaller eccentric outlet and
were respectively σ11,max=3.4 kPa in the case of the left wall and σ11,max=3.0 kPa in
the case of the right wall.
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Figure 5.57: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’2’, e0=0.60,

Rn=1.00).
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Figure 5.58: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’2’, e0=0.60,

Rn=0.01).
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Figure 5.59: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’3’, e0 = 0.60,

Rn = 1.0)
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Figure 5.60: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’3’, e0 = 0.60,

Rn = 0.01)
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Figure 5.61: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’1’, e0 = 0.76,

Rn = 1.0)
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Figure 5.62: Calculated distribution of: A)
wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at
the: a) initial state, b) maximum state and
c) in the residual phase (type ’2’, e0 = 0.76,

Rn = 1.0)
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Figure 5.63: Calculated distribution of: A) wall horizontal stresses σ11 and B) wall shear
stresses σ21 during the flow in silo at the: a) initial state, b) maximum state and c) in the

residual phase (type ’3’, e0 = 0.76, Rn = 1.0)

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


160 Chapter 5. Modeling of granular flow in laboratory-scale silo with DEM

5.4 Summary

In this section, a detailed discrete analysis of quasi-static flow with controlled bottom
velocity and gravitational flow of cohesionless sand in a laboratory-scale silo with
parallel walls was presented. During the study, the influence of wall roughness and
initial void ratio of the sand on the shear localization was studied. In addition, the
effect of the size and location of the silo outlet was analyzed. The following main
conclusions can be drawn from the simulations:

• The DEM showed the potential to model the confined granular flow in silo.
Discrete results were consistent with the experimental results available in the
literature. The DEM model realistically captured the nonlinear behavior of
sand, including the formation of shear localization, both in the form of curvi-
linear internal and vertical wall shear zones. The significant advantage of the
discrete method was its ability to capture both meso- and macroscopic behav-
ior of sand.

• The silo wall roughness and the initial void ratio of the sand significantly af-
fected the resultant forces acting on both the bottom and side walls of the silo.
The evolution of the curves was in good agreement with the laboratory data.
However, noticeable differences occurred in the magnitude of the forces ob-
tained numerically, experimentally, and theoretically. The numerical results
differed from the experimental ones due to certain simplifications assumed in
the discrete model, such as a greater mean grain diameter and an artificially
uniform geometry of the walls. The discrepancies with the theoretical results
were due to the fact that the formulas did not take into account the complex
deformation of the sand.

• In general, the maximum horizontal wall stresses occurred in silos with smooth
walls and initially loose sand, while the maximum wall shear stresses occurred
in silos with very rough walls and initially dense sand. The stresses were in-
fluenced by the location and size of the outlet. In the case of an asymmetrical
outlet, a significant increase in stress was observed at the wall where the flow
occurred, both in initially dense and loose sand. Near the outlet at the same
wall, the magnitude of the forces tended to zero. The stress distribution in the
silo with symmetrical outlet was more uniform, due to the fact that in this case
the funnel flow occurred in the initial phase of the flow.

• The geometry of both internal shear zones and granular flow was affected by
the roughness of the walls and the initial void ratio of the sand. Curvilinear
localizations were most clearly observed during quasi-static flow in a silo with
very rough walls filled with initially dense sand. Slightly weaker internal shear
zones were observed in the case of initially dense sand in silos with rough
walls. Finally, some weak curvilinear shear zones were noticeable in silos with
very rough walls filled with initially loose sand. Within the localized zones, an
increase in both particle rotations and void ratio was observed. These variables
increased with increasing wall roughness and decreasing initial void ratio.
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5.4. Summary 161

• The shear localization and the pattern of granular flow was also influenced by
the location and size of the outlet. The internal shear zones within the initially
dense sand were observed in the silo with rough walls for all types of studied
outlets. In addition, in the case of asymmetric outlets, the internal shear zones
were also captured in the silo with smooth walls. In the case of the initially
loose sand, the shear localization occurred along the vertical walls, with barely
noticeable internal curvilinear shear zones. In the case of silo with smooth
walls and symmetric outlet barely visible internal shear zones occurred in the
region adjacent to the outlet.

• As the wall roughness increased, the inhomogeneity of the normal contact
forces increased. For quasi-static flow of initially dense sand in rough and
very rough wall silos, the force chains showed a parabolic shape. With in-
creasing wall roughness and decreasing initial sand density, the average ori-
entation of the contact forces to the horizontal decreased. In a silo with rough
and very rough walls, for both types of flow, numerous contacts characterized
by a significant normal force are repeatedly broken and re-established during
discharge. At the onset of these force chains, there is a concentration of loads
exerted on the walls.

• The internal shear zone tended to initiate at multiple points along the wall. In
addition, in the case of a silo with very rough walls and initially dense sand,
the shear localizations exhibited an almost periodic pattern. The presence of
internal shear zones contributed to the nonuniform distribution of sand den-
sity within the sample and the irregular distribution of wall pressures during
flow. The higher oscillations of the resultant forces exerted on the silo structure
can be attributed to the occurrence of parabolic shear zones.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


162

Chapter 6

Conclusions and future research
directions

6.1 Conclusions

This concluding chapter presents a summary of the findings from the thesis, and
presents general conclusions drawn from the comprehensive study of these phe-
nomena. Detailed conclusions related to the various aspects analyzed in the study
of shear zone phenomena in granular materials during confined silo flow are pro-
vided in the Chapters 4 and 5. The following general conclusions can be drawn:

Soil mechanics tests:

• Discrete Element Method presented the potential to realistically model the
shear localization within granular material by using numerical models com-
posed of perfectly spherical particles with rotational resistance, and irregu-
larly shaped clumps composed of spheres during typical soil mechanics tests.
Discrete results produced trends which are consistent with those observed in
physical experiments, by taking into consideration different modeling condi-
tions, such as initial void ratio and the load applied to the sand specimen.

• Discrete Element Method allowed to capture the mesoscopic phenomena within
the deforming granular material. The formation of the shear zone is character-
ized by pronounced particle rotations, increase of porosity and the increase of
normal forces between the particles. Moreover, the shearing resulted in change
of the forces orientation. These grain-level characteristics depend on the shape
of the particles. For the clumped particles the shear zone thickness was smaller
and the particle rotations were higher comparing to the spheres with rotational
resistance. Therefore, the shear zone thickness depend on the particle shape.
The changes in the void ratio during the shearing were similar for both types
of particles.

• The location and thickness of the shear zone significantly influence the forces
and loads exerted by the granular media on the surrounding structures. Sur-
face pressures increase with the size of asperities, such as the height of grooves
or the depth of corrugations. Loads from the granular material to the struc-
ture are transferred through columns of particles within the interface shear
zone, which are repeatedly broken and re-established. The reorganization of

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl
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the particle chains causes the random local concentration of loads acting on the
surface during the test.

• Mesoscopic characteristics obtained in discrete analysis were used to describe
the boundary conditions at the interface between granular material and the
structure. These ratios can only be applied to 2D continuum models of such in-
teractions, as the boundary condition for the twist in the contact plane between
the bodies was not prescribed. The proposed boundary conditions depend on
the shape of the particles.

• Characteristic phenomena for silo constructions made of corrugated steel sheets
were captured in the interface study of the contact zone between the sand and
the sinusoidal surfaces. During the tests, the stationary zones located in the
valleys were separated from the moving zones by the shear localizations. The
extent of shear localization within the granular material and on the corrugated
surface, and consequently the wall contact factor, can be determined from the
overall strength of the interface. In addition, this extent can be qualitatively
estimated from measurements of the strains occurring at the boundary of the
granular material-structure system.

Confined granular flow in silo:

• Discrete Element Method presented the potential to realistically model the
shear localization within granular material during silo flow by using discrete
model composed of spherical particles with rotational resistance. Numerical
results produced trends which are consistent with those observed in physical
experiments, by taking into consideration different test conditions, such as ini-
tial void ratio, roughness of the walls and size and location of the silo outlet.

• The discrete model captured both vertical wall shear zones and internal curvi-
linear shear zones within the granular material. The geometry of the internal
shear zones was influenced by the roughness of the walls, the initial void ra-
tio of the sand, and the size and location of the silo outlet. Vertical wall shear
zones occurred primarily in silos with rough and very rough walls, regard-
less of the initial void ratio. Internal curvilinear shear zones were observed
in quasi-static flow of initially dense sand in rough and very rough wall silos
and in gravitational flow in rough wall silos, regardless of the outlet location.
In addition, in the case of asymmetric outlets, internal shear zones were also
captured in silos with smooth walls.

• Discrete Element Method allowed to capture the mesoscopic phenomena within
the sand during the quasi-static and gravitational confined granular flow in
laboratory-scale silo. The formation of both wall and internal shear zones is
characterized by pronounced particle rotations and an increase in the sand
void ratio. In some cases, particularly during the flow of initially dense sand
in a silo with rough walls, the inhomogeneity of the force chain network in-
creases. In these instances, the force chains tend to form parabolic arcs with
multiple onset points on both sides of the silo.
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• The flow pattern is closely related to the trajectory and location of shear zones.
The propagation of internal shear zones contribute to the non-uniform distri-
bution of sand mass within the sample. As a result, the formation of these
zones has a significant influence on the forces and loads exerted on the silo
structure. Therefore, accurate modeling of shear zone formation is crucial, as
it profoundly affect the distribution of loads acting on the structure.

6.2 Future research directions

Several research gaps remain in the field of silo construction. The following research
steps are planned in the future:

• The study of shear zone formation within granular material during confined
silo flow will be further improved and extended. Some numerical procedures
used during the study, such as the preparation process of initially loose sam-
ples, require improvement. In the presented research certain simplifications
were employed, such as geometry of the silo walls and particle shapes. Among
many, future studies should consider using other types of materials (e.g., wheat)
composed of non-spherical (e.g., clumped or polyhedral) particles during the
flow analysis. In addition, the accuracy of the discrete model can be enhanced
by the application of other contact laws, including nonlinear ones. Finally, as
computational efficiency increases, the scale of the problems under study can
be expanded. Simultaneously, the investigated problems can also be scaled by
using continuum approaches and by implementing proposed boundary con-
ditions.

• The study of the contact zone between the granular material and corrugated
silo walls will be continued and extended. In silos with corrugated walls sup-
ported by thin-walled columns, the properties of this interface play a major
role in the correct determination of the vertical loads acting on the silo struc-
ture. Discrete and experimental study on this subject are carried out within the
PRELUDIUM 21 project entitled "Experimental and numerical (DEM) analysis
of the contact zone between granular material and corrugated surface dur-
ing silo flow", financed by the National Science Centre, Poland (NCN) (UMO-
2022/45/N/ST8/03567).

• Discrete study of the self-excited dynamic-acoustic effects in silos during gran-
ular flow. This type of phenomenon can cause dynamic interactions between
the granular material and the surrounding structure, leading to resonant be-
havior of the system. As a result, silo structures may exhibit characteristic
acoustic phenomena known as "silo music" or even dynamic failures. Despite
extensive research, this phenomenon is not yet fully understood. The Discrete
Element Method appears to be the appropriate tool for studying this subject,
by taking into account the interaction between granular material composed of
distinct grains and flexible silo walls.
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Appendix A

Experimental analysis of interface
behavior between sand and
corrugated surfaces

The Appendix A documents own experimental analysis of interface behavior be-
tween sand and corrugated sinusoidal surfaces performed by A. Grabowski, M.
Nitka, J. Konkol, and M. Wójcik, which is currently under review. The author of
the thesis participated in all the conducted laboratory tests and performed the entire
DIC analysis.

A.1 Introduction

The study presented in the following section deals with experimental investigations
of the interface between granular material and a sinusoidal corrugated surface. As
presented earlier (see Chapter 4.4 for the full introduction), the current understand-
ing of the mechanical processes occurring in the bulk solid-corrugated wall regime
is relatively limited. The available literature (Moore et al., 1984; Molenda et al., 2002;
Wiącek et al., 2021; Wiącek et al., 2023) shows that the addressed issue is an inter-
esting problem for many civil and agricultural researchers and engineers. These
studies show that many mechanical aspects of such interfaces are still understudied
and need further research.

The investigation presented in the following appendix focuses on the analysis
of grain level events using a direct shear apparatus commonly employed in soil
mechanics. In the study, a custom-built shear box was used. During the analysis,
the silo corrugated steel walls were mimicked by 3D printed corrugated sinusoidal
surfaces made of PLA material. The Digital Image Correlation (DIC) technique
provided insights into the formation of the shear zone in the granular material-
corrugated surface contact zone.

A.2 Experimental methods and materials

A.2.1 Shear apparatus and granular material

In this study, all tests were conducted using a direct shear apparatus. This device is
widely used in soil mechanics to determine the frictional properties of soils (Tejch-
man and Wu, 1995; DeJong et al., 2003; Hu and Pu, 2004; Su et al., 2018; Zhao and
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Zhao, 2019). In the laboratory analysis, the digital shear machine Matest Shearlab
S276 was used. The apparatus and shear box were modified to provide photographic
data for Digital Image Correlation (DIC) analysis of the interface shear behavior (Fig-
ure A.1). To obtain photographs of specimen deformation, the front and back walls
of the shear box, parallel to the shear direction, were made transparent by using 8
mm thick Perspex. Other parts of the shear box, such as the bottom and top loading
frames, were custom made using PLA thermoplastic material (Figure A.2a). These
parts were constructed with 3D printing technology. The overall modification of the
apparatus allowed for an accurate and detailed analysis of the bulk solid-corrugated
surface regime behavior during the test, while maintaining the integrity of the ex-
perimental setup. To verify the accuracy of the 3D printed direct shear device, the
results of the direct shear test of sand using the modified device were compared to
the results obtained using a typical brass shear box (Figure A.3).

(a)

(b)

Figure A.1: Experimental setup: a) photograph of the experimental setup with a sand
sample prepared for the shear test and b) computer visualization of individual parts of the

modified box of the direct shear apparatus (Grabowski et al. (2023), CC BY 4.0).
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(a) (b)

Figure A.2: Photograph of: a) a PLA-printed shear box, and b) an exemplary PLA-printed
sinusoidal corrugated surface used during the investigation.
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Figure A.3: Evolution of: A) mobilized shear stress τ and B) volumetric strain εv versus
normalized horizontal displacement u/L for sample composed of cohesionless sand

obtained in direct shear test for: a) brass shear box and b) PLA printed shear box (e0=0.63
and σn=48 kPa).

In addition to the shear box, 3D printing technology allowed for the creation
of sinusoidal corrugated surfaces with various geometries (the example of the 3D-
printed surface is shown in Figure A.2b). In the study, six different surface profiles
were examined: one completely flat and the rest based on the geometry of sinusoidal
corrugations of the silo wall. The corrugations had different depths, i.e., the distance
between the crests of the profile (Figure A.4), ranging from 0.8 mm to 6.4 mm with
a step of 1.4 mm. All corrugations had the same wavelength equal to l=15 mm. As
a result, the depth to wavelength ratio d/l, referred to as the corrugation coefficient
in the appendix for clarity, ranged from 0 to 0.427. The study extended the analyzed
range of the corrugation coefficient beyond the typical values for silos with sinu-
soidal corrugated sheeting, which usually cover the range of 0.11 to 0.24 (Molenda
et al., 2002). However, the size of the corrugations was reduced due to the limita-
tions of the shear apparatus, which was only able to handle a 60 by 60 mm sample.
The profiles used in the tests were approximately 5 times smaller than the full-size
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silo corrugated sheet. The ratio between the corrugation depth and the mean grain
size varied from 1.13 (for a corrugation coefficient d/l=0.053) to 9.01 (for a ratio of
d/l=0.427).

Figure A.4: Cross-sections (3D STL models) of sinusoidal corrugated surfaces used in
experiments with different corrugation coefficients d/l (Grabowski et al. (2023), CC BY 4.0).

A medium-dense quartz sand with grain sizes between 0.25 mm and 1 mm with
a mean grain diameter of d50=0.71 mm was selected for the experimental study (Fig-
ure A.5). The sand contained 10% particles in the range of 0.25 mm to 0.5 mm, while
the remaining 90% of the grains were in the range of 0.5 mm to 1.0 mm. Table A.1
summarizes the basic physical and mechanical properties of the sand obtained from
extensive laboratory geotechnical analysis. These parameters are typical for similar
sand types, for example Bareither et al. (2008). Figure A.3 presents exemplary results
of mobilized shear stress and volumetric strain for the studied sand sample obtained
during shearing in a direct shear test apparatus (without interface). The comparison
shows the macroscopic response of the sand during the shear test performed with
a typical brass shear box and the PLA printed shear box used in the present study.
The initial void ratio was e0=0.63, and the vertical pressure applied to the top platen
was σn=48 kPa. The evolution of the two curves obtained with the 3D printed shear
box showed good agreement with the results for the brass shear box, both in terms
of maximum and critical values of the curves. The most noticeable difference was
observed in the stiffness of the sand response, which was higher when using the
metal shear box compared to the PLA printed one. This was due to the different
stiffness and weight of the shear boxes. In the direct shear test, the sand exhibited
typical behavior expected for a cohesionless, medium-dense sand sample undergo-
ing shearing, initially showing hardening associated with contractancy, followed by
the softening associated with dilatancy.
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Figure A.5: Exemplary photograph of dry cohesionless sand used in the experiments.

Table A.1: Properties of dry cohesionless sand used in the experiments (Grabowski et al.
(2023), CC BY 4.0).

Parameter Value Units
Relative density Dr 55±5 %
Specific gravity Gs 2.64±0.02 -
Dry bulk density ρd 1.64±0.02 g/cm3

Void ratio e 0.63±0.03 -
Minimal void ratio emin 0.49 -
Maximal void ratio emax 0.74 -
Maximal angle of internal friction ϕ

′
max 41.7 ◦

Constant volume angle of internal friction ϕ
′
cv 35.3 ◦

While various types of sand are commonly used in interface shear test analyses
(Uesugi and Kishida, 1986a; Uesugi et al., 1988; Tejchman, 1989; DeJong et al., 2003),
typical granular materials for studying the addressed interfaces rather include other
types of materials such as organic ones, e.g. bean seeds, pea seeds, and wheat grains
(Wiącek et al., 2021). Unfortunately, some aspects of the selected methods exclude
use of other these types of materials. There are several reasons that stand behind the
choice of the sand for this study. The first is that the cohesionless sand is character-
ized by an easily adjustable sieve curve. As a result, this granular material allowed
for the sufficiently small grain size distribution to capture its mesoscopic behavior
during deformation. Furthermore, the selected sand allowed to avoid boundary
effects in direct shear tests according to EN 1991-4 (2006). To prevent this, the Eu-
rocode recommends that the initial vertical size of the specimen should be 30 times
the maximum particle diameter of the material being tested. Finally, the fact that the
obtained results will be used to calibrate numerical models for future investigations,
e.g. DEM, was another important aspect considered in the selection of the material.
For these reasons, the cohesionless sand was deemed the right choice for the labora-
tory analysis of the bulk solid corrugated wall regime, with the thought that in the
future the experimental setup can be adapted to other types of granular materials
stored in silos.
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A.2.2 Interface shear test procedure

The standard procedure for direct shear tests was applied in all experiments con-
ducted in this study. Initially, the dry sand sample was prepared directly in the
modified shear box. During the preparation, the material was tamped in three lay-
ers of equal height to obtain the desired value of the initial porosity. The thickness of
the sand mass above the corrugation hills was about 20 mm, which is about 30 × d50.
As a result, the same mass of dry sand was used for each layer. Next, the upper sur-
face of the sand sample was flattened and the initial void ratio was measured. The
internal dimensions of the frame containing the sand specimen were 60 mm (85×
D50) by 60 mm (85× D50). The contact area between the corrugated surface and the
sand depended on the geometry of the profiles. Once the specimen was prepared,
the prescribed nominal gravity load of 48 kPa was applied to the top platen. During
the shearing phase, the rigid bottom surface moved horizontally to the right-hand
position at a displacement rate of 0.6 mm/min to ensure quasi-static conditions. Us-
ing this displacement rate allowed the study to be conducted effectively with negli-
gible effect on the test results. During the test, the upper frame was fixed while the
platen could move vertically. By using a sufficiently thin platen, wedging between
the loading platen and the upper frame was prevented (Matsushima et al., 2006).
To avoid additional friction during shearing, the contact surfaces between the up-
per and lower frames were lubricated throughout all tests. In addition, to eliminate
grain-on-surface friction, the internal walls were covered with Teflon sheets (Figure
A.1). During shearing, the horizontal displacement of the lower frame and the ver-
tical displacement of the upper platen were continuously measured. The horizontal
force applied to the lower frame was also measured. The test was completed when
a normalized displacement of u/L=0.1 was reached, where u is the displacement of
the bottom surface and L is the length of the specimen. This corresponded to a total
displacement of the lower frame of utot=6.0 mm. An exemplary pictures of the sam-
ple before the test (u/L=0.0) and at the final stage of the test (u/L=0.1) are shown
in Figure A.6. A total of 30 tests were performed during the experimental analysis.
Each surface geometry was examined in a series of at least three tests for each case.

(a) (b)

Figure A.6: Front view of the sand sample: a) prepared for the interface shear test and b) at
the final state of the test for exemplary surface with corrugation coefficient d/l=0.147.

A.2.3 Digital Image Correlation (DIC)

A wide range of digital imaging techniques, such as photogrammetry (Uesugi et al.,
1988; White et al., 2003), particle image velocimetry (PIV) (White et al., 2003; DeJong
et al., 2006; DeJong and Westgate, 2009; Wiącek et al., 2021) and digital image cor-
relation (DIC) (Rechenmacher, 2006; Réthoré et al., 2007; Alhakim et al., 2023) have
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been developed to study the deformation of soils and granular materials. These
methods allow the observation and measurement of the grain-scale behavior of bulk
materials, including the formation and propagation of shear zones (Slominski et al.,
2007; Leśniewska et al., 2023). In the presented study, the DIC technique (Peters and
Ranson, 1982) was employed to study the behavior of sand-corrugated sinusoidal
surface regime. For this purpose, the open source 2D DIC Matlab module Ncorr
was employed (Blaber et al., 2015). This software enables the calculation of displace-
ments and strains in solids through computer processing of 2D images. Ncorr is
based on a DIC subset approach, i.e. the algorithm divides speckled images into
smaller areas called subsets. This technique calculates the deformation of a body
by tracking and matching the subset of pixels between the reference and deformed
images. In addition, the step size is specified, which defines the number of pixels
in the subset that will be used to calculate the displacement fields. In the analy-
sis presented in this section, the subset window size was specified as 30 pixels and
the step size was set to 2 pixels (Figure A.7). In the DIC analysis of bulk materials,
which are characterized by a random distribution of individual grains of different
sizes and shades, a naturally occurring speckled pattern is formed without the need
for an artificial pattern (Stanier et al., 2016). The images of the cohesionless during
interface shearing were taken with the Nikon Z5 digital camera equipped with the
Nikor 24-50/4-6.3 lens. The camera was mounted directly in front of the direct shear
apparatus, 12 cm from the shear box. The images taken during the tests were 1800
pixels by 650 pixels, resulting in a resolution of 25 pixels by 25 pixels for the mean
grain size. A total of approximately 100 photographs were taken at intervals of 0.06
mm of lower frame horizontal displacement during each test.

(a) (b)

Figure A.7: DIC analysis: a) view of the sample with defined region of interest and b) close
up view of the speckle pattern in a subset window (from the Ncorr software) (Grabowski

et al. (2023), CC BY 4.0).

A.3 Experimental results

In this section, the results of a series of laboratory tests of the interface between co-
hesionless sand and a corrugated sinusoidal surface in the modified direct shear test
are presented. First of all, the influence of the corrugation geometry on the shear
resistance and granular deformation was examined. Next, the effect of the different
corrugation coefficient d/l ratio on the shear zone formation and on its mesoscopic
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characteristics is presented. The results include displacements and strain distribu-
tions within the granular material at the final stage of shearing. In addition, the
evolution of the interface shear zone during shearing was studied for selected cases.

A.3.1 Evolution of mobilized shear stress and volumetric strain

Figure A.8 presents the evolution of the mobilized shear stress τ and the volumet-
ric strain εv versus the normalized displacement u/L obtained in the experiments.
The shear resistance of the interface increased with increasing corrugation coeffi-
cient (Figure A.8a). For the flat surface (d/l=0.000) and that with a corrugation co-
efficient of d/l=0.053, the curves were characterized by an almost bilinear pattern,
with no softening of the granular material observed. In the other cases, when d/l
varied from 0.147 to 0.427, a characteristic evolution of the shear stress for medium
dense specimens was observed. Similar trends were reported in the studies of Ue-
sugi and Kishida (1986a), Tejchman and Wu (1995), and Hu and Pu (2004). In the
latter cases, in the first phase of shearing, the sand exhibited hardening, initially as-
sociated with contractancy. Later, the shear stress reached the yield point at approx-
imately u/L=0.035, and then exhibited softening associated with sliding of sand at
the contact surface. Figure A.8b shows that the volumetric strains were also affected
by the surface geometry. The dilatancy increased as the corrugation coefficient in-
creased. For the surfaces with d/l in the range between 0.053 and 0.427, the sample
initially exhibited contraction which was later followed by dilation. On the other
hand, in the case of a flat surface (d/l=0.000), only contraction was observed. The
characteristic values recorded during the experiments are listed in the Table A.2.
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Figure A.8: Evolution of: a) mobilized shear stress τ and b) volumetric strain εv versus
normalized horizontal displacement u/L for different corrugation coefficient d/l obtained

in laboratory tests (e0=0.63 andσn=48 kPa) (Grabowski et al. (2023), CC BY 4.0).

Two types of surfaces are distinguished based on the macroscopic response of the
sand sample. The first type is associated with surfaces that are considered smooth
(corrugation coefficient d/l ≤ 0.053) and exhibit a bilinear elastic-plastic response.
The second type is associated with surfaces with a corrugation coefficient d/l >
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Table A.2: Calculated values of peak effective wall friction coefficient
µe f f ,max, effective wall friction coefficient µe f f ,res and residual volu-
metric strain εv for different corrugation coefficient d/l.

d/l [-] µe f f ,max [-] µe f f ,res [-] εv [-]
0.000 0.335 0.330 -0.0051
0.053 0.520 0.472 0.0092
0.147 0.733 0.658 0.0203
0.240 0.798 0.728 0.0241
0.333 0.872 0.757 0.0243
0.427 0.883 0.781 0.0267

0.053, classified as deep. In these cases, the response of sand sample during shear-
ing was characterized by an initial hardening until the shear resistance was yielded,
followed by a softening of the sample after the peak. Unfortunately, based on the
studied surfaces, it is difficult to clearly determine the precise boundary for distin-
guishing these two types of surfaces. The presented analysis showed that the critical
corrugation coefficient was in the range between d/l = 0.053 and d/l = 0.147. In
addition, the analysis showed that there is a limit to the shear resistance of the in-
terface. Increasing the corrugation coefficient above 0.333 resulted in a negligible
increase in shear resistance.

A.3.2 Friction of sand on corrugated sinusoidal surface

Based on the laboratory results, the friction between the sand and the corrugated
sinusoidal surface was determined. The effective wall friction coefficient was calcu-
lated using the equation 4.5 presented in the Chapter 4.4. To calculate µe f f the peak
and the residual values of the shear resistance were used. Figure A.9A presents the
value of calculated effective wall friction coefficient (peak value of the internal fric-
tion angle of sand was ϕi,max = 46◦). The magnitude of the µe f f was significantly
influenced by the profile geometry, and increased with the increase of the corruga-
tion coefficient. Similarly as in the DEM analysis, the wall contact factor aw was de-
termined using the Equation 4.7 presented in Chapter 4.4. Figure A.9B presents the
calculated value of the wall contact factor aw based on the peak effective surface fric-
tion coefficient obtained in each test. The aw=0.2 recommended by EN 1991-4 (2006)
is represented by a red line. The analysis reveals that as d/l increased, the wall con-
tact factor decreased. These findings are consistent with those of other researchers
(Zhang et al., 1994). The parameter reached an asymptotic limit of approximately 0.3
for surfaces with d/l ≥ 0.333. For the smooth surfaces, the coefficient of friction was
much closer to that of grain-on-surface friction than to the internal friction angle of
sand, and reached aw=1.0 for a flat surface. It is evident that the value of this factor
is not constant for the tested surfaces. Moreover, for any of the surfaces, aw does not
equal 0.2 as recommended in the EN 1991-4 (2006).
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Figure A.9: Calculated: A) effective friction coefficient µe f f and B) wall contact factor aw
versus normalized horizontal displacement u/L for different corrugation coefficient d/l

obtained in laboratory tests. The red line represents the value of aw=0.2 recommended by
the the EN 1991-4 (2006).

A.3.3 DIC analysis

The research, described in previous section, has so far focused on the macroscopic
behavior of the interface between cohesionless sand and sinusoidal corrugated sur-
faces of various geometries. In this section, the effect of the surface profile on the
mesoscopic behavior of the bulk solid-corrugated surface regime has been investi-
gated. Experimental results on the evolution and formation of the shear zone in the
contact zone, calculated using the DIC technique, are presented.

Effect of surface geometry

At the beginning, the influence of the corrugation coefficient d/l on the contact zone
behavior was investigated. In the following paragraphs, the studied variables pre-
sented in the images were calculated for the final state of the test (u/L=0.1) in ref-
erence to the initial state of the specimen (u/L=0.0). Therefore, the displacements
were accumulated from the beginning to the end of the test.

First, the effect of the corrugation coefficient d/l on the distribution of both hor-
izontal and vertical displacements within the sand was studied (Figures A.10 and
A.11). The movement of the corrugated surface was induced in the right-hand posi-
tion, therefore the red color in Figure A.10 represents the movement of the sand in
this direction. On the other hand, the blue color in this figure represents no motion
of sand grains at all. In case of vertical displacements (Figure A.11) red color repre-
sents the displacements of sand grains towards the corrugated surface, while blue
color represents the displacements towards the loading platen. These figures shows
that the final deformation of the sand specimen was significantly influenced by the
surface geometry.

The results correspond well with the evolution of the mobilized shear stress
curves. For surfaces with d/l ≤ 0.053 the entire sand behaved like a quasi-rigid
body during the test. In these cases, sand slipped directly at the surface, therefore
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negligible or small horizontal and vertical displacements were observed (Figures
A.10a,b and A.11a,b). In these cases it was assumed that the shear resistance was
mostly or completely affected by the grain-on-surface friction. It was noticed that
the grains initially located in the valleys moved towards the sand mass during the
test. On the other hand, the sand mass located at the peaks was moved towards the
surface throughout the study. This vertical movement was related to the horizontal
motion of the surface. This movement was related to the horizontal motion of the
surface, where the moving valleys confined the sand and the moving hills loosened
it. For the surface with d/l=0.147 (Figures A.10c and A.11c), the granular material
in the valleys partially followed the movement of the bottom surface. The final hor-
izontal displacements of the sand grains in those areas were smaller than the final
displacement of the surface. In the remaining cases (d/l ≥ 0.240) bulk material was
divided by the shear zone located slightly below the peaks of the corrugation. Part
of the sand was locked directly in the valleys and followed the movement of the
surface. The final displacement of these grains was equal to the total horizontal dis-
placement of the surface (Figure A.10c-e). Above the shear zone, the sand sample
behaved as a quasi-rigid body. As a result of the dilatancy occurring within the local-
ized zone, the granular material locked in the valleys was pushed toward the surface
(Figure A.11d-e). No significant vertical movement was observed at the peaks of the
corrugation. In these regions, the sand grains were sliding directly on the surface.
In addition, based on the distribution of vertical displacements, it can be seen that
the shearing caused a counterclockwise rotation of the top platen. As a result, the
sand on the left side of the specimen was compacted and the sand on the right side
of the specimen was loosened (Figure A.11d-e). The total rotation of the top platen
increased with the increase of corrugation coefficient d/l.

(a) d/l=0.000 (b) d/l=0.053

(c) d/l=0.147 (d) d/l=0.240

(e) d/l=0.333 (f) d/l=0.427

Figure A.10: Horizontal displacement vx distribution at the final state (u/L=0.1) obtained
with DIC analysis for different corrugation coefficient d/l (Grabowski et al. (2023), CC BY

4.0).
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(a) d/l=0.000 (b) d/l=0.053

(c) d/l=0.147 (d) d/l=0.240

(e) d/l=0.333 (f) d/l=0.427

Figure A.11: Vertical displacement vy distribution at the final state (u/L=0.1) obtained with
DIC analysis for different corrugation coefficient d/l (Grabowski et al. (2023), CC BY 4.0).

Based on the distribution of horizontal vx and vertical displacements vy, the
strain fields within the sand sample were calculated using DIC method (Figures
A.12-A.14). Figure A.12 shows the distribution of horizontal strains εxx in the spec-
imen for each type of studied surface. Similarly to the previous paragraphs, for the
flat surface no deformation occurred. The entire specimen behaved like a rigid body
and slipped on the surface (Figure A.12a). For the surface with d/l=0.053, some
small horizontal deformation was observed directly on the surface. Similar conclu-
sions can be drawn for these surfaces based on the distribution of vertical εyy (Figure
A.13a,b) and shear strains εxy (Figure A.14a,b). In the remaining cases (d/l ≥ 0.147),
a more pronounced shear zone was observed with a consequent increase in the cor-
rugation coefficient. For these tests, an interesting mechanism was captured using
the horizontal strains εxx distribution. The localized zone was composed of alternat-
ing regions of dilating and contracting sand, despite the fact that the sand sheared
globally in the direction related to the motion of the corrugated surface. This mech-
anism within the shear zone was previously observed in studies by Rechenmacher
(2006) and Chupin et al. (2011), where it was associated with the successive forma-
tion and breakage of particle columns. Further analysis showed that this column
collapse leads to the generation of almost periodic large voids (Oda and Kazama,
1998; Nitka et al., 2015). The distribution of vertical εyy (Figure A.13) and shear εxy

(Figure A.14) strains agreed well for all types of corrugation profiles. For surfaces
with d/l ≥ 0.247, the localized zone between the peaks of the corrugations was most
evident. Shearing occurred mainly within the granular material, with no significant
deformation at the peaks. At the peaks, the interaction was mainly based on the
sliding of the sand on the solid surface, creating a distinct horizontal shear zone that
divided the sand into two quasi-rigid bodies.

Next, the shear strain fields εxy in the final state of the test for surfaces with
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(a) d/l=0.000 (b) d/l=0.053

(c) d/l=0.147 (d) d/l=0.240

(e) d/l=0.333 (f) d/l=0.427

Figure A.12: Horizontal strain εxx distribution at the final state (u/L=0.1) obtained with
DIC analysis for different corrugation coefficient d/l (Grabowski et al. (2023), CC BY 4.0).

(a) d/l=0.000 (b) d/l=0.053

(c) d/l=0.147 (d) d/l=0.240

(e) d/l=0.333 (f) d/l=0.427

Figure A.13: Vertical strain εyy distribution at the final state (u/L=0.1) obtained with DIC
analysis for different corrugation coefficient d/l (Grabowski et al. (2023), CC BY 4.0).

d/l ≥ 0.147 were selected to study the shear zones. The other two surfaces (d/l ≤
0.053) were not examined because it was assumed that in the case of smooth surfaces,
the granular material slipped on the surface and no shear zone occurred. The area
of the analyzed digitized images was reduced to the internal waves to minimize
the boundary effect of the shear frames. Initially, the approximate location of the
shear zone was determined based on the fields shown in Figure A.15. In all studied
cases, the shear zone was clearly visible. It was observed that as the corrugation
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(a) d/l=0.000 (b) d/l=0.053

(c) d/l=0.147 (d) d/l=0.240

(e) d/l=0.333 (f) d/l=0.427

Figure A.14: Shear strain εxy distribution at the final state (u/L=0.1) obtained with DIC
analysis for different corrugation coefficient d/l (Grabowski et al. (2023), CC BY 4.0).

coefficient increased, the plane of the shear zone moved away from the valleys of
the surface toward the sand mass. Based on the figures, an approximate relationship
was established between the grain-on-grain (bi in EN 1991-4 (2006) standard) and
grain-on-surface (bw in EN 1991-4 (2006) standard) components of friction. The wall
contact factor was equal to aw=0.333 for d/l=0.147, aw=0.238 for d/l=0.240, aw=0.227
for d/l=0.333, and aw=0.133 for d/l=0.427. Finally, the thickness of the shear zone
(ts) was analyzed. In all cases, it ranged between approximately 3.0 mm (4× d50) and
3.4 mm (about 5× d50), which agrees well with other studies (Uesugi et al., 1988; Hu
and Pu, 2004).

(a) d/l=0.147 (b) d/l=0.240

(c) d/l=0.333 (d) d/l=0.427

Figure A.15: Highlight of the shear zone based on shear strain εxy distribution at the final
state (u/L=0.1) obtained with DIC analysis for different corrugation coefficient d/l

(Grabowski et al. (2023), CC BY 4.0).
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Shear zone evolution

The research, described in previous section, has so far focused on studying the effect
of corrugation coefficient d/l on the shear zone characteristics at the final state of
the shearing. In this section, the evolution of these characteristics during the sample
deformation was analyzed. DIC analysis was performed on images taken at differ-
ent horizontal motion steps of the test, starting from the initial state (u/L=0) up to
the final state of the test (u/L=0.1) with an increment of du/L=0.02. All strain fields
in successive steps were calculated with respect to the initial state of the sample
(u/L=0).

To study the shear zone evolution, two tests with different profiles were se-
lected. The first surface had a corrugation coefficient d/l=0.053 and the second had
d/l=0.333. These surfaces were chosen specifically because of their distinct shear-
ing mechanisms observed in the previous section. As demonstrated earlier, the first
surface behaved like a smooth interface, while the second surface exhibited charac-
teristics typical for a deep interface.

At the beginning, the evolution of the shear zone in the interface between sand
and smooth surface was analyzed. Figures A.16-A.18 present the evolution of hor-
izontal εxx, vertical εyy and shear strains εxy at the consecutive stages of the test.
Initially, the sand deformation in the area adjacent to the surface was barely visi-
ble in both the horizontal and vertical directions (Figure A.16a-c and Figure A.17a-
c). Small deformations of the granular mass can be observed after the surface has
moved more than u/L=0.04 (Figure A.16a-c and Figure A.17a-c). During the test, al-
most entire sand sample remained stationary, while the smooth surface was moving
in the direction of the shearing. Only slight deformation was observed directly in the
valleys and at the peaks of the waves. In the valleys, the granular material moved
away from the surface. This caused local compaction of the sand. In contrast, at the
peaks, the granular material moved toward the surface, causing local loosening of
the sand (Figure A.17d-f).

Next, the analysis of the evolution of the shear zone was performed for the sur-
face with corrugation coefficient d/l=0.333 (Figures A.19-A.21). The strain fields in
the subsequent time steps show that in this case the shear zone was observed just
before the peak of the shear stress. The initiation points of the shear zones were lo-
calized near the top of the surface hills (Figure A.20c). As the shearing progressed,
they propagated towards the granular mass (Figure A.20d-f). This behavior can be
attributed to the difference between the internal friction angle and friction angle
against the surface. The latter angle is lower, and therefore the deformation can
be detected at an earlier stage. The analysis of the horizontal and vertical defor-
mation fields (Figures A.19 and A.20) revealed that the mechanism in the contact
area between the granular material and the corrugated surface is complex and non-
uniform. It can be noted that the entire shear zone was composed of local alternat-
ing arc-shaped zones rather than a set of horizontal shear planes. These arc-shaped
shear zones exhibited slightly non-horizontal levels of support, beginning simulta-
neously at the peak of the receding wave and extending well below the peak of the
advancing wave (Figures A.20d-f and A.21d-f). Consequently, the shear zone occur-
ring at the corrugation peak is not distributed evenly between the two sides of the
wave. In particular, the sliding associated with the grain-on-surface friction angle is
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(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.16: Evolution of the horizontal strain εxx in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.053 (Grabowski

et al. (2023), CC BY 4.0).

(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.17: Evolution of the horizontal strain εyy in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.053 (Grabowski

et al. (2023), CC BY 4.0).

greater on the advancing side of the wave than on the opposite side. In other words,
the surface shear is asymmetric and concentrated in one direction, as in case of e.g.
confined granular flow in silo with corrugated steel walls.

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


A.3. Experimental results 181

(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.18: Evolution of the horizontal strain εxy in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.053 (Grabowski

et al. (2023), CC BY 4.0).

(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.19: Evolution of the horizontal strain εxx in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.333 (Grabowski

et al. (2023), CC BY 4.0).
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(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.20: Evolution of the horizontal strain εyy in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.333 (Grabowski

et al. (2023), CC BY 4.0).

(a) u/L=0.00 (b) u/L=0.02

(c) u/L=0.04 (d) u/L=0.06

(e) u/L=0.08 (f) u/L=0.10

Figure A.21: Evolution of the horizontal strain εxy in the entire specimen obtained with DIC
analysis at different phases of the test u/L for corrugation coefficient d/l=0.333 (Grabowski

et al. (2023), CC BY 4.0).
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A.4 Summary

In this section, a comprehensive laboratory analysis of the interface between sand
and corrugated sinusoidal surfaces in modified direct shear apparatus were pre-
sented. The influence of the corrugation coefficient d/l on the shear resistance, spec-
imen deformation and the localization phenomena was analyzed. Following major
conclusions were drawn from the experimental study:

• The shear resistance and shear deformation of the specimen significantly de-
pend on the geometry of the surface. As the corrugation coefficient d/l in-
creased, the horizontal force acting on the surface and volumetric changes also
increased. Based on macroscopic results, two types of surfaces were distin-
guished: shallow and deep surfaces. In the first case, behavior was mainly
influenced by the friction angle against the surface, while in the second case,
with increasing d/l, the internal friction angle of the sand had a greater im-
pact. The critical corrugation coefficient that distinguishes these two types of
surfaces could not be precisely determined. This distinction is important, as
the type of interface (shallow or deep) is one of the parameters that influence
the type of granular silo flow

• The wall contact factor aw calculated according to the formula provided in EN
1991-4 (2006) was significantly influenced by the surface geometry. This pa-
rameter increased as the corrugation coefficient d/l decreased. For the peak
value of effective friction coefficient aw was in the range between aw=0.976
(d/l=0.000) and aw=0.129 (d/l=0.427). For the residual value of effective fric-
tion coefficient aw was in the range between aw=0.985 (d/l=0.000) and aw=0.287
(d/l=0.427). The calculated values aw shows that the recommendation of EN
1991-4 (2006) to set aw=0.2 tends to overestimate the pressures exerted on the
sinusoidal corrugated surfaces in the typical range of wall profiles.

• The DIC method was used to calculate the displacement and strain fields within
the sand sample based on the photographic data acquired during the interface
shear test. This allowed for the study of the wall contact factor aw for deep
surfaces, which was estimated from the shear strain distribution exy. Con-
trary to the value recommended by EN 1991-4 (2006), aw was not constant.
For the residual value of the effective friction coefficient aw was in the range
between aw=0.333 (d/l=0.147) and aw=0.133 (d/l=0.427). These values were
significantly lower than those calculated according to the EN 1991-4 (2006).
Therefore, the visual method of determining aw provides qualitative rather
than quantitative results.

• The 3D printed experimental setup constructed for this study proved to be ef-
ficient and accurate, and allowed for DIC analysis of sand deformation within
the contact zone. The differences in shear resistance and volumetric changes
within the sample between the direct shear test performed with brass shear
frames and PLA printed frames were negligible. The DIC method provided
useful observations on the sand behavior. The effect of the d/l coefficient
was significant: slipping occurred directly at the surface for shallow surfaces,
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whereas for deep surfaces, arc-shaped shear zones were observed between the
peaks of the corrugations instead of a single uniform shear plane. The thick-
ness of these shear zones varied between 4× d50 and 5× d50.

Further research is necessary to investigate the behavior of the interface between
granular material and sinusoidal corrugated surfaces. Future experimental analy-
ses will involve various grain types, such as wheat grains, under different pressures
and moisture contents. Additionally, analysis of the contact zone will be conducted
in a model-scale silo with corrugated sinusoidal walls. Experimental outcomes can
be enhanced with numerical analysis using the discrete element method, which can
provide insights into the grain-level behavior of granular materials. The laboratory
study presented in this appendix provides a solid basis for the calibration and vali-
dation of numerical models.
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Balevičius, R., I. Sielamowicz, Z. Mróz, and R. Kačianauskas (Dec. 2012). “Effect of
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(Krzyżanowski et al., 2021). . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.14 Illustrations of: a) specimen deformation, b) development of column-
like structures, and c) porosity changes in biaxial compression test
using granular material composed of spherical discs (Iwashita and
Oda, 1998). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.15 Evolution of: a) specimen deformation, b) grain rotations , c) internal
forces in the entire specimen, and d) void ratio distribution within the
shear zone during direct shear test of initially medium dense sand for
horizontal displacement of u=20 mm obtained with DEM (Kozicki et
al., 2013). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.16 Shear zone location near the walls captured with velocity profiles for:
a) the bin 15 particle diameters wide and b) for the bin 20 particle
diameters wide (Gutfraind and Pouliquen, 1996). . . . . . . . . . . . . . 20

2.17 Normal force chain network in granular material during: A) quasi-
static flow in a bin and B) a close-up on the normal force chains at
four different time steps of (A) (Gutfraind and Pouliquen, 1996). . . . . 20

3.1 Simulation loop in discrete software YADE that includes: body-centered
calculations (red color) followed by interaction calculations (blue color),
force estimation (green color), and other engines, such as user-defined
components (black color) (Smilauer et al., 2023). . . . . . . . . . . . . . 24

3.2 Mechanical response of linear contact model with rotational resistance:
a) normal contact model, b) tangential contact model, c) loading and
unloading path for tangential force and d) rolling contact model, e)
loading and unloading path for rolling contact model (Kozicki et al.,
2013). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Interaction between two spheres in DEM at time t (Belheine et al., 2009). 27
3.4 Overview of typical particle shapes used in DEM simulations: A)

spheres and clumps composed of spheres (Kozicki et al., 2012), B)
poly-superellipsoid particles (Zhao and Zhao, 2019), C) superquadric
particles (Podlozhnyuk et al., 2016) and D) polyhedral particles (Zhao
et al., 2006). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1 Numerical setup for triaxial compression test. . . . . . . . . . . . . . . . 36
4.2 Triaxial compression test on initially dense sand (e0=0.55 and σc=200

kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different mean grain diameter
d50 (µc=18◦, Ec=300 kPa, υc=0.3, η=0.4 and β=0.7). . . . . . . . . . . . . 36

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


206 List of Figures

4.3 Triaxial compression test on initially dense sand (e0=0.55 and σc=200
kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different interparticle friction
angle µc (Ec=200 MPa, υc=0.3, η=1.0 and β=1.0). . . . . . . . . . . . . . 37

4.4 Triaxial compression test on initially dense sand (e0=0.55 and σc=200
kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different local modulus of the
elasticity Ec (µc=15◦, υc=0.3, η=1.0 and β=1.0). . . . . . . . . . . . . . . . 38

4.5 Triaxial compression test on initially dense sand (eo=0.55 and σc=200
kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different shear/normal local
stiffness ratio υc (µc=15◦, Ec=200 MPa, η=1.0 and β=1.0). . . . . . . . . 38

4.6 Triaxial compression test on initially dense sand (e0=0.55 and σc=200
kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different limit rolling coeffi-
cient η (µc=15◦, Ec=200 MPa, υc=0.3 and β=1.0). . . . . . . . . . . . . . . 39

4.7 Triaxial compression test on initially dense sand (e0=0.55 and σc=200
kPa): a) vertical normal stress σ1 and b) volumetric strain εv versus
vertical normal strain ε1 from DEM for different rolling stiffness coef-
ficient β (µc=15◦, Ec=200 MPa, υc=0.3 and η=1.0). . . . . . . . . . . . . . 40

4.8 Triaxial compression test on initially dense sand (e0 = 0.53): a) calcu-
lated vertical normal stress σ1 and b) volumetric strain εv versus verti-
cal normal strain ε1 from: DEM calculations (black empty dots) com-
pared to laboratory experiments (red full dots) (Kolymbas and Wu,
1990) for different initial confining pressure σc (µc = 18◦, Ec = 300
MPa, υc = 0.3, η = 0.4 and β = 0.7). . . . . . . . . . . . . . . . . . . . . 41

4.9 Direct shear test in DEM: a) numerical setup, b) sample at the initial
state and c) deformed sample at the final state (Grabowski and Nitka,
2020; Nitka and Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . 44

4.10 Direct shear test on initially medium-dense sand (e0 = 0.63 and σn =

50 kPa): a) calculated shear stress ratio τ/σn and b) volumetric strain
εv versus total horizontal displacement u for different depth of the
sand specimen d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.11 Example of: a) void ratio distribution, b) normal contact forces distri-
bution, and c) contact orientation at the initial state of the test, prior
to applying pressure (e0 = 0.63 and σn = 200 kPa,). . . . . . . . . . . . 46

4.12 Direct shear test on initially medium-dense sand: a) calculated shear
stress ratio τ/σn and b) volumetric strain εv versus total horizontal
displacement u from discrete simulation (Nitka and Grabowski, 2021)
and laboratory test (Salazar et al., 2015) (e0 = 0.63 and σn = 80 kPa). . . 47

4.13 Calculated: A) shear stress ratio τ/σn and B) volumetric strain εv ver-
sus total horizontal displacement u from discrete simulations of direct
shear test for different normal stresses: a) σn = 50 kPa, b) σn = 200
kPa, and c) σn = 500 kPa (e0 = 0.60) (Grabowski and Nitka, 2020;
Nitka and Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . 48

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


List of Figures 207

4.15 Front view of the specimen at the final state of the test for different
vertical load: a) σn=50 kPa, b) σn=200 kPa and c) σn=500 kPa (e0=0.60)
(Grabowski and Nitka, 2020). . . . . . . . . . . . . . . . . . . . . . . . . 49

4.16 Distribution of sphere rotations ω in granular specimen at the final
state of the test for different vertical load: a) σn=50 kPa, b) σn=200
kPa and c) σn=500 kPa (e0=0.60) (red color-clockwise rotations, blue
color-counterclockwise rotations) (Grabowski and Nitka, 2020). . . . . 49

4.17 Distribution of void ratio e in granular specimen at the final state of
the test for different vertical load: a) σn=50 kPa, b) σn=200 kPa and c)
σn=500 kPa (e0=0.60). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.18 Distribution of normal force chains in granular specimen at the final
state of the test for different vertical load: a) σn=50 kPa, b) σn=200 kPa
and c) σn=500 kPa (e0=0.60) (Grabowski and Nitka, 2020). . . . . . . . . 50

4.19 Polar mean contact force distribution in granular specimen at the ini-
tial state (black line) and final state of the test (red line) for different
vertical load: a) σn=50 kPa, b) σn=200 kPa and c) σn=500 kPa (e0=0.60)
(the graphs scale has been adjusted to ensure good readability, con-
sidering the varying magnitudes of the vertical load). . . . . . . . . . . 51

4.20 Front view of the specimen at the final state of the test for different
initial void ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa)
(Grabowski and Nitka, 2020). . . . . . . . . . . . . . . . . . . . . . . . . 52

4.21 Distribution of sphere rotations ω in granular specimen at the final
state of the test for different initial void ratio e0: a) e0=0.53, b) e0=0.60
and c) e0=0.75 (σn=200 kPa) (red color-clockwise rotations, blue color-
counterclockwise rotations) (Grabowski and Nitka, 2020). . . . . . . . . 52

4.22 Distribution of void ratio in granular specimen at the final state of
the test for different initial void ratio e0: a) e0=0.53, b) e0=0.60 and c)
e0=0.75 (σn=200 kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.23 Distribution of normal force chains in granular specimen at the final
state of the test for different initial void ratio e0: a) e0=0.53, b) e0=0.60
and c) e0=0.75 (σn=200 kPa) (Grabowski and Nitka, 2020; Nitka and
Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.24 Polar mean contact force distribution in granular specimen at the ini-
tial state (black line) and final state of the test (red line) for different
initial void ratio e0: a) e0=0.53, b) e0=0.60 and c) e0=0.75 (σn=200 kPa). . 53

4.25 Evolution of displacements fluctuations u⃗i − u⃗avg in the entire speci-
men for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=0.75 mm, d) ux=1.00
mm, e) ux=1.25 mm, f) ux=1.50 mm, g) ux=1.75 mm, h) ux=2.00 mm
and i) ux=6.00 mm (e0=0.60 and σn=200 kPa) (black vectors, multiplied
by 1e03, shows only every 50 elements for readability) (Grabowski
and Nitka, 2020). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.26 Evolution of horizontal displacements ux in the entire specimen for:
a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e)
ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and
Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


208 List of Figures

4.27 Evolution of vertical displacements uy in the entire specimen for: a)
ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e) ux=2.00
mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and Grabowski,
2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.28 Evolution of the gradient of horizontal displacements u∗
x in the en-

tire specimen for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d)
ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200
kPa) (Nitka and Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . 57

4.29 Evolution of the gradient of vertical displacements u∗
y in the entire

specimen for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d)
ux=1.50 mm, e) ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200
kPa) (Nitka and Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . 57

4.30 Evolution of the gradient of particle rotations ω∗ in the entire speci-
men for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50
mm, e) ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa)
(Nitka and Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . 58

4.31 Evolution of gradient of horizontal stresses σ11 in the entire specimen
for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e)
ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and
Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.32 Evolution of gradient of vertical stresses σ22 in the entire specimen
for: a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e)
ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and
Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.33 Evolution of gradient of shear stresses σ12 in the entire specimen for:
a) ux=0.10 mm, b) ux=0.50 mm, c) ux=1.00 mm, d) ux=1.50 mm, e)
ux=2.00 mm and f) ux=6.00 mm (e0=0.60 and σn=200 kPa) (Nitka and
Grabowski, 2021). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.34 Asymmetric convex clump of 0.5 mm diameter in XYZ coordinate
space, composed of 4 spheres used in discrete simulations (0.1 mm
grid size) (Grabowski et al. (2021a), licensed under CC BY 4.0). . . . . . 63

4.35 Interface shear test in DEM: a) numerical setup, b) sample at the initial
state and c) deformed sample at the final state (Grabowski et al. (2020),
licensed under CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.36 Rigid bottom surface sections with different normalized surface rough-
ness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f)
Rn=0.1 and g) Rn=0.01 (Grabowski et al. (2020), licensed under CC BY
4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.37 Mobilized surface friction angle ϕs versus horizontal displacement
u obtained for: A) spheres (Grabowski et al., 2020) and B) clumps
(Grabowski et al., 2021a) for different normalized surface roughness
Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10
and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Adapted graphics licensed
under CC BY 4.0; changes include font, line style and size adjustments). 66

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


List of Figures 209

4.38 Volumetric strain εv versus horizontal displacement u obtained for:
A) spheres (Grabowski et al., 2020) and B) clumps (Grabowski et al.,
2021a) for different normalized surface roughness Rn: a) Rn=2.0, b)
Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (Adapted graphics licensed under CC BY
4.0; changes include font, line style and size adjustments). . . . . . . . 67

4.39 Relationship between maximum surface friction angle ϕs,max and resid-
ual surface friction angle ϕs,res for different normalized surface rough-
ness Rn for: a) spheres and b) clumps (black color represents ϕs,max

and red color represents ϕs,res) (adapted from Grabowski et al. (2021a),
licensed under CC BY 4.0. Graphic changes include color and size ad-
justments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.40 DEM results obtained for spheres of: a) mobilized surface friction an-
gle ϕs and b) volumetric strain εv versus horizontal displacement u
compared to experimental results by Tejchman and Wu (1995) for dif-
ferent normalized surface roughness Rn: Rn=1.0, Rn=0.25 and Rn=0.01
(e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2020), li-
censed under CC BY 4.0. Graphic changes include color and size ad-
justments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.41 DEM results obtained for clumps of: a) mobilized surface friction an-
gle ϕs and b) volumetric strain εv versus horizontal displacement u
compared to experimental results by Tejchman and Wu (1995) for dif-
ferent normalized wall roughness Rn: Rn=1.0, Rn=0.25 and Rn=0.01
(e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2021a), li-
censed under CC BY 4.0. Graphic changes include color and size ad-
justments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.42 DEM results obtained for spheres of: a) mobilized surface friction an-
gle ϕs and b) volumetric strain εv versus horizontal displacement u
compared to experimental results by Tejchman and Wu (1995) with
two different initial void ratios of sand: e0=0.55 and e0=0.80 (σn=100
kPa and Rn=1.0) (adapted from Grabowski et al. (2020), licensed un-
der CC BY 4.0. Graphic changes include color and size adjustments). . 70

4.43 DEM results obtained for clumps of: a) mobilized surface friction an-
gle ϕs and b) volumetric strain εv versus horizontal displacement u
compared to experimental results by Tejchman and Wu (1995) with
two different initial void ratios of sand: e0=0.55 and e0=0.80 (σn=100
kPa and Rn=1.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.44 Front view of the sand specimen composed of spheres at the final state
of the test (utot=7.0 mm) for different normalized surface roughness
parameter Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25,
f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). . . . . . . . . . . . . 72

4.45 Front view of the sand specimen composed of clumps the final state
of the test (utot=7.0 mm) for different normalized surface roughness
parameter Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25,
f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). . . . . . . . . . . . . 72

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


210 List of Figures

4.46 Distribution of horizontal grain displacement u across normalized spec-
imen height h/d50 at the specimen mid-point at residual state for utot=7.0
mm for: A) spheres (Grabowski et al., 2020) and B) clumps (Grabowski
et al., 2021a) for different normalized surface roughness Rn: a) Rn=2.0,
b) Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (Adapted graphics licensed under CC BY
4.0; changes include font, line style and size adjustments). . . . . . . . 73

4.47 A zoom on the distribution of particle rotations ω in sand specimen
composed of spheres at the final state of the test (utot=7.0 mm) for
different normalized surface roughness Rn: a) Rn=1.0, b) Rn=0.5 and
c) Rn=0.1 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al.
(2020), licensed under CC BY 4.0. Graphic changes include color and
size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.48 A zoom on the distribution of particle rotations ω in sand specimen
composed of clumps at the final state of the test (utot=7.0 mm) for
different normalized surface roughness Rn: a) Rn=1.0, b) Rn=0.5 and
c) Rn=0.1 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al.
(2021a), licensed under CC BY 4.0. Graphic changes include color and
size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.49 Distribution of particle rotations ω in sand specimen composed of
spheres at the final state of the test (utot=7.0 mm) for different nor-
malized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). 75

4.50 Distribution of particle rotations ω in sand specimen composed of
clumps at the final state of the test (utot=7.0 mm) for different nor-
malized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d)
Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). 75

4.51 Distribution of grain rotation ω across normalized specimen height
h/d50 at the specimen mid-point at residual state for utot=7.0 mm
for: A) spheres (Grabowski et al., 2020) and B) clumps (Grabowski
et al., 2021a) for different normalized roughness Rn: a) Rn=2.0, b)
Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01
(e0=0.55,and σn=100 kPa) (Adapted graphics licensed under CC BY
4.0; changes include font, line style and size adjustments). . . . . . . . 76

4.52 Distribution of void ratio e in sand specimen composed of spheres at
the final state of the test (utot=7.0 mm) for different normalized surface
roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25,
f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). . . . . . . . . . . . . 77

4.53 Distribution of void ratio e in sand specimen composed of clumps at
the final state of the test (utot=7.0 mm) for different normalized surface
roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25,
f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa). . . . . . . . . . . . . 77

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


List of Figures 211

4.54 Distribution of void ratio e across normalized specimen height h/d50

at the specimen mid-point at residual state for utot=7.0 mm for: A)
spheres (Grabowski et al., 2020) and B) clumps (Grabowski et al.,
2021a) for different normalized roughness Rn: a) Rn=2.0, b) Rn=1.0,
c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01 (e0=0.55
and σn=100 kPa) (Adapted graphics licensed under CC BY 4.0; changes
include font, line style and size adjustments). . . . . . . . . . . . . . . . 78

4.55 Distribution of normal force chains in sand specimen composed of
spheres at the final state of the test (utot=7.0 mm) for different normal-
ized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5,
e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (red
color corresponds to normal contact forces higher than mean value,
maximum value of forces is 0.05 N) (Grabowski et al. (2020), licensed
under CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.56 Distribution of normal force chains in sand specimen composed of
clumps at the final state of the test (utot=7.0 mm) for different normal-
ized surface roughness Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5,
e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (red
color corresponds to normal contact forces higher than mean value,
maximum value of forces is 0.05 N) (Grabowski et al. (2021a), licensed
under CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.57 Polar mean contact force distribution in granular sand composed of
spheres at the initial state (black line) and final state of the test (utot=7.0
mm) (red line) for different normalized surface roughness Rn: a) Rn=2.0,
b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f) Rn=0.1 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (Grabowski et al. (2020), licensed under CC
BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.58 Polar mean contact force distribution in sand specimen composed
of clumps at the initial state (black line) and final state of the test
(utot=7.0 mm) (red line) for different normalized surface roughness
Rn: a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5, e) Rn=0.25, f) Rn=0.1
and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (Grabowski et al. (2021a),
licensed under CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.59 Distribution of: A) horizontal σ12 and B) vertical shear stress σ21 across
normalized height h/d50 for spheres at residual state (utot=7.0 mm) at
specimen mid-point with different normalized surface roughness Rn:
a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5Rn 0, e) Rn=0.25, f) Rn=0.10
and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski
et al. (2020), licensed under CC BY 4.0. Graphic changes include color
and size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83D

o
w

nl
o

ad
ed

 f
ro

m
 m

o
st

w
ie

d
zy

.p
l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


212 List of Figures

4.60 Distribution of: A) horizontal σ12 and B) vertical shear stress σ21 across
normalized height h/d50 for clumps at residual state (utot=7.0 mm) at
specimen mid-point with different normalized surface roughness Rn:
a) Rn=2.0, b) Rn=1.0, c) Rn=0.75, d) Rn=0.5Rn 0, e) Rn=0.25, f) Rn=0.10
and g) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et
al. (2021a), licensed under CC BY 4.0. Graphic changes include color
and size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.61 Distribution of stress components for spheres: a) horizontal normal
stress σ11, b) vertical normal stress σ22, c) horizontal shear stress σ12

and d) vertical shear stress σ21 across normalized specimen height
h/d50 at residual state (utot=7.0 mm) at specimen mid-point with dif-
ferent normalized interface roughness Rn: A) Rn=1.0, B) Rn=0.50 and
C) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al.
(2020), licensed under CC BY 4.0. Graphic changes include color and
size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.62 Distribution of stress components for clumps: a) horizontal normal
stress σ11, b) vertical normal stress σ22, c) horizontal shear stress σ12

and d) vertical shear stress σ21 across normalized specimen height
h/d50 at residual state (utot=7.0 mm) at specimen mid-point with dif-
ferent normalized interface roughness Rn: A) Rn=1.0, B) Rn=0.50 and
C) Rn=0.01 (e0=0.55 and σn=100 kPa) (adapted from Grabowski et al.
(2021a), licensed under CC BY 4.0. Graphic changes include color and
size adjustments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.63 Discrete results obtained at the final state of the test (utot=7.0 mm) for
initially loose sand (e0=0.80) composed of spheres: a) front view of
the specimen, b) particle rotations distribution (red color represents
the clockwise rotations, blue color the counterclockwise rotations), c)
void ratio distribution, and d) normal force chains distribution in the
specimen (red color corresponds to normal contact forces higher than
mean value, maximum value of forces is 0.05 N) (Rn=1.0 and σn=100
kPa) (Grabowski et al. (2020), licensed under CC BY 4.0). . . . . . . . . 86

4.64 Discrete results obtained at the final state of the test (utot=7.0 mm) for
initially loose sand (e0=0.80) composed of clumps: a) front view of
the specimen, b) particle rotations distribution (red color represents
the clockwise rotations, blue color the counterclockwise rotations), c)
void ratio distribution, and d) normal force chains distribution in the
specimen (red color corresponds to normal contact forces higher than
mean value, maximum value of forces is 0.05 N) (Rn=1.0 and σn=100
kPa) (Grabowski et al. (2021a), licensed under CC BY 4.0). . . . . . . . 86

4.65 Polar mean contact force distribution in granular specimen at the ini-
tial state (black line) and final state of the test (red line) for initially
loose sand (e0=0.80) composed of spheres (Rn=1.0, σn=100 kPa and
d50=0.5 mm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


List of Figures 213

4.66 Polar mean contact force distribution in granular specimen at the ini-
tial state (black line) and final state of the test (red line) for initially
loose sand (e0=0.80) composed of clumps (Rn=1.0, σn=100 kPa and
d50=0.5 mm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.67 Evolution of ratio A = ωd50/u across the normalized specimen height
h/d50 at the specimen center at the end of the test (ux=7.0) obtained for
clumps for different normalized surface roughness Rn: a) Rn=2.0, b)
Rn=1.0, c) Rn=0.75, d) Rn=0.50, e) Rn=0.25, f) Rn=0.10 and g) Rn=0.01
(e0=0.55 and σn=100 kPa) (adapted from Grabowski et al. (2021a), li-
censed under CC BY 4.0. Graphic changes include color and size ad-
justments). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.68 Normal and tangential interface forces n and t acting on surface grooves
(’O’ is the center of the clump, ’C’ is the wall contact point, and rn and
rt are the lever arms of the contact forces against point ’O’) (Grabowski
et al. (2021a), licensed under CC BY 4.0). . . . . . . . . . . . . . . . . . . 89

4.69 Relationship between: a) normal interface force n′ in vertical direction
(squares) and tangential interface force t′ (crosses) in horizontal direc-
tion and tangential interface forces n and t acting on inclined surface
grooves) (Grabowski et al. (2021a), licensed under CC BY 4.0). . . . . . 89

4.70 Dimension of profile for sinusoidal corrugated surfaces with the ap-
proximate location of shear plane (dashed line) according to EN 1991-
4 (2006). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.71 Interface shear test in DEM: a) numerical setup, b) sample at the initial
state and c) deformed sample at the final state. . . . . . . . . . . . . . . 95

4.72 Rigid bottom corrugated sinusoidal surfaces with differenct corru-
gation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147, d)
d/l=0.240, e) d/l=0.333 and f) d/l=0.428 (d - corrugation depth and
l - corrugation length). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.73 Mobilized shear stress τ versus normalized horizontal displacement
u/L for different corrugation coefficient d/l obtained with: a) DEM
simulations and b) experimental analysis (e0=0.63 and σn=48 kPa). . . . 97

4.74 Volumetric strain εv versus normalized horizontal displacement u/L
for different corrugation coefficient d/l obtained with: a) DEM simu-
lations and b) experimental analysis (e0=0.63 and σn=48 kPa). . . . . . 98

4.75 Calculated: A) effective friction coefficient µe f f and B) wall contact
factor aw versus normalized horizontal displacement u/L at the: a)
peak and b) residual state for different corrugation coefficient d/l ob-
tained with DEM (red line represents the aw=0.2 recommended by EN
1991-4 (2006)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.76 Front view of the sand specimen composed at the final state of the
test (u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000,
b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427
(e0=0.63 and σn=48 kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


214 List of Figures

4.77 Distribution of particle rotations ω in sand specimen at the final state
of the test (u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000,
b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427
(e0=0.63 and σn=48 kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.78 Distribution of void ratio e in sand specimen at the final state of the
test (u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000,
b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427
(e0=0.63 and σn=48 kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.79 Distribution of normal force chains in sand specimen at the final state
of the test (u/L=0.1) for different corrugation coefficient d/l: a) d/l=0.000,
b) d/l=0.053, c) d/l=0.147, d) d/l=0.240, e) d/l=0.333 and f) d/l=0.428
(e0=0.63 and σn=48 kPa) (red color corresponds to the force chain above
the mean value). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.80 Distribution of the horizontal strain εxx in sand specimen at the final
state of the test (u/L=0.1) obtained with DIC analysis for different
corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,
d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa). . . 104

4.81 Distribution of the vertical strain εyy in sand specimen at the final
state of the test (u/L=0.1) obtained with DIC analysis for different
corrugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147,
d) d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa). . . 105

4.82 Distribution of the shear strain εxy in sand specimen at the final state
of the test (u/L=0.1) obtained with DIC analysis for different cor-
rugation coefficient d/l: a) d/l=0.000, b) d/l=0.053, c) d/l=0.147, d)
d/l=0.240, e) d/l=0.333 and f) d/l=0.427 (e0=0.63 and σn=48 kPa). . . . 105

4.83 Distribution of the: A) horizontal strain εxx, B) vertical strain εyy and
C) shear strain εxy in sand specimen at the final state of the test (u/L=0.1)
obtained with DIC method in: a) discrete analysis and b) experiments
(Appendix A, Grabowski et al. (2023)) for the surface with corrugation
coefficient d/l=0.053 (e0=0.63 and σn=48 kPa). . . . . . . . . . . . . . . . 106

4.84 Distribution of the: A) horizontal strain εxx, B) vertical strain εyy and
C) shear strain εxy in sand specimen at the final state of the test (u/L=0.1)
obtained with DIC method in: a) discrete analysis and b) in experi-
ments (Appendix A, Grabowski et al. (2023)) for the surface with cor-
rugation coefficient d/l=0.333 (e0=0.63 and σn=48 kPa). . . . . . . . . . 107

4.85 Highlight of the shear zone based on shear strain εxy distribution at
the final state (u/L=0.1) obtained with discrete analysis for different
corrugation coefficient d/l. . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.86 Distribution of the horizontal strain εxx for: a) u/L=0, b) u/L=0.02,
c) u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.053 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.87 Distribution of the vertical strain εyy for: a) u/L=0, b) u/L=0.02, c)
u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.053 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


List of Figures 215

4.88 Distribution of the shear strain εxy for: a) u/L=0, b) u/L=0.02, c)
u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.053 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.89 Distribution of the horizontal strain εxx for: a) u/L=0, b) u/L=0.02,
c) u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.333 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.90 Distribution of the vertical strain εyy for: a) u/L=0, b) u/L=0.02, c)
u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.333 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.91 Distribution of the shear strain εxy for: a) u/L=0, b) u/L=0.02, c)
u/L=0.04, d) u/L=0.06, e) u/L=0.08, and f) u/L=0.1 obtained with
DIC analysis for corrugation coefficient d/l=0.333 (e0=0.63 and σn=48
kPa). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.1 Triaxial compression test results of a: A) mobilized internal friction
angle ϕi and B) volumetric strain εv versus vertical normal strain ε1

for sand specimens composed of spheres with rotational resistance
for two different initial void ratios of sand: a) e0=0.60 and b) e0=0.80
(σ0=5 kPa and d50=5.0 mm) (Grabowski et al., 2021b). . . . . . . . . . . 116

5.2 DEM model setup of silo with parallel walls (height hs=0.5 m and
width bs=0.2 m) with: a) constant outlet velocity applied along en-
tire bottom and b) bottom outlet of various width and location (hg -
groove height, αg - groove inclination and sg - groove spacing) (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.3 Rigid silo walls with different normalized surface roughness parame-
ter Rn=hg/d50: a) Rn=1.0, b) Rn=0.25 and c) Rn=0.01 (Grabowski et al.,
2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.4 The size and the location of silo outlets used in discrete calculations:
a) type ’1’ - symmetric outlet with a width of b=30 mm, b) type ’2’ -
asymmetric outlet with a width of b=30 mm, c) type ’3’ - asymmetric
outlet with a width of b=60 mm. . . . . . . . . . . . . . . . . . . . . . . 118

5.5 Experimental (Tejchman, 2013) (empty dots) and numerical (full dots)
evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant
wall normal force N/G after bottom displacement u for initially dense
sand (e0=0.60) with different normalized roughness Rn (G-sand weight).121

5.6 Experimental (Tejchman, 2013) (empty dots) and numerical (full dots)
evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G after bottom displacement u with very rough wall
for different initial void ratio e0 of the sample (G-sand weight). . . . . . 121

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


216 List of Figures

5.7 Experimental (Tejchman, 2013) (empty dots) and numerical (full dots)
evolution of resultant mobilized wall friction angle ϕw after bottom
displacement u for: a) initially dense sand (e0=0.60) with different nor-
malized roughness Rn, and b) very rough wall (Rn=1.0) for different
initial void ratio e0 of the sample. . . . . . . . . . . . . . . . . . . . . . . 122

5.8 Distribution of: a) wall horizontal stress σ11 and b) wall shear stress
σ21 in silo with very rough walls (Rn=1.0) for initially dense sand (e0 =

0.60) at initial state, maximum state and residual state of quasi-static
flow (Grabowski et al., 2021a). . . . . . . . . . . . . . . . . . . . . . . . . 125

5.9 Distribution of: a) wall horizontal stress σ11 and b) wall shear stress
σ21 in silo with rough walls (Rn=0.25) for initially dense sand (e0 =

0.60) at initial state, maximum state and residual state of quasi-static
flow (Grabowski et al., 2021a). . . . . . . . . . . . . . . . . . . . . . . . . 125

5.10 Distribution of: a) wall horizontal stress σ11 and b) wall shear stress
σ21 in silo with smooth walls (Rn=0.01) for initially dense sand (e0 =

0.60) at initial state, maximum state and residual state of quasi-static
flow (Grabowski et al., 2021a). . . . . . . . . . . . . . . . . . . . . . . . . 125

5.11 Distribution of: a) wall horizontal stress σ11 and b) wall shear stress
σ21 in silo with very rough walls (Rn=1.0) for initially loose sand (e0 =

0.76) at initial state, maximum state and residual state of quasi-static
flow (Grabowski et al., 2021a). . . . . . . . . . . . . . . . . . . . . . . . . 125

5.12 Displacements in sand after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 1.0: a) u = 10
mm, b) u = 20 mm, c) u = 30 mm and d) zoomed view of (c)
showing detailed displacements at the right wall (Grabowski et al.,
2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.13 Displacements in sand after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 0.25: a) u = 10
mm, b) u = 20 mm, c) u = 30 mm and d) zoomed view of (c)
showing detailed displacements at the right wall (Grabowski et al.,
2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.14 Displacements in sand after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 0.01: a) u = 10
mm, b) u = 20 mm, c) u = 30 mm and d) zoomed view of (c)
showing detailed displacements at the right wall (Grabowski et al.,
2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.15 Distribution of particle displacements u across silo width at cross-
section located: a) 10 cm, b) 25 cm and c) 40 cm above silo bottom after
bottom displacement u = 30 mm from DEM for initially dense sand
(e0 = 0.60) with different normalized wall roughness Rn (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.16 Distribution of particle rotations ω across silo width at cross-section
located: a) 10 cm, b) 25 cm and c) 40 cm above silo bottom after bottom
displacement u = 30 mm from DEM for initially dense sand (e0 =

0.60) with different normalized wall roughness Rn (Grabowski et al.,
2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


List of Figures 217

5.17 Distribution of void ratio e across silo width at cross-section located:
a) 10 cm, b) 25 cm and c) 40 cm above silo bottom after bottom dis-
placement u = 30 mm from DEM for initially dense sand (e0 = 0.60)
with different normalized wall roughness Rn (Grabowski et al., 2021b). 129

5.18 Distribution of particle rotations after bottom displacement u in ini-
tially dense sand (e0 = 0.60) with normalized wall roughness Rn =

1.00: a) u = 2.5 mm, b) u = 5.0 mm, c) u = 7.5 mm, d) u = 10.0 mm,
e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 130

5.19 Distribution of particle rotations after bottom displacement u in ini-
tially dense sand (e0 = 0.60) with normalized wall roughness Rn =

0.25: a) u = 2.5 mm, b) u = 5.0 mm, c) u = 7.5 mm, d) u = 10.0 mm,
e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 130

5.20 Distribution of particle rotations after bottom displacement u in ini-
tially dense sand (e0 = 0.60) with normalized wall roughness Rn =

0.01: a) u = 2.5 mm, b) u = 5.0 mm, c) u = 7.5 mm, d) u = 10.0 mm,
e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 130

5.21 Distribution of void ratio after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 1.00: a) u = 0.0
mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm,
f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 131

5.22 Distribution of void ratio after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 0.25: a) u = 0.0
mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm,
f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 131

5.23 Distribution of void ratio after bottom displacement u in initially dense
sand (e0 = 0.60) with normalized wall roughness Rn = 0.01: a) u = 0.0
mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm,
f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 131

5.24 Distribution of normal force chains after bottom displacement u in
initially dense sand (e0 = 0.60) with normalized wall roughness Rn =

1.00: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm,
e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.25 Distribution of normal force chains after bottom displacement u in
initially dense sand (e0 = 0.60) with normalized wall roughness Rn =

0.25: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm,
e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.26 Distribution of normal force chains after bottom displacement u in
initially dense sand (e0 = 0.60) with normalized wall roughness Rn =

0.01: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm,
e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


218 List of Figures

5.27 Polar mean contact force distribution in sand specimen at the end of
filling (black line) and after bottom displacement of u = 30 mm (red
line) with different normalized roughness Rn: a) Rn=1.0, b) Rn=0.25
and c) Rn=0.01 (e0 = 0.60) (Grabowski et al., 2021b). . . . . . . . . . . . 133

5.28 Displacements in sand after bottom displacement u in initially loose
sand (e0 = 0.76) with normalized wall roughness Rn = 1.0: a) u = 10
mm, b) u = 20 mm and c) u = 30 mm (Grabowski et al., 2021b). . . . 134

5.29 Distribution of particle rotations after bottom displacement u in ini-
tially loose sand (e0 = 0.76) with normalized wall roughness Rn =

1.00: a) u = 2.5 mm, b) u = 5.0 mm, c) u = 7.5 mm, d) u = 10.0 mm,
e) u = 20.0 mm and f) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 135

5.30 Distribution of void ratio after bottom displacement u in initially loose
sand (e0 = 0.76) with normalized wall roughness Rn = 1.00: a) u = 0.0
mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm, e) u = 10.0 mm,
f) u = 20.0 mm and g) u = 30.0 mm (Grabowski et al., 2021b). . . . . . 135

5.31 Distribution of normal force chains after bottom displacement u in
initially loose sand (e0 = 0.76) with normalized wall roughness Rn =

1.00: a) u = 0.0 mm, b) u = 2.5 mm, c) u = 5.0 mm, d) u = 7.5 mm,
e) u = 10.0 mm, f) u = 20.0 mm and g) u = 30.0 mm (Grabowski
et al., 2021b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.32 Polar mean contact force distribution in sand specimen at the end of
filling (black line) and after bottom displacement of u = 30 mm (red
line) for initially loose specimen (e0 = 0.76) with normalized rough-
ness Rn=1.0 (Grabowski et al., 2021b). . . . . . . . . . . . . . . . . . . . 136

5.33 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’1’ and a different normalized wall roughness Rn (e0=0.60) (G-
sand weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.34 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’2’ and a different normalized wall roughness Rn (e0=0.60) (G-
sand weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.35 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’3’ and a different normalized wall roughness Rn (e0=0.60) (G-
sand weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.36 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’1’ and a different initial void ratio of sand (Rn=1.00) (G-sand
weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


List of Figures 219

5.37 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’2’ and a different initial void ratio of sand (Rn=1.00) (G-sand
weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.38 Evolution of: a) normalized resultant bottom force P/G, b) normal-
ized resultant wall friction force T/G and c) normalized resultant wall
normal force N/G during the discharge of a silo with the outlet of
type ’3’ and a different initial void ratio of sand (Rn=1.00) (G-sand
weight). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.39 Sand deformation at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with symmetric outlet of type
’1’ for different normalized roughness Rn of the walls: A) Rn = 1.00
and B) Rn = 0.01 (the percentages indicate the amount of sand that
has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.40 Sand deformation at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with asymmetric outlet of
type ’2’ for different normalized roughness Rn of the walls: A) Rn =

1.00 and B) Rn = 0.01 (the percentages indicate the amount of sand
that has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . 142

5.41 Sand deformation at different stages of discharge for silo filled with
initially medium-dense sand (e0 = 0.60) with asymmetric outlet of
type ’3’ for different normalized roughness Rn of the walls: A) Rn =

1.00 and B) Rn = 0.01 (the percentages indicate the amount of sand
that has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . 142

5.42 Distribution of particle rotations at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with sym-
metric outlet of type ’1’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 143

5.43 Distribution of particle rotations at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with asym-
metric outlet of type ’2’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 144

5.44 Distribution of particle rotations at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with asym-
metric outlet of type ’3’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 145

5.45 Distribution of void ratio at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with symmetric outlet
of type ’1’ for different normalized roughness Rn of the walls: A) Rn =

1.00 and B) Rn = 0.01 (the percentages indicate the amount of sand
that has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . 146

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


220 List of Figures

5.46 Distribution of void ratio at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet
of type ’2’ for different normalized roughness Rn of the walls: A) Rn =

1.00 and B) Rn = 0.01 (the percentages indicate the amount of sand
that has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . 147

5.47 Distribution of void ratio at different stages of discharge for silo filled
with initially medium-dense sand (e0 = 0.60) with asymmetric outlet
of type ’3’ for different normalized roughness Rn of the walls: A) Rn =

1.00 and B) Rn = 0.01 (the percentages indicate the amount of sand
that has flowed out of the silo). . . . . . . . . . . . . . . . . . . . . . . . 147

5.48 Distribution of normal force chains at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with sym-
metric outlet of type ’1’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 149

5.49 Distribution of normal force chains at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with asym-
metric outlet of type ’2’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 149

5.50 Distribution of normal force chains at different stages of discharge for
silo filled with initially medium-dense sand (e0 = 0.60) with asym-
metric outlet of type ’3’ for different normalized roughness Rn of the
walls: A) Rn = 1.00 and B) Rn = 0.01 (the percentages indicate the
amount of sand that has flowed out of the silo). . . . . . . . . . . . . . . 150

5.51 Sand deformation for initially loose sand (e0 = 0.76) during flow in
silo with rough walls (Rn = 1.00) with: A) symmetric outlet of type
’1’, B) asymmetric outlet of type ’2’ and C) asymmetric outlet of type
’3’ (percentages indicate the amount of sand that flow out of the silo). . 152

5.52 Distribution of particle rotations for initially loose sand (e0 = 0.76)
during flow in silo with rough walls (Rn = 1.00) with: A) symmetric
outlet of type ’1’, B) asymmetric outlet of type ’2’ and C) asymmetric
outlet of type ’3’ (percentages indicate the amount of sand that flow
out of the silo). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5.53 Distribution of void ratio for initially loose sand (e0 = 0.76) during
flow in silo with rough walls (Rn = 1.00) with: A) symmetric outlet of
type ’1’, B) asymmetric outlet of type ’2’ and C) asymmetric outlet of
type ’3’ (percentages indicate the amount of sand that flow out of the
silo). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

5.54 Distribution of normal force chains for initially loose sand (e0 = 0.76)
during flow in silo with rough walls (Rn = 1.00) with: A) symmetric
outlet of type ’1’, B) asymmetric outlet of type ’2’ and C) asymmetric
outlet of type ’3’ (percentages indicate the amount of sand that flow
out of the silo). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


List of Figures 221

5.55 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’1’, e0=0.60, Rn=1.00). . . 157

5.56 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’1’, e0=0.60, Rn=0.01). . . 157

5.57 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’2’, e0=0.60, Rn=1.00). . . 158

5.58 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’2’, e0=0.60, Rn=0.01). . . 158

5.59 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’3’, e0 = 0.60, Rn = 1.0) . 158

5.60 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’3’, e0 = 0.60, Rn = 0.01) 158

5.61 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’1’, e0 = 0.76, Rn = 1.0) . 159

5.62 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’2’, e0 = 0.76, Rn = 1.0) . 159

5.63 Calculated distribution of: A) wall horizontal stresses σ11 and B) wall
shear stresses σ21 during the flow in silo at the: a) initial state, b) max-
imum state and c) in the residual phase (type ’3’, e0 = 0.76, Rn = 1.0) . 159

A.1 Experimental setup: a) photograph of the experimental setup with a
sand sample prepared for the shear test and b) computer visualization
of individual parts of the modified box of the direct shear apparatus
(Grabowski et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . 166

A.2 Photograph of: a) a PLA-printed shear box, and b) an exemplary PLA-
printed sinusoidal corrugated surface used during the investigation. . 167

A.3 Evolution of: A) mobilized shear stress τ and B) volumetric strain
εv versus normalized horizontal displacement u/L for sample com-
posed of cohesionless sand obtained in direct shear test for: a) brass
shear box and b) PLA printed shear box (e0=0.63 and σn=48 kPa). . . . 167

A.4 Cross-sections (3D STL models) of sinusoidal corrugated surfaces used
in experiments with different corrugation coefficients d/l (Grabowski
et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

A.6 Front view of the sand sample: a) prepared for the interface shear
test and b) at the final state of the test for exemplary surface with
corrugation coefficient d/l=0.147. . . . . . . . . . . . . . . . . . . . . . . 170

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


222 List of Figures

A.7 DIC analysis: a) view of the sample with defined region of interest
and b) close up view of the speckle pattern in a subset window (from
the Ncorr software) (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 171

A.8 Evolution of: a) mobilized shear stress τ and b) volumetric strain εv

versus normalized horizontal displacement u/L for different corru-
gation coefficient d/l obtained in laboratory tests (e0=0.63 andσn=48
kPa) (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . 172

A.9 Calculated: A) effective friction coefficient µe f f and B) wall contact
factor aw versus normalized horizontal displacement u/L for different
corrugation coefficient d/l obtained in laboratory tests. The red line
represents the value of aw=0.2 recommended by the the EN 1991-4
(2006). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

A.10 Horizontal displacement vx distribution at the final state (u/L=0.1)
obtained with DIC analysis for different corrugation coefficient d/l
(Grabowski et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . 175

A.11 Vertical displacement vy distribution at the final state (u/L=0.1) ob-
tained with DIC analysis for different corrugation coefficient d/l (Grabowski
et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

A.12 Horizontal strain εxx distribution at the final state (u/L=0.1) obtained
with DIC analysis for different corrugation coefficient d/l (Grabowski
et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

A.13 Vertical strain εyy distribution at the final state (u/L=0.1) obtained
with DIC analysis for different corrugation coefficient d/l (Grabowski
et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

A.14 Shear strain εxy distribution at the final state (u/L=0.1) obtained with
DIC analysis for different corrugation coefficient d/l (Grabowski et al.
(2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

A.15 Highlight of the shear zone based on shear strain εxy distribution at
the final state (u/L=0.1) obtained with DIC analysis for different cor-
rugation coefficient d/l (Grabowski et al. (2023), CC BY 4.0). . . . . . . 178

A.16 Evolution of the horizontal strain εxx in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.053 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 180

A.17 Evolution of the horizontal strain εyy in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.053 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 180

A.18 Evolution of the horizontal strain εxy in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.053 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 181

A.19 Evolution of the horizontal strain εxx in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.333 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 181

A.20 Evolution of the horizontal strain εyy in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.333 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 182

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


List of Figures 223

A.21 Evolution of the horizontal strain εxy in the entire specimen obtained
with DIC analysis at different phases of the test u/L for corrugation
coefficient d/l=0.333 (Grabowski et al. (2023), CC BY 4.0). . . . . . . . . 182

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl


224

List of Tables

4.1 Discrete material local variables used in parametric study. . . . . . . . 35
4.2 Properties of the ’Karlsruhe’ sand (Kolymbas and Wu, 1990). . . . . . . 35
4.3 Determined discrete material local variables. . . . . . . . . . . . . . . . 41
4.4 Discrete material parameters for interface shear test. . . . . . . . . . . . 63
4.5 Calculated values of maximum surface friction angle ϕs,max, residual

surface friction angle ϕs,res and residual volumetric strain εv for dif-
ferent normalized surface roughness Rn using spheres and clumps
(Grabowski et al. (2021a), licensed under CC BY 4.0). . . . . . . . . . . 67

4.6 Horizontal slip along the rigid bottom surface. . . . . . . . . . . . . . . 73
4.7 Discrete material parameters for interface shear test. . . . . . . . . . . . 94
4.8 Calculated values of peak effective wall friction coefficient µe f f ,max,

effective wall friction coefficient µe f f ,res and residual volumetric strain
εv for different corrugation coefficient d/l. . . . . . . . . . . . . . . . . . 98

4.9 Comparison between experimental and numerical values of the wall
contact factor aw in the residual state calculated with the Equation 1.7
and with the DIC technique. . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.1 Discrete material parameters for the quasi-static silo flow. . . . . . . . . 115
5.2 Experimental (Tejchman, 2013) and numerical values of the normal-

ized resultant vertical bottom force Pmin, the resultant vertical wall
friction force T, the resultant horizontal wall force N, and the resul-
tant mobilized wall friction angle ϕw for initially dense sand during
flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.3 Experimental and numerical values of the resultant vertical bottom
force P in the residual state for initially dense sand during flow as
compared to the theoretical silo formula by Drescher (1991) and stan-
dard formula by EN 1991-4 (2006). . . . . . . . . . . . . . . . . . . . . . 123

5.4 Thickness of the wall shear zones ts at the mid-height of the silo ob-
tained in DEM simulations (d50=1.5 mm) compared to the experiments
(d50=0.5 mm) and (d50=1.0 mm) (Grabowski et al., 2021b). . . . . . . . . 129

A.1 Properties of dry cohesionless sand used in the experiments (Grabowski
et al. (2023), CC BY 4.0). . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

A.2 Calculated values of peak effective wall friction coefficient µe f f ,max,
effective wall friction coefficient µe f f ,res and residual volumetric strain
εv for different corrugation coefficient d/l. . . . . . . . . . . . . . . . . . 173

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://mostwiedzy.pl

	Statement
	Abstract
	Streszczenie
	Acknowledgements
	Introduction
	Phenomenon and problem
	Aims
	Thesis scope and structure
	Innovative elements

	State of the art
	Introduction
	Experimental methods
	Numerical methods
	Continuum methods
	Discrete methods

	Research opportunities

	Discrete Element Method
	Overview
	Calculation procedure
	Motion integration
	Contact model

	Particle shapes

	Preliminary discrete analysis of soil mechanics tests
	Triaxial compression test
	Introduction
	Numerical model and methodology
	Numerical results
	Summary

	Direct shear test
	Introduction
	Numerical model and methodology
	Numerical results
	Summary

	Interface shear test between sand and surface of different roughness
	Introduction
	Numerical model and methodology
	Numerical results
	Summary

	Interface shear test between sand and corrugated sinusoidal surfaces
	Introduction
	Numerical model and methodology
	Numerical results
	Summary


	Modeling of granular flow in laboratory-scale silo with DEM
	Introduction
	Numerical model and methodology
	Numerical results
	Quasi-static flow in silo
	Gravitational flow in silo

	Summary

	Conclusions and future research directions
	Conclusions
	Future research directions

	Experimental analysis of interface behavior between sand and corrugated surfaces
	Introduction
	Experimental methods and materials
	Shear apparatus and granular material
	Interface shear test procedure
	Digital Image Correlation (DIC)

	Experimental results
	Evolution of mobilized shear stress and volumetric strain
	Friction of sand on corrugated sinusoidal surface
	DIC analysis

	Summary

	Bibliography
	Publications
	Conferences
	List of Symbols
	List of Figures
	List of Tables

