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Faculty of Mechanical and Ocean Engineering, Gdańsk University of Technology, Narutowicza 11/12,
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Abstract: A comprehensive review of published works dealing with numerical modelling of forced
convection heat transfer and hydrodynamics of nanofluids is presented. Due to the extensive
literature, the review is limited to straight, smooth, circular tubes, as this is the basic geometry in
shell-and-tube exchangers. Works on numerical modelling of forced convection in tubes are presented
chronologically in the first part of the article. Particular attention was paid to the method of the
solution of governing equations, geometry of the heating section, and boundary conditions assumed.
Influence of nanoparticles on heat transfer and flow resistance are discussed. Basic information
is summarized in tabular form, separately for single-phase approach and two-phase models. The
second part of the article contains the correlation equations proposed in the presented papers for
the calculation of the Nusselt (Nu) number or heat transfer coefficient, separately for laminar and
turbulent flow. Details of the type of nanofluids, the concentration of nanoparticles, and the Reynolds
(Re) number range are also presented. Finally, advantages and disadvantages of individual numerical
approaches are discussed.
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1. Introduction

Nanofluids are one of the techniques for heat transfer enhancement [1,2]. The goal
is obvious: to reduce the heat transfer surface area, thus reducing the consumption of
materials and energy necessary for the manufacture of heat exchangers. However, in
order for nanofluids to find practical applications, several problems must be solved. The
first and foremost is to provide engineers with accurate and reliable methods to calculate
heat transfer coefficients and friction factors. The second problem is the thermophysical
properties of nanofluids, the determination of which is not easy [3,4]. The third problem
that has so far held back the practical application of nanofluids is their stability [5,6]. Due to
the costs of experimental research and the long design and construction time of measuring
stands, as well as tedious measurements, numerical methods are an indispensable approach
that allow for quick and precise assessment of new technologies. However, it should be
remembered that each numerical work should be verified experimentally or, if possible, by
an analytical solution. There are two main approaches in the modeling of nanofluid flows,
e.g., [7–11]. Due to the size of nanoparticles (similar to the dimensions of liquid molecules),
it is assumed that the resulting mixture forms a homogeneous liquid, the properties of
which result from the properties of the base liquid and solid particles. Hence, the classical
methods of continuum mechanics are used to solve the set of governing equations. In the
second approach, a nanofluid is treated as two phase solid-liquid mixture.

This paper presents state of the art in the field of numerical modeling of the forced
convection of nanofluids in straight, smooth, round tubes.

2. Methods

Maїga et al. [12] considered the problem of nanofluid flow inside a uniformly heated
tube and applied a single-phase approach. In general, it was observed that the inclusion
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of nanoparticles considerably enhanced heat transfer for both the laminar and turbulent
regimes. Such improvement of heat transfer becomes more pronounced with the increase
of the nanoparticle concentration (NPC). On the other hand, the presence of particles has
produced adverse effects on the wall friction that also increases with the NPC. In [13],
Maїga et al. studied the laminar flow of nanofluids inside a uniformly heated tube. It was
shown that the presence of nanoparticles induced drastic effects on the wall shear stress
(WSS) that increased appreciably with the NPC increase. In [14], Maїga et al. studied the
turbulent flow of nanofluids inside a uniformly heated tube. A single-phase approach was
used to solve the system of non-linear and coupled governing equations, and the k-ε model
was employed in order to model the turbulence. It was found that HTC increases with NPC
increase. Heris et al. [15] investigated the laminar flow of nanofluid in an isothermal tube.
A dispersion model with constant thermophysical properties of nanofluids were assumed.
Heat transfer enhancement was detected with NPC increase. Moreover, the Nu number
decreased with nanoparticle diameter increase for the given NPC. Behzadmehr et al. [16]
studied the turbulent flow of nanofluids in a uniformly heated tube. Probably for the
first time, a mixture model was applied to study nanofluid behavior. It was found that
the mixture model better interpreted experimental results than the single-phase approach.
Bianco et al. [17] studied laminar flow of nanofluids for a single value of the Re number in
a uniformly heated tube. A single-phase approach and the discrete particles model were
employed with either constant or temperature-dependent properties. Heat transfer en-
hancement was observed with NPC increase. In [18], Bianco et al. investigated developing
the laminar flow of nanofluid in a circular, uniformly heated tube. A single-phase approach
and two-phase model (discrete particles model) were employed with either constant or
temperature-dependent properties. The maximum difference in the average HTC between
single-phase and two-phase models was about 11%. Heat transfer enhancement increases
with the NPC increase, but it is accompanied by increasing WSS. Higher HTC and lower
WSS were detected in the case of temperature dependent models. In Figure 1 results of
numerical calculations by use of single-phase (1Phase) approach and DPM model with
constant (con.) and variable (var.) thermophysical properties of nanofluid are shown.
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particularly in the entrance region. The results suggest that the HTC is more affected by
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properties are dependent upon the temperature and NPC. It was found that nanofluids
containing smaller diameter nanoparticles have higher viscosity and Nu numbers. Fard
et al. [21] studied the laminar convective heat transfer of nanofluids in a circular tube
under a constant wall temperature condition. Single-phase and two-phase models were
used for the prediction of temperature, flow field, and calculation of HTC. The results
showed that HTC increases with an increase in NPC, and the heat transfer enhancement
increases with Peclet (Pe) number. The two-phase model shows better agreement with
experimental measurements. Based on the results of the CFD simulation, it was concluded
that the two-phase approach gives better predictions for heat transfer rate compared to
the single-phase model. Lotfi et al. [22] studied the forced convection of a nanofluid in a
horizontal uniformly heated tube. A two-phase Eulerian model was implemented to study
a flow field. A single-phase model and two-phase mixture model were also used. The
comparison of calculated results with experimental values shows that the mixture model
is more precise. It is illustrated that the single-phase model and the two-phase Eulerian
model underestimates the Nu number in comparison with the experimental data. Figure 2
shows a comparison of numerical calculations by use of single-phase (1Phase) approach
and two two-phase models, namely a mixture model (Mixture) and Eulerian (E) model.
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Mokmeli and Saffar-Avval [23] studied the laminar flow of nanofluids in uniformly
heated and isothermal tubes. A single-phase approach and dispersion model were used to
simulate the effect of nanoparticle diameter and NPC on heat transfer. It was established
that HTC increases with the decrease of nanoparticles, and the single-phase model, contrary
to the dispersion model, predicts the decrease of the Nu number against NPC. It was shown
that dispersion model better reproduces experimental data. Ebrahimnia-Bajestan et al. [24]
analyzed the effects of NPC, particle diameter, Brownian motion, Re number, type of
nanoparticles and base fluid on the HTC and pressure drop (PD) of nanofluids during
laminar flow at constant heat flux boundary condition. A single-phase model was used to
simulate nanofluid behavior. It was established that HTC increases with NPC and aspect
ratio increase, and decreases with nanoparticle diameter increase. Moraveji et al. [25]
studied the influence of nanoparticle diameter on HTC in the developing region of a tube
using the single-phase nanofluid model. Laminar flow with a constant heat flux boundary
condition was examined. It was established that HTC deteriorated with an increase in
the axial location and particle diameter. Bianco et al. [26] studied the turbulent flow of
nanofluids in uniformly heated tube using the single-phase approach and mixture model.
Constant thermophysical properties of nanofluids with standard k-ε turbulence model were
applied. The authors emphasized the importance of correctly determining the properties of
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nanofluids. Bayat and Nikseresht [27] studied the effect of type of nanofluid on PD and
heat transfer during laminar flow in a uniformly heated tube. The single-phase approach
with temperature and NPC dependent properties of nanofluids was applied. The most
important conclusion is that it is possible to enhance heat transfer with lower WSS by the
selection of a proper nanofluid. Akbari et al. [28] applied a single-phase and three different
two-phase models (VOF, mixture, Eulerian) to analyze the laminar convection of nanofluids
in a horizontal tube with uniform wall heat flux. The predictions by the three two-phase
models were essentially the same. The two-phase models give closer predictions of the
HTC to the experimental data than the single-phase model. In [29] Akbari et al. used the
same numerical approaches as in [28] but this time studied the turbulent flow of nanofluids
in a horizontal tube with uniform wall heat flux. It was established that the predictions by
the single-phase model and by the two-phase models favors the single-phase approach.
Since the single-phase model is also simpler to implement and requires less computer
memory and CPU time, it was concluded that it is more appropriate for the conditions
under study. Figure 3 shows comparison of numerical calculations by use of single-phase
(1Phase) approach and three two-phase models, namely Eulerian (E) model, mixture model
(Mixture), and volume of fluid model (VOF).
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Alvarino et al. [30] studied the effect of the Brownian motion and thermophoretic
diffusion on heat transfer during laminar flow of nanofluid in uniformly heated tube. A
single-phase approach was considered. It was established that the heat transfer enhance-
ment by the nanofluid had to be attributed to its thermophysical properties rather than
to another transport mechanism. Tahir and Mital [31] investigated a developing laminar
flow of nanofluid in a uniformly heated tube by use of discrete phase modeling (DPM)
and a Euler–Lagrangian approach. The fluid was treated as a continuous medium and
the flow field was solved based on Navier–Stokes equations. The nanoparticles were indi-
vidually tracked in a Lagrangian reference frame and their trajectories were determined
using particle force balance. Using this approach, a good match was obtained between the
numerical model and the experimental results reported in the literature. Based on statistical
analysis, it was established that almost all of the variation in the HTC can be explained
due to changes in the three independent variables. The Re number is the most significant
variable impacting the HTC, while NPC is the least significant. The HTC linearly increases
with both Re number and NPC, but shows non-linear parabolic decrease with an increase
in particle size. In addition, the three variables only weakly interact with each other in
terms of their impact on the average HTC. Balla et al. [32] analyzed the effect of NPC on
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heat transfer and PD of nanofluids during laminar flow in a uniformly heated tube. It
was established that the Nu number, HTC, and PD strongly increase with the increase
of NPC. In [33] Bayat and Nikseresht studied influence of temperature and NPC on heat
transfer and PD during turbulent flow of nanofluid in a uniformly heated tube. A single-
phase approach with temperature and nanoparticle concentration dependent properties
of nanofluids was applied. It was concluded that application of nanofluids in a turbulent
flow regime results in substantially higher PD and pumping power (PP) compared to base
fluid for the same Re number. Moraveji and Esmaeili [34] investigated the laminar flow of
nanofluid in uniformly heated tube. A single-phase model and discrete phase approach
with selected properties of nanofluids was calculated as temperature dependent. The HTC
increase with NPC increase was observed. There was no significant difference between the
results for the single-phase model and discrete model. Davarnejad et al. [35] studied the
influence of NPC on heat transfer during the laminar flow of nanofluids. A single-phase
approach with properties of nanofluids calculated for the mean temperature was applied.
Constant heat transfer coefficient was assumed as a boundary condition at the tube wall.
It was shown that HTC increases with NPC and Pe number increase. In [36] Davarnejad
et al. analyzed the influence of nanoparticle size and NPC on heat transfer during laminar
flow in a uniformly heated tube. A single-phase approach with properties of nanofluids
calculated for the mean temperature was applied. It was shown that HTC increases with
nanoparticle size decrease. Kayaci et al. [37] studied the influence of NPC on heat transfer
during the turbulent flow of nanofluids in an isothermally heated tube. A single-phase
approach with the k-ε turbulence model was applied. A slight increase of HTC with
NPC increase was observed. Hejazian and Moraveji [38] conducted an investigation on
turbulent nanofluid flow inside an isothermal tube. A single-phase approach and mixture
model with the k-ε turbulence model were tested. It was established that Nu number
increases with NPC increase. Second, the mixture model better fits experimental data than
the single-phase approach. Göktepe et al. [39] tested the ability of the single-phase model
and two-phase models (Eulerian–Eulerian and Eulerian–mixture) to reproduce published
experimental HTC and friction factors (FF) for laminar flow at the developing region of
uniformly heated tube. It was established that two-phase models predict HTC and FF more
accurately than single-phase models. Among single-phase models, the dispersion model
that uses velocity gradient to define dispersion conductivity, was found to be more effective
compared to the other. Moreover, the Eulerian–Eulerian model is recommended for cases
when no prior experimental data is available. Figure 4 shows a comparison of numerical
calculations by the use of two single-phase models with differently assumed dispersion
conductivity (1PhaseD1, 1PhaseD2) and two two-phase models, namely Eulerian–mixture
model (E–Mixture) and Eulerian–Eulerian model (E–E).
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Saha and Paul [40] studied the influence of nanoparticle size, NPC, and Brownian mo-
tion on heat transfer and WSS during the turbulent flow of a nanofluid inside a uniformly
heated tube. The single-phase approach with k-ε turbulence model was applied to solve
governing equations. It was established that heat transfer is more affected by the diame-
ter of nanoparticles and Brownian motion than the thermal conductivity of a nanofluid.
Bianco et al. [41] studied the influence of NPC on the turbulent flow of nanofluids in tubes
with a constant wall temperature. A mixture model of nanofluid with k-ε turbulence model
was adopted. Although Nu number increases with NPC increase, PD increases more, so the
application of nanofluids is questionable. In [42] Saha and Paul applied a Eulerian–Eulerian
multi-phase mixture model to analyze the turbulent flow of nanofluids in a uniformly
heated tube. It was found that heat transfer performance determined by the multi-phase
mixture model is better than the single-phase model [40]. Aghaei et al. [43] simulated the
effect of NPC and nanoparticle diameter on the turbulent behavior of nanofluids during
flow in tube with a constant temperature. A mixture model with k-ε turbulence model was
applied. It was shown that there is an optimum value for the Nu number depending on
the NPC. Moreover, the increase of nanoparticle diameter results in a Nu number decrease.
Minea [44] studied the turbulent flow of nanofluids in a long tube with an isothermal
entrance zone and a uniformly heated section of the developed region. A single-phase
approach with the k-ε turbulence model has been applied. It was established that HTC
increases monotonically with NPC. Although PP increases with NPC in three case studies,
the opposite trend was determined in one case study. Nasiri-lohesara [45] stated that
the enhancement of heat transfer with NPC increased during turbulent nanofluid flow
inside a tube-in-tube heat exchanger. However, the HTC rate of increase was less than
the WSS increase. A mixture model of nanofluid with k-ε turbulence model was applied.
Ehsan and Noor [46] established a substantial enhancement of heat transfer during the
flow of nanofluid in a rough tube compared to a smooth tube. Moreover, it was shown
that there is an optimum value of NPC for which the PP is less than the base liquid. A
single-phase approach with an SST k-ω turbulence model was applied. Mahdavi et al. [47]
tested different turbulence models by use of a mixture model and DPM implemented
in ANSYS-FLUENT code to study the behavior of nanofluids flow in uniformly heated
tubes of various lengths and diameters. According to Mahdavi et al. the realizable and
standard k-εmodels provided the same results in most of the simulations. The Reynolds
stress model (RSM) overestimates PD compared with the other k-εmodels, while the re-
normalization group (RNG) model overestimates HTC. The DPM model is recommended
for the discussed cases, however, as it was stressed, the number of particles plays a key
role in the simulations. Purohit et al. [48] studied the laminar flow of nanofluids inside
a uniformly heated tube by the use of the single-phase approach. It was established that
HTC and WSS increase monotonically with NPC increase. Jahanbin [49] used single-phase
and dispersion models to study the laminar flow of nanofluids in a uniformly heated tube.
Moreover, in both models, constant and temperature dependent properties of nanofluids
were tested. It was established that dispersion model shows better agreement with the
existing experimental data than the single-phase model. Elahmer et al. [50] studied the
laminar flow of nanofluids in a tube with a wall loaded with constant or periodic heat flux.
A single-phase approach was applied. Regardless of the method of heating the wall of the
tube, HTC increased with NPC increase. Albojamal and Vafai [51] conducted simulations
of laminar nanofluid flow in a tube with a uniformly heated wall. A single-phase model,
the Lagrangian–Eulerian model (DPM), and the mixture model were adopted with both
constant and temperature-dependent properties of nanofluids. It was observed that the
DPM model overestimated the HTC. The mixture model predicted unreasonable heat
transfer enhancement, particularly for high NPC. The single-phase model displayed a very
good agreement with the experimental data. It was established that HTC increases with
NPC and Re number increase, but it is punished by PD and WSS increases. Finally, it
was concluded that the proposed single-phase model reproduces the experimental data
with sufficient accuracy and there is no need for two-phase models. In Figure 5, results of
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numerical calculations by the use of the single-phase (1Phase) approach and two two-phase
models, namely DPM and mixture, with constant (con.) and variable (var.) thermophysical
properties of nanofluid, are shown.
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Rashidi et al. [52] used single-phase model, VOF model, mixture model, and Eulerian
model to study entropy generation during turbulent flow of nanofluids in a uniformly
heated tube. The k-ε turbulence model was applied. It was established that the entropy
generation were very similar for the single-phase and mixture models. Rabby et al. [53]
studied the laminar flow of nanofluids in a uniformly heated tube by use of the single-phase
approach. It was determined that a substantial HTC increase is accompanied by a small FF
increase with NPC increase. Boertz et al. [54] conducted a numerical simulation of turbulent
nanofluid flow in a tube with a uniformly heated wall by use of the single-phase approach
with an SST k-ω turbulence model. It was established that the Nu number increases
significantly with NPC increase; however, FF and PP also increase. Kristiawan et al. [54]
used a Eulerian approach to study laminar and turbulent flows of nanofluid in a uniformly
heated tube. For turbulent flow, the k-ε turbulence model was applied. It was determined
that the HTC of nanofluid increases considerably compared to the base liquid in both
laminar and turbulent flow. According to [55] the Eulerian approach should be applied
for nanofluids with higher NPC. Sajjad et al. [56] studied the laminar flow of nanofluid in
a uniformly heated tube by use of the single-phase model with temperature-dependent
properties. It was established that an increase in local HTC is more distinct in the entrance
region. Moreover, the addition of nanoparticles results in a higher average HTC, but
is punished with higher PD with NPC increase. Minea et al. [57] conducted an inter-
comparative study on the 3D laminar flow of nanofluids in uniformly heated tube by
the use of four single-phase models and two mixture models. It was established that
numerical results overpredict the experimental data and the two-phase approach is more
appropriate to simulate nanofluid behavior. Onyiriuka and Ikponmwoba [58] applied a
mixture model to study the laminar flow of nanofluids inside a uniformly heated tube.
Constant properties of the tested bio-nanofluid were assumed. It was established that
HTC increases with NPC increase. Jamali and Toghraie [59] studied the transition from
laminar to turbulent flow of nanofluid in an isothermal tube by use of the single-phase
approach. The effect of the nanoparticle diameter, NPC, and type of nanoparticles was
studied. It was established that the addition of nanoparticles does not affect the onset
of transition. Fadodun et al. [60] studied the turbulent flow of nanofluids in a uniformly
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heated tube by the use of the single-phase approach. The k-ε turbulence model was applied
with temperature-dependent properties of nanofluid. Heat transfer enhancement with
simultaneous PD increase was observed for NPC increase. Saeed and Al-Dulaimi [61]
applied the single-phase approach and four different sets of thermophysical properties
to study the laminar flow of a nanofluid in a uniformly heated tube. It was determined
that both temperature-dependent and temperature-independent models of thermophysical
properties of nanofluids can correctly reproduce the behavior of nanofluids during laminar
flow. Uribe et al. [62] studied the 3D laminar and turbulent flows of nanofluid in a uniformly
heated tube by the use of the single-phase approach. It was established that HTC increases
with NPC increase, while thermal boundary thickness decreases with NPC increase. It
was stated that there is no need to apply two-phase models to describe nanofluid behavior.
Taskesen et al. [63] studied the influence of channel geometry (circular, square, triangular,
and rectangular) on the thermo-hydraulic behavior of nanofluid during laminar flow. A
single-phase model with temperature-dependent properties was applied. Heat transfer
enhancement was observed with an NPC increase, and a circular cross-section was superior
over other geometries. Yildiz and Aktürk [64] used a single-phase approach to study the 3D
turbulent flow of a nanofluid inside a uniformly heated tube. The standard k-ε turbulence
model with temperature-dependent properties was applied. A substantial increase of Nu
number and HTC was recorded. However, FF increases markedly with NPC increase. In
Tables 1 and 2 details of the studies in which the single-phase approach and two-phase
models were applied are presented, respectively.

Table 1. Numerical studies dealing with single-phase approach.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Maїga et al. [12] Single-phase water–γAl2O3

D = 10 mm
L = 1000 mm

q = const.

104 < Re < 5 × 104

0 < ϕv [%] < 10
AHTCE (60%)
AWSSI (180%)

Maїga et al. [13] Single-phase water–γAl2O3
EG–γAl2O3

D = 10 mm
L= 1000 mm

q = const.
tw = const.

250 < Re < 103

(Water)
6.31 < Re < 631

(EG)
0 < ϕv [%] < 10

AHTCE (180%)
AWSSI (1207%) for

EG–γAl2O3

Maїga et al. [14] Single-phase water–γAl2O3

D = 10 mm
L= 1000 mm

q = const.

104 < Re < 5 × 105

0 < ϕv [%] < 10
FDHTCE (75%)
FDWSSI (581%)

Heris et al. [15] Dispersion model
water–Al2O3
water–CuO
water–Cu

D = 5 mm
L = 1000 mm

tw = const.

2500 < P e< 6500
0.5 < ϕv [%] < 5 ANuNE (100%)

Namburu et al. [20] Single-phase EG-water (60:40)/
CuO, Al2O3, SiO2

D = 10 mm
L= 800 mm
q = const

104 < Re < 105

0 < ϕv [%] < 6
AHTCE (75%)

Mokmeli and
Saffar-Avval [23]

• Single-phase
• Dispersion

model

water–γAl2O3
ATF-G

water–Al2O3

D = 4.5 mm
L = 970 mm
D = 4.57 mm
L = 457 mm
D = 6 mm

L = 1000 mm
q = const.

tw = const.

19.67 < Re < 1810
1 < ϕm [%] < 1.6

Single-phase
model→ NuND

(31%)
Dispersion model
→ NuNE (15%)
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Table 1. Cont.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Ebrahimnia-Bajestan
et al. [24] Single-phase

EG-water (60:40)
water;

Al2O3, CuO, CNT,
TNT

D = 4.57 mm
L = 2000 mm

q = const.

500 < Re < 1460
0 < ϕv [%] < 6

HTCE (22%)
PDI (3880%)

Moraveji et al. [25] Single-phase water–Al2O3

D = 4.75 mm
L = 970 mm
q = const.

500 < Re < 2500
1 < ϕm [%] < 6 HTCE (20%)

Bayat and
Nikseresht [27] Single-phase

Water-Al2O3
EG- Al2O3
EG-water

(60:40)/Al2O3
EG-water

(30:70)/Al2O3

D = 4.57 mm
L = 2000 mm

q = const.

100 < Re < 2000
0 < ϕv [%] < 9

AHTCE (42%)
ASSI (500%)

Alvarino et al. [30] Single-phase water–Al2O3

D = 4.5 mm
L = 970 mm
q = const.

750 < Re < 1750
0 < ϕv [%] < 1.6 HTCE (12%)

Balla et al. [32] Single-phase
water–Al2O3
water–CuO
water–TiO2

D = 10 mm
L = 2000 mm

q = const.

100 < Re < 1000
0 < ϕv [%] < 4 HTCE (25%)

Bayat and
Nikseresht [33] Single-phase EG-water

(60:40)/Al2O3

D = 10 mm
L = 1000 mm

q = const.

104 < Re < 105

1 < ϕv [%] < 10
AHTCE (70%)

PDI (230%)

Davarnejad et al. [35] Single-phase water–Al2O3

D = 6 mm
L= 1000 mm

h = const.

700 < Re < 2050
0 < ϕv [%] < 2.5 HTCE (25%)

Davarnejad et al. [36] Single-phase water–Al2O3

D = 6 mm
L = 1000 mm

q = const.

700 < Re < 2050
0 < ϕv [%] < 2.5 AHTCE (7%)

Kayaci et al. [37] Single phase water–TiO2

D = 8.13 mm
L = 1500 mm

tw = const.

7233 < Re <
13,340

0.2 < ϕv [%] < 1

HTCE (3%)
PDI (6.5%)

FFI (5%)
WSSI (5%)

Saha and Paul [40] Single-phase water–Al2O3
water–TiO2

D = 19 mm
L = 1000 mm

q = const.

104 < Re < 105

0 < ϕv [%] < 6
ANuNE (60%)

AWSSI (1363%)

Minea [44] Single-phase water–Al2O3

D= 12 mm
L = 8760 mm

q = const.

107 < Re < 3 ×
107

0 < ϕv [%] <4

HTCE (26%)
PPI (16%)

PPD (10%)

Ehsan and Noor [46] Single-phase water–Al2O3

D = 3 mm
L = 300 mm
q = const.

104 < Re < 3 ×
104

1–5%vol.

HTCE (39%)
PPI (203%)

Purohit et al. [48] Single-phase
water–Al2O3
water–ZrO2
water–TiO2

L = 1000 mm
q = const.

1150 < Re < 1900
0.5 < ϕv [%] < 2

HTCE (18%)
WSSI (3%)

Jahanbin [49]
• Single phase
• Dispersion

model
water– Al2O3

D = 10 mm
L = 1000 mm

q = const.

250 < Re < 1250
1 < ϕm [%] < 4

HTCE (49%)
WSSI (156%)
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Table 1. Cont.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Elahmer et al. [50] Single-phase EG-CNT
EG-CNT-Ag

D = 10 mm
q = const.
q-periodic

Pe = 103 and Pe
= 2 × 103

0 < ϕv,CNT [%] <
10

ϕv,Ag [%] = 1

HTCE (67%)

Rabby et al. [53] Single-phase water–Al2O3

D = 5 mm
L = 750 mm
q = const.

100 < Re < 1400
1 < ϕv [%] < 5

HTCE (32%)
NuNE (15%)

FFI (2%)

Boertz et al. [54] Single-phase EG/W (60:40)
wt–SiO2

D= 3.14 mm
L= 1168 mm

q = const.

6 × 103 < Re <
1.2 × 104

2 < ϕv [%] < 10

ANuNE (15%)
FFI (13%)

Sajjad et al. [56] Single-phase EG/W (40:60)
wt–GO

D = 4.5 mm
L = 2000 mm

q = const.

400 < Re < 2000
0.01 < ϕm [%] <

0.1

HTCE (13%)
PDI (112%)

Jamali and Toghraie
[59] Single-phase water–Al2O3

water–CuO

D = 8.14 mm
L= 7400 mm

tw= const.

500 < Re < 13,000
0<ϕv [%] <4 AHTCE (14%)

Fadodun et al. [60] Single-phase water–Al2O3

D = 20 mm
L = 2000 mm

q = const.

5000 < Re <
15,000

1 < ϕv [%] < 5

AHTCE
PDI

(values not
specified)

Saeed and
Al-Dulaimi [61] Single-phase water–TiO2

D = 4 mm
L = 2000 mm

q = const.

Re = 900
0.6 < ϕv [%] <

1.18
HTCE (28%)

Uribe et al. [62] Single-phase
water–CuO

water–Al2O3
water–Fe2O3

D =25.4 mm
L = 400 mm
q = const.

103 < Re < 11 ×
103

0.01 < ϕv [%] <
0.05

HTCE (18%)

Taskesen et al. [63] Single-phase water–Fe3O4

D =16 mm
L = 1500 mm

q = const.

500 < Re < 2000
1 < ϕv [%] < 5

ANuNE (4%)
PDI (50%)

Yildiz and Aktürk
[64] Single-phase water–Al2O3

D = 17 mm
L = 350 mm
q = const.

4000 < Re < 9000
1 < ϕv [%] < 4

HTCE (53%)
ANuNE (32%)

FFI (41%)

Table 2. Numerical studies dealing with two-phase approach.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Behzadmehr et al.
[16]

• Mixture model
• Single-phase

water–Cu 0≤ x/D ≤ 100
q = const.

10,515 < Re < 22,540
ϕv = 1%

ANuNE (15%)
FC ≈ const.

Bianco et al. [17] • Discrete-phase
• Single-phase

water–Al2O3

D = 10 mm
L = 1000 mm

q = const.

Re = 1050
1 < ϕv [%] < 4

HTCE (20%)
WSSI (54%)

Bianco et al. [18] • Discrete-phase
• Single-phase

water–γAl2O3

D = 10 mm
L = 1000 mm

q = const.

250 < Re < 1050
1 < ϕv [%] < 4

NuNE(17%)
WSSI (101%)

He et al. [19] • Euler-DPM
• Single-phase

water–TiO2

D = 4 mm
L = 2000 mm

q = const.

Re = 900, Re = 1500
0.24 < ϕv [%] < 1.18 HTCE (14%)
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Table 2. Cont.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Fard et al. [21]
• Two-phase (CFX

code)
• Single-phase

water–Cu
water–CuO

water–Al2O3

D = 6 mm
L = 1000 mm

tw = const.

700 < Re < 2050
0 < ϕv [%] < 3 AHTCE (54%) for CuO

Lotfi et al. [22]
• Mixture model
• Eulerian model
• Single-phase

water–Al2O3

D = 45 mm
L = 970 mm
q = const.

700 < Re < 1800
2 < ϕv [%] < 7 NuND (46%)

Bianco et al. [26] • Mixture model
• Single-phase

water–Al2O3

D = 10 mm
L = 1000 mm

q = const.

104 < Re < 105

0≤ϕm [%] < 6
HTCE (20%)

Akbari [28]
• VOF
• Mixture model
• Eulerian model
• Single-phase

water–Al2O3

D = 4.5 mm
L = 1500 mm

q = const

Re = 1050 and Re = 1600
ϕv [%] < 2

E model→ AHTCD (15%)
Single-phase model→

AHTCD (44%)

Akbari [29]

• VOF
• Mixture model
• Eulerian model
• Single-phase

water–Al2O3
water–Cu

D = 19 mm
L = 1500 mm
D = 10 mm
L = 800 mm
q = const.

9.7× 104 < Re < 17.7× 104

1 < ϕv [%] < 2

ANuNE (213%) for VOF
and Mixture model

ANuNE (0%) for
single-phase model

FFI (13%)

Tahir and
Mital [31] Discrete-phase model water–Al2O3

D = 10 mm
L = 1000 mm

q = const.

250 < Re < 1250
1 < ϕv [%] < 4 AHTCE (25%)

Moraveji and
Esmaeili [34]

• Discrete-phase
• Single-phase

water–Al2O3

D = 10 mm
L = 1000 mm

q = const.

250 < Re < 1050
0 < ϕv [%] < 4 AHTCE (32%)

Hejazian and
Moraveji [38]

• Mixture model
• Single-phase

water–TiO2

D = 5 mm
L = 1200 mm

tw = const.

4.8× 103 < Re < 30.5× 103

0.05 < ϕv [%] < 0.25
ANuNE(52%)

Göktepe et al. [39]

• Eulerian–mixture
model

• Eulerian–Eulerian
• Single-phase
• Dispersion model

water–Al2O3

D = 4.5 mm
L = 2000 mm

q = const.

1050 < Re < 1810
0.6 < ϕv [%] < 1.6

HTCD or HTCE
depending on the model

and (x/D) value
FFI (2%)

Bianco et al. [41] Mixture model water–Al2O3

D = 10 mm
L = 1000 mm
tw = const.

20,103 < Re < 105
0 < ϕv [%] < 4

HFI (33%)
PPI (450%)

Saha and Paul [42] Eulerian–Eulerian
model

water–Al2O3
water–TiO2

D = 19 mm
L = 1000 mm

q = const.

104 < Re < 105

0 < ϕv [%] < 6

NuNE (62%)
WSSI (1335%)

FCI

Aghaei et al. [43] Mixture model water–Al2O3

D = 20 mm
L = 1000 mm

tw = const.

104 < Re < 105

0 < ϕv [%] < 4

NuN ≈ const. for
ϕv ≤ 0.02

NuND (4%) forϕv ≤ 0.02
PDI (17%)
FCI (5%)

Nasiri-lohesara [45] Mixture model water–γAl2O3
D = 10 mm
L = 650 mm

2 × 104 < Re < 5 × 104

0 < ϕv [%] < 6
HTCE (32%)
WSSI (203%)

Mahdavi et al. [47]
• Mixture model
• Discrete-phase

water–Al2O3
water–ZrO2
water–TiO2
water–SiO2

D = 10.26 mm
L = 3000 mm
D = 3.5 mm
L = 600 mm
D = 9.4 mm

L = 3000 mm
D = 10.6 mm
L = 1500 mm

q = const., q = 0

3500 < Re < 63,000
0.2 < ϕv [%] < 3.6

Mixture model

• k-εRNG–overpredicts
ExHTC (12%)

• k-εS & R and RSM fit
ExHTC

DPM
k-εRNG, k-εS&R, and

RSM overpredict
ExHTC (1.8%)
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Table 2. Cont.

Executors Approach Nanofluid Geometry/BCon Re Number/
NPC Result

Albojamal and
Vafai [51]

• Mixture model
• Discrete–Phase
• Single-phase

water–Al2O3

D = 10 mm
L = 1000 mm

q = const.

250 < Re < 1460
1 < ϕv [%] < 4

HTCE:
• Single-phase (19%)
• DPM (23%)
• Mixture (90%)

WSSI:
• Single-phase (103%)
• DPM (184%)
• Mixture (80%)

Rashidi et al. [52]

• VOF
• Mixture model
• Eulerian model
• Single-phase

water–TiO2

D = 8.13 mm
L = 1500 mm

q = const.
9 × 103 < Re < 21 × 103 NHTC fits ExHTC

Kristiawan et al.
[55] Eulerian model water–TiO2

D = 5 mm
L = 2000 mm

q = const.

500 < Re < 1200
4 × 103 < Re < 14 × 103

0.24 < ϕv [%] < 1.18

HTCE:
• Laminar (20%)
• turbulent (22%)

Minea et al. [57]
• Mixture model
• Single-phase water–TiO2

D = 8 mm
L = 2000 mm

q = const.
1 < ϕm [%] < 2.5 TD (9%)

Onyiriuka and
Ikponmwoba [58] Mixture model water–mango

leaves

D = 19 mm
L = 1000 mm

q = const.

250 < Re < 1250
1 < ϕv [%] < 3 AHTCE (12%)

3. Heat Transfer Correlation Equations

As seen in Tables 3 and 4, a limited number of numerically developed correlation
equations have been proposed. It is necessary to stress the very limited range of applications
of the presented correlations.

Table 3. Correlation equations for laminar flow of nanofluids.

Authors Equation Range

Maїga et al. [13] Nu = 0.086Re0.55Pr0.5q = const.
Nu = 0.28Re0.35Pr0.36 tw = const.

Re < 1000
6 ≤ Pr ≤ 753

0 ≤ ϕv [%] ≤ 10

Moraveji et al. [25] Nu = 2.03ϕv
0.06(x/D)−0.37Re0.293Pr0.6

500 < Re < 2300
6.8 < Pr < 11.97
1 < ϕm [%] < 6

Tahir and Mital [31]
h = 399− 278

(
dp/100

)
+ 568(Re/1250) +

8(ϕv/4) + 180
(
dp/100

)2 − 100(Re/1250)2 −
72

(
dp/100

)
(Re/1250)

250 < Re < 150
water–Al2O3
1< ϕv [%] < 4

Moraveji and
Esmaeili [34] Nu = 0.716Re0.314·Pr0.6 ϕv

0.3
250 < Re < 1050

water–Al2O3
0 < ϕv [%] < 4

Davarnejad et al. [35] Nu = 0.18665ϕv
−0.00728(x/D)0.1036Re0.368718Pr0.3992

700 < Re < 2050
water–Al2O3

0 < ϕv [%] < 2.5

Taskesen et al. [63] Nu = 0.873747Re0.312881 + 4.98564ϕv

500 < Re < 2000
water–Fe3O4

1 < ϕv [%] < 5
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Table 4. Correlation equations for turbulent flow of nanofluids.

Authors Equation Range

Maїga et al. [13] Nu = 0.085Re0.71Pr0.35
104 < Re < 5 × 105

6.6 < Pr < 13.9
0 ≤ ϕv [%] ≤ 10

Hejazian and
Moraveji [38] Nu = 0.00218Re1.0037Pr0.5(1 +ϕv)

154.6471
4800 < Re < 30,500

5.5 < Pr < 5.59
0 ≤ ϕv [%] ≤ 0.25

Saha and Paul [40]

water–Al2O3

Nu = 0.01272Re0.85861Pr0.42986
(

df
dp

)−0.0017

water–TiO2

Nu = 0.01259Re0.85926Pr0.43020
(

df
dp

)−0.00068

104 < Re < 105

8.45 < Pr < 20.29
4% < ϕv < 6%

10 < dp [nm] < 40

Saha and Paul [42]

water–Al2O3

Nu = 0.01260Re0.85589Pr0.44709
(

df
dp

)−0.00176

water–TiO2

Nu = 0.01518Re0.84071Pr0.44083
(

df
dp

)−0.00534

104 < Re < 105

8.45 < Pr < 20.29
2% < ϕv < 6%

10 < dp [nm] < 40

Aghaei et al. [43] Nu = 0.5277·10−2Re + 0.1625·105ϕ2
v +

0.3066·103ϕv + 0.3084·102

104 < Re < 105

Pr = 6.13
0.001 < ϕv < 0.04

25 < dp [nm] < 100

Fadodun et al. [60] loge Nu = 4.23 + 0.13Re + 0.0063ϕ− 0.036Tin

104 < Re < 105

water–Al2O3
0.01 < ϕv < 0.05

20 < dp [nm] < 100
290 < T [K] < 330

4. Conclusions

As shown in Table 1, a single-phase approach was used in the majority of works. The
conclusions of the researchers who used single-phase models and two-phase models regard-
ing the comparison of both approaches are different. Some of them [22,23] observed that
the accuracy of the single-phase model is similar to the two-phase models. Others [11,12]
indicate that the two-phase models more faithfully reproduce the results of experimental
research than the single-phase approach. It was stressed that for nanofluids, the number of
particles in the computational domain, even for a very small NPC, is very large. Therefore,
due to limitations of the software abilities, the Lagrangian–Eulerian approach is extremely
difficult to implement.

Several investigators [19,30,31,34,39,47,51,57] implemented mechanisms influencing
convective heat transfer of nanofluids previously considered by Buongiorno [65]. Accord-
ing to [19,30], Brownian motion and thermophoresis have a negligible impact on heat
transfer during the forced convection of nanofluids. Moreover, Albojamal and Vafai [51]
demonstrated that the Brownian motion, thermophoresis, virtual mass, pressure gradient,
and Saffman lift force do not significantly influence mean HTC. It was shown in [47] that
gravity, virtual mass, pressure gradient, Brownian, and lift forces have no impact on mean
flow field. As stated in [57], gravity force has to be included in all numerical models.

There is also no consensus among researchers regarding the assumption of constant or
temperature-dependent thermophysical properties of nanofluids. In [33,34,61], a greater ac-
curacy of the model using temperature-dependent thermophysical properties was observed,
compared to the model where the thermophysical properties were constant.

Generally, the standard k-ε turbulence model was used to model turbulent flows
of nanofluids [14,16,20,26,29,33,37,40,55,60,62]. Only a few studies used other models of
turbulence [4–8].
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Virtually all the results of numerical studies indicate the intensification of the heat
transfer of nanofluids compared to base liquids, regardless of the type of flow (laminar or
turbulent), although the results of the experimental studies are not so clear, e.g., [66–68].

There is also full agreement that the addition of nanoparticles increases flow resistance
(PD, FF, and WSS).

Many researchers point to the need to intensify research on the thermophysical prop-
erties of nanofluids, as they determine the accuracy of the single-phase model first of all. In
this context, however, one must bear in mind the limitations of experimental research [69].

The heat transfer correlations proposed in the literature have a very limited range of
applicability. No numerically developed correlation for determination of the friction factor
of nanofluids flowing inside a horizontal smooth tube has been presented.

Future works should concern a benchmark solution for laminar and turbulent flow of
nanofluids similar to that of Buongiorno et al. in relation to thermal conductivity [70]. It
is necessary to conduct a comparative study of the influence of divergent thermophysical
properties of base liquids on the final results concerning the influence of nanoparticles on
heat transfer, as was carried out in [57].

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

a Thermal diffusivity (m2/s)
df Base fluid molecule diameter (m)
dp Particle diameter (m)
D Inside diameter of tube (m)
h Average heat transfer coefficient (W/(m2 K))
k Thermal conductivity (W/(m K))
Nu = hD

k Local Nusselt number (-)
Nu = hD

k Average Nusselt number (-)
Pe = RePr Peclet number (-)
Pr = v

a Prandtl number (-)
q Heat flux (W/m2)
Rr = uD

ν Reynolds number (-)
u Velocity (m/s)
x Axial coordinate (m)
Greek symbols
v Kinematic viscosity (m2/s)
ϕ Nanoparticle concentration (-)
Subscripts
In Inlet
m Mass
nf Nanofluid
p Particle
v Volume
w Wall
Abbreviations
1Phase con. Single phase model with constant properties
1PhaseD1 Single phase model with thermal dispersion effect
1PhaseD2 Single phase model with thermal dispersion effect
1Phase var. Single phase model with variable properties
AHTCD Average heat transfer coefficient enhancement
AHTCE Average heat transfer coefficient enhancement
ANuNE Average nu number enhancement
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ASSI Average shear stress increase
ATF Automatic transmission fluid
AWSSI Average wall shear stress increase
BCon Boundary conditions
CFD Computational fluid dynamics
CNT Carbon nanotubes
CPU Computational processing unit
DPM Discrete phase model
DPM con. Discrete phase model with constant properties
DPM var. Discrete phase model with variable properties
E Eulerian
E-E Eulerian–Eulerian model
E-Mixture Eulerian–mixture model
EG Ethylene glycol
ExHTC Experimental heat transfer coefficient
FC Friction coefficient
FCI Friction coefficient increase
FF Friction factor
FFI Friction factor increase
FDHTCE Fully developed heat transfer coefficient enhancement
FDWSSI Fully developed wall shear stress increase
G Graphite
GO Graphene oxide
HFI Heat flux increase
HTC Heat transfer coefficient
HTCE Heat transfer coefficient enhancement
HTCD Heat transfer coefficient deterioration
HTNI Heat transfer negligible impact
FF Friction factor
FFI Friction factor increase
NHTC Numerical heat transfer coefficient
NPC Nanoparticle concentration
NuND Nusselt number deterioration
NuNE Nusselt number enhancement
PD Pressure drop
PDD Pressure drop decrease
PDI Pressure drop increase
PP Pumping power
PPD Pumping power decrease
PPI Pumping power increase
RNG Re-normalization group
RSM Reynolds stress model
TD Temperature decrease
TNT Titanate
VOF Volume of fluid
WSS Wall shear stress
WSSI Wall shear stress increase
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